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Abstract. A translation surface of Euclidean space R? is the sum of two
regular curves « and (3, called the generating curves. In this paper we
classify the minimal translation surfaces of R® and we give a method
of construction of explicit examples. Besides the plane and the minimal
surfaces of Scherk type, it is proved that up to reparameterizations of
the generating curves, any minimal translation surface is described as
U(s,t) = as) + a(t), where « is a curve parameterized by arc length s,
its curvature k is a positive solution of the autonomous ODE (y’)2 +yt 4
c3y® + iy % +cic2 = 0 and its torsion is 7(s) = ¢1/k(s)?. Here c1 # 0, c2
and c3 are constants such that the cubic equation A 4ea? —c3A+e; =0
has three real roots A1, A2 and As.
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1. Introduction and Statement of the Result

The surfaces of our study have its origin in the classical text of Darboux
[1, Livre I] where the so-called “surfaces définies pour des propertiétés
cinématiques” are considered, and later known as Darboux surfaces in the
literature. A Darboux surface is defined kinematically as the movement of a
curve by a uniparametric family of rigid motions of R3. Hence a parameteri-
zation of a such surface is ¥(s,t) = A(t) - a(s) + S(t), where a and [ are two
space curves and A(t) is an orthogonal matrix. The case that we are investi-
gating in this paper is when A(t) is the identity. More precisely, we give the
following definition.
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Definition 1.1. A surface S C R? is called a translation surface if S can be
locally written as the sum W(s,t) = «a(s) + B(t) of two space curves a : I C
R — R?and B8:J C R — R3. The curves a and 3 are called the generating
curves of S. If a and (3 are planar curves, the surface is called a translation
surface of planar type.

Darboux dealt with translation surfaces in Secs. 81-84 [1, pp. 137-142]
and its name is due to the fact that the surface S is obtained by the translation
of «a along 3 (or vice versa because the roles of o and [ are interchanged). In
particular, all parametric curves s = ct are congruent by translations (similarly
for parametric curves t = ct). It is natural to ask for the classification of the
translation surfaces of R® under some condition on its curvature. Recently,
the authors of the present paper succeeded with the complete classification of
all translation surfaces with constant Gaussian curvature K, proving that the
only ones are cylindrical surfaces and thus, K must be 0 [3].

In this paper we are concerned with the following

Problem: Classify all minimal translation surfaces in R3.

Recall that a minimal surface in R? is a surface with zero mean curvature
everywhere. Of course, the plane is a trivial example of a minimal translation
surface. A first approach to the posed problem is to assume that the generating
curves are planar curves contained in orthogonal planes. In such a case, after an
appropriate choice of coordinate system, the surface .S is locally parameterized
by

U(s,t) = (5,0, f(s)) + (0,2, 9(t)) = (s,t, f(5) + g(t))

for some two smooth functions f and g. Thus the problem transforms into
finding surfaces represented by the graph of a function z = f(z) + ¢g(y) with
zero mean curvature. It is not difficult to see that, besides the plane and a
rigid motion, the solution is the known as Scherk surface

1 cos(cy) —-T
= —1 c |l —. =
T cos(cx)’ oY 2°2)7

where c is a positive constant. This surface was obtained by Scherk solving the
minimal surface equation by separation of variables, namely, z = f(z) + g(y)
[12]. In fact, this surface belongs to a uniparametric family of minimal surfaces
discovered by Scherk and given by

1
So(z,y) = (x + ycosh,ysinb, - log cos(cy)) ,

cos(cx)

where 6 € R [12]; see also [11, § 81]. For 8 = 0, Sy is the plane and if § = /2,
Sr/2 is the Scherk surface. Let us observe that Sp is a translation surface
where the generating curves are planar but now not necessarily contained in
orthogonal planes. Indeed, Sy can be expressed as
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So(s,t) = (8,0, —ilog(cos(cs))) + (t cos&tsin@,ilog(cos(ct)))
= a(s) + 8().

Then « is contained in the xzz-plane and ( lies in the plane of equation sin fx —
cos fy = 0, which makes an angle 6 with the xz-plane.

Other minimal translation surface, and already known by Lie, is the he-
licoid X (u,v) = (cosucoswv,sinucosv,u) [11, § 77]. This surface is obtained
by the sum of a circular helix with itself. Indeed, let a be the circular helix
parameterized as a(s) = (cos s,sin s, s)/2. Making the change of coordinates
s=u+wv,t=u—v wefind U(s,t) = a(s) + a(t) = X(u,v). In fact, the
helicoid can be generated in an infinite number of ways as a translation surface
of helices for suitable choices of pitches.

In the literature, other works have appeared on the study of translation
surfaces with constant mean curvature, also in other ambient spaces: we refer
[2,4-6,9,10], without to be a complete list. However, in all these works, the
translation surface is of planar type, so the problem of finding such surfaces
reduces into a problem of solving an ODE by separation of variables. It deserves
to point out that it was proved in [2] that if one generating curve is planar,
then the other is also planar and the surface belongs to the family of Scherk
surfaces.

Definitively, besides the plane, the Scherk surfaces and the helicoid, the
motivating question for the present paper is as follows:

Question: Are there any other minimal translation surfaces in R3?

Recently the second author and O. Perdomo have undertaken the problem
of classification in all its generality assuming that the generating curves are
space curves [7]. It was proved that one generating curve is the rigid motion
of the other one, hence we can write ¥(s,t) = a(s) + «(t) and if k and 7
are the curvature and the torsion of a respectively, then 27 is a non-zero
constant. Furthermore, the velocity vectors o/(s) must lie in a cone of the
form {x € R3: (Ax,x) = 0} for a particular symmetric matrix A: see [7] for
details.

In this paper we offer an alternative approach to the study of the minimal
translation surfaces. Besides to obtain similar results than the ones of [7], we
give a new method of construction of minimal translation surfaces based on
the resolution of an ODE which seems to us simpler than the methods used
in [7]. The advantage lies in the fact that provides a technique by means of a
recipe that gives a plethora of examples. The results may be summarized as
follows.

Theorem 1.2 (Classification and construction). Let ¥(s,t) = a(s) + () be a
manimal translation surface where o and 3 parameterized by arc length. Sup-
pose that the curvatures ko, and kg are positive everywhere and the torsions 7o,
Tg are non-zero everywhere. Then, up to a rigid motion, the curve 3 coincides
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with o and

1 /(& kK2
ﬁi’i’a =c;, — (C‘) + & — 27, = c9, (1.1)
Ta \Fa T

where ¢1 # 0 and co are two constants. Furthermore, ko, is a positive solution
of the autonomous ODE

2
¢
v +yt + sy’ + y%+c102 =0 (1.2)
for some constant c3 and the curve a can be expressed as

als) = (A/s cosw(s),B/s sinw(s)7/s V1= A% cos? w(s) — B2 sin2w(s)>.

Here A = \/A3/(A3 — A1) and B = \/A3/(A3 — \a) where \;, 1 < i < 3, are
the three real roots of the cubic equation

— )\3 + Cg)\2 — C3)\ + Cc1 = 0 (13)

and the function w is w(s) = [ \/ka(5)2 + A1 Aa.

Conwersely, any minimal translation surface of R of non-planar type is
constructed by this process. Fzactly let ¢; # 0, co and cs be three constants
such that the cubic Eq. (1.3) has three real roots A1, A2, A3. Let k(s) be a
positive and non-constant solution of (1.2). If a(s) is a curve parameterized
by arc length s with curvature k(s) and torsion c1/r(s)?, then the translation
surface U(s,t) = a(s) + a(t) is minimal.

This paper is organized as follows. In Sect. 2 we recall some known for-
mulae of the local theory of curves and surfaces in R3. In Sect. 3 we prove, for
the sake of completeness, some known results with alternative proofs. So, we
prove the result of [2] and we obtain the helicoid when one generating curve is
a circular helix (Theorem 3.2). We also characterize any minimal translation
surface by the two relations (1.1) between the curvature and the torsion of the
generating curves. In Sect. 4, we show the main results of this paper. Here it
will be essential the definition of a set of self-adjoint linear operators on R? as-
sociated to each point a(s) and 3(t), which it will be proved later that, indeed,
they coincide for all s and ¢. The two results of this section (Theorems 4.3 and
4.4) classify and describe the construction of all minimal translation surfaces
in R3. The section finishes showing explicit examples of translation minimal
surfaces by the procedure previously proved (see also Theorem 1.2).

2. Preliminaries

For a general reference on curves and surfaces, we refer to [8]. All the curves
and surfaces considered in this paper will be assumed to be of class C*°. Let
a(s), s € I, and B(t), t € J, be two curves in R parameterized by arc length
with oriented Frenet trihedrons {t,(s),n.(s), ba(s)}, {ts(t),ng(t),bs(t)}, for
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every s € I, t € J, respectively. Throughout this paper let x,(s) > 0 and
kg(t) > 0 denote the curvatures of o and [ respectively, as well as, 7,(s) and
75(t) the torsions. Let {a(s) + B(t) : s € I,t € J} C R? be the set obtained
by the sum of the curves « and (. Then S is a regular (translation) surface,
and ¥(s,t) = a(s) + B(t) is a parameterization of S, if t,(s) x tg(t) # 0 for
all (s,t) € I x J, where x represents the vector product of R?: throughout
the paper, we will make this assumption. Recall that the parametric curves
t = ct are congruent and translations of a(s). Hence, they have the same
curvature and torsion at corresponding points (similarly for the parametric
curves s = ct).

We calculate the Gauss curvature and the mean curvature of S. For
notational convenience we omit the dependence on s and t of the function
which are implicitly understood. The derivatives of order 1 of ¥ are Wy = t,,,
U, = tg, with U, x ¥y # 0. Let ¢(s,t), 0 < ¢(s,t) < m, be the angle that t,(s)
makes with tg(¢) at point ¥(z,t), that is,

cos §(s, 1) = (ta(s), ts(1)),
where (,) stands for the usual scalar product of R?. Then the coefficients of
the first fundamental form in the basis {¥, U} are
E=1, F=cos¢p, G=1,
and the unit normal vector N(s,t) at U(s,t) is
ta(s) x t5(t)
sin ¢(s,t)
The derivatives of ¥ of order 2 are Vy3 = Koho, Vs = 0 and ¥y = kgng,

hence the coefficients of the second fundamental form are

= _ o _ _ ks
| = Sin¢<ba’t6>7 m=0,n Sin¢<tmb'g>.

The Gaussian curvature K and the mean curvature H of S are

N(s,t) =

Kakp _’ia<ba7tﬂ> +’fﬁ<tmbﬁ>
K=——""(b,,tg){t,,b H = . 2.1
sin4¢< s ﬁ>< s 5>a 281n3¢ ( )
Consequently, S is a minimal surface (H = 0) if and only if
Ka(ba,tg) = kg(ta,bg) forallsel, teJ (2.2)

Remark 2.1. If the generating curves a and (3 are not parameterized by arc
length, then the minimality condition H = 0 is equivalent to

18'(1)]*(a(5) x o (s), B (1)) = |a'(5)[*(e (), 5'(t) x B"(¢)) (2.3)
forallsel,te J.

The following curve will be useful later,

o) = (u,&—ilog(cos(cu))) ue <;:;C> , (2.4)
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where c is a positive constant, which is nothing more than the generating curve
of the Scherk surface Sy /5. Its curvature, with parameter the arc length s and
origin w = 0, is

2ce’®

= —. 2.5
14 e2cs ( )

Ha(s)

3. Auxiliary Results

In this section we characterize any minimal translation surface by the two
relations between the curvature and the torsion of the generating curves. and
we prove some known results with alternative proofs. Let S C R® be a minimal
translation surface with parameterization W(s,t) = «(s) + ((t) where the
generating curves « and [ are parameterized by arc length s and ¢. Having in
mind the Frenet equations, we take the derivative with respect to s of (2.2)
and then dividing by k., we arrive at

!
<T,lna T :O‘ba,tg> = (ng, ksbg). (3.1)

Differentiating (3.1) with respect to s again and taking into account (2.2) and
(3.1), we obtain

I AN
<I’€aTata - (KO‘T& + T&) n, + ((HQ> + K2 — Ti) ba,t[3>
Ra Ko
= Ta<ba,ﬂgbg>. (32)

In the same way, for the curve § we have

!/
75 {kaba, bg)=( t ] : % 5-75|b
B\raPa, D3) = o, RTglp HﬁTIB—’_Tﬁ n/3+ Kg +Kﬁ Tﬁ B /-

(3.3)

Once obtained the above formulae, and for the completeness of this work, we
insert in this section the result proved in [2] with an alternative proof.

Proposition 3.1. Let S be a non planar minimal translation surface. Assume
that one, say «, of the generating curves is a plane curve. Then:

1. The curvature ko of o satisfies the autonomous ODE
2 !/
<‘Z> +12=0. (3.4)

2. The curve « is a rigid motion of the curve (2.4).
3. The other generating curve 3 is also a plane curve and S is a surface of
Scherk type.
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Proof. 1. From (3.2), because of 7, = 0, we have

((Zi)l + mi) (by,ts) =0

for all s and t. If (b,,ts) = 0 on an open set, then from (2.1) we have
K = 0. Since H = K =0, then S is a plane, a contradiction. So, we must

have
N
(I{a) + Hi = 0.
Ko
2. The general solution of the autonomous ODE (3.4) is

2cei(ct+cl)

Iia(t = 41 T 6:&2(ct+61)7

where ¢ > 0, ¢; are constants. After the change s = £(ct + ¢1), we see
that the curvature of « is the same than (2.5). From the fundamental
theorem of plane curves, the curve « is a rigid motion of the curve (2.4).

3. After a rigid motion, we may suppose that « is as in (2.4). Let 8(v) =
(61 (v), B2(v), B3(v)) denote the other generating curve parameterized by
arc length v. Then the minimality condition (2.3) gives

(8185 — B Ba) sin(cu) + (cfy + 385 — B3 B5) cos(cu) = 0.

Since the functions sin(cu) and cos(cu) are linearly independent, we de-
duce

B8y — BBy =0, cBy+ Byf5 — P70 =0. (3.5)

Combining both equations, we have §5(57 05 — ¢y — B18%) = 0. If B is
a constant function, then (3 is a plane curve. On the contrary, 5735 =
¢ + B16Y. From the first equation in (3.5), we obtain 3135 = B7'05.
Then the mlxed product (&', 5", 5") is

(ﬂ/7 ﬁ”, ﬂ”l) _ C/BI/IﬁQ _ ///(ﬂ1 ilﬁé)
= By (cBy + B155 — 153) =0.

This implies that 73 = 0 and 3 is planar. Now, according to the item
2 of the proposition, § is, up to a rigid motion, the curve parame-
terized in (2.4). Set f(v) = Ao(v), where A is an orthogonal matrix,
o(v) = (v,0,—%logcos(dv)) and d > 0 is a positive constant. Applying
the minimality condition (2.3) again, we have

sin(dv) )

c <a21 + a23 os(dv)

sin(cu)) |

=d <a23a31 — a1as3 + (a13a21 — a11a23)cos(cu)
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Due to the linear independence, in the first step, of cos(cu), sin(cu), and
then of cos(dv), sin(dv), we deduce azs = 0 and

aizaz1 =0 cas + dasiazz = 0.

In case ag; = 0, and using that A is orthogonal, it follows that age = +1
and it is not difficult to see that 3 is a curve contained in the zz-plane,
the same that a: this implies that S is a plane, a contradiction. Thus
a1 # 0 and a3 = 0 and ¢ = —dass. Using that A is orthogonal, then
a3y = azz = 0 and a3 = £1. In particular, because ¢ and d are positive,

we find azz = —1. Definitively, we have two possibilities for the matrix
A, namely,
cos 6 sin 6 0 cosf) — sinf 0
sinf  — cosf 0 and sin 6 cosf 0
0 0 -1 0 0 -1

In both cases, the parameterization W(s,t) is

B B o1 cos(cv)
U(u,v) = a(u) + Ao(v) = <u +vcosf,vsinb, - log cos(cu)) ,

and S is the surface Sy belonging to the Scherk family. g
Recall that the helicoid is a minimal translation surface obtained as the

sum of a circular helix with itself. We prove that this is consequence of the
following result (see also [7, Cor. 3.4]).

Theorem 3.2. Let S be a minimal translation surface. If one of the generating
curves is a circular helix, then the other curve is a congruent circular helix
and S is the helicoid.

Proof. Assume that the generating curve « of S is the circular helix

a(s) = (acosp(s),asinp(s), bp(s)),

where ¢(s) = s/va2 + b2, a > 0, b # 0 are two constants. Then r, = a/(a® +
b?), 7o = b/(a® + b*) and

1

to(s) = Wi (—asing(s),acos (s),b)
b, (s) = a%—i—bQ (bsinp(s), —bcos p(s),a).

If B(t) = (B1(t), B2(t), B5(t)) is the other generating curve parameterized by
arc length ¢, then kg = |8 = |8’ x 5|, tz = (81, 85, 05) and
1

bg = W((ﬁ' X )1, (B % 3")2, (B x B")3).
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Applying the minimality condition (2.2), it follows or equivalently,

%Jrlﬂ (B1bsinp(s) — Bobcos ¢(s) + afy)

= (—a(B" x B")1sinp(s) +a(B x ")acosp(s) +b(3 x ")3).

Since the functions {1, cos ¢(s),sin ¢(s)} are linearly independent, we derive

b / / 1/ e /1 2l

mﬂl =—(8"x B")1 = =B85 + B354
b

gt = (0 x B")2 = =83 + By B (3.6)
a2 ’

mﬁs =b(6" x ")z = b(B1 85 — 01 B5)-
Multiplying the first and second of (3.6) by 3] and (3} respectively, we deduce
b /2 /2 / ! ! el a2 2/’)2
a2+b2( ©+By) = B3(B18y — B B3) = W2 + 17)’
where in the last identity we have used the third of (3.6). Since B2 + 35 =
1 — B2, then B2 = b2/(a® + b?), hence

a2

a? + b2’
Without loss of generality, we take 3, = b/va? +b%. Then the images of
tangents of o and § will be lying to the same hemisphere. Then we must have

pi(t) = —

=

a . , a
Jarp o e(t), Py = NrEahas ©(t)

and thus, up to a translation, 8(t) = (acos¢(t), asin¢(t), bp(t)) and § coin-
cides with o. O

As a consequence of Proposition 3.1, from now on we may suppose that
the generating curves o and 3 are non planar. We need to introduce the follow-
ing notation. For a non plane curve parameterized by arc length with curvature
x and torsion 7, we set

!/ /

2 /
R=Z4Z, m=(Z) +-r (3.7)
K T K

The subscript « or 8 in R and ¥ indicates that we are working in the corre-
sponding curve « or [3.
We now have the following key result.

Proposition 3.3. If U(s,t) = a(s)+5(t) is a minimal translation surface, then

_ )Y ) _
KiTw =1 #0, H%Tﬁ =e #0, =% — 7, =cy, T—; —T3 =202, (3.8)

e}

where c1, ca, €1 and ¢y are constants.
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Proof. Dividing (3.2) by 7., we have

Ya
<I€ata — Ryn,, + ba,tg> = <ba, Hﬁbﬁ>.
T,

e}

By differentiation this equation with respect to s and taking into account the
Frenet equations and (3.1), we arrive at

where we have set

U= (kaRa + KL)to + (K2 — 72 — %, — R.)n,

Sa ) o
n (() — toRa + Tn;> bo. (3.10)
Ta Ra

Differentiating (3.9) with respect to ¢ and because kg > 0, we have
(u,ng) = 0. (3.11)

Finally, we differentiate again (3.11) with respect to ¢ and, taking into account
(3.9) and 75 # 0, we have

(u,bg) = 0. (3.12)
From Egs. (3.9), (3.11) and (3.12), we find « = 0. Hence we deduce from (3.10)
KaRo + KL, =0
Yo+ Ry — ko + 72 =0
$ e T t7a (3.13)
Ya !
() — TaRo + K—aTa =0.
TOL K:Oé
The first of (3.13) implies
K:/
R, = o 3.14
5 3.14)

By the definition of R, in (3.7), we derive 2k, 7o + o7, = 0. Then there exists
a constant ¢; # 0 such that k27, = c¢1. By the definition of ¥, in (3.7) , the
second relation of (3.13) is (k. /ka) + R., = 0, which is valid because of (3.14).
The third of (3.13) and the definition of R, give (X4 /7a) — 7., = 0, hence

Yo

e Ta =0

TO[
for some constant co. In a similar way, we deduce the corresponding results for
the curve § by using (3.3). O

Remark 3.4. In conclusion, with successive differentiations of (2.2) with re-
spect to s, ss, t, tt, ts, sst, tts and ttss we, respectively, find
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<_Tana - Rabaatﬁ> = <n0¢’ Hﬁtﬁ>
Yo
(it e )=
(naba, ng) = (ta, ~7gm3 — Rabgs)
</*iabm bﬁ> to, kgt — Rgng + b5>

(na, —Tpng — Rﬂbﬁ> (3.15)

(—Talq — Robgo, 1)

< -R oy + bavnﬁ (X’_Tﬁnﬁ _Rﬁbﬁ>

by
<_Tana - Rabou bﬁ> = <na7 Hﬂtﬁ - Rﬁnﬁ + 7_§b5>

by
< — R.n, —‘r ba, b3> = <ba, kptg — Rgng + Bbﬁ> .
T
Another useful result is the following.

Proposition 3.5. Let « be a curve in R? parameterized by arc length with cur-
vature ko > 0 and torsion 7o, # 0. If 01 # 0 and oo are two constants such
that

Yo
KoTa =01 #0 and =% —71, =09, (3.16)

(03
then ko 1s a positive solution of the autonomous ODE

2
ag
v? +yt +osy’ + y—; + 0102 =0 (3.17)

for some constant os.

Conversely, let ¢1 # 0, co be two constant. Then for any positive and
non-constant solution k(s) of (3.16) and choosing 7(s) = o1/k(s)?, a curve
parameterized by the arc length s with curvature and torsion k and T, Tespec-
tively, satisfies

&—TQZUQ, Yo + R2 4 K2 = —03 (3.18)

Ta

for some constant o3.

Proof. The second identity of (3.16), by taking into account the first one,

becomes
AN 2
K 20 0102
<) +r7—- =L - =0.
K

K K2

We now obtain a first integral of this equation. Set w = log k, that is, K = e.
Since w’ = k' /k, we find

w’ + e* — 20 M — gro9e Y = 0.
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In order to solve this ODE, put z = w’ and consider z = z(w). Because of

2
w' = %ng))’ we have
d(ZZ) 2w 2 —4dw —2w
“du + 2e" —4o7e — 20109€ =0.
w
An integration of this ODE leads to
(w')? =22 = —®™ — g™ — g109e 2 — 03

for some constant o3. Since w = log k,
K\ 2
(/{) + K2+ O'%Ii_4 + 0'10'2l€_2 4+ 03 =0,
or equivalently,

K%+ kY4 o3k + 02k 2+ 0105 = 0.

This proves (3.17).

For the converse of the proposition, let k(s) be a positive and non-
constant solution of (3.17) and put 7(s) = o1/k%(s). Consider a a curve
parameterized by arc length with curvature x and torsion 7. From (3.17),
it follows

KL\ 2 _ _
(;) + w2+ okt ook, + o3 =0. (3.19)
(63
Differentiating with respect to s and since k., # 0, we obtain
KL\
(O‘) + K2 =207kt — 109k % = 0.
Ra

Since 7, = 01/Kk2, then

&\
<a> + /@i — 27’2 — 09Tq = 0.

Ke
This equation implies the first of (3.18). Since o3k % +0109k% = 72+ 027, =
Yo, we derive from (3.19) the second identity of (3.18). O

Remark 3.6. With the notation of Proposition 3.3, the generating curves «, (5
of a minimal translation surface W(s,t) = a(s) + 3(t) satisfy the conditions of
Proposition 3.5 with o1 = ¢y, 02 = ¢2 and 01 = ¢, 02 = a2, respectively. So
we find

R+ K. +To+ama+c3=0, Ri+rj+75+Cr3+03=0,

for some constants c3 and ¢é3.
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Motivated by Eq. (2.2) and the set of identities (3.15), we define the
functions V; = Vi(s), W; = W;(t), 1 <i <3 by

Vi = kaba Wi = kpbg

Vo = —1any — Roabg Wy = —TpNpg — Rﬁbﬂ (3 20)
I D) '

Vi = kiata — Rang + —bq Ws = rgts — Rgng + Tﬁbﬂ
Ta B

It is not difficult to see that V; an W; satisfy the following equations of
Frenet type:

V] = ko Va W = kgWs

V2/ = —RKoV1 + 7o V3 WQI = —kgWi +13W3

Vi = ~1als WS = ~rgWs,
respectively.

Also it is immediate from (3.20) that their mixed products are
(Vi,Vo,V3) = k210 = c1, (W1, Wa,W3) = kj75 = C1.

With the above notation, the identity (2.2) and the eight relations (3.15) are
written, respectively, as

(Vi,t5) = (ta, W1),

(Va,t5) = (na, Wh)

(V3,t5) = (ba, W1),

(Vi,ng) = (ta, W2)

(Vi,bg) = (ta, Ws), (3.21)
(Va,ng) = (nq, Wa)

(V3,ng) = (ba, Wa),

(Va,bg) = (na, Ws)

(V3,bg) = (ba, Ws).

All above facts and formulas are needed in order to prove the main results in
the next section.

4. Classification and Construction Results

Let S C R? be a minimal translation surface with parameterization W(s,t) =
a(s)+B(t), where we suppose « and 3 parameterized by arc length. Motivated
by the relations (3.20), for each point a(s) and §(t), we define a set of linear
transformations La sy, Lg() : R3 — R3 with matrices

0 0 ,‘Qa(s) 0 0 Ii@(t)

0 —Tals — Ra(s -
Lags) = (#) . Lo =

Rals)  —Ra(s)  22(s) wal) —Ret)  Z2(0)
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with respect to the basis {to(s),n.(s),ba(s)} and {ts(t),ns(t), bs(t)}, re-
spectively.

Since the matrix L, is symmetric with respect to an orthonormal basis,
the linear map L, s is self-adjoint for all s. Its characteristic equation is

Za
-\ 4+ ( — ra> N4 (S + B2 + k2N + K27, = 0,

Ta

or, because of (3.8) and (3.18), —A3 + coA? — e3\ + ¢; = 0. Thus the real
eigenvalues A1, Ao and A3 are three constants independent of s and satisfy

A+ Ao+ A3 =co
)\1)\2 + )\1)\3 + )\2)\3 — C3 . (41)
)\1/\2/\3 =C1

Analogously the real eigenvalues fi1, po and uz of Lgy are constants and
satisfy

M1+ pl2 + p3 = C2
H1pt2 + p1p3 + p2fi3 = C3 5 . (4.2)
Hip2ftz = C1
Remark 4.1. Since the cubic equation
XA A+ =0
has three real roots, its discriminant
A = 18¢icocs — 4ei s + cick — 4c3 — 27c3

is non-negative. In the case where A = 0, the cubic equation has a multiple
root.

Now we prove the key property that all transformations L s) and Lg)
coincide for any s and t.

Proposition 4.2. Let U(s,t) = a(s) + G(t) be a minimal translation surface.
Then Lysy = Lgpy for alls € 1 andt € J.

Proof. We shall prove that Lg is the adjoint of L) for any s and ¢, and
since L) is self-adjoint, we conclude L (s) = Lg(), proving the result.

Thus we need to show that (L s (v), w) = (v, L) (w)) for all v,w € R3.
Let

v = alta(s) + a2na(s) + agba(s), w = bltﬁ(t) + bgng(t) + bgb[—}(t),
where a; = a;(s),b; = b;(t) € R. Then
(Lo (v),w) = (a1La(te) + a2La(ny) + azLa(bg), bits + bang + bsbg),
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where we omit the dependence on s and ¢. In the right hand side of this identity
appears nine summands. For each on them, we use the definition of L, and
the relations (3.21). For instance, we find for the first summand that

(La(ta), tg) = (kaba, tg) = (ta, ksbg) = (ta, Ls(ts))-
On applying this argument summand-by-summand, we see that
(La(v), w) = (v, b1 Lp(ts) + baLp(np) + bsLs(bg)) = (v, Lp(w)),
as desired. g
Because of L) = Lg() for all s,¢, we conclude that the eigenvalues of
L, sy and Lg; coincide. Let A1, A2 and A3 denote the three eigenvalues. It
follows from (4.1) and (4.2) that ¢; = ¢;, 1 < i < 3. Moreover, Lq(s), Lg)
have a common eigensystem independent of s and ¢, for all s € I, t € J.
Consider now the common eigensystem of L, and Lg as an orthonormal

reference system. With respect to this system, we write o in coordinates, say,
a(s) = (a1(s), as(s), as(s)), being s the arc length. Then

ta(s) = a(s) = (@ (s), as(s), a5(s)),
and
Ka(s)ba(s) = La(ta(s)) = (A1a](s), Aaas(s), Azaz(s)).
The identities (tq,to) =1 and (tq, Kaba) = 0 write as
ai(s)® + ah(s)? + aj(s)? = 1 (4.3)
and
M) (8)? + Xaad(s)% + Azak(s)? =0, (4.4)

respectively. Because of the third of (4.1) and (4.4), we conclude that all \;,
1 < < 3, are non-zero and without the same sign. In the case where ¢; > 0,
by renumbering the axis, we may choose A\; < A2 < 0 < A3. Analogously, if
c1 < 0, we may choose Ay > Ay > 0 > A3. Set

A3 A3
A=/ B = .
A3 — A1’ A3 — A2

Taking into account (4.3) and (4.4), we may assume that

1(s) = Acosw(s)
a'2 (s) = Bsinw(s)
(s) = \/1 — A2 cos?w(s) — B2sin® w(s).

«

S

Obviously, we have ag(s) # 0 everywhere. We briefly write
a'(s) = (Acosw(s), Bsinw(s), a4(s)).
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In order to calculate k. and 7., we need the computations of o’ and o’”’. For
o’ we have

— B2 i
o = (—Asintcosw,( B )?oswsmw>.
a3
The expression of o’ is longer, namely,
_ B2 i
w” (Asinw,Bcosw, ( B )foswsmw>
Qg
—Acosw
9 —Bsinw
tw (A% — B?) ((1 — A2 cos? w) cos? w — (1 — B%sin® w) sin® w)
a3
3
Then
’ " _ w/(s) 2 _ 2 _ : /
o' (s) x a’(s) = o) (B(A? — 1) cosw(s), A(B® — 1) sinw(s), ABa/y(s)}t.5)
as(s
and
(@/(s),a"(s),a"(s)) = AB(1 + A*B* — (;“ ) . (4.6)
5(
Since 7, = (a/(s),a”(s),a"(s)) /K2, it follows from (3.16) that (/(s),a”(s),
a’"(s)) = ¢1. The computation of the right-hand side of (4.6) using the third

of (4.1) yields

(w//(s>>3 = (s = A)(As = A)*?,

as(s)

or, equivalently,

'LU:ES% = V(s = A)(As — Aa). (4.7)
(s

By a direct calculation from (4.5), we obtain

o (w(s) ? 2 2 42p2 ol (s))2
KQ(S) _(Oéé(s)> (A +B A°B 1+ 3( ))7

which can be written as

Ke(5)? — w'(s)? = (A2 + B? — A2B® — 1) (w/(8)>2.

ajg(s)
Using the value of A and B and (4.7), the above equation reduces into x(s)? —
w'(5)% = —A1\g, hence

w'(s) = vVEa(8)? + Ao

Similarly, the above argument applies to the curve .
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In the meantime, the curvatures kq(s), kg(t) are positive solutions of the
autonomous ODE

2
c
y?+yt ey’ + y—; +eiep =0
Using the value of ¢; from (4.1), this equation is equivalent to
1
y”? + y—Q(y2 + A1) (17 + MAs) (2 + A2s) = 0. (4.8)

The positive equilibrium solutions are y; = /—A1 3, y2 = V—A2A3, which
give stationary solutions of (4.8). So the positive solutions k. (s) and kg(t) are
included in the strip bounded by the values y1, y2 and k() is a horizontal
translate of kq(s). That is, k5(t) = Ko (£t + co), co € R. By a reparameteriza-
tion of 3, we conclude that kg(t) = ko (t) and thus 73(t) = 74(t) from (3.8).
Hence the generating curves a and (3 are congruent.

Summarizing, we have proved the following classification result.

Theorem 4.3. Let ¥(s,t) = a(s) + S(t) be a minimal translation surface with
o and [ parameterized by arc length. Suppose ko, k3 > 0 and 74 # 0,73 # 0
everywhere. Then:

1. There are two constants c¢1,co € R, ¢1 # 0, such that

Y by
fiiTa:fi%Tﬁ:cl, T—“—Ta T—;—Tg—cz
[0}

2. The curvature ko, kg are positive solutions of the autonomous ODE
2 4 2 i
y° +yt +cay +y7+6162 =0

for some constant c3, and the curves a and (3 have the same orbit.
3. Up to a rigid motion, we have

os) = (A/S cosw(s),B/s sinw(s), /S \/1 — A% cos?w(s) — B2 sin2w(s)> ,

B(s) = (A /t cosw(t), B./t sinw(t),'/t \/1 — A2 cos? w(t) — B2 sin2w(t)) ,

where

A_

)\3 — )\1 /\3 - >\2
and A1 < A2 < 0 < A3 (resp. A1 > Aa > 0> A3) are the real roots of the
cubic equation —X\3 + oA — csA + ¢, =0 and

- [ VeGE A (49)

In the sequel, we will prove one more result which is the converse of The-
orem 4.3 and, by the way, it provides an useful tool for constructing minimal
translation surfaces.
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Theorem 4.4. Suppose that ¢c; # 0, co and cs are constants such that the cubic
equation

-3 + (32)\2 —c3A+c1 =0 (410)
has three real roots A1, Ao, A3z. Consider the autonomous ODE
2
c
y’2—|—y4+03y2+y—;+0102 =0 (4.11)
and let ko(s) = Ka(s;c1,c2,c3) be a positive and non-constant solution of

(4.11). Denote by «(s) the curve parameterized by arc length s with curvature
Ka(8) and torsion T4(s) = c1/ka(s)?. Then the translation surface V(s t) =
a(s) + a(t) is minimal.

Proof. The autonomous ODE (4.11) takes the form (4.8). Hence A; # 0 and
without the same sign. In the case where ¢; > 0, we may choose \; < Ay <
0 < A3 (analogously, if ¢; < 0, we choose A1 > Ay > 0 > \3). By the converse
of Proposition 3.5, we deduce for the curve « that

PN
2 a 2 2
KoTa =Cl, — —Taq =C2, 2o+ R, +K,=—cs.
«

At the point a(s), we define the linear transformation L, by the relations

Las) (ta (8)) = Ka(s)ba(s)

La(s)(na(s)) = —Ta(S)Ila(S) - Ra(s)ba(s) . (412)
Ly (ba(5)) = o ()60 (5) — Ra(5)11a(5) + =2 ()b (5)

Ta
The matrix of this transformation with respect to the basis {t,(s), n,(s),ba(s)}
is symmetric and thus any L) is self-adjoint. The characteristic equation of
L (s) is (4.10) for any s. Moreover, by differentiation of (4.12) with respect to
s, and taking into account the Frenet equations, we find

Las)(ta(s)) = 0, Ly (na(s)) = 0, Ly (bals)) = 0.

Thus, Ly = L) is a constant transformation and has a constant eigensystem
for any s. Taking the eigensystem as the reference system as in Theorem 4.3,
we obtain o/(s) = (Acosw(s), Bsinw(s), a5(s)), where

as(s) = \/1 — A2 cos2 w(s) — B2sin® w(s),
and A = /A3/(A3 — A1) and B = \/A3/(A3 — A\2). Moreover,

(a/(s),a”(s),a’”(s)) = HiTa =c1 = A3

/ 3
= AB(1 + A2B? — A% — B?) (w, (S)) :
as(s)
hence

Ka(8)? —w'(5)* = =\ o
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We now prove that the surface ¥(s, ) ( )+ a(t) is minimal. The condition
H = 0 in (2.3) is now (a/(s) x &”(s),a/(t)) = {(a/(s),a/(t) x a”(t)). The
computation of both Euclidean products give

{o/(s) x O/’( ) O/(t)>

AB
ABu(s) ( ) cos w(s) cos w(t)
(32 — 1) sinw(s)sinw(t) + aj(s)aj(t)) .

(0'(s),a'(t) x " (1))

_ ABu'(t)
ay(t)
+(B* — 1) sinw(s) sinw(t) + aj(s)aj(t)) -

Thus the surface is minimal if and only if we prove that w'(s)/a4(s) =
w'(t)/ak(t) for all s and t. However this holds because of (4.7), we deduce

O N ——70)
ar(e) ~ Vs m A0 =) = S

((4% — 1) cosw(s) cos w(t)

O

Remark 4.5. If the characteristic Eq. (4.10) has a double root, that is, Ay = Aq,
then A = B = \/A3/(A3 — \1), &/(s) = (Acosw(s), Asinw(s),v1 — A?) and
ko = A?w'?. So, because of w'? = k2 + A1 \a, we see that k2 = —A\;\3 and
Toa = —A1. Since the curvature and torsion are constant, the curve « is a
circular helix. On the other hand, the autonomous ODE (4.11) becomes

Y + (ZU AN+ Mrs)? =0,
we conclude that there are no non-constant solutions of (4.11).

Remark 4.6. The Eq. (4.11) gives the curvature of x of the generating curve
a of the translation minimal surface ¥(s,t) = a(s) + «(t). With the change
u = —(k?+ c3/3), then (4.11) can be rewritten as

—4u® + gou+ g3 = 0,

where
4, 4 8
= —c2 —deie =4¢® — —c1c903 + — 3
g2 3% 1€2, g3 173 1€2€3 27
Hence, u is a real form of the Weierstrass P-function with invariants g and

g3. Thus k can be explicitly written in terms of real forms of elliptic equations.

We finish this paper showing explicit examples of the procedure for con-
structing translation minimal surfaces with non-planar generating curves ac-
cording Theorem 4.4. Recall that by the item 1 of Theorem 4.3, if the gener-
ating curve « has constant curvature (resp. constant torsion), then its torsion
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FIGURE 1. The helicoid

(resp. curvature) is constant as well, hence the curve is a circular helix and
the resulting surface is a helicoid by Theorem 3.2.

Fixing the constants ¢; is equivalent to fix the roots A; of the cubic
polynomial (4.10).

Remark 4.7. The family of minimal translation surfaces is constructed in terms
of the roots of the cubic polynomial equation —\® + coA? — c3\ +¢; = 0. After
a homothety of the ambient space R?, which preserves the minimality of the
surface and the property to be a translation surface, we can fix one of the
roots of this equation. As a consequence, the minimal translation surfaces are
parameterized by two parameters.

Following Theorems 4.3 and 4.4, we present here the scheme through a
series of steps for constructing examples of minimal translation surfaces in
Euclidean space.

1. Fix the roots \; of (4.10). By simplicity, we may consider A; < Ao < 0 <
A3. The root A3 will be fixed to be A3 = 1. Compute A, B.

2. Compute ¢; and the polynomial Eq. (4.10).

3. Compute the equilibrium points y; = v—X2A3 and yo = V/—A1 A3 of
(4.11).

4. Fix the initial value yg of (4.11), where y1 < yo < y2.

5. Solve numerically the Eqgs. (4.11). Fix a initial value wq to solve numeri-
cally (4.9) and the function w.

6. Solve the curve a.

Ezample 1. Case of helicoid. Choose a double root A\ = Ay = —1. Then (4.10)
is =\~ X2+ A+1=0and A =B = 1/v2. The equilibrium points as
y1 = y2 = 1. Thus take yo = 1 as initial condition in (4.11). Then the solution
is k(s) =1,s0 7 =1 (Fig. 1).

Ezample 2. Take \; = —4 and A = —1. Then (4.10) is —=A3 —4A2 + X\ +4 =0
and A = 0.447 and B = 0.707. The equilibrium points as y; = 1 and ys = 2.
Choose yo = 1.3 as initial condition in (4.11) (Fig. 2).
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=

FIGURE 3. Case A\ = =2, Ao = —land \3 =1

Ezample 3. Consider \y = —2 and Ay = —1. Then the polynomial is p[\] =
—A3 —2)%2 + X + 2. The equilibrium points as y; = 1.412 and 3, = 1. Also
A =0.577 and B = 0.707. The initial value is yo = 1.1 (Fig. 3).
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