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via the first eigenvalue of the drift Laplacian.
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1. Introduction

Standard static spacetimes are part of the so called stationary spacetimes.
Let us recall here that a stationary spacetime is a time-orientable Lorentzian
manifold (MHH,?) where there exists an infinitesimal symmetry given by
a timelike Killing vector field Y (cf. [37]). The existence of Y enables us to
define around each point a coordinate system (¢, z1,...,z,) such that Y co-
incides with the coordinate vector field 9/9¢ on its domain of definition and
such that the components of the metric tensor in these coordinates are in-
dependent of t. When we normalize Y we obtain an observers vector field
Z =Y/y/—g(Y,Y). These observers measure a metric tensor that does not

change with time. Furthermore, if this timelike Killing vector field is also ir-
rotational (i.e., the distribution Y+ of all smooth vector fields on M that
are orthogonal to Y is involutive), then a local warped product structure ap-
pears and the spacetime is called static (for more details see, for instance, [2]).
In fact, when this structure is global this spacetime is known as a standard
static spacetime. More precisely, a standard static spacetime (M"H,g) en-
dowed with a globally defined timelike Killing vector field Y is isometric to
the warped product

(B xRy, w50 (3) + (po mpn) mi (—dt?) )

where 7pr» and 7 denote the canonical projections from P™ x Ry onto each fac-
tor, g is the Riemannian metric on the base P, R; is the manifold R endowed
with the metric —dt? and p = /—g(Y,Y) is the warping function. In this con-
text, it is known that any static spacetime is locally isometric to a standard
static one (cf. [31, Proposition 12.38]). Conversely, Sanchez in [39] and more
recently Aledo, Romero and Rubio in [2] obtained some sufficient conditions
for a static spacetime to be standard. Other properties on the geometry of
standard static spacetimes were studied by Sdnchez in [38-40].

The importance of standard static spacetimes also comes from the fact
that they include some classical spacetimes, such as the (n + 1)-dimensional
Lorentz—Minkowski space L™, Finstein static universe as well as models that
describe an universe where there is only a spherically symmetric non-rotating
mass, as a star or a black hole, like exterior Schwarzschild spacetime and some
regions of Reissner—Nordstrém spacetime (see Remark 1).

The study of spacelike hypersurfaces immersed with constant mean cur-
vature in a spacetime has attracted the interest of a considerable group of
geometers as evidenced by the amount of works that it has generated in the
last decades. This is due not only to its mathematical interest, but also to its
relevance in General Relativity. For example, constant mean curvature space-
like hypersurfaces are particularly suitable for studying the propagation of
gravitational radiation. See, for instance, [26,41] for a summary of several rea-
sons justifying this interest. From the mathematical point of view, the study
of the geometry of constant mean curvature spacelike hypersurfaces is mostly
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due to the fact that they exhibit nice Calabi-Bernstein type properties. More
precisely, this study had its beginnings when S. Bernstein [8] proved that the
only entire minimal graphs in the 3-dimensional Euclidean space R? are planes.
In the Lorentzian setting, there is a result analogue to the Riemannian one
that states that the only entire maximal graphs in the 3-dimensional Lorentz—
Minkowski space L3 are spacelike planes. This result was first proved by Calabi
[11], and extended to the general n-dimensional case by Cheng and Yau [15].

A natural extension to the Calabi—Bernstein problem, as it became known
these days, is to determine a reasonable set of sufficient conditions which guar-
antee the uniqueness (or nonexistence) of complete noncompact spacelike hy-
persurfaces immersed into a certain spacetime. When this spacetime is stan-
dard static P" x, Ry, there is a remarkable family of spacelike hypersurfaces,
namely, it spacelike slices P x {to}, with ¢y € R, which are totally geodesics
and constitute a foliation in any standard static spacetime. Therefore, it is nat-
ural to approach Calabi-Bernstein problems in a standard static spacetime.
Recently in [17] the first and second authors of this article together with Lima
Jr. and Medeiros extended a technique due to Romero et al. [34] to estab-
lish sufficient conditions to guarantee the parabolicity of complete spacelike
hypersurfaces in P" x, R; whose Riemannian base P" has parabolic univer-
sal Riemannian covering and, as applications, they obtain uniqueness results
concerning these hypersurfaces.

On the other hand, the study of variational questions associated to the
area functional in (Riemannian or Lorentzian) manifolds with density, also
called weighted manifolds, has been a focus of attention in the last years. We
recall that a weighted manifold sm;:“ is a (Riemannian or Lorentzian) man-
ifold (9" +!, g) endowed with a weighted volume form du = e~/d9, where
the weighted function f is a real-valued smooth function on 91"*! and d9n
is the volume element induced by the metric g (for details see, for instance,
[9] and [29]). In this scenario, Rosales, Canete, Bayle and Morgan [35] inves-
tigated the isoperimetric problem for Euclidean space endowed with a con-
tinuous density, showing that, for a radial log-convex density, balls about the
origin are isoperimetric regions. Afterwards, Caniete and Rosales [10] studied
smooth Euclidean solid cones endowed with a smooth homogeneous weighted
function. They proved that the unique compact, orientable, second order min-
ima of the weighted area under variations preserving the weighted volume and
with free boundary in the boundary of the cone are intersections with the
cone of round spheres centered at the vertex. In [25], Impera and Rimoldi
established stability properties concerning f-minimal hypersurfaces (that is,
with f-mean curvature identically zero) isometrically immersed in a weighted
Riemannian manifold 91 f"“ with non-negative Bakryfl*/]mery Ricci curvature
under volume growth conditions. Meanwhile, Castro and Rosales [13] obtained
variational characterizations of critical points and second order minima of the
weighted area with or without volume constraint in a weighted Riemannian
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manifolds with boundary 937;”‘1. In the Lorentzian context, the second and
fourth authors in collaboration with Oliveira and Santos established in [18] a
notion of strong f-stability concerning closed spacelike hypersurfaces immersed
with constant f-mean curvature in a certain weighted spacetime DT(]?H and
they obtained sufficient conditions which assure that a strongly f-stable closed
spacelike hypersurface must be either f-maximal or totally umbilical.

Also in the branch of manifolds with density, Batista, Cavalcante and
Pyo [6] showed some general inequalities involving the weighted mean curva-
ture of compact submanifolds immersed in a weighted Riemannian manifold
m }““1. As application, they obtained an isoperimetric inequality for such sub-
manifolds. Concerning the weighted product space G™ x R, where G™ stands

for the so-called Gaussian space which is nothing but that the Euclidian space
nt1 _ |z|?
2

R™ endowed with the Gaussian probability density e=/(®) = (27)~ "2 e ,
x € R™, Hieu and Nam [24] extended the classical Bernstein’s theorem showing
that the only weighted minimal graphs ¥(z) of smooth functions z(x) = t over
G™ are the affine hyperplanes ¢t = constant. Afterwards, McGonagle and Ross
[27] showed that the hyperplane is the only stable, smooth solution to the
isoperimetric problem in the G®*!. In the Lorentzian context, in the works
[1,14,30] were applied suitable generalized maximum principles in order to
obtain new Calabi-Bernstein type results concerning complete spacelike hy-
persurfaces immersed in a certain class weighted spacetimes.

Motivated by the works described above, in this work our objective is to
carry out a study on the uniqueness, nonexistence and stability of spacelike
hypersurfaces immersed into a weighted standard static spacetime (P x, R;) f
endowed with a weighted function f does not depend on the parameter t € R,
that is, (Vf,0/0t) = 0. For simplicity, we denote such ambient spacetime as

P}L XpRl.

The restriction that we adopt in the ambient space is motivated by a split-
ting theorem due to Case (cf. [12]), which states that: if EDTJI‘H is a weighted
timelike geodesically complete spacetime that contains a timelike line £, admits
a bounded weighted function f and has BakryfﬁfmeryfRz’cci tensor monnega-
tive for all timelike vector fields then f z must be constant along timelike line
£. Consequently, in any weighted standard static spacetime (P x, Ry) f hav-

ing nonnegative Bakry Emery-Ricci tensor for timelike vector fields and with
bounded weighted function f, we have that f does not depend on the param-
eter of the flow associated to the Killing vector field 9/0t.

We start our study by obtaining explicit formulas for the Laplacian of
the height function h (see Proposition 1) and the drift Laplacian of the angle
function © (see Proposition 2), both functions naturally related to a spacelike
hypersurface %™ immersed into ]P’? X, Rq. Then, applying some analytical re-
sults to subharmonic smooth functions on complete Riemannian manifolds (for
example: some parabolocity criteria, a weak form of the Omori—Yau maximum
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principle and an extension of the Hopf’s Theorem due to Yau) and consider-
ing suitable constraints on the f-mean curvature of X" height function h,
sometimes on angle function © and the BakrnymeryfRicci tensor of P", we
establish some uniqueness results (see Theorems 1, 2, 3, 4 and 5, and Corol-
lary 1) and some nonexistence results (see Corollaries 2, 4 and 6 ). In Remark 4
we exhibit a large family of standard static spacetimes that verify the hypothe-
ses adopted in Theorem 4 and also in their corollary. Next, in Corollaries 3, 5
and 7 we make a particular study on the Calabi-Bernstein type properties of
entire Killing graphs ¥"(z) constructed from a smooth function z defined on
the base P" of IP’}L X, Ry.

Proceeding, in Sect. 5, we show that closed spacelike hypersurfaces im-
mersed with constant f-mean curvature in a weighted standard static space-
time IP’? X, Ry are solutions of the variational problem of maximizing the
weighted area functional for all variations that keeps the balance of weighted
volume equal to zero (see Proposition 3). As a consequence, we establish the
notion of f-stability for such hypersurfaces (Definition 1) and provide an ap-
propriate stability criterion (Proposition 4). Finally, in Theorem 6 we obtain a
characterization of f-stable closed spacelike hypersurfaces of P} x , R; through
the first nonzero eigenvalue of the drift Laplacian.

2. Preliminaries

Along this paper, we will consider an (n + 1)-dimensional Lorentzian manifold
M"™"" with Lorentzian metric g = ¢g(-,-) and endowed with a timelike Killing

vector field Y. Here timelike referred to a vector field means that Y, € Tpﬁ

is a timelike vector (and so nonzero) for each p € A" On the other hand,
Killing mean that the £y g = 0, where Ly stands for the Lie derivative of g in
the direction of Y.

We observe that the distribution D of all smooth vector fields of 3 """
that are orthogonal to Y, defined at each point by

! >5p — D(p) = {v ETPM 2 g(v,Yy) 20},

is of constant rank and integrable. Given a Riemannian integral leaf P™ of
that distribution D, let ¥ : I x P* — M be the flow generated by Y
with initial values in P, where I is a maximal interval of definition. Without
loss of generality, in what follows we will consider I = R. In this setting, our
space M can be regarded as the standard static spacetime P™ x, Ry (cf.
Proposition 12.38 of [31]), that is, the Lorentzian product manifold P™ x R;
endowed with the warping metric

(4,7} = mEn (5 Jpn) + (p o mpn) >z (—dt?), (2.1)

where mp» and 7w denote the canonical projections from P™ x R; onto each
factor, (-,-)pn is the induced Riemannian metric on the base P, R; is the
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manifold R endowed with the metric —dt? and
p=|¥|=/=(V.¥) >0

is the warping function. We mean by C*° (P™ x, Ry) the ring of real functions
of class C* on P" x, Ry and by X (P" x,Ry) the C® (P" x, Ry)-module
of vector fields of class C*° on P" x, R;. Let ¥V and V be the Levi-Civita
connections of P" x, R; and P", respectively.

Remark 1. The importance of standard static spacetimes comes from the fact
that they include some classical spacetimes. In what follows we list some of
them:
(a) A simple example is given by the Lorentz—Minkowski space L"*!, which
is isometric to the warped product (R"™ x Ry, m. (grn) + mi(—dt?) ).
(b) The Einstein static universe (S" x Ry, 7. (gs») + mi(—dt?)) is also a
standard static space (cf. Example 5.11 of [7]).
(c) Another example is given by the exterior Schwarzschild spacetime, which
is defined as follows. Let R* be given coordinates (¢, 7,0, ¢), where (1,0, )
are the usual spherical coordinates on R3. Given a positive constant m,
the exterior Schwarzschild spacetime is defined on the subset r > 2m of
R*, a subset which is topologically R? x S2. The Schwarzschild metric for
the region r > 2m is given in (¢,7,0, p) coordinates by

2 2m\ "
ds® = — (1 - ;”) dt* + (1 - ;”) dr? + 1% (6% + sin® 0d?) .

Since the metric for this spacetime is invariant under time translations
t — t + a, the coordinate vector field 9/0t is a (globally defined) time-
like Killing vector field (cf. Section 5.2 of [7] or Chapter 13 of [31] ).
Consequently, the exterior Schwarzschild spacetime is a standard static
spacetime.

(d) A model that also presents static regions (which appeared shortly af-
ter the Schwarzschild spacetime) is the Reissner—Nordstrom spacetime,
whose metric in (¢,7,0, ) coordinates admits the representation

2 2 2 2\ !
ds2_—(1—m+62>dt2+(1—m+62> dr?
r r r r
+ 72 (d92 + sin? 9dg02) .
This metric has singularities in » = 0, » = 4 and r = r_, where r =
m =+ (m? — €2)'/2, and in regions corresponding to 400 > 7 > r, and

r_ >r > 0 we have that the Reissner-Nordstrom spacetime is static (cf.
Section 5.5 of [23]).

Now, in the configuration described above, let (P™ x, Rl)f be a weighted
standard static spacetime, namely, a standard static spacetime P" x, R; en-
dowed with a weighted volume form do = e~/ dv, where f € C* (P" x, Ry)
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is a real-valued function, called weighted function (or density function), and
dv is the volume element induced by the warping metric (-, ) defined in (2.1).
For (P" x, Ry);, the Bakry-Emery-Ricci tensor Ricy (cf. [9]) is defined by

Ricy = Ric 4 Hessf, (2.2)

where Ric and Hess are the Ricci tensor and the Hessian operator in P" x , Ry,
respectively.
Throughout this work, we will deal with complete spacelike hypersurfaces

z: 5" = (P" xRy,
namely, isometric immersions from a (connected) n-dimensional Riemannian
manifold X" into weighted standard static spacetime (P XpRl)f~ In this
setting, let V denote the Levi-Civita connection of ™. As (P™ x pRl)f is
time-orientable by timelike vector field ¥ and 2 : ¥" < (P" x,Ry); is a
spacelike hypersurface, then X" is orientable (cf. Proposition 5.26 of [31]) and

one can choose a globally defined unit normal vector field N on X" having the
same time-orientation of (P x, Ry), (cf. Proposition 5.29 of [31]), that is,

(Y,N) <0. (2.3)

Such N is said the future-pointing Gauss map of x : ¥ — (P" %, ]Rl)f. Let
A denote the shape operator of z : ¥ — (P" %, Rl)f with respect to N, so
that at each p € X™, A restricts to a self-adjoint linear map
Ay T,E—T,
v o= Apu = =V, N.
According to Gromov [22], the weighted mean curvature (or simply the f-mean

curvature) Hy of the spacelike hypersurfaces z : £ — (P" x, Ry) s s given
by

nHy =nH — (Vf,N), (2.4)

1
where H = ——tr(A) denotes the standard mean curvature of z : ¥£" —
(P x, Rl)f with respect to its orientation N. Moreover, we say that x : X" —
(P" x, R) f is f-maximal when its f-mean curvature vanishes identically.

The f-divergence on 3™ (cf. [9]) is defined by
divy C®°(X") — C>®(X")
X  —divy(X) =divX — (Vf, X),

where div( - ) denotes the standard divergence on X". We define the f-Laplacian
(also called the drift Laplacian) of ™ (cf. [9]) by

Ay O®(X") — C>®(X")
u = Ag(u) =dive(Vu) = Au— (Vf, Vu)

where A is the standard Laplacian on X".

(2.5)
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Remark 2. Since the timelike Killing vector field Y has identically zero con-
formal factor ¢ (more precisely, ¢ = %ﬂDivY = 0, where Div stands for the
divergence on P" x, Ry), it follows from Proposition 1 of [28] that Y deter-
mines in P" x,R; a codimension one Riemannian foliation by totally geodesic
slices ¥ = P" x {to}, to € R, with respect to the orientation determined by
% =Y. Moreover, assuming that the weighted function f € C*°(P" x, R) is
invariant along the flow determinate by Y, that is, (Vf,Y) = 0, from (2.4) we
get that each slice X! is f-maximal.

Remark 3. We observe that the following result is a consequence of a splitting
theorem due to Case (see Theorem 1.2 of [12]):

“Let M;L ' he a weighted timelike geodesically complete spacetime that

contains a timelike line with Ricy (X, X) > 0 for all timelike vector fields X,
and whose weighted function f is bounded. Then f must be constant along

timelike line of M;H_l.”

Consequently, in any weighted standard static spacetime (P™ x,R;) ; hav-

ing nonnegative BakrnymeryfRicci tensor for timelike vector fields and with
bounded weighted function f, we have that f does not depend on the param-

eter of the flow associated to the Killing vector field % =Y.

Motivated by Remarks 2 and 3, along this work we will consider static
spacetimes P" x, Ry endowed with a weighted function f does not depend
on the parameter t € R, that is, (Vf,Y) = 0. For sake of simplicity, we will
denote such an ambient space by P x, R;.

In what follows, associated with a spacelike hypersurface x : X" — P %,
Ry, we will consider two particular smooth functions, namely, the (vertical)
height function

h = (7Rr) (X" >R (2.6)

Z’VL
and the angle function

O:X" - R
p — O(p) = (N(p),Y(p)),

where N is the future-pointing Gauss map of 3" and Y is the Killing vector
field on P’} x ,Ry. From (2.3), we note that © will be always a negative function
on X"

We have that

(2.7)

1
Vh = —p—ZYT, (2.8)
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where (-)" denote the projection of a smooth vector field in X(P" x, R;) on
X(X™). Moreover, it holds that

1
N*= N+ —0Y, (2.9)
p
where (-)* denote the projection of a smooth vector field in X(P™ x, R;) on

X(P™). Hence, from (2.8) and (2.9) it is not difficult to verify that the following
relation holds

1 *
|Vh|* = E|N [ (2.10)
Indeed, we have that

1 1
(Vh,Vh) = E(YT, YT = p—4<Y +ON,Y + ON)

INVACK 1 S} S}

1 * * 1 * *

:;<N,N>—?<N,N>Pn

3. Uniqueness and Nonexistence Results in Standard Static
Spacetimes

We begin this section by providing a formula for the classical Laplacian of
the height function of a spacelike hypersurface immersed in a standard static
space P" x, R in terms of a certain weighted mean curvature. More precisely,
we have the following

Proposition 1. Let x : X" — P" x, Ry be a spacelike hypersurface and let
h € C>®(Z™) be the height function defined in (2.6). Then

Ah = —np~20 Hiog p2, (3.1)

where © s the angle function defined in (2.7) and Hyog 2 is the log p?-mean
curvature of ™.

Proof. Let {Ey,...,E,} be an orthonormal frame defined in a neighborhood
of some point of ¥". From (2.8) we note that

p2div (Vh) = p~2div (—p 2V ")
= —p_2<Vp_2,YT> — p~Adiv (YT)

= (Vp™%,Vh) — p~4div (¥ + ON)

— <Vp72, Vh> —pt i(in (Y + ©N), E;)
=1
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i

(a5
<Vp72,Vh>—p 4zn:< E1KE1> —p 4§:<in (@N)’Ei>

Vi Y+®N),E1>

(Vo 2,vh) —p~* _ {Ei(@) (N, E) +O(V5, N, Er)]

- <Vp_2, Vh> +pietr(A) = <Vp_2, Vh> —nptHO.
Therefore,
Ah = div (Vh) = p2<vp*2, Vh> —np?HO
- <V10gp_2, _p? YT> —np 2HO
- —p*2<V10g p2, YT> —np~2HO
- —p*2<ﬁog p2Y + @N> —np~2HO
= 2 <ﬁlog 02, Y> —p—2<vlog 02, N>6 —np 2HO
A

0
=—p20 {nH + <v(logp_2),N>} = —np ?0 Hyog 2,

where in the last equality we use (2.4). O

In order to obtain our first result, we will need another key lemma.
The next one corresponds to Theorem 3 of [43]. In what follows, given a n-
dimensional Riemannian manifold 3", we use the notation

LX) = {u X" R / |u|9dY < 400 } ,
where d¥ denotes the standard volume element of 3.

Lemma 1. Let u be a nonnegative smooth subharmonic function on a complete
Riemannian manifold ¥™. If u € L1 (X™), for some ¢ > 1, then u is constant
on X",

We will apply the previous lemma to get the following result

Theorem 1. The only complete spacelike hypersurfaces immersed into standard
static spacetime P" X, Ry with nonnegative log p?-mean curvature and whose
height function h is nonnegative and satisfies the condition h € L9 (X"), for
same q > 1, are the slices P™ x {t}, t € R.
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Proof. In fact, let x : ¥" — P" x, Ry be such a spacelike hypersurface. Since
© < 0 and Hogp2 > 0 on X7, from (3.1) we have that Ah > 0 on X". From
Lemma 1, we conclude that h is constant on X" and, hence, there is t; € R
such that z (X") = P™ x {to}. O

Let’s remember that a Riemannian manifold %" is said to be parabolic if
every bounded solution of Au > 0 must be identically constant. Let us also
remember that a slab of a weighted standard static spacetime P x, Ry is a
region of the type

P} X, [t1,t2] = {(q,1) €P} x, Ry : tg <t <ty }.

Note that if a spacelike hypersurface x : X" < P" x,R; is contained in a slab
then its height function h will be limited. In this context, from the proof of
Theorem 1, we get the following

Corollary 1. The only parabolic complete spacelike hypersurfaces immersed into
standard static spacetime P" x ,2Ry with nonnegative log p2-mean curvature and
lying in a slab of P™ x, Ry are the slices P" x {t}, t € R.

A Riemannian manifold X" is said to be stochastically complete if, for
some (and, hence, for any) (z,t) € ™ x (0, +00), the heat kernel p(x,y,t) of
the Laplace—Beltrami operator A (that is, the minimal, positive fundamental
solution of the heat operator A — 9/9;; for more details concerning the heat
kernel of the Laplace-Beltrami operator, see [21]) satisfies the conservation
property

[ platiduty) = 1. (32)

From the probabilistic viewpoint, stochastically completeness is the property
of a stochastic process to have infinite life time. For the Brownian motion on
a manifold, the conservation property (3.2) means that the total probability
of the particle to be found in the state space is constantly equal to one (cf.
[19,20,36]).

Any parabolic manifold is stochastically complete but the opposite im-
plication is not true. For example, all Euclidean spaces R"™ (with Euclidean
measure) are stochastically complete, whereas R™ is parabolic if and only if
n € {1,2}. On the other hand, Pigola, Rigoli and Setti showed that stochastic
completeness turns out to be equivalent to the validity of a weak form of the
Omori—Yau maximum principle (see Theorem 1.1 of [32] or Theorem 3.1 of
[33]), as can be expressed below

Lemma 2. A Riemannian manifold X" is stochastically complete if and only
if, for every u € C?(X"™) satisfying supu < +oo, there exists a sequence of
E’”/

points {p]};:i C X" such that
lim wu(p;) = supu and lim sup Au(p;) < 0.
271.

j—+oo j——4o0
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We will also need of the next lemma, which is just a consequence of a
more general extension of Liouville’s theorem due to Yau in [42].

Lemma 3. The only harmonic semi-bounded functions defined on an n-dimen-
sional complete Riemannian manifold whose Ricci curvature is nonnegative
are the constant ones.

Applying these previous lemmas, we obtain the following result

Theorem 2. Let x : X" — P" x, Ry be a stochastically complete spacelike
hypersurface which lies in a slab of P™ x, Ry. If the log p*-mean curvature
Hiog p2 of x: ¥ — P" xRy is a nonnegative constant, then x : ¥ — P"x Ry
is log p?-maximal. Moreover, if x : X" — P" x Ry is complete with nonnegative
Ricci curvature, then x (X") is a slice P™ x {to}, for some ty € R.

Proof. From Proposition 1 we have that p?Ah = —nHps 2 © on X", So,
taking into account that the height function h of X" is bounded, from Lemma 2
we get a sequence {p; j(xl) C X" such that

0 > limsup p®Ah(p;) = nlimsup(—Hog 2 O(p;))
j—4oo j—4o0
= —nHjog p2 lim+inf®(pj) > 0. (3.3)
J—too

Then, we have that Hy,g ,2 = 0 on X" and, hence, i is harmonic on X",

On the other hand, since X" lies in a slab then there exists a constant
such that h — 8 > 0. Thus, if Ric > 0, then from Lemma 3 we can conclude
that h is constant on X". Therefore, we conclude that there is tg € R such
that z(X") =P" x {to}. O

In particular, from the analysis of signals realized in (3.3) we can estab-
lished the following nonexistence result.

Corollary 2. There do not exist stochastically complete spacelike hypersurface
immersed into standard static spacetime P™ X , Ry which lies in a slab of P™ x,
R, and whose log p?>-mean curvature is a positive constant.

In order to establish our next result, we will need of an extension of
Hopf’s theorem on a complete noncompact Riemannian manifold due to Yau
in [43].

Lemma 4. Let u be a smooth function on a complete Riemannian manifold
¥", such that Au does not change sign on X". If [Vu| € L' (Z"), then Au
vanishes identically on 3™.

Now, we are in position to present the following result

Theorem 3. Let P" x,Ry be a standard static spacetime and x : ¥ — P" xR,
be a complete spacelike hypersurface whose log p?>-mean curvature Hyog p2 does
not change sign. If the gradient Vh of the height function h of x : X" —
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P™ x, Ry has integrable norm on X" then x : X" — P" x, Ry is log p?-
mazimal. Moreover, if x (X") lies in a slab of P" x, R then x (X") is a slice
P™ x {to}, for some ty € R.

Proof. Taking into account our restrictions on H,g 2 and ©, from (3.1) we
get that Ah does not change sign on ¥". Moreover, since |[Vh| € £! (¥"), from
Lemma 4 we get that Ah = 0 and, returning again in (3.1) we have that 3"
is log p?-maximal.

On the other hand, from (2.10) we also note that

Ah? = 2hAh +2|Vh]? = 2p72IN*|> > 0. (3.4)

If we assume that  (X7) lies in a slab of P™ x,R then & is bounded on £". So,
since h is bounded on X" and using once more that |[VA| € £ ("), Lemma
4 guarantees also that Ah? = 0. Therefore, from (3.4) we obtain that N*
vanishes identically on 3", which means that N and the Killing vector field Y
are collinear. Since Y determines in P x, Ry a codimension one Riemannian
foliation by totally geodesic slices P x {t}, t € R, we conclude that there is
to € R such that a (X™) =P" x {¢o}. O

According to [16], we define the entire Killing graph ¥"(z) associated to
a smooth function z € C*°(P") as been the hypersurface given by
Yz) ={¥(z,2(x)) : x € P"} CP" x,Ry.

where W is the flow generated by the timelike Killing vector field Y. The metric
induced on P™ from the Lorentzian metric (2.1) via ¥"(z) is given by

<'7'>Z = <'7'>P" —p2d2’2. (35)
We can observe that, %" (z) is spacelike if and only if p?| Dz|2, < 1, where
Dz denotes the gradient of a function z with respect to the metric (-, -)pn of
P™. Indeed, if ¥"(z) is spacelike, then
0 < (Dz,Dz), = (Dz,Dz)pn — p*(Dz, Dz)2.
and, hence, we conclude that p?|Dz|2. < 1. Conversely, if p?|Dz|3, < 1 then
for every X € X(X" (%)) we obtain from Cauchy-Schwarz inequality that

(X, X): = (X", X )pn = p*(Dz, X")3n 2 (X", X )pn (1= p?|D2lgn) ,
where X* is the orthogonal projection of X onto X(P™). Thus, (X, X), > 0
and, (X, X), = 0if and only if X =0.

On the other hand, the function
G:P"xR; — R
(x,t) — G(z,t) = z(z) — ¢,
is such that X"(z) = ¥(G~1(0)). Thus, for all vector field X tangent to P™ x,
R, we have

X(G) = X*(G) — %<X, %>%(G) - <% % +D2,X),
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So,
_19
- p2 Ot

is a normal vector field on G~1(0) and, consequently,

VG + Dz

- 1
No = 0, (VG) = 5 Y + 0. (Dz)

is a normal timelike vector field on ¥"(z). Since,

1— 2|D=l2. 1/2
\N0|:( PthP) ’

it follows that

_No _ 1 2
TNl 0 ey TP (36)

defines the future-pointing Gauss map of ¥"(z) such that its angle function
O = (N,Y) is given by

N

L <0
(1= p?[Dz[g.)

As a consequence of Theorem 3, we will obtain the following non-
parametric result concerning entire Killing graphs in P" x, Ry.

0=

Corollary 3. Let X"(z) be an entire Killing graph which lies in a slab of the
standard static spacetime P X ,R; whose base P" is complete. Suppose there is
a positive constant o < 1 such that the gradient Dz of the function z € C*°(P™)
satisfies
sup p?|Dz|3. < a. (3.7)
I (z)
If the log p*-mean curvature Hy,g 2 of £"(2) does not change sign and |Dz| €
LY(P"), then X" (z) is a slice P™ x {to}, for some to € R.

Proof. First, from (3.7) we observe that X"(z) is spacelike. Now, we claim
that ¥"(z) is complete. Indeed, let X be any vector field tangent to ¥"(z).
From (3.5) and from the Cauchy—Schwarz inequality we get

(X, X), = (X*, X"V pn — p*(Dz, X")pn > (1 — p?| D22 (X", X*)pn.
Then, from (3.7) we obtain

Cu(y) > (1—a)/2lpn(v"),

where ¢ ,(v) stands for the length of a curve v on ¥"(z) with respect to the
induced metric (3.5) and £pn(7*) denotes the length of the projection v* of
~ onto P with respect to its metric (-, -)pn. Consequently, since projections
onto P” of divergent curves on X" (z) give divergent curves on P and as we are
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assume that the metric (-, -)pn is complete, we can apply Hopf-Rinow theorem
to conclude that the induced metric (3.5) is also complete.
On the other hand, from (3.6) we obtain

1
(1= p*|Dz[g.)
So, from (2.10) and (3.7) we have that the height function h of £"(z) satisfies
1 1

————— |Dz[§. < —— |Dz[3.. 3.8

N* =

1/2 qu*(DZ)7

VA =

Therefore, from Theorem 3 we get that 3" (z) is a slice P™ x {to}, for some
to € R. O

4. Uniqueness and Nonexistence Results in Weighted Standard
Static Spacetimes

The following key proposition provides an explicit formula for the drift Lapla-
cian of the angle function © defined in (2.7). As in the previous sections, let
us denote by V, V and V the Levi-Civita connections of IP’;% X, Ry, ¥™ and
P™, respectively.

Proposition 2. Let = : X" — IP’}‘ X, Ry be a spacelike hypersurface and let
O € C=(X") be the angle function defined in (2.7). Then

Ar©=nY" (Hy)+ (ﬁEf(N*,N*) - %ﬁégsp(N*,N*) + 62%&” + |A|2> o.
(4.1)
Here, Y is the Killing vector field on IE”;} X, R, p=|Y| >0, N is the unit

normal vector field on X", Ay and Kf represent the f-Laplacians on X™ and

P™, respectively, ﬁ\i/cf and Hess are the BakryflffmeryfRz'cci tensor and the
Hessian operator on P™, |A|? represent the square of the norm of the shape
operator A of X" with respect to the orientation given by N and N* is the
projection of N on the tangent bundle of P™.

Proof. Firstly, since Y is a Killing vector field for any X € X(X") we have
<V6,X> = X(0) = X((N,Y)) = <VXN,Y> + <N,VXY>
- < _A(YT) = VY, X>,
which assures us that

VO =—-AYT) - (VyY)'. (4.2)
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On the other hand, from (2.4) we note that

YT (H) =Y (nHy +(Vf.N)) (4.3)
=Y (Hp)+YT (<vf, N>)

=0T (Hy) + (Y, Hess f(N) ) + ©Hess (N, N) = (A7), ¥f),

where we used the decomposition Y =Y T — O N.
Moreover, since f is supposed to be invariant along the flow determinate
by Y, from (4.2) we get that

<veﬁf> _ + (WNY)T,W> (4.4)

Substituting (4.4) into (4.3) we get
nY T (H) =nY " (H;)+ ©Hess f(N,N) + <v9,vf>. (4.5)
From Proposition 2.12 of [5] we have
A® =nY " (H) + 0 (Ric(N,N) + |A]?), (4.6)
Thus, from (2.5), (4.6) and (4.5) we obtain that
Ap© =nY" (Hy)+ (Ricg(N,N) + |A]*) ©. (4.7)

Now, if we consider the decomposition N = N* + N+ of N, where (-)*
denote the projection of a vector field in X(P™ x, Ry) on X(R;), we have

Hessf(N, N) = <vNW,N> (4.8)
= <§N§f, N* + NJ‘>
T * * 1 192
= Hessf(N*, N*) + ;<v vp>|N |
— 1
= Hessf (N, N*) = v/, Vp>@2
From Corollary 7.43 of [31] we get that

_ — 1 — A
Ric(N, N) = Ric(N*,N*) — ;Hessp(N*,N*) + 62;)(3,0) (4.9)
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Now, from Egs. (2.2), (4.8) and (4.9), we have that
— — 1 — A
Ricy(N,N) = Ricg(N*,N*) — ;Hessp(N*,N*) + @22?) (4.10)

Therefore, from Eqs. (4.10) and (4.7) we obtain (4.1). O

According to the classical terminology in linear potential theory, a weight-
ed manifold ™ with weighted function f is said to be f-parabolic if every
bounded solution of Ay(u) > 0 must be identically constant. In this setting,
we obtain the following result concerning f-parabolic spacelike hypersurfig/es
immersed in a weighted static spacetime. As usual, expressions that have ( - )
correspond to objects defined on P".

Theorem 4. Let P’ x, Ry be a weighted standard static spacetime with ﬁch >
—K, fgr some constant k > 0, and p being a conver warping function such that
(Vf,Vp) <0. Let z : " — P x, Ry be a f-parabolic spacelike hypersurface
with constant f-mean curvature and angle function © bounded from below. If
the height function h and the shape operator A of X" satisfy

@
Vh)? < ——— |A), 4.11
VAP < ot 1Al (111)
for some constant o € (0,1), then x (X™) is contained in a slice P x {ty}, for
some tg € R.

Proof. Let us first observe that at points where N* is different from zero we
have

1 — . . |N*|2 o N* N* @2 _ p2 o N* N*
~Hessp(N*,N™) = 7Hessp( , ) = Hessp | —, ——
p p IN*[" [N p? [N*|7 |N*|

and, taking a local orthonormal frame {El = %, FEo, ..., En} tangent to P,
we also have
e? - e? (N* N*) 02 &

— Alp) = —3I-fé_s/sp +—3ZI:I—é_S/sp(EZ—,Ei).
P p P =

[N*| " [N
Then,

1 — S 1~ (N* N~ 0% <~
—~Hessp(N*,N") + = A(p) = fHessp(—, )_,_7 Hess p(E;, E;
p e (N NT) g B) = s o ey ) + 3 2 ool )

and, from (2.5), we get

1~ e? 1 — N* N*
— ~Hessp(N*,N*) 4+ = A+(p :fHessp(—,—> 4.12
p e PN )2 Br0) = T I @12
2 n 2 -
+% > Hess p(Ei, i) — %(Vf,vm > 0,
1=2

where in the last step we use the convexity of p and the hypothesis (% /s %p) <
0.
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Now, noting that H; is constant, © < 0 on X" and taking into account

our constraint on /RE, from (2.10) and (4.12) jointly with Proposition 2 we
obtain

Ar© < (=k(n—1)p*|Vh]* + |A]*) ©. (4.13)
Using hypothesis (4.11), from (4.13) we obtain that
Af(-0) = (1—a)lAP (-6). (4.14)

Hence, from (4.14) we have that —© is a bounded positive subharmonic func-
tion on ™ and, since we are assuming that X" is f-parabolic, —© must be
constant on X". So, returning to (4.14), we see that X" is totally geodesic.
Therefore, hypothesis (4.11) assures that h is constant on X", that is, there
exists 9 € R such that X" C P" x {to}. O

As a direct consequence of Theorem 4, we get the following

Corollary 4. Let P’y X, Ry be a weighted standard static spacetime with /P:iEf >
—K, for some constant k > 0, and p being a conver warping function such that
(Vf,Vp) < 0. There is not nonzero constant f-mean curvature f-parabolic
spacelike hypersurface immersed into P} %, Ry with angle function bounded
from below and such that the height function and the its shape operator satisfy
the condition (4.11), for some constant o € (0, 1).

Remark 4. We note that there is a large family of weighted standard static
spacetimes P’y x, Ry that satisfy the conditions of Theorem 4. For example, if
we define on P" the smooth function f = ap+b, with a <0 and b € R, then we
obtain that (Vf,Vp) = a|Vp|? < 0 and the Bakry-Emery-Ricci tensor Ric ¥
of P™ is given by

Ric = Ric +a Hess p-
In addition, if Ric > —k, for some positive constant , and p is chosen such
that 0 < Hessp < 3 for some constant 3, then Ricy > —(k + |a|5). Hence,
P x, Ry verifies the requested conditions of Theorem 4.
Another situation happens when we define on P" the smooth function f =
e*”+b, with a <0 and b € R. In this other case, with the same constraints on p

and Ric assumed in the previous case, we have that (%ﬁ %p) = ae“”|§p|2 <0
and

Rle = Ric + a%e™(Vp, )2 + ae*” Hessp > —(k + |a|).

Therefore, this second ambient space also contemplates the hypothesis of The-
orem 4.

In the context of Killing graphs, from Theorem 4 we obtain the following

Corollary 5. Let ]P’? X, Ry be a weighted standard static spacetime with ﬁf >
—k, for some constant k > 0, and p being a convexr warping function such that
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<6f, 6;}) < 0. Let ¥*(z) be a f-parabolic entire Killing graph in P% %, Ry with
constant f-mean curvature, angle function © bounded from below and whose
norm of its shape operator A satisfy

k(n—1)

|A]? <
1 _

(4.15)

for some constant « € (0,1). If the gradient Dz of the function z satisfy

(1-a)a
|Dz[g. < w(n—1)p° Al? (4.16)

then X" (z) = P x {to}, for some tg € R.

Proof. From (4.15) and (4.16), we get supg.,y p°|Dz[g. < a. So, from the
first part of the proof of the Corollary 3 we obtain that X" (z) is spacelike and
complete. Now, from (3.8) and (4.16) we obtain (4.11). Finally, the result is
obtained as a direct application of the Theorem 4. O

In order to characterize slices of weighted standard static spacetimes
P% x, Ry, we observe that one of the hypotheses of the Theorem 4 is ex-
actly the inferior limitation of the Bakry-Emery—Ricci tensor Ric ¢ of P by
some constant. When this limitation is given by zero, we have the following
result that establishes other sufficient conditions for an spacelike hypersurface
to be a slice.

Theorem 5. Let P} x,Ry be a weighted standard static spacetime with f{\igf >0

and p being a convexr warping function such that (6]‘, 6/}) <0. Letx : X" —
P x, Ry be a f-parabolic spacelike hypersurface with constant f-mean curva-
ture and angle function © bounded from below. Then, X" is totally geodesic.
Moreover, if Ricy is strictly positive at some point py of X", then x (X") is
contained in a slice P" x {to}, for some ty € R.

Proof. Since the f-mean curvature of z : ¥" — P} x, Ry is constant, p is

a concave function such that (6 1 §p> < 0 and Ricy is nonnegative, from
Proposition 2 and (4.12) we obtain that

A < (ﬁ?cf(N*,N*)+\A|2)® < 0. (4.17)

Thus, the weighted parabolicity of X" assures that © is constant on it. So,
returning to (4.17) we have that |A| = 0, that is, X" is totally geodesic.
We claim that p is constant. Indeed, first we note that all X € X(X")
can be written as
(X,Y)
2

X=X"- Y,

)
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where (-)* denote the projection on X(P"). Since X" is totally geodesic, from
Proposition 7.35 of [31], we have that

(Ve,X) = X((N.Y)) = (N, VxY)
(X,Y)
2

= (N,)Vx-Y — (N,VyY)

hS)

which implies
1, _
Ve = p (6Vp — (N, Vp)Y).

Given that © is constant on X", since the vector fields Vp and Y are linearly
independent, from the last equation, we obtain that p is also constant on ™.
So, our affirmation stay showed.

On the other hand, from (2.9) it is not difficult to see that

02 >
2

== —1),
’ <p2

which implies that |[N*|p~ is also constant. But, supposing that Ric ¢ is strictly

[N

positive at some point py of £7, since (4.17) give us that Ricy(N*, N*)(po) =

0, it follows that N*(pg) = 0. Therefore, N* must be vanishes on X" and,

consequently, z(X") must be contained in a slice P™ x {t¢}, for some ¢y € R.
O

In particular, Theorem 5 gives us the following result of nonexistence.

Corollary 6. Let P} x,Ry be a weighted standard static spacetime with f{\igf >

0 and p being a convexr warping function such that (%f, %p} < 0. There is
not nonzero constant f-mean curvature f-parabolic spacelike hypersurface im-
mersed into P x, Ry with angle function bounded from below.

From Theorem 5, we can reason as in the proof of Corollary 3 in order
to obtain the following result:

Corollary 7. Let ]P’? X, Ry be a weighted standard static spacetime with ﬁéf >

0 and p being a convex warping function such that <6f7 6;}) < 0. Let ¥™(z) be
a f-parabolic entire graph with constant f-mean curvature and angle function
© bounded from below. If the norm of the gradient Dz of the function z €
C>(P") satisfies (3.7), then ¥"(z) is totally geodesic. Moreover, if Ricy is
strictly positive at some point py of X" (z), then X" (2) is a slice P x {to}, for
some tg € R.
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5. A Notion of Stability in Weighted Standard Static
Spacetimes
For a compact spacelike hypersurface x : ¥" — Py x, R; with boundary 0%
(possibly empty), we define a variation of it as being the smooth mapping
X i(—€€e) xE" =P x, Ry
(s,p) — X(s,p)
satisfying the following two conditions:
(i) forall s € (—¢,¢), the map X, : X" — P} x, Ry given by Xs(p) = X(s,p)
is a Riemannian immersion such that Xy = z;
i) X,
(ii) .

= m‘ , for all s € (—¢,¢).
0%

In all that follows, we let d¥ for denote the volume element of the warp-
ing metric (2.1) induced on X7 = X (3™) and Ny will be the future-pointing
Gauss map along of X7'. Moreover, we also consider in X7 the weighted volume
form given by do, = e~/d%,. When s = 0 all these objects coincide with ones
defined in ™, respectively. Moreover for any open subset 2 of IP’}L X, Ry with
compact closure, Voly(£2) and Areas(€2) will denote the weighted volume and
weighted area of €2, respectively.

The wvariational field associated to the variation X is the smooth vector

field %—f‘ . Letting
s=0

0X
Ug = *<E7Ns>7 (51)
we get
X X T
s lamp — U0V (a _) -

The balance of weighted volume and the weighted area functional associ-
ated to the variation X are the functionals

Vii(—e,e)— R
s = Vs(s) = Vols (X ([0,s] x X)) = /[0 . X*(do)

and
A i(—e,e)— R

s As(s) = Areay (B7) = / dos,
Y

respectively, where dv is the volume element on induced by the warping met-
ric (2.1). We say that the variation X is weighted volume-preserving of X" if
Vi(s) =Vf(0) =0, for all s € (—e¢,¢).

The following result is well known and, in the context of weighted
Lorentzian manifolds, it can be found in Lemmas 1 and 2 of [18].
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Lemma 5. Let X : (—¢,€) x ¥" — P} x, Ry be a variation of the closed (that
is, compact and without boundary) spacelike hypersurface x : X" — P %, Ry.
If ug is the smooth function given in (5.1) then

d%v (s) = /En Us dog and C%Af(s) = n/zn (Hy), usdos

where (Hy), = Hy(s,-) denotes the f-mean curvature of ¥%. In particular,

X is weighted volume-preserving of X" if and only if fm usdos = 0 for all
s € (—e€€).

Remark 5. Applying the same topological arguments used to prove Proposi-
tion 3.2 of [3], we conclude that a closed spacelike hypersurface £" immersed
in a standard static spacetime P" x, R; can only exist when the Riemann-
ian base P" is also compact. On the other hand, it is not difficult to verify
that Lemma 2.2 of [5] still remains valid for the context of weighted stan-
dard static spacetimes. More specifically, given a closed spacelike hypersurface
z X" — PR x, Ry, if u € C°°(E") is such that

/ udo = 0,

then there exists a weighted volume-preserving variation X : (—e, €) x ¥ —

]P”; X, Ry of x: X" — ]P’}’ X, Ry whose variational field is %—f =uN.

s=0
In order to characterize closed spacelike hypersurfaces z : X" — P% X,
R; with constant f-mean curvature, we consider the variational problem of
maximizing the weighted area functional Ay for all variations X : (—e,€) X
¥ — ]P’;c‘ X, Ry of z : X" — IP”)} X, Ry that keeps the balance of weighted
volume V; equal to zero. The Lagrange multiplier method leads us then to the
associated weighted Jacobi functional

Jri(—ee)— R
s = Jr(s) = Af(s) — AVy(s),

where \ is a constant to be determined. As an immediate consequence of
Lemma 5 we get that the first variation of J¢ takes the following form

% Ji(s) = /E {n(Hy), = A} usdos, (5.3)

(5.2)

where u; is the smooth function given in (5.1). Thinking about making the
best possible choice of A, let

— 1
~ Areap(¥7) Jsn
be an integral mean of the f-mean curvature Hy on X". We call the attention
to the fact that, in case Hy is constant, we have

H=Hy, (5.5)

Hf do (5.4)
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and this notation will be usgl in what follows without further comments.
Therefore, if we choose A = n’H, from (5.3) we arrive at

% Ts(s) = n/zg {(Hy), — H} us dos. (5.6)

Reasoning as in the proof of Proposition 2.7 of [4] we get

Proposition 3. The following statements are equivalent:
(a) z: X" — P% x, Ry is a closed spacelike hypersurface with constant f-
mean curvature Hy;
d
(b) s Af(0) = 0 for all weighted volume-preserving variation X : (—€, €) X
s
¥ HIP’? X, Ry of x: X" (—>IP)? X, Ry;

d
(c) s Jt(0) = 0 for every variation X : (—€,€) x X" — P} x, Ry of x :
S P x, Ry

Proof. We will show the result making the sequence (a) = (¢), (¢) = (b),
(b) = (a).
(a) = (c): The result follows directly from (5.5) and (5.6).
(¢) = (b): We have
d

d —d
0= == 75(0) = - Ag(0) + 0Tl =~ Vy(0)

or all variation X : (—€,€) x X" — P} x, Ry of 2 : ¥" — P% x, Ry. But if the
d

variation preserves the volume of z : " — P’ x ,Ry then o V;(0) = 0. Hence,
s

% A (0) = 0 for all weighted volume-preserving variation X : (—¢,€) x £ —
P% x, Ry of &: " o P2 x, Ry

(b) = (a): Suppose there is py in X" such that (H; — H)(po) # 0. We
can assume that (H; — H)(po) > 0. From the definition of H in (5.4) we can

obtain another point go € X" such that (Hy — H)(go) < 0. Indeed, from (5.5)
we have

/(Hf*ﬂ)dgz Hydo —H Areay(¥") (5.7)
n zn

I S S
"~ Jsn rae Areas(X") Jgn

So, if (Hy — H)(g) > 0 for every ¢ € X", since there is py € ¥ such that
(Hf —H)(po) > 0, then

Hy da) Areay(X") = 0.

/ (Hf —H)do > 0,

inequality that is in contradiction with (5.7).
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Thus, the sets
St ={qe": (H;~H)(g)>0} and
Sigma™ = {q e S" : (H; ~H)(q) <0}

are well defined.
Now, consider nonnegative smooth functions ¢ and 1 such that py €
supp C X, suppy C ¥~ and

/n(<,0+w)(Hffﬁ)dU:0.

where supp ¢ and supp denote the support of ¢ and the support of ¥, re-

spectively. If we consider the smooth function u = (¢ + ¢)(Hy — H) then,
according to Remark 5, there is a weighted volume-preserving variation X :
(—€,€) x X" — P} x, Ry of . : ¥" — P} x, Ry whose variational field is

%—f = uN. By hypothesis and Lemma 5,
° 1s=0

d
0= EAf(O) =n - Hyudo.

Since [, udo = 0, we obtain

Ozn/ Hfudo —nH udo
n ¥n

:”/E,,L(Hf_ﬁ)“dUZN/n(WrW(Hf—W)Qda > 0,

which is a contradiction. Therefore, H; = H on X",
O

In particular, Proposition 3 guarantees that a closed spacelike hypersur-
face x : X" — P’ x, Ry is a critical point of the variational problem described
above if and only if its f-mean curvature Hy is constant. Motivated by this
fact, we establish the following

Definition 1. Let z : X" — P7 x, Ry be a closed spacelike hypersurface having
constant f-mean curvature. We say that x : ¥" — IP’;} X, Ry is f-stable if

d2

a2 A (0) <0, for all weighted volume-preserving variation X : X" x (—¢, €) —
s

]P’? XpRl of x : X" ‘—>]P)§cb XpRl.

Let z : 3" — IP”} X, Ry be a closed spacelike hypersurface as described
in Definition 1. We consider the set

QZ{UGCO"(Z"):/nuda:()}. (5.8)

Just as [4], we can establish the following criterion of f-stability.
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Proposition 4. With the notations considered above, x : X" — IP’}‘ X, Ry s
f-stable if and only if g—; Jr(0)(u) <0 for allueg.

Proof. Suppose that z : ¥" — P} x, Ry is f-stable and consider u € G. From
Remark 5, there is a weighted volume-preserving variation X : (—e, €) x X" —

[P” Xp,Ryof z: 3" — ]P’" X, Ry whose variational field is %X‘ = uN. Then,
s=0
p V¢(0)(u) = 0. Hence, from (5.2) and Definition 1 we obtain
d? d? d? d2
@Jf(o)(u)=ﬁv4f(0)(u)—)\ﬁVf(0)(u) 752 Ar(0)(u) <0

Conversely, suppose that = jf( )(u) <O0forallue G. Let X : (—¢,€) X
¥ — P% x, Ry be an Welghted volume-preserving variation of z : X" «—

P ¥ X o R, and let uN be the normal component of the variation vector %X .

s=0
From Lemma 5,

d
d = — O e
/nu 7 dsvf( )
which implies that u € G. Therefore, from hypotheses,
d? d 2 d? d?
02 25 T5(0)(u) = S5 Ap(O)(w) = A TV (0)(w) = 5 A5 (0)(w),
|
0

which according to Definition 1 tells us that z : " < P} x, Ry is f-stable.

O

The sought formula for the second variation of Jacobi functional J; is
given in the following

Proposition 5. Let z : X" — Pt xRy be a closed spacelike hypersurface having
constant f-mean curvature Hy. If X : (—¢,€) x X" — Pt %, Ry is a variation
of v+ " — P} x, Ry then the second variation %jf(O) of the weighted
Jacobi functional Jy is given by

2
%jf(())(u) :/ u Ly (u) do, (5.9)

for any v € C>(0NY), where Ly : C°(X™) — C(X") is the weighted Jacobi
operator given by

— 1 —
Lr=Ap— {Ricf(N*,N*) — ;Hessp(N* )+ 6?2 p( P +|A|2}

(5.10)

Here, Ay and ﬁf represent the f-Laplacians on X" and P™, respectively, ©
be the angle function deﬁned n (2 7), N is the future-pointing Gauss map of
$ X" = PR X, Ry, Rle and Hess are the Bakry— Emery —Ricct tensor and
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the Hessian operator on P, |A|? represent the square of the norm of the shape
operator A of x : ¥" — P} X, Ry and N* is the projection of N on the tangent
bundle of P™.

Proof. Since Hy is constant, from (5.6) and (5.5) we have that

L2300 = n [ (2G| Yoo

+n/ Hy—H g(usdos)
n\ N—_—— Js
0

b

s=0

where u; is the smooth function given in (5.1).
On the other hand, reasoning as in the proof of equation (3.5) of [13], we
obtain

; _
Q1)) ) = (RS .5+ 421}

Hence,

2
E’VL

Now, from Egs. (4.10) and (5.11) we obtain

%Jf(o)(uo) = / ug £7(uo) do, (5.12)

where £; is given in (5.10). To finish the proof, we observe that the ex-
pression (5.12) depends only on the hypersurface X" and on the function
uo € C(3M). O

To show our next result, let us remember that the eigenvalue problem for
the drift Laplacian Ay on a closed Riemannianmanifold 3" is the determina-
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tion of the existence or not of nontrivial solutions (that is, not identically zero)
u € C*(X) for the partial differential equation

Ag(u) +pu=0

on X", In this case, the corresponding function w is an eigenfunction associated
with the eitgenvalue pi. By the spectral theorem we know that all the eigenvalues
of Ay are determined by a sequence of eigenvalues { u]} fg satisfying

0=po < p1 << po < o0 <opy < pyyq < oee
repeated according to their multiplicity, and

lim +00
et T

(see, for instance, Section 1 of [6]). Moreover, the variational characterization
of 1 gives
- A d
1= min Jon us(u) do
ueG\0}y  [n.u?do
where G is defined in (5.8).

We can now present our characterization of f-stability concerning closed
spacelike hypersurfaces immersed in a weighted standard static spacetime.

(5.13)

Theorem 6. Let x : X" — P% x, Ry be a closed spacelike hypersurface with
constant f-mean curvature. Suppose that

Af(p) _ |A‘2
,03

— 1 —
p = —Ricy(N*,N*) + — Hess p(N*, N*) — ©2

p
is a nmonzero constant on X", where Ay and ﬁf represent the f-Laplacians
on X" and P™, respectively, @ be the angle function deﬁned n (2 7), N is

the future-pointing Gauss map of x : X" — P% x, Ry, Rle and Hess are the

Bakry- Emery Ricci tensor and the Hessian operator on P™, |A|? represent the
square of the norm of the shape operator A of x : X" — P} X, Ry and N* s
the projection of N on the tangent bundle of P™. Then x : ¥ — IP’? X, Ry is
f-stable if and only if 1 is the first nonzero eigenvalue of drift Laplacian Ay
on ™.

Proof. Initially, since the f-mean curvature of z : X" < P% x, Ry and p are
constant on X", from Proposition 2 we can see that p belongs to the sequence
of eigenvalues {u]} _, of the drift Laplacian Ay on ¥".

If o= g, then from (5.9), (5.10) and (5.13) we obtain

d2
FI00 = [ g tptde < (pvw [ atdo=0

n

for any u € G and, according to Proposition 4, z : X" < P} x, Ry is f-stable.
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Conversely, suppose that z : ¥" < P} x, Ry is f-stable, so that j—; Jr(0)

(u) <0 for all u € G. Let u be an eigenfunction associated to the first nonzero
eigenvalue 1 of Ay. Consequently, by (5.9) and (5.10) we get

d2
02 SO = (utp) [ wdo
Therefore, since pp < p, we must have g = p. O

Remark 6. From the proof of Theorem 6 it is immediate to verify that any
constant f-mean curvature closed spacelike hypersurface z : X" — P} x, Ry
for which

— 1 — A

p1 + Ricy(N*, N*) — — Hess p(N*, N*) + 62 # + A2 >0
p p

on X" is stable, where py is the first nonzero eigenvalue of drift Laplacian on

¥.™. In particular, this happens when ﬁi?:f > 0 and p is constant on P™.
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