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Abstract. In this paper, we realize polynomial H-modules Q(A, «, 8) from
irreducible twisted Heisenberg—Virasoro modules A, g. It follows from
‘H-modules Q(\, o, 8) and Ind(M) that we obtain a class of tensor prod-
uct modules (@I, Q(Ai, s, 3:)) ® Ind(M). We give the necessary and
sufficient conditions under which these modules are irreducible and iso-
morphic, and also give that the irreducible modules in this class are new.
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1. Introduction

It is well-known that the twisted Heisenberg—Virasoro algebra H [1] is the
universal central extension of the Lie algebra H of differential operators of
order at most one on the Laurent polynomial algebra C[t,t!], where
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More precisely, H is an infinite-dimensional Lie algebra with C-basis {L,, =
tm“%,lm =t™ C;|meZ,i=1,2,3} subject to the Lie bracket as follows:
m3 —m

12

[Lm7 Ln] = (n - m)Lm+n + 6m+n,0

[Lm7 In] = nIm+n + 6m+n70(m2 + ’ITL)CQ,
[
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I’rn7 In] = né’rn-{-n,OC&
H,C1) =[H,Cs] = [H,C3] =0.
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It is clear that the subspaces spanned by {I,,,C3 | 0 # m € Z} and by
{Lm,C1 | m € Z} are respectively the Heisenberg algebra and the Virasoro
algebra. Notice that the center of H is spanned by {Iy,C; | i = 1,2,3}.

The twisted Heisenberg—Virasoro algebra H has been studied by Ar-
barello et al. (see [1]), where a connection is established between the second
cohomology of certain moduli spaces of curves and the second cohomology of
the Lie algebra of differential operators of order at most one. Furthermore,
when the central element of the Heisenberg subalgebra acts in a non-zero way,
an irreducible highest weight module for H is isomorphic to the tensor product
of an irreducible module for the Virasoro algebra and an irreducible module
for the infinite-dimensional Heisenberg algebra was proved. A more general
result for this was given in [14].

The representation theory on the twisted Heisenberg—Virasoro algebra
has attracted a lot of attention from mathematicians and physicists. The the-
ory of weight twisted Heisenberg—Virasoro modules with finite-dimensional
weight spaces is fairly well-developed (see [9,12,16]). While weight modules
with an infinite dimensional weight spaces were also studied (see [4,15]). In the
last few years, various families of non-weight irreducible twisted Heisenberg—
Virasoro modules were investigated (see, e.g., [2-6,10]). These are basically
various versions of Whittaker modules and U(CLy)-free modules constructed
using different tricks. Whittaker modules for H were defined in [10], but the
correct classification of irreducible modules appeared in [2]. A more general
setting for Whittaker modules over H was given in [14]. However, the theory of
representation over the twisted Heisenberg—Virasoro algebra is far more from
being well-developed.

In the present paper, we construct a class of non-weight H-modules by
taking tensor products of a finite number of irreducible H-modules Q(A, a, 3)
with irreducible H-modules Ind(M). We present the necessary and sufficient
conditions under which these modules are irreducible and also determine all the
equivalent irreducible modules in this class. The irreducibility and isomorphism
problem of the H-modules (®111 QN ai,ﬁi)) ® Ind(M) were also given in
Examples 8, 10 and Theorem 35 in [14]. At the same time, inspired by [11], a
class of H-modules A, 3 are given. Then many interesting examples for such
irreducible twisted Heisenberg—Virasoro modules with different features are
provided. In particular, a class of irreducible polynomial modules Q(X\, o, 3)
over the twisted Heisenberg—Virasoro algebra are defined.

We briefly give a summary of the paper below. In Sects. 2 and 3, we
recall some known results and construct a class of modules A, g over the
twisted Heisenberg—Virasoro algebra. In Sect. 4, we determine the necessary
and sufficient conditions for (@;", (A, a;,3;)) ® Ind(M) to be irreducible.
In Sect. 5, we present the necessary and sufficient conditions for H-modules
(®:il Q(Ai,ai,ﬁi)) ® Ind(M) to be isomorphic. At last, we present that H-
modules (®;"; Q(A\;, a5, 5;)) @ Ind(M) are new.
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Throughout this paper, we respectively denote by C,C*,Z,Z, and N
the sets of complex numbers, nonzero complex numbers, integers, nonnegative
integers and positive integers. All vector spaces are assumed to be over C.

2. Some Known Results

In this section, we recall some definitions and known results.
Let C[t] be the (associative) polynomial algebra. For convenience, we de-

note 9 := t4. We see that 0t" = t"(0 + n) for n € Z. It is obvious that
associative algebra A= C[t, 9] is a proper subalgebra of the rank 1 Weyl alge-
bra C[t, C‘ft] Then A is the universal enveloping algebra of the 2-dimensional
solvable Lie algebra by = CLy ¢ CLy, which subjects to [Lo, L1] = L. Now,
assume that K = C[t,t!, 9] is the Laurent polynomial differential operator

algebra.

Definition 2.1. Assume that P is an associative or Lie algebra over C and Q is
a subspace of P. If there exists 0 # g € Q such that qv = 0 for some 0 # v € V,
the P-module V is called Q-torsion; otherwise V is called Q-torsion-free.

Let us recall some results about irreducible modules over the associative
algebra .

Lemma 2.2. [11] Assume that V is a C[t]-torsion-free irreducible module over
the associative algebra A. Then V can be extended into a K = C[t,t™, dt]

module, i.e., the action of.A on V is a restriction of an irreducible C[t,t=1]-
torsion-free KC-module.

Lemma 2.3. [11] Assume that p is an wrreducible element in the associative
algebra C(t)[0]. Then K /(KN (C(t)[0]p)) is a C[t,t~]-torsion-free irreducible
K-module. In this way any Clt,t 1] torszon -free irreducible K-module can be
realized.

For any A € C*, it follows from t™9" = A™(9 — m)",90" = 9"+ for
all n € Z.,m € Z that we can define a K-module structure on the space
Q(A) = C[J]. Then Q(A) is an irreducible module over the associative algebra
KC for any A € C* (see [11]).

Lemma 2.4. [11] Assume that V is an irreducible module over the associative
algebra K on which C[t,t~] is torsion. Then V = Q(\) for some A € C*.

Combining Lemmas 2.3 and 2.4 , a classification for all irreducible mod-
ules over the associative algebra C are obtained.

Now let us recall a large class of irreducible H-modules, which includes
the known irreducible modules such as highest weight modules and Whittaker
modules. For any e € Z,, denote by H, the subalgebra

> (CLyp @ Cly—) ® CCy & CC, @ CC.

meZy
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Take M (co, c1,c2,c3) to be an irreducible H.-module such that Iy, C,Cy and
C3 act on it as scalars cg, ¢y, co, c3 respectively. For convenience, we denote
M (cg,c1,¢2,c3) by M and form the induced H-module

Ind(M) :=U(H) Qu .y M. (2.1)
Theorem 2.5. [2] Let e € Z, and M be a simple H.-module with c3 = 0.
Assume there exists k € Z4 such that
(1) { the action of Iy, on M is injective zf k #0,
co+(n—1)ca #0 forall n € Z\{0} if k=0,
(2) I,M =L,,M =0 for alln >k and m >k +e.
Then
(1) Ind(M) is a simple H-module;
(i) the actions of I, Ly, on Ind(M) for alln >k and m > k + e are locally
nilpotent.
The following result will be used in the following (see [13]).

Proposition 2.6. Let P be a vector space over C and Py a subspace of P. Sup-
pose that i1, pia, ..., ps € C* are pairwise distinct, v; ; € P and f; j(t) € C[t]
with deg f; ;(t) =j fori=1,2,...,s7=0,1,2,... k. If

S k
SN i fij(myi € Py

i=1 j=0
for K <me€Z (K any fived element in Z U {—oo})
then v; j € Py for alli,j.

3. Realize H-Module Q(\, a, 3)

Let A be an irreducible module over the associative algebra K. For any «, 3 €
C, we define the action of H on A as follows

L,,v= (tma + matm)v, L,v=0Bt"v, C;v=0 (3.1)
for i € {1,2,3},m € Z,v € A. Denote the above action by A, g.

Proposition 3.1. For any o, 8 € C, we obtain that A, g is an H-module under
the action given in (3.1).

Proof. Tt follows from (3.1) that we have
(Lpndy, — I, Lyy)v = 5(15’”3 + matm)t"v — Bt" (tma + matm)v = nlminv.

That is, Ly I, — IyLy = nlysm holds on Agg. By [11], LyLy — LyLy, =
(n —m)Lp4m holds on A, g. Finally, the relation I,,I, — I,,1,, =0 on A, g is
trivial. Thus, we obtain that A, g is an H-module. O

Now we recall the necessary and sufficient conditions for A4, g to be irre-
ducible (see [11]).
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Theorem 3.2. Let o, 5 € C and A be an irreducible module over the association
algebra K. Then A 3 as an irreducible H-modules if and only if one of the
following holds

(1) a¢{0,1} or 8 #0.

(2) a=1,4=0 and 0A = A.

(3) a=pB=0 and A is not isomorphic to the natural KK module C[t,t~1].

The isomorphism results for modules A, 3 as follows.

Theorem 3.3. Let ay, s, (1,082 € C and A, B be irreducible modules over the
associative algebra IC. Then Ay, g, = Ba, g, as H-modules if and only if one
of the following holds

(1) A= B as K-modules, oy = ag and 1 = Pa.

(2) A B as K-modules, vy = 1,00 = 0,51 = B2 =0 and 0A = A.

(3) A= B as K-modules, a1 = 0,0 = 1,8, = 2 =0 and 9B = B.

Proof. (1) The sufficiency of the conditions is clear. Now suppose that ¢ :
Aoy gy — Aayp, 1s an H-module isomorphism. For any v € A, we have
e(lov) = Iop(v), which gives f; = (2. In particular, 8; # 0. We note that
o(Inv) = Ine(v), which implies

p(t™v) = t"p(v) (3-2)
for any m € Z. From o(L{J'v) = L' ¢(v), we have
P(0™v) = 0™ p(v) (3:3)

for m € Z. Combining (3.2) and (3.3), we obtain A = B as K-modules. From
(3.2) and (3.3), it is easy to get
0= p(Lnv) — Lpe(v) = @((tma + maltm)v) — (t™0 4+ maat™)dp(v)
=m(a; — a2)t™e(v).
Then oy = a. If 51 = 0, these modules reduce to the Virasoro modules (see
[11]). This is (1).
By the [11, Theorem 12], we get (2) and (3). O
Now we realize H-modules Q(X, o, 8) from A, g. Let A € C* and o, 8 € C.

Then we get the irreducible X-module (), which has a basis {0 : k € Z, },
and the IC-actions are given by

t"m O = A0 —m)", 9-9™ =09 form € Z,n€Z,.
According to (3.1) we have H-modules Q(\, o, ) = C[9] with the action:
L0 = X" (04 m(a—1))(0—m)", 1,,0" = X"B(0 —m)"
formeZ,neZ,.

Then Q(X, o, B) is irreducible if and only if @ # 1 or 8 # 0 (see [3]). In the
following sections, we will consider a class of tensor product H-modules related
to Q(\, «, B).
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Now we describe some other examples about irreducible H-modules A, g,
such as intermediate series modules, degree two modules and degree n modules.

Example 3.4. Let v € C[t,t7'],8 € C and = 0 — ~y in Lemma 2.3. Then we
obtain the irreducible K-module

A= K/ (K0 (CHI0) = K/ ()
with a basis {t* : k € Z}. We see that the K-actions on A are given by
Q- t"=t"(y+n), t" " =t""" for m,n € Z.
It follows from (3.1) that we get H-modules A, , g = C[t,t~!] with the action:
Lopt" = (7 +n 4+ ma)t™™", I,t" = gt"™+™  for m,n € Z.

If ye C\Zor o ¢ {0,1} or 8 # 0, then A, , 3 is an irreducible H-module (see
[8,9]). In particular, v € C these modules A, , s are the intermediate series
modules of H (see [7,9]).

Some degree two irreducible elements in C(¢)[0] were first constructed in
[11].

Example 3.5. Let f(t) € C[t,t!] be such that 9% — f(t) is irreducible in
C(t)[0]. Take u = 0% — f(t) in Lemma 2.3. Then one obtain the irreducible
KC-module

A=K/(Kn(C®H)0l) =K/(Kn),
which has a basis {t*,t*0 : k € Z}. The K-actions on A are given by

L = t’m+’ﬂ’ . (tna) = tm+n8,
-t =t"(0+mn), 9-(t"9) = t"(f(t) + nd),

where m,n € Z. From (3.1), for a # 1 or § # 0, we have irreducible H-modules
Aap =Ct,t71] & C[t,t~1]0 with the action:

Ly - t" =t"T"(n+ma +9), Ly, - (#"0) = ™" (f(t) + ma + nd),
Ly, - t" = Bt L, - (t"9) = gt .

Some degree n irreducible elements in C()[0] were first constructed in
[11].

Example 3.6. For any n € N, let p = (%)” —t in Lemma 2.3. Then we have
the irreducible K-module

A= K/(KN(CH)[Dln) = K/ (Kp),
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which has a basis {t*(£)™ : k € Z,m = 0,1,...,n — 1}. The actions of
K = C[t,t ][] are given by

tho (¢ 4 " :tk+r(i)m fork,reZ, 0<m<n-—1
dt dt ’ T T ’

d d m d m d m+1

— (= =rt" [ — t" = fi Z, 0 < -1
(e (D)) 2o (4) e () ez 0gmenn
d d n—1 ) d n—1

— (= ="t — £ Z.

7 ( (dt) ) r (dt) + orr e

Using (3.1), for a # 1 or § # 0, we obtain irreducible H-modules A, g =
C[t, t71] x (872 C(<)?) with the action:

Ly - (t" AN = (rthT" 4 akth L) a4 m+t’f+7“+1 T
dt dt dt ’
d n—1 d n—1
. r 2 _ k+r k+r+1 el k+r+2
Ly, <t (dt) > (rt + okt ) (dt) +1 ,

r dm _ k+r dm
we (e (@) )= (@)

where k,r € Z,0 <m <n — 1.

4. Irreducibilities

In this section, we will determine the irreducibility of (®1ﬂ:1 QN o, 51)) ®
Ind(M).

Now we introduce some notations. Let m € N, \;,«;,8; € C for i =
1,2,...,m. Denote Q(\;, a;, B;) = C[0;]. The actions of H on Q(\;, a;, 5;) are

L0 = NF(0; + kay) (0 — k)", 1,0 = NiB;(0 — k)", C;07 =0
forkeZneZy,i=1,2,...,m,j5 =1,2,3. Then Q(N\;, o;, B;) is irreducible

if and only if a; # 0 or 8; # 0 for ¢ = 1,...,m. For convenience, we write
®;11 Q()\i,ai,ﬁi) = C[(’)l, O0a,. .. ﬁm] for m € N.

Now we consider the tensor product (®:11 QN o, ﬁi)) ® Ind(M). De-
fine a total order “<” on the subset

{ort---ohm @u | P=(p1,...,pm) €L, meN,0# v e Ind(M)},
by

M OPm @u < Oft -0 @
<= Jk € N such that p; < qx and p,, = g, for n < k.
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Then each non-zero element w in (@, Q(\;, o, ;) @ Ind(M) can be
(uniquely) written as follows

w=Y RO @y,
pel
where I is a finite subset of Z7 and the v, are nonzero vectors of Ind(M).
Now we define deg(w) = (p1,...,pm), where 9" --- 9P ® v, is the term with
maximal order in the sum. Notice that deg(1 ® v) =0 = (0,0,...,0).
——

m

Lemma 4.1. Let S = {1,2},5" C S,A € C*, 0,05 € C*,8; = 0 for i €
S’ 5 € S\S" and s € Z,. Denote Wy the vector subspace of Q(\, a1,81) @
QN ag, B2) spanned by {f(01)(Or + 02)™ | n € Z4+,0 < deg(f) < s} or
{(O1 + )" f(02) | n € Z4+,0 < deg(f) < s}. Then Wy is a submodule of
QA a1, 81) @ QA az, Ba).

Proof. Without loss of generality, we may assume A = 1. For any n € Z, f(01)
e Wy, k € Z, it is easy to get

n

L (f(00)(01 + 02)") = I (D (?)f(al)aiagi)

=0
=3 () (s~ 001~ 095+ aston)0} 02 - 1)
=0

= (B1f(01 — k) + Bof(81)) (01 + s — k)" € W,

By Theorem 9 of [17], we have Ly (f(01)(01 + 92)") € W,. By the similar
method, we obtain Ly ((0y + 02)" f(82)) € W and I, (81 + 02)" f(D2)) € W.
Thus, Wy is a submodule of Q(\, aq, 1) ® Q(A\, ag, [2), completing the proof.

O

Corollary 4.2. Let S = {1,2},5" C S,\ € C*, 8,5 € C*,8; = 0 fori €
S5 € S\S" and s € Z;. Assume that Wy is the subspace of Q(\, a1,51) ®
Q(A, ag, B2), where Wy is spanned by {f(01)(01 + 02)™ | n € Z4,0 < deg(f) <
st oor {(Or + 02)"f(D2) | n € Z4,0 < deg(f) < s}. Then QA a1,01) ®
Q(\, ag, B2) has a series of L-submodules

WiycWyc---CcWyC---
such that Wy /W_q & Q()x, s+ oy +as, B+ ﬁg) as L-module for each s > 1.
Proof. For s,n € Z,,k € Z, it follows from Lemma 4.1 that we check

) < (35 (Joroe)

=0
= N(B1 + 52) (D1 + 0y — k)™ (mod W,_1).
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From Corollary 10 of [17], we get

Ly (8f(31 + (92)”)
=05 (01 + 92 — k(s +ag + 1)) (01 + 02 — k)™ (mod W,_1).

By the similar method, we have I}, (3f(6‘1 + 32)”) = \F(By + B2)05 (01 + Oy —
k’) (mod Wg_l) and L, ((91 31 +62 n) = )\kaf (31 + 0y — k(s +ag + 041))((91 +
Oy — k)™ (mod Ws_1).

These show that the £-module isomorphism Wy/Ws_1 = Q(A\, s + a1 +
g, B1 + (2)- U

By the similar method in Lemma 3 of [17], we get the following results.

Lemma 4.3. Letm € N, \; € C*, o, 5; € C fori=1,2,...,m with the \; pair-
wise distinct. Then1® -+ ® 1 ®v generates the H-module (@, (N, s, 3;))
—_——— =

® Ind(M).

Now we are ready to prove the irreducibility of H-module (&;"; Q(\;
g, 3i)) © Ind(M).

Theorem 4.4. Let m € N, S ={1,...,m},S" C S and \; € C* fori € S with
the \; pairwise distinct. Let B;,c; € C*,8; =0 fori € S',j5 € S\S'. Assume
Ind(M) is an H-module defined by (2.1) for which M satisfies the conditions
in Theorem 2.5. Then the tensor product (@i, Q(\i, i, 3;)) ® Ind(M) is an
irreducible H-module.

Proof. For any w € Ind(M), there exists K (w) € Z4 such that Ly-w = I-w =
0 for all £ > K(w) by Theorem 2.5. Suppose W is a nonzero submodule of
(®:~, Q(Ni, o, 5;)) ®Ind(M). Choose a nonzero element u € W with minimal
degree. We claim that deg(u) = 0. If not, we assume

:28f1~~~8£;"®wp€W,

pel

where [ is a finite subset of Z' and wy are nonzero vectors of Ind(M). Let
ot -+ 9P @ wp be maximal among the terms in the sum with respect to “ <"
and let ¢/ be minimal such that p; > 0.

First we consider i’ € S’. For enough large k € Z, we obtain

Sty @ | = 303 O A0~ €

pel i=1pel
(4.1)
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where [ is a finite subset of Z7" and wp are nonzero vectors of Ind(M). Now
we consider i’ € S\\S’. For enough large k € Z, one can easily to get

(S eap o up
pel

=3 OD O N0+ k) (0 — KOl @uwp €W, (42)
i=1 pel
where I is a finite subset of Z7" and wyp are nonzero vectors of Ind(A7).

By Proposition 2.6, we respectively consider the coefficient of )\f, kP and
AEEPit1in (4.1) and (4.2), one has

Pir_1 oPis
-0y 0L O @ wp €W,

where m € N, wp, are nonzero vectors of Ind(M). Then
o 85’1’11353/:11 - 0P @ wp + lower terms
has lower degree than u, which is contrary to the choice of u. Hence, deg(u) = 0.

By Lemma 4.3, we see that (®:’;1 QN o, ﬂz)) ® wg can be generated
by 1 ® - ® 1 ®@wo. It follows that (@, Q(\;, a;, 3;)) @U(H)we C W. Thus,
—_—

W= (", 2N, a;,3)) @Ind(M), since the nonzero H-submodule U (H)wo
of Ind(M) generated by wg is equal to Ind(M) by the irreducibility of Ind(M).
This completes the proof of Theorem 4.4. O

Remark 4.5. When S’ = @ in Theorem 4.4, it was studied in [17].

It follows from Lemma 4.1 and Theorem 4.4 that we have the following
remark.

Remark 4.6. Let m € N,.S = {1,...,m},S" C S and \; € C* for i € S. Let
Bi,oy € C*,3; =0 for i € 5,5 € S\S". Assume Ind(M) is an H-module
defined by (2.1) for which M satisfies the conditions in Theorem 2.5. Then
the tensor product (@;"; Q(\;, o, 5;)) ® Ind(M) is an irreducible H-module
if and only if the \; pairwise distinct. The irreducibility of the H-modules
(®:%, Q(Ni, i, 5;)) @ Ind(M) was also given in Examples 8 and 10 in [14].

5. Isomorphism Classes

In this section, we will give isomorphism results for modules (®:’;1 QN au,
;) ® Ind(M). We denote the number of elements in set A by card(A).

Theorem 5.1. Let m,n € N, S = {1,....m},T = {1,...,n},S" C S, 77 C
T, Mi,puj € C* with the X\ pairwise distinct as well as p; pairwise distinct
fori € S,j € T. Let By,a; € C*,8; = 0 and dj,c; € C*,d;j = 0 for
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i"e SieS\S,j eT,jeT\T' Assume Ind(M;) and Ind(Msz) are H-
modules defined by (2.1) for which My and My satisfy the conditions in The-
orem 2.5. Then (@, QN i, 5;)) © Ind(M) and (Q)_, QA ,¢j,ds)) @
Ind(Ms) are isomorphic as H-modules if and only if m = n,card(S’) =
card(T"),Ind(M;) = Ind(Mz2) as H-modules and (N;, c;, Bi) = (i, Cirydir)
and (N\j,a;) = (pjr,¢50),0; =djy =0 forie S'i' eT' je S\, j e T\T
(p1: 8" =T and pg : S\S" — T\T" are both bijections ).

Proof. The sufficiency is trivial. We denote Q(X;, a;, 3;) = C[0;], Qpj,¢5,d;) =
Clo;],V1 = (®iZ; QNi, i, Bi)) @ Ind(My) and Vo = (Q_; Quy,cj,dy)) ©
Ind(My), respectively.

Let ¢ be an isomorphism from V; to V,. Take a nonzero element
1®---®1®w e V;. Assume
———

m

olie wlew|=>"8" 8" @u, (5.1)

m pel

where [ is a finite subset of Z’} and vy, are nonzero vectors of V,. There exists a
positive integer K = max{K(w), K(vp) | p € Z7 } such that I,,-w = I, - vp =
L., -w = Ly, -vp = 0 for all integers m > K and p € Z}.

First consider d;; € C*,d; = 0 for j* € T",5 € T\T'. We note that
m = card(S’) + card(S\S’),n = card(T’) + card(T\T"). For enough large
k € Z, we know that

;A§5j¢(1®m®1®w) =o(I(1®@ - 21ew)) =L(le @ 1lcw)
=3 A" by @y — R0, @, (52)
j'=1pezy

According to Proposition 2.6 in (5.2), we get p;; = 0,\; = p;r,card(T’) =
card(S’), where j € 5,5/ € T/ and ¢; : S — T’ is bijection. Then

P(l® - ®@1lew) = ﬁel(ipl...é;p"L ® vp, where p;; = 0 for j/ € T'. Now

we consider ¢; € C* for j € T\T". For enough large k € Z, it follows from
P(Lr(1®- @ 1ew)) = Ly¢(l ®- - ®1@w) that we have
—_————— —_————

m n
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;(A’“d) 5‘-®~~~®1®w)+)\fkai¢(1®-;®1®w))
_Z SO0 (@ + k)@ — B0 @ v (5.3)
J=1pezy

Using Proposition 2.6 in (5.3), one can easily to check that p; = 0,\; =
i, card(T\T") = card(S\S’), where i € S\S’,j € T\T" and 5 : S\S" — T\T"
is bijection. Then m = card(T\T") + card(T") = card(S\S’) +card(S) = n and
P(le- - @low) =10 ® 1
—_—— —_——

Thus, (5.2) can be rewritten as
m m
k k
;/\iﬁi¢(1®--~®1®w) zguidi(1®-~-®1®vo),

we obtain 3; = d;s for i € S’,7 € T’, which can be obtained by ¢( 1®---®1
—_———

®w) # 0,\; = py and Proposition 2.6. We note that 3; = dj = 0 for j €
S\S’,5" € T\T'. Then f h 1 keZ,b Ly(l®---®1 =
\S’, j \ en for enough large v (Lp(l® - @ 1ow))

Ly(l®---®1 and \; = py,\j = pj, we can easily check that a; =
R(l1®- - ®1Q®ug) and \; = py,A\j = pjr, we can easily oy

m
cir,o =cy forie 8 €T’ j e S\S',j/ e T\T'.
There exists a linear bijection 7 : Vi — V5 such that

ol olov]| =10 - @1a7(v)
S —— —_———

for all v € V4. Meanwhile we conclude that 7(Lyv) = Ly7(v) for all k € Z,v €
Vi. Then from

P(Ik(1l® - ®1ev)) =Ld(le - @ 1av)

and

p(Ci(le - ®1len))=Cip(la - @ 1xv),
m m

we see that 7(Iyv) = I7(v) and 7(Cyv) = Cit(v) for ¢ = 1,2,3,k € Z,
respectively. Thus, Vi3 = V, as H-modules for d;,¢; € C*,d; = 0 for j' €
T',j € T\T'.

To sum up, we obtain m =n, Vi = Vo, (A, o, 8i) = (par, cir, dir), (Nj, )
= (pjr,cy) and B; = djy =0 fori € §',¢' € T',j € S\S’,j/ € T\T'. This
completes the proof. O
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Remark 5.2. When S" =T’ = @ in Theorem 5.1, it was investigated in [17].

The isomorphism problem of the H-modules (", Q(\;, o, 5;)) ®
Ind(M) was also given in Theorem 35 in [14].

6. New Irreducible Modules

In this section, we prove that (®211 QN ay, ﬁi)) ®Ind(M) is not isomorphic
to Ind(M) or M(V,Q(X, e, 8)) or M(W,~(t)) or Aag, ie., (R, Q\;,,
;) ® Ind(M) is a class of new irreducible H-modules.

s)

For any I,m € Z, s € Z,, define a sequence of operators Tl(m as follows

Tl(:vi = Z(*I)Sﬂ <j) Il—m—ilm-&-i-
i=0

For d € {0,1},r € Z,, denote by H, 4 the Lie subalgebra of H 4 = spanc{L,,
I; |i>0,7 > d} generated by L;, I; for all i > r,j > r+d. Now we write H, 4
the quotient algebra H. 4/H, 4, and L;, fi+d the respective images of L;, I; 14
in Hr,d-

Assume that d € {0,1},r € Z; and V is an H, g-module. For any fixed
v(t) = 3, et € Clt,t71], the action of H on V ® C[t,¢!] can be defined as
follows

Lo (w@t") = (Lm+ Y cilmyi)(0@1"),

Ino(wat")=In(veth), Cio(vat") =0,
where m,n € Z,v € V and i = 1,2,3. Then V ® C[t,t"!] is made into an
H-module, which is denoted by M(V,~(t)). It is clear that M(V,~y(t)) is a

weight H-module if and only if y(¢) € C. Moreover, the H-module M(V,~(t))
for v(t) € C[t, ¢t~ is irreducible if and only if V is irreducible (see [4]).

Let d € {0,1},7 € Z4 and V be an H, g-module. For any \,«a, 3 € C,
define an H-action on the vector space M (V, Q(\, , ﬂ)) = V®C]t] as follows

Ln(v® f(t)) = v & A" (t —ma)f( +Z( )v@)\mf(t— m),

szrd

In(ve f(1)) = Z((Hd) Liva)v & N"Bf(t=m). Ci(ve f(1)) =0,

where i € {1,2,3},m € Z,v € V, f(t) € C[t]. We note that M (V,Q(\, o, 3)) is
reducible if and only if V' =2V, 5, ,~ for some 7 € C such that 64,067 = 0 (see
[5])-

Lemma 6.1. Assume that \; € C*,«a, 5, ;,0; € C,s € Zy,d € {0,1} and M
is an irreducible H.-module satisfying the conditions in Theorem 2.5. Let r’ be
the mazimal nonnegative integer such that 1.4V # 0. Then we obtain
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m

(i) the action of L, for m sufficiently large is not locally nilpotent on (®i=1
QN aiaﬂi)) ® Ind(M);
(ii) the action of TI(W)L
(iil) TZ(QL acts nontrivially on (@~ Q\i, i, 8;)) ®Ind(M) whenever m < 0
and | < m;
(iv) The action of Tl(‘:,)L on M(V,Q(\, a,8)) and M(V,y(t)) are trivial for
s> 2(r' +d).

on Aq g is trivial for l,m € Z;

Proof. (i) follows from the local nilpotency of L,, on Ind(M) by Theorem 2.5

for m sufficiently large and its non-local nilpotency on Q(A, «, 3). (ii) follows

from (3.1). (iii) can be obtained by the similar compute in Lemma 5.1 (v) of

[5]. (iv) follows from [4, Lemma 3.3]. O
We are now ready to state the main result of this section.

Proposition 6.2. Assume that d € {0,1}, r,e € Zy,a,8 € C, M is an ir-
reducible H.-module satisfying the conditions in Theorem 2.5. Then we have

(", N, i, 8;)) ®Ind(M) is not isomorphic to Ind(M"), or M(V,Q(\, &,
3)). or M(W,~(t)), or Aa,gs.

Proof. From Lemma 6.1 (i), we have ((®;"; Q(A;, oy, ;) @Ind(M) 2 Ind(M").
Let m <« 0,1 < m that I;_,,, I, ¢ He and s > 2(r’ +d). For any 1 @ v €
(®:11 QN o, ﬁi)) ® Ind(M), noting that the action of I,,, on 1 is scalar for
any m € Z, we deduce that

T(S)(l ®v)

= Z ( ) Il m— 'L[er'L( )®U+Im+z(1) ®Il7m7iv

+Ilfm71( ) by Im+zv +1® Il m—i m+z ) 7é 0.
Then by Lemma 6.1 (iv), we obtain that (@.", Q(\;, o, ;) @ Ind(M) is not
isomorphic to M (V,Q(X, o/, 3)), or M(W,~(t)).
At last, by Lemma 6.1 (ii) and (iii), we get that (@~ Q(\i, i, 3;)) ®
Ind(M) is not isomorphic to A, g. O
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