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where a > 0, 0 < ¢ < 1. In a paper of Ruiming Zhang, he asked under
what conditions the zeros of the entire function Aéa)(a; z) are all real
and established some results on the zeros of A((Ia)(a; z) which present a
partial answer to that question. In the present paper, we will set up some
results on certain entire functions which includes that A((la)(ql; z), 1 >2
has only infinitely many negative zeros that gives a partial answer to
Zhang’s question. In addition, we establish some results on zeros of certain
entire functions involving the Rogers—Szegé polynomials and the Stieltjes—
Wigert polynomials.
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1. Introduction

Recall that entire functions are functions that are holomorphic in the whole
complex plane. Given an entire function f(z) = ;- arz®, then the order of
f(z) can be computed by [5, (2.2.3)]

klogk

p(f) = limsup (1.1)

k—oo T log ag

Following [11], we define the entire function Aga)(a; z) by

0 . ak? k
Ale) a;z) = (a;Q)xq*" 2 :
o @2) ;) (43 9k
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where @ > 0, 0 < ¢ < 1 and

k—1
(a:q)o =1, (a;q)x = [[(1 - ag’) (k> 1).
§=0
It is easily seen that
0 : k;z -
AP = S LBDRTE ) 5 (cgbmig),
— (69
o Kk k
AD(0; 2) = a2y _2),
D02 =2 (g = A

where A,(z) and S,(z; ¢) are the Ramanujan entire function and the Stieltjes—
Wigert polynomial respectively [10]. So Aga) (a; z) generalizes both A,(z) and
Sn(z;q). Tt is well-known that both of them have only real positive zeros.
Therefore, Zhang [18] asked under what conditions the zeros of the entire func-
tion A((f‘)(a; z) are all real. In that paper, Zhang proved that Aéa)(—a; z) (a >
0,a > 0,0 < g < 1) has only infinitely many negative zeros and A((Ja)(q’"; z)
(n € Nya > 0,0 < ¢ < 1) has only finitely many positive zeros, which gave
a partial answer to that question. In addition, Zhang obtained a result on
the negativity of zeros of an entire function including many well-known entire
functions.

Our motivation for the present work emanates from Zhang’s question.
In this paper, we will establish the following results which present a partial
answer to Zhang’s question.

Theorem 1.1. Let a« >0 and 0 < g < 1. Then

(i) if L > 2 is an integer, then Aéa) (¢'; 2) has only infinitely many real zeros
and all of them are negative;

(i1) if m and n are nonnegative integers such that at least one of them is
positive, {I;}7L, are integers not less than 2, 0 < ¢; <1 (1 < j < m)
and v, > —1, 0 < g <1 (1 <r <n), then the function

ak?

qjaQJ q k
ZH b Tl (@ a0

k=0j=1 q]7q.7 7qT)k

has only infinitely many real zeros and all of them are negative;
(ii) if m >0 and n > 1 are integers, {I;}72, are integers not less than 2 and
v >0 (1 <r <m), then the functzon

- H?:l(lj)k K
I;) (R)ymtn Ty (v + Dy

where (a)y is defined by (a)o =1, (a)r =ala+1)---(a+k—-1) (k>1),
has only infinitely many real zeros and all of them are negative.
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It should be mentioned that in [13, Theorem 4] Katkova et al. proved
that there exists a constant g, (= 0.556415) such that the function Aga)(q; )
has only real zeros if and only if ¢ < goo. So the similar result for A,(Ja)(ql; 2)
does not hold for [ = 1.

The Gaussian binomial coeflicients are g-analogs of the binomial coeffi-
cients, which are given by

i = G

We now introduce the definition of the Rogers—Szeg6 polynomials which were
first investigated by Rogers [15] and then by Szegd [16]. The Rogers—Szegd
polynomials are defined by

n
n _
MERTIEDS M why" .

k=0 q
If ¢ is replaced by ¢~ ! in the Rogers-Szegé polynomials, then we obtain the

Stieltjes—Wigert polynomials (see [16]):

n
n n n—
gn(m,yIQ)=Z{k} Rk gy =k,
q

k=0
From [18, Theorem 5], we know that h,(z|q) has only negative zeros for ¢ > 1
and g, (z|q) has only negative zeros for 0 < ¢ < 1, where h,,(z|q) and g, (x|, q)
are defined by

n

ha(2lq) == ha(w, 1]q) = ZH

and
n

n —n
n(x]q) = gn(z,1]g) = M gtk
q

k=0
Motivated by Zhang’s work, we will establish the following results on
zeros of certain entire functions involving the Rogers—Szegé polynomials and
the Stieltjes—Wigert polynomials.

Theorem 1.2. Let 0 < g < 1. If « is positive number and 0 < z,y < 1, then

oo
Z h’n(x7y‘Q) qom,2zn

— (D

has infinitely many real zeros and all of them are negative; if —1 < z,y < 0
and o > %, then

Z gn x y|q (xnzzn
n=0 74

has infinitely many real zeros and all of them are positive.
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Remark 1.1. (i) Applying the method which is used in the proof of Theo-
rem 1.2, we can deduce the following results: let 0 < ¢ < 1; if « is positive
number and 0 < z < 1, then

oo

hn($|q) oanZn
2 (¢ 9)n

has infinitely many real zeros and all of them are negative; if —1 < z < 0
and a > %, then

n=0

o0 —
Z In (m|q) an? _n
e
= (@Gq)n
has infinitely many real zeros and all of them are positive, where g, (z|q)
= gn(x,—1|q). But we need the following results:

hn(zlq) 1 9n (zlq)

(@ D)n |~ (@ T50)” | (@00
which can be derived easily.

(ii) We can establish certain results on the Rogers—Szegé polynomials and the
Stieltjes—Wigert polynomials by using similar method. These are analo-
gous to (ii) and (iii) of Theorem 1.1

1
(@739

We also set up the following result which is analogous to
[18, Theorem 7].

Theorem 1.3. Suppose r and s are two positive integers, a;(1 < j < r) and
bi(1 < k < s) are r+s positive numbers and o > 0, 0 < ¢ < 2. Then there
exists Ko € Z~q such that for all integers K > Ky, the function

- (an)k(@2)k - (@r)k ax2 g
2 (b)r(ba)i - (ba)i &

has only infinitely many real zeros and all of them are negative.

k=K

In the next section, we will provide some lemmas which are crucial in
the proof of Theorems 1.1 and 1.2 . Section 3 is devoted to our proof of
Theorems 1.1-1.3.

2. Preliminaries

In order to prove Theorems 1.1 and 1.2, we need some auxiliary results. We
first recall from [7] that a real entire function f(z) is of Laguerre-Pélya class
if

flz) = czMem 0% TPz H (1 + Z> e~/

V4
k=1 k

where ¢, 8,21, € R,a > 0,m € Zsg and Y po | 2, 2 < +00.
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Let us recall that a real sequence {a,}22, is called a Pdlya frequence
(or PF) sequence if the infinite matrix (a;—;)75_, is totally positive, i.e. all
its minors are nonnegative, where we use the notation ap = 0 if k& < 0. This
concept can be extended to finite sequences in the obvious way by completing
the sequence with zero terms.

Lemma 2.1 (see [2]). The sequence {ax}32, is a PF sequence if and only if the
convergent series Z;O:O arz® satisfies

Zakz =cz e”ZH 11_;:;

where ¢ > 0,7 > 0,a; > 0,0, > 0,m € ZT and >~ (a + Bx) < +00.

It was proved in [6] that
>
k=0
is a real entire function and in Laguerre;Pélya class for |¢q| < 1 and € R. Then

y [7, Theorem C], we obtain that {%}z"zo is a PF sequence for 0 < ¢ < 1.

Lemma 2.2 (see [8, p. 1047] and [14]). Let {ax}}" and {bi}}_, be sequences
of nonnegative numbers. Then
i) the sequence {ar}7, is a a PF sequence if and only if the polynomial
k=0
S, apz® has only nonpositive zeros;
i1) if the sequences {ap}7" o and {bp}7_ are PF sequences, then so is the
q k=0 k=0 q )
sequence {ax - b }72 o
iii) if the sequences {ar}7, and {bx}7_, are PF sequences, then so is the
q k=0 k=0 q
sequence {k!-ay - bp}72,.

We also need the following results, namely, Vitali’s theorem [17] and
Hurwitz’s theorm [1, §5, Theorem 2].

Lemma 2.3 (Vitali’s theorem). Let {f,(2)} be a sequence of functions analytic
in a domain D and assume that f,(z) — f(z) point-wise in D. Then f,(z) —
f(2) uniformly in any subdomain bounded by a contour C, provided that C is
contained in D.

Lemma 2.4 (Hurwitz’s theorm). If the functions {f,.(z)} are nonzero and an-
alytic in a region ), and f,(z) — f(2) uniformly on every compact subset of
Q, then f(z) either identically zero or never equal to zero in .

We conclude this section with following result which is very important in
the proof of Theorem 1.2.



52 Page 6 of 15 B. He Results Math

Lemma 2.5. Let x,y be two real numbers and o« > 0, 0 < g < 1. Then the
functions

i hn(x7y|q) an2zn and i gn(x7y‘q)qan2 n

(@) | (¢ Dn :

n=0 n=0

are all entire functions.

Proof. We first consider the function Y - annz 2™ For |z| < 1,|y| <
1, by [9, (1.3.15)], we have

— [n K|, |n—k — [n
ETIES W NEE T ol
q k=0 q

< i 1=g)(d =g (A=g"")
s (@3 Ok
ST T ST
k=0 (q7 Q)k k=0 (Q1 q)k
q—n
(@D

By the same arguments, we get for |z| > 1, |y| < 1,

" n e D _
el < 3 [ i =1ol 3 (7] el
q = q

k=0
— [n (|=l/9)"
sw}jH < /o),
purdl LA PR U
for [a] < 1,Jy| > 1,

n S

n -
B, yla)] < Jyl" A | [y| "
k=0 - -4

- |y|n§”: m] _ (/9"

puardl LA PR G 1Y) RS
for || > 1,|y| > 1,

(n R

[, ylg)| = g™ Y || el 7"
k=0 L"q

L n

=k, (G0

In any cases we obtain




Vol. 74 (2019) On Zeros of Some Entire Functions Page 7 of 15 52

where a is positive number which depends on z,y and ¢q. Then

R (2,91q) o

’ (4 9)n

<

so that

h
lim sup ‘ hn(, yla) "
n—oo | (¢ q@)n

which proves that

o hin(z,

= (@GD)n

is an entire function. Similarly, we can deduce that

Z gn X y|q om,zzn
n=0

is also an entire function. This ends the proof of Lemma 2.5. g

3. Proof of Theorems 1.1-1.3

Proof of Theorem 1.1. We first prove (i). According to the ¢-binomial theorem
[3,9], we obtain that for all complex numbers = and g with |z| < 1 and |¢| < 1,
there holds

i ICLTIEY (3.1)

= ( (73 ¢)oo

Setting a = ¢!, x = zg~! in (3.1) gives

— (a;q C(aha)s  (zaha)

i k gk = (2:9) 0 1

Using Lemma 2.1, we get the sequence

{ ((Zz:g: q_lk}: 0

is a PF sequence. It follows from (i) of Lemma 2.2 that {ax}}_, is a a PF
sequence if and only if {c* - ar}j_, is also a PF sequence for any ¢ > 0. Hence,

{ ((qql;; 5 )): }:_0
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n

k2
is a PF sequence. So from the fact { 7 } is a PF sequence and (iii) of
k=0
Lemma 2.2, we arrive at the sequence

{ (¢ Q)rg™™ }n
T

is also a PF sequence, which, by (i) of Lemma 2.2, implies that the polynomial

n l. ak?
) (q ,q.)kq k

= (@D
has only nonpositive zeros. Here and below, set Q = C—{z+vyi|z € (—o00,0],y =
0}. Then
L l. ak?
Z (45 9)kq N Ag(ql;z)
= (@D

point-wise in Q. It is easily seen that for 0 < ¢ <1, @« > 0and eachn € N, z €
C,

00 K2
Z |2|* < 4o0.

k=0 4

Z(q qu

= (G

We apply Lemma 2.3 to know that

(e ak?

Z (¢';9)rq N Ag(ql; 2)

= (@D
uniformly on every compact subset of 2 and then apply Lemma 2.4 to see
that A%(q';z) # 0 in © which means that AZ(q'; z) has no zeros outside the
set {z + yilx € (—o0,0],y = 0}. According to [10, Lemma 14.1.4], we have
Ag‘(ql;z) has infinitely many zeros. Therefore, Aq“(ql;z) has only infinitely
many real zeros and all of them are negative, which proves (i).

We next show (ii). According to [18], we know that the sequence

1 N
{(%(J”H;CDk }k_o

is a PF sequence for v > —1, 0 < ¢ < 1, which means that

1 N
{ (QM q?"'“; Qr)k }k—O

are all PF sequences for 1 < r < n.
Since

(zj. ) N 1 N
AL (1< <m), {H} (1<r<n)
(QjQQj)k =0 (QNQTT ;CIr)k k=0
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n

o 2
and { 4 k]: are all PF sequences, we then apply (ii) and (iii) of Lemma 2.2
k=0
to find that
, N
m
qj 1))k gk
[17 T
j=1 qJ7qJ k Hr 1(QT7Q7' »q'r)k 0

is also a PF sequence, which, by (i) of Lemma 2.2, implies that

ak? k

ZH Witk g
k Hr 1(Q7’7 VTJrlaQT)k

k=0j=1 q],qj

has only negative zeros. For each positive integer N and z € C, we have

N m

l;
Z (qu ; Qj)k q”‘k2 k

k=0j=1 (55 45)x H:L:1(qraqlr/’+17q7)

Sl (qéj;qj)
<> 11

k=0j=1 (qj’qj)k Hr l(qT’qT 7QT)k

ak2|zlk

< +00.

Similarly, we apply Lemmas 2.3 and 2.4 to establish that the function

oo m ak? _k

Z H q] 7% q z
H?:l(‘ha QTVT-H

k=0 j=1 qﬂ’qﬂ

; qr)k

has no zeros outside the set {z+yi|x € (—o0,0],y = 0}. In view of [10, Lemma
14.1.4], this function has infinitely many zeros. Then (ii) is proved.
Finally, we give a proof of (iii). Let ¢; = ¢, = ¢ and o« = n+m/2. Using
the Hopital’s rule, we deduce that
lj . l . 1 _ 2k 1
o e _ G o (=9

i , .
a—1 (q;q)k K7 a=1(q, ¢t Kl(ve + 1)

Then
2 m
e Q" T (@7 @ tm/28 20 TS () - 2 '
g—1 (o) T (@t )k (R o (v + D

It is easy to see from
l

1
Iq 1§%—1+q+q2+~~+ql*1§l
that
! (g;9)
11q(2) < <1
(1—q)!
Then
l 2
1 (—qt ¢ G _gr
< <
= (ga no=
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Combining this and the fact that &5 a)' < U= D' for b > 1 gives

(g%9) (q q)1
(1— )" TI} (d"5 kg™ - 2" _ L
(G T I (gt g |~ kit

This, by Lemma 2.3, shows that

= (1= @) [T (g7 q)rg /2 2k (l )i - 2"

lim = = .
q_>1z (q;q)LnJrn Hrzl(qyﬂrl;q)k Z kl m+n T ( Uy + 1)k

converges uniformly in any compact subset of (C. It follows from Lemma 2.4
that the function

i [T, ) - 2
2 Ty Ty (v + 1
has no zeros outside the set {x + yi|z € (—o0,0],y = 0}.
Set
[T ()
(Bt [y (vr 4 1)

It is easily seen from the Stirling’s formula [4] that

ap =

—log ay
im ———— =
k—oo klogk
which, by (1.1), means that

> [T )k - 2" 1
’ (Z (kD) [Ty (v + 1)k> T s

k=0

[\D\H

Hence, by [10, Theorem 1.2.5], the function

- G
Z (K T, (v + 1)

k=0

has infinitely many zeros. Then this function has only infinitely many real
zeros and all of them are negative, which proves (iii). This completes the proof
of Theorem 1.1. 0

Proof of Theorem 1.2. We first consider the function ) ° h?éf“q’)qu) o™ 2m,

where 0 < z,y < 1 and « > 0. From [12, Theorem 3.1, (3.1)], we know that

i h(,914) o _ 1
— (D (@t,yt: @)oo

for max{|zt|,|yt|} < 1. Then, by Lemma 2.1, we have the sequence

S
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2
is a PF sequence. It follows from the fact that { qki!},;“;o is a PF sequence and
(iii) in Lemma 2.2 that

is also a PF sequence. So, by (i) of Lemma 2.2, we see that

n=0

N
Zhn(x7y‘q) an?_n
i T gen
(¢ @)n

n=0

has only nonpositive zeros. We know that

N
Z hn(‘rvyM) qoanZn N i hn(%@/k]) qanzzn

(@ Dn (¢ Dn

n=0 n=0
point-wise in €. It is easy to see that for 0 < ¢ < 1, @ > 0 and each N €
N, z € C,

o0 o0

Z hn(x7y|Q) qanzzn < Z hn(xaykI) qozn2|z|n < 400.

(45 D)n (@ @)n

n=0 n=0

Applying Lemma 2.3, we find that

N 0
hn(a:,y|q) an? n hn(xay|Q) an?® _n
§ :7 — E —F—~ 4

q“" z z
(@ @)n (©:Q)n

n=0 n=0
uniformly on every compact subset of € and then applying Lemma 2.4, we

deduce that the function

> hn, 2
Z (I7y|Q)qo¢n Zn#o
(4:9)n

n=0

in  which means that

has no zeros outside the set {z + yi|z € (—o00,0],y = 0}.
We use [9, (1.3.15)] to get

0 < Im(@.yl0) :z": ab o ynk
T (@D =GOk (G Dk
<>
= (e = (G Dk
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Then, by Lemma 2.5 and [10, Lemma 14.1.4], we attain that the function

— hin(z,

= (@GDn

has infinitely many zeros. Therefore, the function

Oohnx7yq an2n
T (z.9l0)

(@ Dn :

n=0
has infinitely many real zeros and all of them are negative.
We now investigate the function Y~ %qanz 2™, where —1 < z,y <

0 and o > 1. According to [12, Theorem 3.1, (3.2)], we have

i m (%)
Z(—l)”wt" = (7,9 ¢) oo,
n=0 1/n

which, by Lemma 2.1, implies that

B gz, yla)g® "
{( U g }n_o

is a PF sequence, namely,

B won(@ylads |
{( U w0 }no

2
is a PF sequence. So, by the fact that {%}g"zo is a PF sequence and (iii) in

Lemma 2.2,
s\ N
n 9n (T, ylg)g*"
(-1) :
(¢ Dn e

is a PF sequence, which, by (i) of Lemma 2.2, means that

N 2
Z(_l)ngn(x, vl .
= (4 9)n
has only nonpositive zeros. It is obvious that
N an? e an?
Z(,l)ng”(x’qu RN Z(fl)”g"(x’y‘q)q o
oy (¢ 9)n — (¢ @)n

point-wise in 2. For 0 < ¢ <1, @ >0 and each N € N, z € C,

o) 2 [e'e) 2
nIn(T, 910", nIn (T, Yl
(—)nERE R <Y ()R] < oo,
nz:% (4 9)n nz:% (4 9)n
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Then, by Lemma 2.3,

N 2 2
Z(_l)ngn(x,qu)qa” e i(_l)ngn(x,y\q)q"‘" n
= (¢ Dn = (¢ Dn

uniformly on every compact subset of €. We apply Lemma 2.4 to derive that
the function

(@Yl
,;( b G 70

in . This shows that
Z ngn z,ylq)g” Zn

(@9

has no zeros outside the set {x + yi|z € (—o00,0],y = 0}.
It is clear that

n k n—k
‘(_1)ngn(x,yQ)‘ <3 [2* vl
(@G Dn |~ = (@G Dk (G Dni
I S
< >
=Gk = (6 Dk
- 1
(=], [yl @)oo
By Lemma 2.5 and [10, Lemma 14.1.4], the function
oo 2
nIn(@,yl0)g™"
Z(_l) (¢:9) z
s @ Q)n
has infinitely many zeros. Hence,
oo 2
ndn (@Yl
EIEEC
o 4 q)n

has infinitely many real zeros and all of them are negative, namely,
2
i gn(,9l9)a"
= (@G

has infinitely many real zeros and all of them are positive. This finishes the
proof of Theorem 1.2. O

Proof of Theorem 1.3. For 0 < g < —. Put

<><> <>wz
O0R (B2 (bo)i

Ay =
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Then
A%—l :ﬁai—Fk—Q u bi+k—1q—2a
ApAp_o ai"‘k_]-j:lbi"‘k_?

i=1
which means that
A2
lim —f=L — g2 > g,
hooo AgAg_y U
So there exists a positive integer K such that
AR,
ApAg_2
for k > K. It follows from [7, Theorem B] that

>4

- (al)k(a2)k"'(ar)k ak? _k
2 (b)e(ba)i - (bo)x &~

has only negative zeros for any K > K.
On the other hand, by the Stirling’s formula and (1.1), we have

- (a1)k(a2)k - (@r)k ar2 i _
' (Z (b)e(bo)e - (b | ) -

k=K

k=K

which, by [10, Theorem 1.2.5], implies that the function

- (an)k(a2)k - (@r)k ax2 g
2 GORbi - -7

has infinitely many zeros. Hence, this function has only infinitely many real
zeros and all of them are negative. This concludes the proof of Theorem 1.3. [

k=K
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