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Abstract. It is well-known that every virtually abelian group contains an
abelian characteristic subgroup of finite index. We shall say that a group
class X is F-characteristic if any group containing an X-subgroup of finite
index has also a characteristic subgroup of finite index that belongs to
X. Thus the class 2 of abelian groups is F-characteristic. The aim of
this paper is to prove that many interesting classes of infinite groups are
F-characteristic. Moreover, it is shown that the class of free groups and
that of free abelian groups are not F-characteristic.
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1. Introduction

Let X be a class of groups, and let G be a group containing an X-subgroup
of finite index. If X is closed with respect to forming normal subgroups, it
is clear that GG has also a normal X-subgroup of finite index, and it is useful
to understand for which group classes X the group G must even contain a
characteristic subgroup of finite index which is in X. This is certainly true if
we take as X the class 2 of abelian groups, since it is known that if a group
G has an abelian subgroup of finite index n, then it also contains an abelian
characteristic subgroup A of finite index (see [11], Lemma 21.1.4, and [19]),
and A can be chosen of index smaller or equal to n? (see [20]). The existence
of large characteristic X-subgroups in virtually X-groups (i.e. groups admitting
an X-subgroup of finite index) is quite obvious when X is either the class M
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of nilpotent groups (as in such case the Fitting subgroup is nilpotent and
has finite index) or the class & of soluble groups (by considering the soluble
radical).

We shall say that a group class X is F-characteristic if any virtually
X-group contains a characteristic subgroup of finite index which is in the class
X. Thus the above quoted result just says that the class 2 is F-characteristic,
and it has recently been proved that many other natural group classes have
the same property (see for instance [1,6-9,12,13]).

This paper aims to show that further relevant group classes are
F-characteristic, and it is organized as follows. Sections 2 and 3 provide some
necessary preliminaries and discuss the easy case of group classes defined by
restrictions on conjugacy classes. The main results are contained in Sect. 4,
which is focused on the class of metahamiltonian groups, and Sect. 5, where
it is proved that the class of free groups and that of free abelian groups are
not F-characteristic.

2. Notation and Preliminaries

Most of our notation is standard and can be found in [22]. By group class
we mean a class of groups X such that all groups isomorphic to a group in X
likewise belong to X, but we do not require in general that X contains a trivial
group. We shall use the first chapter of [22] as a general reference on the main
closure properties of group classes, but for the reader’s convenience we recall
that a group class X is:

e S, -closed if all normal subgroups of any X-group belong to X;

e H-closed if all homomorphic images of any X-group belong to X;

e N-closed if X contains any group which is the product of an arbitrary
collection of normal X-subgroups;

e Ny-closed if X contains any group which is the product of two normal
X-subgroups;

o Ry-closed if, whenever N7 and Ny are normal subgroups of a group G
such that G/N; and G/N3 are in X, also the factor group G/Ny N Ny
belongs to X.

Recall also that if X and Q) are arbitrary group classes, the product X%)
is the group class consisting of all X-by-) groups, i.e. groups GG containing a
normal X-subgroup N such that G/N belongs to ).

Let X be a group class. If G is a group containing some normal
X-subgroup, the X-radical of G is the subgroup generated by all normal sub-
groups of G which belong to X. Thus the J-radical and the £91-radical of a
group G coincide with the Fitting subgroup and the Hirsch-Plotkin radical
of G, respectively (here of course £91 denotes the class of locally nilpotent
groups). Clearly, the X-radical of a group is always defined when {1} € X.
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Notice that the X-radical need not be an X-group, but this is true when the
class X is IN-closed.

A group class X is said to be F-radical if the X-radical of a group G
belongs to X, whenever G contains a normal X-subgroup of finite index. The
concept of an F-radical group class has been introduced in [9], where among
other results it has been remarked that S,,-closed F-radical group classes are
F-characteristic. Notice also that any group class X such that X§ = X is
F-radical, where § denotes the class of all finite groups.

Since the X-radical of any X-by-finite group is the product of finitely
many normal X-subgroups, it is clear that all Ny-closed group classes are
F-radical. Finally, it turns out that if X is any group class such that {1} € X
and X N § is not Ng-closed, then X is not F-radical.

3. Restrictions on Conjugacy Classes

If G is any group, the elements of G admitting only finitely many conjugates
form a characteristic subgroup F'C(G), called the FC-centre of G, and G is an
FC-group if FC(G) = G, i.e. if all conjugacy classes of elements of G are finite.
Thus a group G has the FC-property if and only if the index |G : Cg(x)] is
finite for each element x of G. Abelian groups and finite groups obviously have
the FC-property, and the study of F'C-groups was initially developed with the
purpose of finding properties common to these two relevant group classes. We
refer to the monographs [27] and [3] for a detailed account of this important
chapter of the theory of infinite groups.

If X is any subgroup of finite index of a group G, then the FC-centre
of X lies in the FC-centre of G. In particular, if G contains a subgroup X
of finite index with the F'C-property, then X < FC(G), so that the index
|G : FC(G)| is finite and of course F'C(G) is a characteristic subgroup with
the FC-property. It follows that the class of F'C-groups is F-characteristic.
The aim of this section is to show that certain relevant subclasses of this latter
class likewise are F-characteristic, as well as certain group classes defined by
restrictions of similar type.

First of all, it can be easily seen that any group with a finite commu-
tator subgroup has the F'C-property, and it has been shown in [14] that
finite-by-abelian groups form an F-characteristic group class (see also [9]).

Lemma 3.1. The class of groups with a finite commutator subgroup is
F-characteristic.

Since it was proved by Neumann that a group is finite-by-abelian if and
only if it has boundedly finite conjugacy classes (see [22] Part 1, Theorem 4.35),
it follows that the class of groups with boundedly finite conjugacy classes is
F-characteristic.

A subgroup X of a group G is said to be nearly normal if it has finite index
in its normal closure X“. Obviously, all normal subgroups and all subgroups
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of finite index are nearly normal. Moreover, it is easy to show that a group
has the F'C-property if and only if all its cyclic subgroups are nearly normal.
A famous theorem of Neumann [17] states that all subgroups of a group G
are nearly normal if and only if the commutator subgroup G’ of G is finite. It
follows in particular that the class of groups in which all subgroups are nearly
normal is F-characteristic.

Recall also that a subgroup X of a group G is almost normal if it has
only finitely many conjugates or equivalently if its normalizer N¢ (X)) has finite
index in G. Again, the property of being almost normal generalizes both nor-
mality and the property of having a finite index, and it turns out that a group
has the F'C-property if and only if all its cyclic subgroups are almost normal.
In the same paper, Neumann also proved that all subgroups of a group G are
almost normal if and only if the centre Z(G) has finite index in G. There-
fore a group contains a subgroup of finite index in which all subgroups are
almost normal if and only if it has an abelian subgroup of finite index, and
so the result on the existence of abelian characteristic subgroups applies also
to prove that the class of groups in which all subgroups are almost normal is
F-characteristic.

A third type of generalized normal subgroup defined by the obstruc-
tion of a finite section was introduced in [2]. A subgroup X of a group G
is said to be mormal-by-finite if the core X of X in G has finite index in
X. Thus all normal subgroups and all finite subgroups of an arbitrary group
are normal-by-finite. A group is called a C'F-group if all its subgroups are
normal-by-finite, and it was proved in [26] that any CF-group contains an
abelian subgroup of finite index, provided that all its periodic homomorphic
images are locally finite. Then it follows from this theorem that if a locally
(soluble-by-finite) group contains a subgroup of finite index with the CF-
property, then it also has a characteristic subgroup of finite index which
is a CF-group. Therefore the class of locally (soluble-by-finite) CF-groups
is F-characteristic.

If G is a group, the upper FC-central series of G is the ascending char-
acteristic series { FC,(G)}q defined by setting FCy(G) = {1},

FCut1(G)/FCL(G) = FC(G/FCQ(G))
for each ordinal o and
FCA\(G) = | FCu(G)
a<A
if A is a limit ordinal. The last term of the upper F'C-central series of G is called
the FC-hypercentre of G, and G is said to be FC-hypercentral if it coincides
with the FC-hypercentre. Moreover, G is called F'C-nilpotent if FCy(G) = G
for some non-negative integer k, and in this case the smallest such k is the

FC-nilpotency class of G; then a group has the F'C-property if and only if
it is F'C-nilpotent of class < 1. Of course, every nilpotent-by-finite group is
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FC-nilpotent, and any finite extension of an F'C-nilpotent group is likewise
FC-nilpotent. Thus the class of F'C-nilpotent groups is trivially F-radical, and
so also F-characteristic.

Theorem 3.2. Let k be a positive integer. Then the class of FC-nilpotent
groups of class at most k is F-characteristic.

Proof. Let G be a group containing a subgroup X of finite index which
is FC-nilpotent of class at most k. As |G : X| is finite, we have that
FCi(X) < FCiG), for each non-negative integer . In particular,
X = FCy(X) is contained in F'Cy(G), and so the characteristic subgroup
FC(G) has finite index in G. Therefore the class of FC-nilpotent groups of
class at most k is F-characteristic. O

We point out that F'C-hypercentral groups, like hypercentral ones, form
a group class which is No-closed (see for instance [22] Part 1, p. 130), and
so also F-radical. Observe that, in contrast to the previous remark, the
class of F'C-groups is not F-radical, since it is easy to produce examples of
abelian-by-finite groups that do not have the F'C-property but can be decom-
posed into the product of two abelian normal subgroups.

If X is a group class, the XC-centre of a group G is the set XC'(G) of all
elements = of G for which the factor group G/Cg((z)%) belongs to X, and G
is said to have X-conjugacy classes (or to be an XC-group) if XC(G) = G. In
particular, FC(G) is the F'C-centre of G, and G has F-conjugacy classes if and
only if it is an F'C-group, so that XC-groups arise as a natural generalization
of groups with finite conjugacy classes. It is clear that if the group class X is H
and Ry-closed, then the XC-centre of any group is a characteristic subgroup.

Lemma 3.3. Let X be a group class which is S,,, H and Ry-closed. If XF = X,
then the class of XC-groups is F'-characteristic.

Proof. Let G be a group containing a subgroup X of finite index which has
the XC-property. It follows from the S,-closure of X that the subgroup X
can be chosen to be normal in G. If z is any element of X, the factor group
X/Cx ({x)X) belongs to X. Moreover, the subgroup Cx((z)*) has finitely
many conjugates in G and

) Cx((2)¥)? = Cx ((x)9),

geG
so that also X/Cx ({z)%) is an X-group. Since X has finite index in G and
XF = X, it follows that G/Cq({x)¢) belongs to X, and so X is contained in
the XC-centre of G. Therefore XC(G) has finite index in G, and the statement
is proved because XC(QG) is a characteristic XC-subgroup of G. O

If the group class X is chosen to be either the class ¢ of Cernikov
groups or the class BF of polycyclic-by-finite groups, we obtain the so-called
CC-centre and PC-centre of a group, respectively, and correspondingly the
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concept of groups with Cernikov conjugacy classes (CC-groups) and of groups
with polycyclic-by-finite conjugacy classes (PC-groups). Groups with the
CC-property were introduced by Y.D. Polovickii (see [22] Part 1, p. 127),
and later investigated by several authors, while the study of PC-groups was
started in [10]. In particular, it is known that a periodic group has the
CC-property if and only if it is covered by Cernikov normal subgroups, and
that the PC-property is equivalent to the existence of a covering consisting of
polycyclic-by-finite normal subgroups.
Our next result is a direct application of Lemma 3.3.

Corollary 3.4. The class of CC-groups and the class of PC-groups are
F-characteristic.

Let G be a group, and let k& be a positive integer or co. The k-layer Gy,
of G is the subgroup generated by all elements of G of order k, and G is said
to be an F L-group if all its layers are finite. Thus any F'L-group is a periodic
FC-group, and the structure of F'L-groups was described by Polovickii (see
[22] Part 1, Theorem 4.43).

Lemma 3.5. Let G be an FC-group containing a subgroup X of finite index
with the F'L-property. Then G is an FL-group.

Proof. Clearly, G is periodic, and so it has a finite normal subgroup N such
that G = X N. Thus the factor group G/N has the FL-property since N is
finite. Let k be any positive integer, and let 7(k) be the set of positive divisors
of k. Since G/N has finite layers, its normal subgroup

LIN = ((G/N)n | h € w(k))

is finite, and L/N obviously contains G N/N. Therefore G, is finite, and G
is an F'L-group. 0

Corollary 3.6. The class of F'L-groups is F'-characteristic.

Proof. Let G be any group containing a subgroup X of finite index which has
the F'L-property. Clearly, X is contained in the F'C-centre F' of G, and so the
characteristic subgroup F' is an F L-group by Lemma 3.5. Therefore the class
of F L-groups is F-characteristic. 0

Recall that a group G is a CL-group if all its layers are Cernikov
groups. In particular, C' L-groups are periodic and have the CC-property. More-
over, it follows from a result of Polovickii that all homomorphic images of a
C'L-group likewise have the C'L-property (see [22] Part 1, Theorem 4.42). Thus
the same arguments used in the proofs of Lemma 3.5 and Corollary 3.6 give
the following results.

Lemma 3.7. Let G be a CC-group containing a subgroup of finite index with
the C'L-property. Then G is a C'L-group.
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Corollary 3.8. The class of CL-groups is F'-characteristic.

We shall say that a group G is a PL-group if all its layers are
polycyclic-by-finite. It was proved by Robinson [21] that an arbitrary
group with the PL-property is either polycyclic-by-finite or an F L-group.
Thus the class of PL-groups can be realized as the join of the class of
polycyclic-by-finite groups and the class of F'L-groups. On the other hand,
it is known that the union of any collection of F-characteristic group classes
is likewise F-characteristic (see [9], Lemma 2.1), and so we have the following
statement.

Corollary 3.9. The class of PL-groups is F-characteristic.

4. Metahamiltonian Groups

A specially relevant class of groups with finite conjugacy classes is that of
metahamiltonian locally graded groups. Recall that a group is said to be
metahamiltonian if all its non-abelian subgroups are normal. Metahamiltonian
groups were introduced and investigated by Romalis and Sesekin ([23-25]), who
proved in particular that if G is a soluble metahamiltonian group, then the
commutator subgroup G’ of G is finite of prime-power order, and hence G has
boundedly finite conjugacy classes. Although Tarski groups (i.e. infinite sim-
ple groups whose proper non-trivial subgroups have prime order) are obviously
metahamiltonian, the result of Romalis and Sesekin actually holds within the
large universe of locally graded groups (see [4]). Here a group G is said to be
locally graded if every finitely generated non-trivial subgroup of G contains a
proper subgroup of finite index. Thus every locally (soluble-by-finite) group is
locally graded, and so locally graded groups form a wide class of generalized
soluble groups.

In a long series of papers, Kuzennyi and Semko obtained a detailed
description of the structure of locally graded metahamiltonian groups, depend-
ing essentially on the behaviour of the commutator subgroup. Obviously, every
group with a commutator subgroup of prime order is metahamiltonian, and
they proved that a locally graded group G is metahamiltonian if and only if
all its non-abelian subgroups contain G’. Moreover, it turns out that locally
graded metahamiltonian groups are soluble and have derived length at most 3.

In order to prove that the class of metahamiltonian locally graded groups
is F-characteristic, we need the following result dealing with nilpotent meta-
hamiltonian groups (see [15,16]).

Lemma 4.1. Let G be a nilpotent metahamiltonian group. Then either G con-
tains an abelian subgroup of finite index or the commutator subgroup G’ of G
has prime order.

Theorem 4.2. The class of metahamiltonian locally graded groups is
F-characteristic.



166 Page 8 of 13 F. de Giovanni and M. Trombetti Results Math

Proof. Let G be a group containing a locally graded metahamiltonian subgroup
of finite index. Then of course G itself is locally graded. If the group G contains
an abelian subgroup of finite index, then it also has an abelian characteristic
subgroup of finite index.

Suppose now that G has no abelian subgroups of finite index. As
the commutator subgroup of any metahamiltonian locally graded group is
finite, it follows from Lemma 3.1 that G contains a characteristic sub-
group K of finite index whose commutator subgroup K’ is finite. Then
the centralizer C = Cgk(K') is a nilpotent characteristic subgroup of
G and the index |G : (] is finite. Let X be any metahamiltonian subgroup of
finite index of C'. Clearly X cannot contain abelian subgroups of finite index,
and hence its commutator subgroup X’ has prime order by Lemma 4.1. If Y is
any other metahamiltonian subgroup of finite index of C', the intersection XNY
has finite index in G, and so it cannot be abelian. Thus X' NY’ # {1} and
hence X’ = Y”. It follows that the subgroup N = X’ is characteristic in C,
and so also in G. As the factor group G/N is abelian-by-finite, it contains an
abelian characteristic subgroup of finite index A/N. Then A’ = N, and so A
is a metahamiltonian characteristic subgroup of finite index of G. Therefore
the class of locally graded metahamiltonian groups is F-characteristic. O

Notice here that the class of metahamiltonian locally graded groups
is not F-radical, since the class of finite metahamiltonian groups is not
N -closed.

The situation seems to be more complicated in the case of metahamilto-
nian groups which are not locally graded. If G is an unsoluble metahamiltonian
group, it is known that the second commutator subgroup G of G is a minimal
non-abelian group and G”/Z(G") is an infinite simple group (see [5]).

Lemma 4.3. Let G be a group, and let X be a subgroup of finite index of G
which is metahamiltonian and unsoluble. Then the subgroup X" is character-
istic in G.

Proof. Since the subgroup X cannot be soluble-by-finite, also its core Y = X¢g
is a metahamiltonian unsoluble subgroup of finite index, and Y = X’ because
all proper subgroups of X" are abelian. Thus it can be assumed without loss
of generality that X is normal in G.

Let N be any normal subgroup of G such that the factor group G/N is
abelian-by-finite. Then N cannot be soluble-by-finite, so that N N X" is not
abelian and hence X" < N. On the other hand, all subgroups of X/X" are
obviously normal, and so the factor group G/X" is abelian-by-finite. Therefore
X" is the residual of G with respect to the class UAF of all abelian-by-finite
groups, and in particular it is characteristic in G. g

A group G is said to have finite abelian section rank if it has no infinite
abelian sections of prime exponent. Of course, every finite extension of a group
with finite abelian section rank likewise has finite abelian section rank.
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Theorem 4.4. The class of metahamiltonian groups with finite abelian section
rank is F-characteristic.

Proof. Let GG be a group containing a subgroup X of finite index, which is meta-
hamiltonian and has finite abelian section rank. Obviously, G itself has finite
abelian section rank, and X can be chosen to be normal in G, so that GF < X,
where |G : X| = k. In order to prove that G contains a metahamiltonian char-
acteristic subgroup of finite index, we may suppose by Theorem 4.2 that X is
unsoluble, so that the subgroup X" is characteristic in G by Lemma 4.3. It
follows that G* X" is a metahamiltonian characteristic subgroup of G, and the
index |G : G*X"| is finite, because G//X" is an abelian-by-finite group with
finite abelian section rank. O

5. Examples

It was proved in [8] that the class of soluble groups in which normality is a
transitive relation is not F-characteristic, and the aim of this section is to pro-
vide further examples of relevant group classes which are not F-characteristic.
In particular, we shall prove that the class of free abelian groups and that of
free groups are not F-characteristic.

Lemma 5.1. Let a group G = A x B be the direct product of a free abelian
non-cyclic subgroup A and a subgroup B. If K is a characteristic subgroup of
G, then K = A™ x C, where n is a suitable non-negative integer and C is a
characteristic subgroup of B.

Proof. Since B is a direct factor of G, the intersection C' = B N K is a char-
acteristic subgroup of B, and so it can be assumed without loss of generality
that K is not contained in B. Put

A = Dr{a;),

ie[< i)

where each (a;) is infinite cyclic and |I]| > 2. Of course, each element of K\ B
can be uniquely written in the form a7 ...a;'b, where iy,...,i; are pairwise
different indices in I, 1, ...,&; # 0 and b belongs to B. Let m be the smallest
positive integer which occurs in such expressions, and choose an element

— &1 gt
rx=a; ...a;'b

in K\B such that e = m. If 1 < h < t, there exist integers ¢;, and rj, such
that e, = mqp +7, and 0 < rp, < m. Let oy, be the automorphism of G defined
by putting

aph = ana; ™, ai* =a; ifi#4 and [B,on] = {1}.

Then

Cip_1 rhaEJ'h+1 asth
Tt

ap m
xT =a; ...a; : ;
11 Th—1 th ~th41



166 Page 10 of 13 F. de Giovanni and M. Trombetti Results Math

belongs to K, and hence r, = 0, i.e. &, = mgqy, for all h = io,..., 7. It follows
that

%% = q"b
1

is an element of K. Applying now the automorphism of G which only
exchanges a;, with a, for some w # ¢;, we obtain that a]'b € K, so that
also af’'a, ™ belongs to K. The consideration of an automorphism of G map-
ping a;, into a;,a, and fixing a, allows us to say that a" is in K. Therefore,
K contains the subgroup A™.
Let y be an arbitrary element of K\ B. Then
y = a?i . .a‘;zbl,

where 7j1,...,js are pairwise different elements of I, §1,...,ds are non-zero
integers and by € B. Of course, there exist integers ¢ and r such that
01 =mqg+rand 0 <r < m. Since A™ < K, also the product

-mq, __ _r s ds
a; "y = aj; a;; ...ajsbl
is an element of K, so that » = 0. Then
m(l—q) _ m s O
aj, y—ajlan...aijl

belongs to K, and it follows from the first part of the proof that m also divides
each of the exponents ds, ..., ds. Therefore y lies in A™ B, so that K < A™B
and hence

K=A"BNK=A"(BNK)=A"xC.
The statement is proved. U

In the above lemma the subgroup A cannot be chosen to be is infinite
cyclic. In fact, if n is any integer > 3 and G is the direct product of Z and the
symmetric group S,,, the subset consisting of all pairs (h,s) where the integer h
and the permutation ¢ have the same parity, is a characteristic subgroup of G
which does not admit the natural decomposition demanded by the statement.

Consider now the direct product G = A x P, where A is a free
abelian group of infinite rank and P is a group of prime order. Since
A is not characteristic in G, it follows from Lemma 5.1 that G has no
proper characteristic subgroups of finite index. Therefore neither the class of
torsion-free groups nor that of free abelian groups are F-characteristic.

Notice also that Lemma 5.1 has the following interesting consequence,
which is certainly well-known.

Corollary 5.2. Let A be a free abelian group, and let K be a characteristic
subgroup of A. Then K = A™ for some non-negative integer n.

The above corollary shows in particular that a free abelian group has only
countably many characteristic subgroups. This is in contrast to the behaviour
of free non-abelian groups, as it was proved by Ol’shanskii [18] that any free
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non-abelian group contains uncountably many characteristic subgroups. On
the other hand, it can be proved that neither arbitrary free groups form an
F-characteristic group class.

Theorem 5.3. The class of free groups is not F-characteristic.

Proof. Let F be a free group of infinite rank with basis {z; | ¢ € I}, and put
G =F x {a),

where a is an element of prime order p. Consider now a torsion-free character-
istic non-trivial subgroup K of GG, and let y be an arbitrary non-trivial element
of K. Then

y=cx; ...x5'af,
where ¢ belongs to F”, i1, . .., 4; are pairwise different indicesin I, e1,...,6¢ # 0
and 0 < € < p. For each h = 1,...,t, let op, be the automorphism of G
defined by putting z7)" = z,a, 27" = x; if j # i, and a*» = a. Clearly,
each oy, acts trivially on F/ = G’ and so y~'y®" = a°» belongs to K. Thus
a®» = 1 and hence p divides ¢ for all h. It follows that K is contained in
FPF'{a), and so the index |G : K| is infinite. Therefore G cannot contain
torsion-free characteristic subgroups of finite index, and in particular it has no
free characteristic subgroups of finite index. 0
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