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Limits of Sequences of Bochner Integrable
Functions Over Sequences of Probability
Measures Spaces

Dumitru Popa

Abstract. We prove limits of sequences of Bochner integrable functions
over sequences of probability measures spaces. A sample result: Let X be
a bounded closed convex set in a Banach space F', a € X and E a non-null
Banach space. Let (2n, En, fin),,cy be a sequence of probability measure
spaces, ¢n : 0, — X a sequence of pun,-Bochner integrable functions.
Then the following assertions are equivalent:

(i) timn—oc o, l¢n (@n) — all g dpin (wn) = 0.

(ii) For each uniformly continuous and bounded function f : X — E,

the following equality holds

lim / f (on (wn)) dpin(wn) = f (a) in norm of E.

n—oo )
n
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1. Introduction and Notation

The main purpose of this paper is to prove the result as stated in Abstract.
For this we prove first a result analogous result to the Niculescu’s characteriza-
tion of weakly compact operators on C (K )-spaces, see Lemma 1, from which
we deduce a very general result concerning the convergence of sequences of
integrals, see Theorem 1. Then, we prove various results for limits/the limit
of sequences of Bochner integrable functions in which sequences of probability
measures may vary, see Propositions 1 and 2. Further, in the case of [, spaces
we give some results, see Propositions 3 and 4 which show that the result in
the case of Hilbert spaces proved in Proposition 2 is not necessary true in
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general. We apply these results in the case of the Rademacher functions, see
Corollaries 1 and 3. Let us recall some basic concepts and notation in vector
integration; for more details we refer the reader to the ”Vector measures” of
Diestel and Uhl see [4]. Let (£2,3, u) be a measure space, E a Banach space
over the scalar field K = R(or C). A function f : Q@ — FE is p -Bochner
integrable if f is p-measurable and [, ||f (w)||pdu(w) < oo. In this case
Jo [ (w)dp(w) € E denote the Bochner integral. Let us recall the inequality
| fo f (W) dp (W)|| 5 < Jo IIf (W)l dut (w). Recall that if (X, p) is a metric space,
x € X, M >0 then B (z, M) is the closed ball with center at = and radius M
and non-empty subset A of X is bounded if diam (A) :== sup p(a,b) < cc.
(a,b)€EAXA
If (X, p) and (E, o) are metric spaces, a function f : X — F is bounded if the
set f(X) C E is bounded. All notation and notion used and not defined in
this paper are standard, e.g. see [4,5].

2. The Basic Results

The following lemma is the main result of this paper. It is analogous to the
Niculescu’s characterisation of weakly compact operators on C' (K)-spaces, see
[5, Theorem 15.2, page 309], [8, Theorem 1]. For other type results in various
direction we recommend the reader to consult the papers of Niculescu, [8-10]
and the papers [1,7].

Lemma 1. Let (X, p) be a metric space, (E,0) be a metric space, f : X — E
a uniformly continuous and bounded function and x € X. Let also 0 < p < 0.
Then: Ve > 0, 3n. > 0 such that for each finite measure space (2,3, u), each
w -measurable function ¢ : Q — X the following relation holds

/Q o (f (0 (@) . £ (@) du ()

< [nediam (f(X))]p/Q[P(W(w)vff)]pdu (W) +ePp ().

Proof. Let us note that since ¢ is py-measurable, f continuous, the function
w—o(f(p(w)),f(x))is p-measurable and bounded by diam (f (X)) < oo
(f is bounded), thus p-integrable ((€,3, ) is a finite measure space). Let
e > 0. Since f is uniformly continuous, there exists . > 0 such that for
each (u,v) € X x X with p(u,v) < 0. it follows that o (f (u), f (v)) < e.
Let us define M (§.) = {w € Q| p(p(w),z) > 6.} and note that by Markov
inequality
1

(M (02)) < / [p (¢ (W), 2)]" dp (w). (1)
517 Jo
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We have
[l s@l = [ (00w f @)
Q M(5e)
H [ o) £ @) duw). @)
CM(éc)

For each w € CM (0.) we have p (¢ (w),z) < . from where
o (flp W), f(x)) <e

and, by integration,
/ [0 (f (@ (W), f (@) dp(w) < ePu(CM (5:)) <ePu(Q).  (3)
CM(5.)

Also for each w € M (6.) we have

o(f(pW),f(x)) < sup o(f(a),f(b))=diam(f (X))

(a,b)eXxX

and then, by integration,
[ 100 o)) £ @) du(w) < fdiam ( CON 1 (M (8.)
M (6:)

which by (1) gives us

/ bﬁ@@»f@W@@K—¥—T4*/MWM@WW@%
M(5.) Q

(4)

Then, for n. = 4 from (2-4) we get the relation from the statement. O

Remark 1. (i) If (X, p) is a compact metric space, then each continuous func-

tion f : X — F is uniformly continuous and bounded, hence Lemma 1 holds.

(ii) If (X,p) is a metric space and E a Banach space then, f : X — E is

bounded if and only if || f|| . := sup || f (z)|| < co. In this, case diam (f (X)) <
reX

2 flloo-

The next result is a general result for limits of sequences of Bochner
integrals over sequences of probability measure spaces.

Theorem 1. Let (X, p) be a metric space, (xn),cn C X, (E,0) be a metric
space. Let 0 < p < 00, (Qn, X, fin),cn be a sequence of measure spaces with

Sup iy, (Qn) < 00, @ 1 Q, — X a sequence of py,-measurable functions. If
neN

lim [P (‘Pn (Wn) 7xn>]p dpip, (“—’n) =0

n—oo Q
n



134 Page 4 of 12 D. Popa Results Math

then, for each uniformly continuous and bounded function f : X — FE the
following equality holds

im [ [0 (f (on (@a)) s £ (@0))]? ditn (wn) = 0.

n—0o0 Q
n

Proof. Let € > 0. Then by Lemma 1 there exists 7. > 0 such that for each
natural number n the following relation holds

/Q (0 (F (9n @)+ £ (@) dyin (w0n)

< [nediam (f (X))]p/ [p (on (wn) 7xn)]p dpin (wn) + P in (2r) -

n

Since M = sup i, (2,,) < 0o we deduce
neN

/Q (0 (F (9n (@n)) + £ (@)} i ()

< [ﬁadiam (f (X))]p /Q [P (‘Pn (wn) 7xn)]p dpip (wn) +eP M.

Then
lim sup / (0 (F (Pn (@) + £ (@n))]P dpin ()

< Inediam (£ XD imasup [ [p (oo (@) 2] i (wn) + 7M.
Q7L
which, by the hypothesis, gives us that

imsup [ [0 (on (@) (@) dio (wn) < P,

n

Since € > 0 is arbitrary we deduce

limsup [ [0 (f (pn (@) (@) dito (0n) <0

n

that is,
lim [0 (f (n (wn)) , f (z))]” dpin (wr) = 0.

n—oo Q
n

3. Limits of Sequences of Bochner Integrable Functions Over
Sequences of Probability Measure Spaces

In the sequel we use Theorem 1 to give the necessary and sufficient condi-
tions that to obtain limits of sequences of Bochner integrable functions over
sequences of probability measure spaces. We need the following well-known
result, see [4, Corollary 8, page 48]: Let (€2,%, ) be a probability measure
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space, E a Banach space and ¢ : 2 — F a p-Bochner integrable function.
Then [, pdp € 0 ¢ (Q).

Proposition 1. Let X be a bounded closed convex set in a Banach space F,
a € X and E a non-null Banach space. Let (2, %0, in), ey be a sequence of
probability measure spaces, ¢, : 2, — X a sequence of p,-Bochner integrable
functions. Then the following assertions are equivalent:

(i) lim,—oo an llon (wn) = all p dpin (wn) = 0.
(i) For each uniformly continuous and bounded function f : X — E, the
following equality holds

lim f (on (wn)) = f(a) in norm of E.
n—oo Qn
Proof. As we already remarked since X is closed and convex, an wndpy, € o
»(92,) C X for all natural numbers n.
(i)=(ii). Indeed, by (i) and Theorem 1 we have

lim If (en (wn)) = f(a)|l g dpn (wn) =0

n—oo O
n

and from

\ [ f ety du )= 1 @)

we get (ii).

(ii)=(i). Let e € E with |le]| = 1 and take in (ii) f : X — E, f(z) =
|z — al| » e. Note that since X is bounded f is bounded (obvious uniformly
continuous). O

/Q 1 (o (@n)) — £ (@)] dtn ()

E

< / 1 (0n @n)) — £ (@) dptn ()

n

We need the following well-known result. For the sake of completeness
we include its proof.

Remark 2. Let (Q,%, u) be a probability measure space, H a Hilbert space,
: Q0 — H a p -Bochner integrable function and a € H. Then

/nf )=l du) = [ 1 @I duto 2m</f ) dp (w >+|a||2.

Proof. Tf z € C then Pz denote the real part of z. Let a* : H — K, z* (z) =
ER (ac a). We use  the  wellknown  result:  a* ( fQ (w) du

= Joz* ))dp (w), that is, [ R(f(w),a)du(w) :9‘i<f9 (w) dp
(w) ) see [4 The Hille Theorem, page 47]. Then
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[ 8@ = el du@) = [ 17 @I dn) =2 [ R0 @) 0} i) + ol
Q Q Q
- [ du<w>—2m</gf<w>du<w>,a>+||a|| .

0

The next result extend problem 6.7 in [11] to the case of Hilbert spaces;
for some concrete applications, see also [6, Problems III. 4.4-4.6] where, in the
proofs, the authors use the law of large numbers.

Proposition 2. Let X be a closed bounded convexr mon-empty set in a Hilbert
space H, E a non-null Banach space. Let (S, X, tin) ey be a sequence of
probability measure spaces, ¢, : 2, — X a sequence of u,-Bochner integrable
functions with lim,,_ fﬂn nduy, = a € X. Then the following assertions are
equivalent:
- 2 2
(i) limy—oo fgn lonll” dpn = [[a]”.
(ii) for each wuniformly continuous and bounded function f : X — E, the
following equality holds

lim [ (pn (wn)) dppn, (wn) = f ( lim / @ndun> in norm of E.
n—oo Qn n—oo n

Proof. (i)=(ii). Let n be a natural number. Then since p, (Q,) = 1 we have
1
2

Vo) =l di ) < ([ ) =l i )

n

and since H is a Hilbert space, by Remark 2, we deduce

/ lon (@n) = all g din (@n)
Qy

< \// ol dyin — 2% </ on () dpt (n) > + Jlaf®

By the hypothesis (i)

i ([l din =2 [ ()i ) ) + al?) =0

and then lim,_, . an llon (wn) — ally dpen (wn) = 0. From Proposition 1 we
get (ii).

(ii)=(i). Let e € E with |le| = 1. Take in (i) f: X — E, f(z) = ||lz|° e
and note that since X is bounded, f is Lipschitz, thus uniformly continuous
(obvious bounded). O
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Corollary 1. Let H be a Hilbert space, (Tnk),en 1<p<n C H be a triangular
matriz such M = sup, ey ([|[Zn1]| + - - - + [|Znnl]) < 00. Let also E be a non-null
Banach space. Then the following assertions are equivalent:

(1) Yo (ot I+ fznnl*) =0,
(ii) For each uniformly continuous and bounded function f : B(0,M) — E,
the following equality holds

lim f@nir (B) + -+ xppry (B)dt = £(0) in norm of E.

n—oo [071]
Proof. Let ¢, : [0,1] — B (0, M) be defined by ¢, (t) = zur1 (t) +-- - +
TpnTn (t). Then f[o 1] ¥ (t) dt = 0 and by orthonormality of Rademacher func-
tions and since H is a Hilbert space, f[O,l] lon (t)HiI dt = |zn1||>+- + ||l zan -
Thus lim, o f[O,l] lon (t)||?{ dt = 0 if and only if lim, (||xn1|\2 + -
+ ||J:nn||2) = 0. The equivalence between (i) and (ii) follows from Proposi-

tion 2. O

A natural question is whether the result in Proposition 2 is true in
arbitrary Banach spaces. As we will show in the sequel, in general, the answer
is no. We recall Tannery’s theorem, see [2, page 123]: If |ani| < by for all
natural numbers n and k, the series 21211 by, is convergent and for all k € N,
limy, o0 ank € K, then limy, oo (3 pey ank) = D peq liMy oo G-

Proposition 3. Let 1 <p < o0, a = (ar)ey € lp,
Co = {(tk)gen € lp | [t] < lax], Yk € N}
and (x”k)n,keN a double sequence of scalars such that
|Znk| < lax],Vn, k € N.

Let (2, X0, pin) pen be a sequence of probability measure spaces, @ny : Qp — K
a double sequence of p,-measurable functions such that

lonk (Wn)| < ax|,¥n, k € N.

Let also E be a non-null Banach space. Then the following assertions are
equivalent:

() limp—oo [o |@nk (wn) = @nk|” dpn (wn) = 0 for all k € N.
(ii) for each continuous function f : Cy — E the following equality holds

lim 0 ”f ((‘Pnk (w“»keN) -f ((xnk)keN)Hz dpin (wn) = 0.

n—00

In particular, if (i), holds then,

n

n—0o0

lim [/ f ((@nk (Wn))keN) dptn, (W) — f ((a:nk)keN) =0 in norm of E.
Qn
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Proof. First note that since a € [,, by the well-known characterization of
compact sets in [,, see [3, Exercise 6, page 6], C, is a compact set in [, and
obvious a convex set. Also by the hypothesis, x,, = (:Enk)keN € C,. For each
natural number n, let @, : Q, — C, be defined by ¢, (wn) = (Pnk (Wn)) ey
and note that ¢,, are pu,-measurable. For all natural numbers n we have

/Q ln o) =l don () = 3 / o () =l i () 5)

We have also |onk (wn) — Znk| < |©nk (Wn)|+|Tnk| < 2|ak| , and by integration

/ |onk (Wn) — Tokl? dity (W) < 2P |ag|?,Vn, k € N.

n

(i)=(ii). By (i) and Tannery’s theorem from (5) it follows that

n— o0

lim o H‘Pn (Wn) - xn”lpp dpin (wn) =0.

n

By Remark 1(i) and Theorem 1 we get (ii).
(ii)=(i). Let e € E be such that ||e] = 1. For all k € Nlet f: C, — E
be defined by f (t1,...,tn,...) = tx ||€]| and note that

/ ((‘Pnk ("Jn))keN) - f ((Ink)keN) = (¢nk (Wn) — Tni) €.

From (ii) we have

lim | ((puk (@n))gew) = f ((x”k)keN)Hgdun (wn) =0

n—oo O
n

that is (i). Moreover, if (i) holds, then (ii) holds and from

H/ (@nk (Wn)kery) din (Wn) = f ((@nk) pen)

< / 1f (e @n))kers) = F (@i || i (@0)

n

E

/Q [f ((Wnk (wn))keN) -f ((fcnk)keN)] dpin (wn)

E

< </Qn ||f ((‘Pnk (wn))keN) - f ((mnk)keN) ||2 d,un (wn)> v

we get the conclusion. O
Corollary 2. Let 1 <p < 00, a = (ag),ey € lps
Co = {(tr)ren € lp | Itx] < |ar|, Yk € N} .

Let (2, X0, pin) pen be a sequence of probability measure spaces, ©ny. : Qp — K
a double sequence of p,-measurable functions such that

lonk (Wn)| < ax|,¥n, k € N.
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Let also E be a non-null Banach space. Then the following assertions are
equivalent:

(i) limp—oo [ |@nk (Wn)[” dptn (wn) =0 for all k € N.
(ii) for each continuous function f: C, — E the following equality holds

im [ ((Pok (@) pens) diin () = £ (0) in norm of E.

n—oo O
n

Proof. (i)=-(ii). From (i), by Proposition 3 we get (ii).
(ii)=(i). Let e € E be such that |le]| = 1. For all k e Nlet f: C, — E
be defined by f (t1,...,tn,...) = |[ti|" e. Then, f(0) =0 and

|7 (e onuen) dion on) = ([ lom ()l di (1) )
From (ii) we get (i). O
Corollary 3. Let 1 <p < 00, a = (ag),ey € lp and

Ca = {(te)pen € by | Il < larl, Vk € N} .

Let (ank), pen C K be such that [ani| + - -+ |ank| < |ag|, ¥n, k € N. Let also
E be a non-null Banach space. The following assertions are equivalent:

(3) T\l * + -+ lanf> = 0 for all k € N.
(ii) for each continuous function f: C, — E the following equality holds

1
lim [ ((amary (8) + -+ + anrn (1)) gen) dt = f (0) in norm of E.

n—00 0

Proof. Let ¢ny : [0,1] — K be defined by @, (t) = apir (8) + - - + ity ()
and note that |onk (8)] < |ak|, Vn, k € N. Also fol onk (t)dt =0, Vn, k € N. By
Khinchin’s inequality we have

1
Ap\/|anl‘2++|ank|2 S (/ |<)O7lk (t)|pdt)
0

where A, B, are Khinchin’s constants, see [5, page 10]. Then for all k£ € N,

D=

< Boflan +- -+ anil?

1ty oo foy [9n ()7 dt = 0 if and only if lim,, o \/|04n1|2 4o k) = 0.
The equivalence between (i) and (ii) follows from Corollary 2. O

The next result show that Proposition 2 does not hold, in general Banach
spaces.

Proposition 4. Let 2 < p < oo, m = [p/2] be the integer part of p/2, a =
(ak) ey € lp and

Ca = {(tk)keN €ly| tg] < lax|, Yk € N}.
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Let (2, X, pin) ,en be a sequence of probability measure spaces, png : 2, — R
a double sequence of p,-measurable functions for all n,k € N such that

l@nk (wn)| < |ak|,Vn,k €N
and

lim Onk (wn) ity (W) = A € K for all k € N.

n—00 Q

Let also E be a non-null Banach space. Then the following assertions are
equivalent:

(i) lim, o an [Onk (wn)]l dpty, (wy) = (/\k)i for all 2 < i< 2m.
(ii) For each continuous function f : C, — E the following equality holds

lim / ((‘Pnk (wn))keN) dpin (wn)

n—oo Q
n

=f (( lim / Onk (Wn) dptn (wn)> > in norm of E.
el Jan keN

Proof. First note that ‘fﬂn @nkd,un’ < fﬂn lonk| dppn, < agl, ,¥Yn,k € N.
Passing to the limit as n — oo we get [A\g| < |ag| for all & € N. Then
A= (M)gey € Ca, Tn = (fﬂn Onk (Wn) iy (wn))kEN € C, and as we will
prove next x, — X in norm of /,,. Indeed, for each natural number n we have

[e)

e — A2 =3

k=1

P

/ Pnk (Wn) diin (Wn) — Ak
and ‘fgn Onk (Wn) dty, (wy) — )\k’ < 2|Ak| £ 2]ag|. By Tannery’s theorem,
limy, o0 |2 — /\”lp =0.

(i)=(ii). For each n,k € N,
and thus since 2m < p,

Pnk (wn) - an Pnk (wn) dpin (Wn) <2 |ak|

p 2m

e () — / il < (2]a])? 2

n

Pnk (wn) - / (pnkdﬂn
Q

n

Here we use: if 0 < a < 3, 21 < 29, then o2 < o™ %2771, Since for a € R,
2m 2m . .
|a|™™ = a*™ by integration

§(2|ak|)”_2m/ <§0nk (wn)*/Q ‘Pnkdﬂn)deﬂn(Wn)- (6)

n n

p

dpin (Wn)

Onk (wn) - / (Pnkd/in

m
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Now, by the Newton binomial formula, and the hypothesis (i) we have

n—oo

:j_i;(—l)icém lim. (/Qn oor " (wn) dpin (wn)) (/ ok () dyin (wn))i

n

2m
lim (apnk (wn)—/ <Pnkdun) dpin (wn)
Qn Qn

2m
— XS (-1 Gy, = 0. (7)
i=0
From (6) and (7) we deduce that for all natural numbers k
P
lim Pnk (Wn) - / @nkd.un dﬂn (Wn) =0.
n—oo Qn "

Then, from Proposition 3, lim,,_, s {fnn f ((@nk (w"))kEN) dpin, (W) — f (x4)
= 0 innorm of E. Since x,, — A in norm of [, and f is continuous, lim,_,« f (zy)
= f(A) in norm of E and (ii) follows.

(ii)=(i). Let e € E with [le]| = 1. For each 2 < i < 2m let f; :
C, — E, f; ((tk)ng) = (t;)"e. Then f ((¢nk (Wn))pen) = (@ni (wn))" e and
I ((Ak)gen) = (Xi)"e. By (ii) we get (i). O

k—1 k—1
T tetay,
n

We show now that o,k : [0,1]" — [0,1], @nk (T1, ..., Tp) =
verifies the condition (i) in Proposition 4. Indeed, we have

/ Onk (X1, ey Ty ) dzy -+ - dy, = —
[0.1]" k
and, as it follows from Proposition 2 for H = R,

lim [Qﬁnk ('Tlv '--7xn)]i dl‘l s dxn = =
n—oo Jig 1}n B

for all natural numbers i, see also [6,11].

Acknowledgements

We would like to thank the referee of our paper for carefully reading the man-
uscript and for such constructive comments, remarks and suggestions which
helped improving the first version of the paper.



134 Page 12 of 12 D. Popa Results Math

References

[1] Altomare, F.: Korovkin-type theorems and approximation by positive linear op-
erators. Surv. Approx. Theory 5, 92-164 (2010)

[2] Bromwich, T.J.: An Introduction to the Theory of Infinite Series. MacMillan,
London (1908)

[3] Diestel, J.: Sequences and Series in Banach Spaces, Graduate Texts in Math.
Springer, Berlin (1984)

[4] Diestel, J., Uhl, J.J.: Vector measures, Mathematical Surveys, No. 15. American
Mathematical Society, Providence (1977)

[5] Diestel, J., Jarchow, H., Tonge, A.: Absolutely Summing Operators. Cambridge
Studies in Advanced Math, vol. 43. Cambridge University Press, Cambridge
(1995)

[6] Dorogovtsev, A.Y., Silvestrov, D.S., Skorohod, A.V., Yadrenko, M.I.: Probability
Theory: Collection of Problems. Translations of Mathematical Monographs, vol.
163. American Mathematical Society, Providence, RI (1997)

[7] Lomeli, H.E., Garcia, C.L.: Variations on a Theorem of Korovkin. Am. Math.
Mon. 113(8), 744-750 (2006)

[8] Niculescu, C.P.: An overview of absolute continuity and its applications. In:
Inequalities and Applications, Internat. Ser. Numer. Math., Birkh&user, Basel,
vol. 157, pp. 201-214 (2009)

[9] Niculescu, C.P.: Absolute continuity and weak compactness. Bull. Am. Math.
Soc. 81, 10641066 (1975)

[10] Niculescu, C.P.: Absolute continuity in Banach space theory. Rev. Roum. Math.
Pures Appl. 24, 413-422 (1979)

[11] R&dulescu, M., Radulescu, S.: Theorems and Problems of Mathematical Analysis
(in Roumanian), Ed. didactica si pedagogica, Bucuresti (1982)

Dumitru Popa

Department of Mathematics
Ovidius University of Constanta
Bd. Mamaia 124

900527 Constanta

Romania

e-mail: dpopa@univ-ovidius.ro

Received: May 29, 2018.
Accepted: September 20, 2018.



	Limits of Sequences of Bochner Integrable Functions Over Sequences of Probability Measures Spaces
	Abstract
	1. Introduction and Notation
	2. The Basic Results
	3. Limits of Sequences of Bochner Integrable Functions Over Sequences of Probability Measure Spaces
	Acknowledgements
	References




