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Abstract. The edge metric dimension problem was recently introduced,
which initiated the study of its mathematical properties. The theoretical
properties of the edge metric representations and the edge metric dimen-
sion of generalized Petersen graphs GP(n,k) are studied in this paper.
We prove the exact formulae for GP(n,1) and GP(n,2), while for other
values of k a lower bound is stated.
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1. Introduction

The concept of the metric dimension of graph G was introduced independently
by Slater [1] and Harary and Melter [2]. This concept is based on the notion
of a resolving set R of vertices, which has the property that each vertex is
uniquely identified by its metric representation with respect to R. The minimal
cardinality of resolving sets is called the metric dimension of the graph G.

1.1. Literature Review

Kelenc et al. [3] recently introduced a similar concept of edge metric dimension
and initiated the study of its mathematical properties. They made a compar-
ison between the edge metric dimension and the standard metric dimension
of graphs while presenting realization results concerning the edge metric di-
mension and the standard metric dimension of graphs. They also proved that
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the edge metric dimension problem is NP-hard and provided approximation
results. Additionally, for several classes of graphs, exact values for the edge
metric dimension were presented, while several others were given upper and
lower bounds. In [4] and [5], the authors presented results of the mixed metric
dimension alongside the edge metric dimension for some classes of graphs. Ad-
ditionally, Peterin and Yero [6], provided exact formulas for join, lexicographic
and corona products of graphs.

Zubrilina [7], firstly proposed the classification of graphs of n vertices for
which the edge metric dimension is equal to its upper bound n — 1. The second
result states that the ratio between the edge metric dimension and the metric
dimension of an arbitrary graph is not bounded from above. The third result
characterizes the change of the edge dimension of an arbitrary graph upon
taking a Cartesian product with a path, and changes of the edge dimension
upon adding a vertex adjacent to all the original vertices. The edge metric
dimension of the Erdgs-Rényi random graph G(n,p) is given by Zubrilina [8]
and it is equal to (1 + o(1)) - lil;(gl(/’?y where ¢ = 1 — 2p(1 — p)2(2 — p).

Independently, Epstein et al. [9], introduced another edge metric dimen-
sion definition related to the line graphs, where a line graph of a graph G(V, F)
is defined as: L(G) = (E, F) where F' = {e;ejle;, e; € E, e; is incident with e;}.
Their edge metric dimension of a graph G is defined as the metric dimension
of L(G), which is called edge variant of metric dimension by some authors,
e.g. Liu et al. [10].

1.2. Generalized Petersen Graphs

Generalized Petersen graphs were first studied by Coxeter [11]. Each such
graph, denoted as GP(n, k), is defined for n > 3 and 1 < k < n/2. It has 2n
vertices and 3n edges, with vertex set V(GP(n,k)) = {u;,v; | 0 <i <n—1}
and edge set E(GP(n,k)) = {uu;t1, wivi, v;vipx | 0 <i <n —1}. It should
be noted that vertex indices are taken modulo n.

Ezample. Consider the Petersen graph, numbered GP(5,2), shown in Fig. 1.
It is easily calculated by using the total enumeration technique, that its edge
metric dimension is equal to 4 (it is also presented in Table 6). Figure 2 shows
GP(6,1) where the edge metric dimension equals 3. This can also be concluded
by Theorem 2.4.

The metric dimension of generalized Petersen graphs GP(n, k) is studied
for different values of k:

e Case k =1 is concluded in [12];
e Case k = 2 is proven in [13];
e Case k =3 in [14].
Various other properties of generalized Petersen graphs have recently

been theoretically investigated in the following areas: Hamiltonian property
[15], the cop number [16], the total coloring [17], etc.
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FIGURE 1. Petersen graph GP(5,2)—edge metric base is col-
ored red (color figure online)
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FIGURE 2. Graph GP(6,1)—edge metric base is colored red
(color figure online)

1.3. Definitions and Previous Work

Given a simple connected undirected graph G = (V| E), by d(u,v) we denote
the distance between two vertices u,v € V, i.e. the length of a shortest u — v
path. A vertex x of the graph G is said to resolve two vertices u and v of G if
d(xz,u) # d(x,v). An ordered vertex set R = {x1, z2, ...,z } of G is a resolving
set of GG if every two distinct vertices of G are resolved by some vertex of
R. A metric basis of G is a resolving set of minimum cardinality. The metric
dimension of G, denoted by 3(G), is the cardinality of its metric basis.
Similarly, for a given connected graph G, a vertex w € V, and an edge
uv € E, the distance between the vertex w and the edge uv is defined as
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TABLE 1. Edge metric representations for GP(6,1) with re-

spect to Sy
e r(e) e r(e)
UpU1 (0, 07 2) UpUs (O, 1, 2)
UpVo (0,1,3) U1 U2 (1,0,1)
U1 (1,0,2) UgU3 (2,1,0)
U2V (2,1,1) UsU4 (27270)
uzv3 (3,2,0) UgUs (1,2,1)
U4Vg (2,3,1) U5Vs (1,2,2)
VoU1 (1,173) VoUs (172,3)
V1V2 (2,1,2) V2U3 (3,2,1)
V3V (3,3,1) V45 (2,3,2)

d(w,ww) = min{d(w, u),d(w,v)}. A vertex w € V resolves two edges e; and
es (e1,e9 € B), if d(w, el) # d(w, e2). A set S of vertices in a connected graph
G is an edge metric generator for G if every two edges of G are resolved by
some vertex of S. The smallest cardinality of an edge metric generator of G
is called the edge metric dimension and is denoted by Sg(G). An edge metric
basis for G is the edge metric generator of G with cardinality S (G). Given an
edge e € E and an ordered vertex set S = {z1, z2, ..., 21}, the k-touple r(e, S)
= (d(e,x1),d(e,x2),...,d(e,x)) is called the edge metric representation of e
with respect to S.

Ezample. Consider the generalized Petersen graph GP(6,1) given in Fig. 2.
The set S = {ug,u1,us} is an edge metric generator for G since the vectors
of metric coordinates for edges of G with respect to S; are mutually different.
This can be seen in Table 1.

From Corollary 2.3, it holds that for GP(6, 1), as for any other generalized
Petersen graph, the cardinality of an edge metric generator must be at least
3, 80 57 is an edge metric basis for GP(6,1). This implies that its edge metric
dimension is equal to 3, i.e. Bg(GP(6,1)) = 3.

Two edges are incident, if both contain one common endpoint. For a
given vertex v € V, its degree deg, is equal to the number of its neighbors, i.e.
the number of edges in which it is the endpoint. The maximum and minimum
degrees over all vertices of graph G are denoted as A(G) and 6(G), respectively.
Formally, A(G) = max,cy deg, and §(G) = min,ecy deg,.

In the following text, we briefly show three propositions from [3] that are
relevant for our work. The first proposition is related to paths and cycles and
classification of graphs having the edge metric dimension equal to 1. The last
two give bounds of the edge metric dimension based on the degree of vertices.
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Proposition 1.1 [3]. For n > 2 it holds fp(P,) = B(P,) = 1, Bp(C,) =
B(Cy) =2, Be(K,) = B(K,) =n—1. Moreover, rp(G) =1 if and only if G
18 a path Py,.

Proposition 1.2 [3]. Let G be a connected graph and let A(G) be the mazimum
degree of G. Then Bg(G) > logaA(G)

Proposition 1.3 [3]. Let G be a connected graph and let S be an edge metric
basis with |S| = k. Then S does not contain a vertex with the degree greater
than 2F~1.

From each of these propositions, given in [3], the next two corollaries
follow:

Corollary 1.4. The edge metric dimension of any 3-reqular graph is at least 2.
Corollary 1.5. 8g(GP(n,k)) > 2.

As previously mentioned, Epstein et al. [9] introduced another edge met-
ric dimension definition based on line graphs. In order to avoid any misun-
derstanding, % (G) will denote this second definition of the edge metric di-
mension of graph G, also called the edge version of metric dimension [10], i.e.
8% (G) = B(L(G)). Based on this definition, in [18], the authors obtained the
results for n-sunlet graphs and prism graphs.

Difference between these definitions can be demonstrated with the fol-
lowing example. Let Gy = (Vi, F1) be the graph with Vi = {vg, v1,v2,v3}
and E; = {ep, €1, ea,e3,e4} such that eg = vov1, €1 = v1va, ea = Vova, €3 =
v1v3, €4 = vav3. Line graph of Gy is L(G1) = (E1, Fy) where F; = {egeq, egea,
€0€3, €1€2, €1€3, €1€4, €2e4, e3e4 }. Graphs G1 and L(G1) are presented in Fig. 3.

Vo o v1 e3 eq
eg el es o1
v €4 v3 eo e2

FI1GURE 3. Graph from Example 1 and its corresponding line
graph (edge metric base is colored red) (color figure online)
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By using the total enumeration technique, it can be shown that Sg(G1) =
3 with a edge metric base {vg, v1,v2}. On the other hand, 5% (G1) = B(L(G1)) =
2 with a metric base {eg, ea} = {vov1, vov2}.

2. Main Results
2.1. Lower Bound

Having in mind the fact that vertices from an edge metric base are also end-
points for some (incident) edges, the bound presented in Proposition 1.2, could
be improved in some cases.

Theorem 2.1. Let G be a connected graph and let 6(G) be the minimum degree
of G. Then, Br(G) > 1+ [log26(G)].

Proof. Let S = {wy, w2, ...,w,} be an edge metric generator of graph G with
a minimal cardinality, i.e. p = Bg(G). Vertex w; is incident to at least d(G)
edges. Name them ej, ..., e5). Since w is incident with e, ..., e5q), it
is obvious that d(ei,wi) = ... = d(es),w1) = 0. By the definition of the
distance between vertex and edge, it is clear that for an arbitrary vertex v €
V(G) there can be only two different distances to a set of incident edges.
Then, for each i, i = 2,..., p, distances d(e1,w;), ..., d(es), w;) have only two
different values, so since d(e;,w1) = ... = d(es(q), w1) = 0, there exist at most
2r—1 different edge metric representations of edges e, ..., es5(@) with respect to
S, 50 6(G) < 2P~1. Next, because p is integer, it follows that [log2d(G)] < p—1
= Be(G) =p > 1+ [logad(G)]. O

In the case of regular graphs, the bound presented in Proposition 1.2 is
improved by 1.

Corollary 2.2. Let G be an r-regular graph. Then, Og(G) > 1+ [logar].

Since GP(n, k) are 3-regular graphs, and [log23] = 2 then the next corol-
lary holds.

Corollary 2.3. 8g(GP(n,k)) > 3.

2.2. Exact Value for GP(n,1)

In this section, we are giving the exact value of the edge metric dimension of
the generalized Petersen graphs GP(n,1).

Theorem 2.4. 8g(GP(n,1)) = 3.

Proof. Let S = {ug, u1,vo}-
Case 1.n =2t
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Edge metric representations with respect to S are:

(0,0,1), i=0
(z,zflz+1) 1<i<t—1
(t—1,t—1,t), i=t
(%—1—22t B2t —i), t+1<i<2A—1
(0,1,0), i = 0

r(uv;, S) = (4,1 —1,i), 1 <i <t
(
(
(i
(
(
(

r(uiui_H, S) =

2 —4,2t4+1—4,2t —i), t+1<i<2t—1

1,1,0), i =0

+1,4,4), 1<i<t—1

ttt—1), i=t

26— 0,2t 4+1—4,2t —1—4), t+1<i<2t—2
1,2,0), i =2t —1

r(vvit1, ) =

Since all edge metric representations with respect to S are pairwise dif-
ferent, we deduce that S is an edge metric generator. Since |S| = 3, from
Corollary 2.3, it follows Sg(GP(2t,1)) = 3.

Case 2.n=2t+1
Edge metric representations with respect to S are:

0,0,1), i =0

hi—1,i+1), 1<i<t

2t — 4,2t +1—0,2t+1—4), t+1<i<2t
0.1 %i:O

ii—14),1<i<t

t,t, ),z:t—|—1
204+1—4,204+2—4,2t+1—4), t+2<i <2t
1,1,0),i=0

+1,2,4), 1<i<t

2041 —4,2t+2 — 14,2t — ),t+1§i§2t

r(uiuizr,S) =

T(Uﬂ)prl, S) =

(

(

(

(

r(u;v; = (3,
(uivi, S) (
(

(

(i

(

Similarly to Case 1, all edge metric representations with respect to .S
are pairwise different, so S is an edge metric generator. Having in mind that
|S| = 3, from Corollary 2.3 it follows Sg(GP(2t +1,1)) = 3. O

In [3], the authors consider the relation between the metric dimension
and the edge metric dimension of some graphs (called realization question).
They concluded that it is possible to find all three cases, i.e. graphs G such

that B5(G) = B(Q), Bx(G) > B(G) or Br(G) < B(G). For GP(n,1) there
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TABLE 2. Edge metric representations for GP(4t,2)

e r(e) Condition
U2; U241 (0 2 t) 1 =0
(2,1,t+1) i=1
(i 42,0t +2—1) 2<i<t
2t+2—4,2t+2—14,i—1t) t+1<i<2t-3
(3,4,t —2) i=2t—2
(1,3, —1) i=2t—1
U2i4+1U2;4+2 (1,2,t) 1 =0
(3,1,t+1) i=1
(i 43,0, t +2 —1i) 2<i<t—1
(t+1,t,2) i=t
2t+1—14,2t+2—4,i—1t) t+1<1<2t—-3
(2,4,t —2) i=2t—2
(0,3,t—1) i=2t—1
U2; V24 (0 3 t) =0
(2,2,t+1) i=1
(i+41,i,t+3—1) 2<i<¢t
(t,t+1,2) i=t+1
(2t +1—10,2t+3—i,i—t) t+2<i<2t—1
U2i4+1V2i+1 (1,1,15 1) =0
(1+2,i—1,t+1—1) 1<i<t—1
(t+1,t—1,1) i=t
(2t+1—4,2t+1—i,i—t—1) t+1<i<2t—2
(1,2,t —2) i=2t—1
V2;V2i+2 (1 3 t+1) 1 =0
(2,3,t+2) i=1
(i4+ 1,0+ 1,t4+3—1) 2<i<t—1
(t,t+1,3) 1=t
(t—1,t42,3) i=t+1
(2t — 0,2t +3 —i,i+1—1) t+2<i<2t—2
(1,4,1) i=2t—1
V2i+1V2i+3 (2 Ot ) 1 =0
(z+22—1t—2) 1<i<t—-1
(t,t—1,0) =t
@t—th iyi—t—1) t+1<i<2t—2
(2,1,t —2) i=2—1
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TABLE 3. Edge metric representations for GP (4t + 1,2)

2t-3<:<2t -1

e r(e) Condition

U2; U241 (O,t Q,f—l) 1=20
(2,t — 3, —2) i=1
(i+2,t—2—it—1—1) 2<i<t—3
(i42,i+4—t,i+3—t) t—2<i<t
(24+2—ii+4—ti+3—1) t+1<i<2t—3
(46 — 20,3t — 1 —i,3t — 1 — ) oA —2<i<2

U2;4+1U2;4+2 (1,t—2,t—2) 1=0
(3,t—3,t—3) i=1
(i4+3,t—2—i,t—2—1) 2<i<t—3
(t+1,2,2) i=t—2
(t+2,3,3) i=t—1
(2t+2—ii+4—ti+4—t) t<i<2t—3
(3,¢,t+1) i=2t—2
(1,t —1,1) i=2t—1

U2;V24 (0,t*1,t*2) 1=0
(2,t —2,t —3) i=1
(i+1,t—1—it—2—1) 2<i<t—3
(i+1,i+4—ti+2—1t) t—2<i<t
(24+2—ii+4—ti+2—1) t+1<i<2t—3
(4,t,1) i=2t—2
(3,t—1,t+1) i=2t—1
(1,t —2,1) i=2t

U2;4+1V2i+1 (1,t—3,t—1) 1=0
(i+2,t—3—it—1—1) 1<i<t—3
(t,1,2) i=t—2
(t+1,2,3) i=t—1
(2t+1—d,i4+3—ti+4—1) t<i<2t—3
(3, +1,1) i=2t—2
(2,t,t—1) i=2t—1

V2;V2i42 (i+1,t—1—i,t—3—i) 0<i<t—14
(t—2,3,0) i=t—3
(t—1,3,0) i=1t—2
(t,4,1) i=t—1
(2t4+1—ii+5—ti4+2—1) t<i<2t—4
(
(

1 =2t
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TABLE 3. continued

e r(e) Condition
V2i41V2i43 (2,t —4,t—1) =0
(42t —4—it—1—1i) 1<i<t—4
(t—1,0,3) i=t-3
(t,1,3) i=1—2
(2t —ii+3—ti+5—1) t—1<i<2t—4
(3,1,1) i=2—3
(2,t+1,t—1) i=2t 2
(1,t,t —2) i=2t—1
2, nis odd

are only two cases, since, from [12], it follows 8(GP(n,1)) = )
3, nis even

When n = 2¢, it holds Sg(GP(n,1)) = 8(GP(n,1)) = 3, while for n = 2t + 1,
it holds 3 = Br(GP(n,1)) > B(GP(n,1)) = 2.

Another interesting discussion is comparison between Gg(GP(n,1)) and
B%(GP(n,1)). From [18], it follows that 8% (GP(n,1)) = 3, which matches
Be(GP(n,1)) = 3 from Theorem 2.4.

2.3. Exact Value for GP(n, 2)

In this section, we are giving the exact value of the edge metric dimension of
the generalized Petersen graphs GP(n,2).

3, m=8vn>10

Theorem 2.5. 8g(GP(n,2)) = {4 ne {5.6.7,9}

Proof. In the case of n = 4t, t > 4, let S = {ug, vs, varys}. All edge metric
representations with respect to S are given in Table 2. The first column is
related to edge e € E(GP(4t,2)), the second column presents its edge metric
representation r(e), while the last column gives the condition in which the
statement in the second column is true. As can be observed from Table 2, all
edge metric representations with respect to S are pairwise different, so S is
an edge metric generator for GP(4¢,2). Having in mind that |S| = 3, from
Corollary 2.3 it follows that, for ¢t > 4, 8g(GP(4t,2)) = 3 holds.

If n =4t +1,¢t > 4, then let S = {ug,vat—5,v2:—4}. All edge metric
representations with respect to S are given in Table 3. As can be seen in
Table 3 all edge metric representations with respect to .S are pairwise different,
so S is an edge metric generator for GP(4t 4+ 1,2). Again, having in mind that
|S| = 3, from Corollary 2.3 it follows that, for ¢t > 4, fp(GP(4t + 1,2)) = 3
holds.

For t > 4, in cases when n = 4t + 2 or n = 4t + 3, let us define S =
{up, vat—2,v2¢—1 }. All edge metric representations of GP(4t+2,2) and GP(4t+
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TABLE 4. Edge metric representations for GP (4t + 2, 2)

e r(e) Condition

U2; U241 (0 t t+1) 1 =0
(2,t—1,1) i=1
(i 42,6t —i,t+1—1) 2<i<t—1
(t+2,2,1) i=1
(2t+3—i,i+2—ti+1—1) t+1<:<2t—-2
(3,t+1,1t) 1 =2t—1
(1t+1t+1> =2t

U24+1U2i+2 (1, t :t) =0
(3, 1t—1) 1=1
(Z+3t it —1) 2<:i<t-—1
(2t+2—22+2—t’6+2—t) t<1<2t—2
(2t+1t+1) 1 =2t—1
(Ot+1t—|—1) =2t

U2; V24 (O t+1 t) =0
(2,t,t—1) 1=1
i+ 1,t+1—4dt—1) 2<3<t—1
(t+1,2,0) =1
(2t+2—zz+2—tz—t) t+1<i<2t

U244+1V2i4+1 ( —1 t—|—1) =0
(z+2t7172t+172) 1<i<t—1
2t+2—d,i+1—ti+2—1) t<i1<2t-—1
(1,t,t+2) 1 =2t

V2,V2i42 (Z+1t+1—lt—1—l) 0<1<t—2
(t,3,0) t=1t—1
(2t+1—i,i+3—t,i—1t) t<i<2t—1
(1,t+2,¢t) =2t

V2i+1U2i+3 (Z+2t—2—2t+1—2) 0§’L§t—2
(t+103) t=1t—1
(2t+1—12+1—t2—|—3—t) t<1<2t—1
(2,t —1,t+2) i =2t

3,2), with respect to S, are given in Tables 4 and 5, respectively. It can be seen
in Table 4 that all edge metric representations of GP(4t + 2,2), with respect
to S, are pairwise different, so S is an edge metric generator for GP(4t +2,2).
Again, having in mind that |S| = 3, from Corollary 2.3 it follows that, for
t > 4, fp(GP(4t + 2,2)) = 3 holds. The same conclusion can be drawn for
GP(4t+3,2), since all its edge metric representations presented in Table 5 are
also pairwise different, so for t > 4, Sg(GP(4t + 3,2)) = 3 holds.
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TABLE 5. Edge metric representations for GP(4¢ + 3,2)

e r(e) Condition

U2; U241 (0 t t+1) 1 =0
(2,t—1,1) i=1
(t+2,t—i,t+1—1) 2<i<t—1
(t+2,2,1) i=1
(2t+3—i,i+2—ti+1—1) t+1<1<2t—1
(2,t+2,t+1) 1 =2t
(0,t+1,t+1) i =2t+1

U24+1U2i+2 (1, t :t) =0
(3, lt—l) 1=1
(Z+3t it —1) 2<:i<t-—1
(2t+3—zz+2—tz+2—t) 1<i<2t—2
(3,t+1,t+1) 1 =2t—1
(L,t+1,t+2) =2t

U2; V24 (O t+1 t) =0
(2,t,t—1) 1=1
i+ 1,t+1—4dt—1) 2<i<t-—1
(t+1,2,0) =1
(2t+3—i,i+2—t,i—1t) t+1<1<2t—-1
(3,t+1,¢) i =2t
(1,tt+1) 1 =2t+1

U2;4+1V2i+1 ( -1 t-l—].) 1 =0
(z+2t—1—2t+1—2) 1<i<t-—1
(2t+2—i,i+1—ti+2—1) t<i<2t—1
(2,t+1,t+1) 1 =2t

V2, V2i42 (Z+1t—|—1—Zt—1—Z) 0<i<t—2
(,3,0) P
(t+1,3,0) =1
(2t+2—i,i+3—t,i—1t) t+1<:<2t -2
(3, t+1,t—1) 1 =2t—1
(Qtt) i =2t
(2,t—1,t+1) 1 =2t+1

V2i+1V2i+3 (Z+2t—2—lt+1—l) 0§’L§t—2
(t+1,0,3) t=1t—1
(2t+1—i,i+1—t,i+3—1) t<i<2t—2
(2,t,t+1) i =2t—1
(Lt +1,¢) =2t
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TABLE 6. Edge resolving bases of GP(n,2)

n Basis BEe(GP(n,2))
5 {uo, ur, uz, v3} 4
6 {uo, ur, uz, us} 4
7 {uo, u1, ug, v2} 4
8 {uo, uz,v4} 3
9 {’LLQ,Ul,UQ,’Uf,} 4
10 {uo,us, v} 3
11 {uo, uz,vs} 3
12 {uo, us, v} 3
13 {uo,v3, v} 3
14 {uo, g, v1} 3
15 {uo, us,v1} 3
n=4tNt>4 {uo,vs, vory3} 3
n=4t+1At>4 {ug, va1—5, 21—} 3
(n=4t+2Vn=4t+3)At>4 {uo, var—2,v2e-1} 3

For the remaining cases when n < 15, the edge metric dimension of
GP(n,2) is found by the total enumeration technique, and it is presented in
Table 6, along with the corresponding edge metric bases. It should be stated
that the edge metric dimension is equal to 3, except in cases for n € {5,6,7,9},
when it is equal to 4. O

For GP(n,2) there are only two cases for the realization question given
in [4]. From [13] it follows that 3(GP(n,2)) = 3, so for n ¢ {5,6,7,9} the edge
metric dimension of GP(n,2) is equal to its metric dimension. Ouly in cases
when n € {5,6,7,9}, it holds 4 = 8g(GP(n,2)) > B(GP(n,2)) = 3.

Another interesting discussion is the comparison between Sg(GP(n,2))
and (% (GP(n,2)). In contrast to GP(n,1), the values of 8g(GP(n,2)) and
B5(GP(n,2)) sometimes differ. For example, Sr(GP(9,2)) = 4, while
B(GP(n,2)) = 3.

3. Conclusions

In this article, the recently introduced edge metric dimension problem is con-
sidered. The exact formulae for generalized Petersen graphs GP(n,1) and
GP(n,2) are stated and proved. Moreover, a lower bound for 3-regular graphs,
which holds for all generalized Petersen graphs, is given.

Possible future research could be the finding of the edge metric dimension
of other challenging classes of graphs or the construction of the metaheuristic
approach for solving the edge metric dimension problem.
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