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of positive numbers. We firstly introduce some new concepts of almost
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counterexamples to show that these are non-trivial generalizations of
existing literature on this topic. We then prove a Korovkin type approxi-
mation theorem for functions of two variables through statistically almost
Ahaab;] (A)-convergence and also present an illustrative example via bivari-
ate non-tensor type Meyer—Konig and Zeller generalization of Bernstein
power series. Furthermore, we estimate the rate of almost convergence
of approximating linear operators by means of the modulus of continu-
ity and derive some Voronovskaja type results by using the generalized
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metrical interpretations for the convergence of operators to a function are
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1. Introduction and Preliminaries

The theory of sequence spaces has wide application areas to several branches
of functional analysis such as summability theory, matrix transformations, the
theory of functions, and the theory of locally convex spaces. By a sequence
space, we understand a linear subspace of the space w of all complex sequences.
Let ¢s,c and ¢y denote the linear spaces of bounded, convergent and null
sequences with complex terms, respectively, normed by ||z||cc = supy ||
where k € IN, the set of positive integers. With this norm, it is proved that
these are all Banach spaces.

It is well known that Hahn-Banach Extension Theorem has many useful
applications in the theory of sequence spaces. One of the most important of
these applications is Banach limit [1] which gives rise to the concept of almost
convergence. Based on the notion of Banach limit, as a non-negative linear
functional, Lorentz [2] introduced a new type of convergence which is called
almost convergence.

Now, we will give some well known definitions related to the above con-
cepts.

A linear functional £ on /. is said to be a Banach limit if it has the
properties:

(i) L(z) >0if z >0 (i.e , > 0 for all n);
(ii) L(e) =1, where e = (1,1,...);
(iii) £(Px) = L(x), where P is the shift operator defined by (Pz), = Z,4+1
for each n € IN.

A sequence x = (xy) € lo is said to be almost convergent to the general-
ized limit L if all Banach limits of x are L, and we denote it by L = f-lim .
Assume that P? is the composition of P and define t,,, () by

1 m .
tmn(x) = m (P m+ 1 an-l-z

for all n,m € IN. It is shown that f— limzy, = L if and only if lim,, t,,,(x) =
L, uniformly in n (see [2]). That is, we say that a sequence (xj) is almost
convergent to L if and only if ¢,,,(z) — L as m — oo, uniformly in n.

There is another approach for convergent sequence known as the statis-
tical convergence which was introduced by Fast [3] and Steinhaus [4] indepen-
dently in the same year 1951. Many years later it has been discussed satisfac-
torily in the theory of functional analysis, number theory and ergodic theory.
There are useful applications of statistical convergence even in remote fields
such as probability theory. Later on, in recent years, the idea of statistical
convergence was investigated as some generalizations on summability meth-
ods and approximation by linear positive operators, we refer to [5-15].

Let us first recall the definition of statistical convergence and its some
new generalizations.
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Let K be a subset of the set IN of natural numbers. Then, the asymptotic
density 0(K) of K is defined as

§(K) = lim l\{k <n : keK}
n—oo N

where the vertical bars denote the cardinality of the enclosed set. A number
sequence x = (xy) said to be statistically convergent to the number L if for
each € > 0, the set K(¢) = {k <n: |xy — L| > ¢} has asymptotic density zero,
that is, 6(K(e)) = 0.

Very recently, Aktuglu [16] has introduced the notion of af-statistical
convergence for single sequences by using two sequences a(n) and S(n) of
positive numbers which satisfy the following conditions:

(i) « and g are both non-decreasing sequences;

(i) B(n) 2 a(n);

(iii) B(n) — a(n) — oo as n — oo.
Let A denote the set of pairs («, 3) satisfying (i)-(iii). For (o, 3) € A, we say
that a sequence x = (xy) is af-statistically convergent to L, if for each € > 0,

1

nli_)ngom {k e PYB - ay, — L] > e} =0, PP = [a(n), B(n)].

In recent years, new extensions of several well-known positive linear oper-
ators to quantum-calculus have been introduced by various researchers. In
particular, the notion of post-quantum calculus, namely the (p, ¢)-calculus,
has recently been used in approximation theory as a fruitful application of
quantum variant (see [17]). Recent studies reveal that (p, ¢)-calculus has pro-
vided useful applications for approximation by positive linear operators. For
this reason, many researchers have focused on this direction (see [18-23]). For
basic definitions and notations of (p, ¢)-calculus mentioned below the reader
is referred to [20] and references therein.

We begin by recalling some certain definitions and notations of (p, q)-
calculus:
For any n € N and 0 < ¢ < p < 1, the (p, ¢)-numbers are defined by

pg =0" " 0" g+ 0"+ +pg" T+

L[ ifpAg#L
n, ifp=qg=1.

The (p, g)-factorial is defined by
[0]p,q! :=1 and [n]lpq = [Up,q[2lpq - [n)p,q if n > 1.

The (p, ¢)-binomial coefficient satisfies
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For a non-negative integer n, the (p, ¢)-Gamma function (see [24]) is defined
as

0 ntl _  ntl <)
e P —q -2 (P @)y
Tpqlz)=(p—q)! LT —(p-glr o 2Rd (11
p q( ) ( ) ot pn+x _ qn+$ ( ) (pm’ qz)g?q ( )
where
(a;0);0, = H(ap" —bq"), (a,be (0,1]).
n=0

Note that for p = 1, (p, ¢)-gamma function turns out to be g-gamma function.
Also if n is a nonnegative integer, it is clear that I, ,(n + 1) = [n]!, , where
[]'p,q is (p, g)-factorial function.

The concept of difference sequence space was firstly introduced by Kizmaz
[25]. This idea was further extended by Et and Colak [26] to the differ-
ence sequence of order m for real sequences by defining v(A™) = {(zy) :
A™(z) € v} for v € {lu,c o}, where m € N, Az = (x),A™x =
(A gy — A™ ey ) and A™ay, = 307 (—1) (") @44 Recently, Baliars-
ingh [27] has introduced certain difference sequence spaces based on fractional
difference operator involving Euler Gamma function. Also, this operator has
been modified by Baliarsingh and Nayak [28]. Very recently, Kadak has intro-
duced weighted statistical convergence using (p, ¢)-numbers [29]. In the year
2017, based on a generalized difference operator (p, ¢)-gamma function, the
concept of weighted statistical convergence has been extended by Kadak [30].
For more details on difference sequence spaces, see [31-36].

Definition 1 [30]. Let & = (2) be any sequence in w and 0 < ¢ < p < 1. For
non-negative integers a, b, ¢ and any constant h > 0, the generalized difference
sequence is defined by

0o . .
Abe [al,q [0 i :
ARee = (= P — g, ([ #0,Vi € N) (1.2)
i=0 Hp,q~ [c]p.q h
where [s]% , is (p, q)-shifted factorial which is being defined (p, ¢)-gamma func-
tion as

e 1, (s=0o0ri=0)
Slp.g = I s+1 .
- Fp:gs(;;r)n = [slp.qls = Up,gls = 2p,q---[s =i+ 1pg, (s € N).

It should be noted that the condition [c]} , # 0 can not be removed from (1.2).

Throughout the text, we assume that the series defined in (1.2) converges for
all a+b>cand [c]i , # 0 for all i € IN.

Ezample 1 [30]. Define the sequence (zy) by zx = k for all k € IN. Although
the sequence () is not convergent, ordinary difference sequence {A®(zy)} is
convergent i.e.

A3(xg) = o), — 321 + 302 — Tp_3 — 0 as k — o0.
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For a =3, b= cand h =1, we find that

- L1315
(ATYom)E =D (=1) % Th—i
i=0
312, 313 4
— e — 31 p.q
xp — | ] qTh—1 + 2],.! Tp—2 + 34! Tp—3+ -

=3—(p* +pg+7°).

Obviously, the difference sequence {Ap q(xk)} has different limits based
on the values p and ¢ (0 < ¢ < p < 1). The reason belongs to the definition
of (p,g)-numbers. For this reason, in order to obtain a convergence result for
the different operators defined in (1.2), we replace p = (py) and g = (gi) such
that

klim pr =P and klim g, =Q where P,Q € (0,1]. (1.3)

For example, if we take ¢, = (Hin) < (Him) = pi such that 0 < g < pr <1

for n > m > 0. It is clear that P = (Q = 1 and hence
. 3 .
Jim (Arp oo = lim {3~ (o} +prgi +ai)} = 0.

Remark 1. We remark that if we takea =1, b=c,h=1and P =Q =1,
the difference operator Al p'q is reduced to the difference operator AM) (see
[25]). For the case a = m € IN, b = ¢, h = 1, then AZZ; can be represented
by A™ (see [26]) for P = @ = 1. Furthermore, taking a = m € NN, the

difference operator A" z; is reduced to the difference operator AL q] involving

(p, q)-integers introduced in [29].

Our main focus of the present study is to extend the concepts of almost
(statistical) convergence and its strong versions by using the difference opera-
tor involving (p, ¢)-gamma function and an increasing sequence (\,,) of positive
numbers. In fact, newly proposed methods (or new kinds of summability meth-
ods) which will actually provide many new interesting and useful results based
on the choice of the values a, b, ¢, h as well as the sequences (pi), (g ), (Ax), a(k)
and ((k). These methods are not only generalize the earlier works but also
present some new perspectives regarding the development of almost conver-
gence and its statistical versions. We also establish some important approxi-
mation results associating with statistically almost A[a b ;3] (M\)-convergence and
investigate Korovkin and Voronovskaja type approxunatlon results for func-
tions of two variables by the help of bivariate non-tensor type Meyer—-Konig and
Zeller operator. Moreover, we estimate the rate of statistical almost Agfgg (N)-
convergence by means of the modulus of continuity. We also present geomet-
rical interpretations to illustrate some of our approximation results in this
paper.

This study is organized as follows.
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In Sect. 2, some new concepts of almost Af’g_’g (\)-statistical convergence,

statistical almost AEZ’O?:;}()\)—convergence and strong almost [Aglaoljg()\)]r—

convergence are introduced and some important inclusion relations between
newly proposed methods are presented with corresponding counterexamples.
In addition, to show the effectiveness of these methods some special cases are
presented in this section. Section 3 is devoted to the Korovkin type approx-
imation theorem for functions of two variables through statistical almost
Aff:g](A)—convergence. As an application to this theorem, an illustrative
example is given using bivariate non-tensor type Meyer—Konig and Zeller gen-
eralization of Bernstein power series. In Sect. 4, the rate of statistical almost
convergence of approximating linear operators by means of modulus of conti-
nuity is estimated. In Sect. 5, a Voronovskaja type approximation theorem is
derived by using statistical almost Af;’g (M\)-convergence. In the final section
of this article, we present some computational and geometrical approaches to
illustrate some of our approximation results.

2. Some New Definitions and Inclusion Relations

In this section, we first define the summation ¢%;2 (AZ:2>7,Z()‘:E)) involving the

difference operator AZ’Z’Z where ()\,,) is an increasing sequence of positive
numbers. Secondly, we give the definitions of almost Afﬁ’g()\)—statistical
convergence, statistical almost A%af:;](/\)-convergence and strong almost

[A%ig (N)]r-convergence (0 < r < oo) and also present counterexamples
related to these methods. Additionally, we state and prove some theorems
involving some inclusion relations.

Let h be any positive constant, («,3) € A and a,b,c € IN. Let p = (px)
and ¢ = (gqx) be two real valued sequences such that 0 < ¢ < pr < 1 for all
k € N and limg ¢ = Q and limg pr = P where P, @ € (0, 1]. Assume further
that (Ay)32, is a given strictly increasing sequence of positive numbers such
that

(AR NE)| >0 (s, #0,¥i € N) and  lim \j, = oc.

h.p,q oo

For a sequence x = (xy) of real or complex number, we define the following
sum involving the difference operator AZ’Z’Z(AI) as follows:

B(m)+n
1
« a,b,c a,b,c a,
ton (AR (M) = 5B Z ALy Az, fqﬁm =0
m k=a(m)+n

where P{&?) = B(m) — a(m) + 1. Here

— (-1) [a]%,q [b]z%,q

a,b,c o
Ah,p,q()\kwk) = ; [{]p.q! [C]%Lq patb—c

)\k_ixk_i (21)
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where A_; = 0 and [c]%,q # 0 for all k,i € IN. Equivalently, we write

o8 (A"”b'c (Az))

mn h,p,q
B(m)
-y e = ol
PP patb—e Lo [lpq

lalp,qla — 1]p,q[b]p,q[b — 1lp,q
[elp,qle = 1pq[2]p,q! A

_ lap.qla — 1p.q[a = 2]p.q[blp.q[b — 1]p.q[b — 2]

lelp,qle = 1p,qle = 2]p,q[3]p,q!
[a]p,g - la =1+ 1pg[blp,g - [b—r+1]pq A
[elp,g - le =7+ 1pq[r]p.q!
B(m) a _ _ay(,b _ b
Z {)\n+k$n+k — %Arw»k—lanrk—l

k=a(m)

+

n+tk—2Tn+k—2

P;q
An4k—3Tn+k—3

+ooo (D)7 n+k—r17n+k—r+"'}
o 1
- P}n"‘vﬁ)haﬁ—b—c

P =g =" HE" - ="

(p°—q°) (p°' — ¢~ - )@+
a—r+1 _ qa—r+1)(pb_qb) . (pbfr#»l _ qb—r+1

Antk—2Tptk—2 — -

+

)T(p"—q") o (p
(p® —q°) - (pe7 T =gt (p — @) [r]p,q!

(=1 (Az>n+k4+---}.

Throughout the text, we assume that the series defined in (2.1) converges
for all ¢ < a+band [}, # 0 for all i € IN.

Definition 2. Let (o, ) € A, h > 0 and a,b,c € IN. Also let p = (pr) and
q = (qx) be two real valued sequences satisfying (1.3).
]

(i) A sequence x = (zi) € {x is said to be almost AE?’(:’B (\)-statistically
convergent to a number L, if for every € > 0,

. 1 CIAGbC _ : ;
mlgnoo W Ha(m) <k<pB(m): |Ah,p’q()‘n+kxn+k:)7L| > 6}’—0, uniformly in n.

In this case we write Aﬁﬁzc}()\)(stat)— limx = L.
(ii) A sequence x = (x1) € s is said to be statistically almost A[f;j;] (N)-
convergent to a number L, if for every € > 0,

1
lim — {k <m o |tP (Aa’b’c()\x)) —L|> e}‘ = 0, uniformly in n.

m—oo M, n h,p.q
In this case we write Fz’f(stat)— limz = L.
(iii) A sequence xz = (x) € lo is said to be strongly almost [A%aolj;] (N)]r-
convergent (0 < r < 00) to the limit L, if

B(m)
1
mleoo s Z |AZ:Z,Z(/\"+’€ITL+’€) — L|" =0, uniformly in n,
m k=a(m)

and we write this as [AE?;);] (AN)]r-limz = L. In this case L is called the

strongly almost [A[hasg (\)];- limit of z.
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Remark 2. Let (o, 8) € A, h > 0 and a,b,c € IN. Let p = (pg) and ¢ = (qx) be
two real valued sequences satisfying (1.3).

(i) If = is almost AE?’OIZ’;] (M\)-statistically convergent then z is A%ﬁ’g (N)-
statistically convergent.
(ii) Ai%ch—statistical convergence implies statistical almost Agf”i’;,](/\)—

convergence, and hence by (i) we get that almost A[; 2;]( )-statistical

convergence = Aha ﬂ()\)—statlstlcal convergence = statistical almost

Agﬁig (A)-convergence.

(iii) Almost A[a’b’c]()\) convergence 1mphes statistical almost A[}?b;(/\)

convergence but not almost Ah . ()\)—statlstlcal convergence.

The following examples give the relations between almost A%ﬁ’; (N)-

statistical convergence, statistical almost A b C] & (\)-convergence and A% -

statistical convergence for sequences.

Ezample 2. Consider the case a =1, b=¢, h =1, a(m) = 1, f(m) = m and
A, = k2 for all k,m € IN. Define the sequence (x}) by

we{ o

7z (otherwise)

where (F};);>0 be the sequence of Fibonacci numbers given by Fy = 1, F; =1
and Fjyo = Fipq + F; for all ¢ > 0. In this case, it is verified that (zy) is

bounded and divergent. Obviously, (zy) is almost A[lllb:l]()\)—statistically con-
vergent to 0. Therefore from Remark (ii) it is A[l{f;l;] (A)-statistically convergent

and statistically almost A[ll”lb’;l:l]()\)—convergent.

Ezample 3. Let us take the sequence x = (x) which is defined by

n}# s k= m3—m2m3—m2+1,...,m3—1,m:2,3,4,...;
T = m4,k m3, m=2,3,4,.

0 othervvlse.

In addition, we are also assuming that a = 1, b = ¢, h = 1, a(m) = 1,
B(m) =m and Ay = k for all k,m € IN. Under these conditions,we get

n+m

1

Lbb ( 1,b,b

ta’ﬁ(Ahpq Z Alpq )\k Z'k): a[(nqu) l’n+m*’ﬂ$n].
k: n+1

Hence x = (xy) is statistically almost All’lb’f;}(/\) -convergent to 0 but it is

neither A[l’b’b]( A)-statistically convergent nor almost All’lbfl()\)—statistically

convergent.
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Example 4. Let H = U2 {55 + 1,58 +2,... 55 + &k} and H = Up> {5*°}.
Let us consider the case when h =1, a(m) = 1 and 8(m) = m for all m € IN.
Let x = (x1) be a sequence and consider (y;) = A‘f:ll’:fn()\kxk) defined by

1 ,(keH)
Y=< —1,(ke H) ,k=1,23,....
0 , (otherwise)

Then, it is easy to verify that (y) is divergent and Afig (\)-statistically
convergent. In fact, its Agla’(s’;] (A)-statistical limit is 0. On the other hand it is

not almost A%ag’g]()\)-statistically convergent.

Now, we shall give the following special cases to show the effectiveness of
proposed method.

e Letustake a = 0, b=c, h =1 a(m) =1, B(m) = mand A\, =1

for all k,m € NN, i.e. ana’ﬁ) = m and A%®P (Akxk) = x), the almost

1.p,q
A[l(?iif;fz](A)—statistical convergence given in Definition 2 (i) is reduced to

ordinary almost statistical convergence [2]. Based upon the above choices,
we obtain the notion of almost (statistical) convergence for sequences
(see [13]). If we take a,b,c € N, P,Q € (0,1], h = 1, then these con-
vergences reduce almost (statistical) convergence of difference sequences
(ct.[36,37]).

e Let (v,) be a strictly increasing sequence of positive numbers tending to
infinity as n — oo such that v,,1 < v, + 1 for v, = 1. Also let us take
a=0,b=c, h=1,a(m)=m—v, +1,8(m) =m and A\, = 1 for all
k,m € IN, almost A[ff”g]()\)-statistical convergence is reduced to almost
v-statistical convergence in [14]. Similarly, in view of Definition 2 (ii), we
have the notion of statistical almost v-convergence.

e Let § = (k,) be the sequence of positive integers such that kg = 0,
0 < kp < kpy1 and hy,, = (ky, — kn—1) — 00 as n — oo. Then 6 is called a
lacunary sequence. Takinga =0,b=c¢, h =1, a(m) = ky,—1+1,6(m) =
km and A\, = 1 for all k,m € IN, almost A[Ei’g (A)-statistical convergence
is reduced to almost lacunary statistical convergence, (cf. [15]).

We prove here some relations between almost Aﬁf}’g(/\)-statistical

convergence, statistical almost A[}ff’g()\)—convergence and strong almost
[Af;’g (A)]r-convergence.
In our first theorem we establish the relation between our two newly

defined concepts of almost A%s;} (\)-statistical convergence and statistical

almost AE?;? (M\)-convergence.
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Theorem 3. Let (a,3) € A, h > 0 and a,b,c € IN. Also let p = (pr) and
q = (qr) be two real valued sequences such that 0 < qr < pr < 1 with the
property (1.3). Let

A% (N zp) — L] < M (k € IN).

h,p,q
If a sequence x = (xy) is almost A%lab;] (N\)-statistically convergent to L then

1t 18 statistically almost Aﬁf:g()\)-convergent to L but not conversely.

Proof. Let \AZ:Z’;(/\kxk) — L| < M for all k € IN. Let us set

K(e;n) == {a(m) +n<k<B(m)+n: A% (N\eay) — L| > e}

h.p,q
and
K% en) = {a(m) +n<k<pB(m)+n: |AZ:I;’;()\kxk) - L)< e} .
By the hypothesis we know that
. 1 . .
n}gnoo W |K(€e;n)| = 0, uniformly in n.

We thus find that

[t (AR5 (\2)) — L]

h,p,q
1 B(m)+n )
_ a,b,c
= ‘719(“'") ST ARYC (k) — L‘
m k=a(m)+n
1 B(m)+n ) 1 B(m)+n
= ‘P(aﬂ) > (ARpSOwa) - L)‘ . ’P<§,B) L= L'
m k=a(m)+n m k=a(m)+n
1 B(m)+n . 1 B(m)+n .
< plaB) Z |Ah:py,q()‘kxk) - L|+P(a,5) Z |Ah1p’,q(/\kmk)_[’|
m k=a(m)+n m k=a(m)+n
(kEK (e;m)) (k€K (e5m))
M (e < K% (g O+e- 1=, uniformly i
_W| (E,n)\-l—PT(na’B) |K(e;n)| — 0+e- 1=¢, uniformly in n (m — o).
Hence the sequence x = (zj) is almost Afig (M\)-convergent to L, which
implies ngf(stat)—limx = L. That is, the sequence & = (z) is statistically
almost A;Z’;’:Z,]()\)—convergent to L.
For the converse, consider the case a = 1, b = ¢, h = 1, a(m) = 1,

B(m) = m and A\ = k for all k,m € IN and the sequence x = (xy) is defined
as in Example 3. Of course this sequence is not almost Agfgg (A)-statistically
convergent. On the other hand « is almost Ag{ffj (A)-convergent to 0 and hence
statistically almost A[ﬁ’lb”f;} (M)-convergent to 0.

This completes the proof of the theorem. O
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The following theorem gives the relation between almost AES(SE (N)-

statistical convergence and strongly almost [A[;;Z;] (A)]-convergence (0 < r <
00).

Theorem 4. Let (a,3) € A, h > 0 and a,b,c € IN. Also let p = (p) and
q = (qr) be two real valued sequences such that 0 < qr < pxr < 1 with the
property (1.3).

(a) Let us suppose that the sequence x = (xy,) is strongly almost [Agfsg (N)]e-
convergent to the limit L. If

r€(0,1) and 0 < [ARYC (A\gay) — L] <1 or

re[l,o0) and 1 < |AZ’Z’Z(/\kxk) - L <

a,b,c]

for all k € N, then x = (xy) is almost AL,O@B (N\)-statistically convergent to L.

(b) Assume that x = (x1,) is almost A%ig (N)-statistically convergent to L and
let

AP (M) — L] < M

for all k € N. If
€ (0,1] and M € [1,00) orr € [1,00) and M € [0,1),

then the sequence x = (xy) is strongly almost [AEL(:;] (A)]-convergent to L.

Proof. (a) Suppose that © = (xy) is strongly almost [A[;f’;]()\)]r—convergent
(0 < r < o0) to L. Under the above conditions, as m — oo, we have

1 B(m)+n
a,b,c T
0 pleh) Z |Ah,p,q()‘k$k) - L|
m k=a(m)+n
1 B(m)+n
a,b,c T
= pad) Z |Ah,p,q()‘k$k) — L|
m k=a(m)+n
(k€K (en))
1 B(m)+n

> o 2. A — L
m k=a(m)+n

(k€K (e;n))
1 B(m)+n ‘
2 —od Z €= W|K(e; n)|  (uniformly in n).
P, k=a(m)+n P,
(k€K (e;n))

Hence, the sequence x = () is almost Agli;] (\)-statistically convergent to L.

(b) Let us suppose that 2 = (z) is almost A%a;’;] (\)-statistically conver-

gent to L. Also we get, for all k € IN satisfying |AZ’,;’;(A;€$;€) — L| < M, that
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1 B(m)+n 1 B(m)+n
a,b,c T a,b,c r
(o,3) Z ’Ahpq()"ka) - L’ = (ah) Z ‘Ahp q()‘kxk> — L\
P k=a(m)+n P k=a(m)+n
(k€K (en))
1 B(m)+n
a,b c T
+7P(O"B) Z |Ahpq /\kl‘k)fL|
m k=a(m)+n
(ke K (&n))
= S1(m,n) 4+ Sa(m,n)
where
1 B(m)+n N
Sl(mm) = 7(a,ﬁ) Z |AZ pf]()\kl’k) — L|
P, k=a(m)+n
(k€K (e5n))
and
1 B(m)+n , .
52(man)zw Z |A2pi] )\kxk)—L| .
Pm k=a(m)+n

(k€K (en))

Now if k € K%(e;n), then

1 B(m)+n
a,b,c T
SQ(m, n) = o) Z |Ahpq()\kxk) 7L|

P k=a(m)+n

(keKC ()
B(m)+n

1 a,b, c C
= pon ~ (X:H |Ahpawn) = L| = P(a 5 K" (gn)].

(k€K (en))
Also, for k € K(e;n), we get

1 B(m)+n

1

a,b,c r )

ool <Z>+ A5 O — L7 M K eiml
(k€K (6n))

Si(m,n) =

Obviously, {S1(m,n) + Sz2(m,n)} — 0 uniformly in n, as m — oo. There-

fore, the sequence x = (xy) is strongly almost [Afsg (A)]-convergent to L for

0<r<oo.
This step completes the proof. O

Inthe next result we characterize statistically almostA b < 5 (A)-convergent

sequences by means of the almost A[a b C] ()\)—convergence of subsequences.
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Theorem 5. Let h > 0 be any constant, (o, 3) € A and a,b,c € N. Also let
p = (px) and q = (qi) be two real valued sequences such that 0 < qp < pr <1

with the property (1.3). A sequence x = (xy,) is statistically almost A%Ol:;] (N)-
convergent to the number L if and only if there exists a set K = {k1 < ko <
coo <k < -} CIN such that

§(K)=1 and mlgnoo tgfn(Azz(;()\x)) = L, uniformly in n,

where 6(K) denotes the natural density of the set K C IN.

Proof. Let us suppose that there exists a set K = {k1 < ko < -+ < ky, <
-+ } € N such that §(K) =1 and (zy,,) is almost A%ffg()\)-convergent to L
with respect to the subsequence (Mg ) of (A). Then there is a positive integer
N such that, for every m > N (¢), we get

1 ﬁ(km)""n
APPe (Na;) — L| < e for each n € IN.
B — o) +1 Z | hopeg(Aii) | < e for each n €
i=a(km)+n
Let us set
E.={m: meNand [t (Ap"(\x))—L| > e} and B/ ={kns1,kns2, .. }-

Then, §(E!) =1 and E. C IN\ E/ which yields that §(E,) = 0, uniformly in
n. Hence, the sequence x = (xy) is statistically almost A%f:g(/\)—convergent
to L.

Conversely, let x = (x1) be statistically almost A[}ff’g()\)—convergen‘c to
the number L. For v = {1,2,3,...}, put

Ky = {5 € N[0, (A0 () — L] 2 1/v)
and
M, = {j e N: [t (A2 (\r)) - L] < 1/v}.
Then
§(K,)=0, M DMy 22D M; D Miyq O--- and 6(M,) =1 (v € N).

(2.2)

We will now show that (z,) is almost A%aolj;] (A)-convergent to L for j €

M,,. Suppose that the subsequence (xy,) is not almost Agﬁf:g(/\)-convergent

to L. Therefore, there exists € > 0 such that
a, a,b,c
|t (AR (Ax)) — L > €, (n € N)
for infinitely many terms. Let
M(e;n)={jeN: |tzjﬂn(AZZ;Z()\m)) —L| <e}and e>1/v (v €N).
Then

(M (e;n)) =0, uniformly in n
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and by (2.2), M, C M(e;n). Hence 6(M,) = 0, which contradicts 6(M,) =1

and therefore (xy,) is almost Afﬁ_’g()\)—convergent to L.

3. A Korovkin-Type Approximation Theorem

At the beginning of the 1950s, the study of some particular approximation by
means of the positive linear operators was extended to general approximation
sequences of such operators. The foundation of the theory of approximation by
positive linear operators or functionals was constructed by Bohman [38] and
Korovkin [39]. It is known that the theory of approximation by positive linear
operators is an important research field in mathematics i.e. functional analysis,
measure theory, real analysis, harmonic analysis, probability theory, summa-
bility theory, and partial differential equations. Even today, the development of
this type approximation is far from complete. First, Korovkin established the
necessary and sufficient conditions for the uniform convergence of a sequence
of positive linear operators acting on C/[a, b] based on some test functions. For
example the test functions {1,e~% e~} are used in logarithmic version and
{1,sinz,cosx} are also used trigonometric form of Korovkin type theorem.
For statistical and other versions of Korovkin type approximation theorems,
we refer the reader to [40-43].

In this section, we prove a Korovkin type approximation theorem for
functions of two variables through statistically almost Aﬁf:g(/\)—convergence
with the test functions given by

s t

fols;) =1, fils,t)=1—— flst)=1—"7

and fg(S,t):(lzt)2+(1tSt>2. (3.1)

Note that, in Remark 7, we explain the effects of above test functions and the
motivations of using this Korovkin set.

By C(S4), we denote the space of all continuous real valued functions on
a fixed compact subset S4 of R? defined by

Sa={(z,y) eR*:2€[0,Al,y€[0,A—2],0< A<1/2}

and equipped with the following norm:

Ifllcesay = sup  [f(x,y)] (f € C(Sa)).

(z,y)€Sa

Then as usual, we say that T is positive linear operator provided that f > 0
implies T'f > 0. Also, we use the notation T'(f(s,t);z,y) for the value of T'f
at a point (z,y) € Sa.

Theorem 6. Let h be any positive constant, a,b,c € N and (a,3) € A, and
let p = (pr), ¢ = (qx) be two real valued sequences satisfying (1.3). Also let
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{Li}r>1 be a sequence of positive linear operators from C(Sa) into itself.
Then,

FX:?(SW)'W}EHOO I Lk(f;2,y) = flloesa) =0, forall f € C(Sa)  (3.2)

if and only if
ngf(stat)— lim ||Ly(fi;2,9) — fillcsa) =0, for eachi=0,1,2,3.(3.3)
Proof. The implication (3.2) = (3.3) is obvious by taking into account that
each f; belongs to C'(S4) where i = 0,1,2,3. Let us take f € C(S4) and

(xz,y) € Sa be fixed. Then, there exists a constant M > 0 such that |f(x,y)| <
M for all (x,y) € Sa. Hence, we get

[f(s,t) = fz,y) < 2M ((s,1), (z,y) € Sa). (3.4)
Since f is a continuous function on Sy, for a given € > 0, there exists a number
d = 0(g) > 0 such that

|f(st) = fla,y)| <e (3.5)
whenever
S T t Y
— 6 and — 0.
1—s—t 1—x—y‘< an 1—s—1t 1—x—y‘<

Also we obtain for all (s,t), (z,y) € S4 satisfying

s T 2 t 2
- + -7 > 6
l—-s—t 1—z—y l—-s—t 1—xz—y

that
M
Fs,1) = Flap)] < 25 (87 (532) + 02 (85) (36)
where
Y(s;z) = — T and v(ty) = — .

T 1-s—t 1-xz—y T 1-s—t l1-z—-vy

Now, from the relations (3.4) to (3.6), we get for all (z,y),(s,t) € Sa and
f€C(S4) that
2M , 9
[f(s,8) = f(2,9)] < et =5 (U (s50) + 07 (59))- (3.7)

Using the linearity and positivity of Ly, we obtain, from (3.7), that
|Lk(f(57t)7xay) - f(xay)|

= |Li(f(s,t) = F(x,9)s 2,9) + fla,y9)[Li(fos 2, y) — fola,y)]|

g Lk(‘f(sat) - f(xay)|,xay) +M |Lk(f07xay) - fO(xay”

< | Lk <€+ 2(5]\24(¢2(8;$)+¢2(t;y);%y) + M |Li(fo;z,y) — fo(x,y)]

< e+ (e+ M) |Li(fo;z,y) — folz,y)|
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4M
S <1ij) |Li(fis2,9) = fi(z,9)]
4M
Iz <1y_y) i) = alovi)| + i) = falon)

() () ot

Set (s 0+ 57 ) ILeliiann) ol + G Ealiinn) ~ (o)

+ L) — ol ) + 2 B 9) — fo(o, )

Taking the supremum over (z,y) € S4 in the last inequality, we find that

3

1Lk (f52,9) = fllesa <+ N Y ILk(fiizy) = filogsa (3.8)
1=0

where N := {e + M + 4L}, We now replace Ly (-;z,y) by

B(k)+n
a 1 a,b,c «,
Gy = —og D AL Gl (B = 8 — alk) + 1)
k i=a(k)+n

on both sides of the above inequality (3.8). For a given ¢’ > 0, we choose a
number £ > 0 such that ¢ < ¢’. By defining the following sets:

T = {k<m: 2 (Fimw) ~ oo <}
e —e

Then the inclusion J C Jp U J1 U Jo U J3 holds true and their densities
(uniformly in n) are satisfy the following relation:

0(T) <6(Jo) + () +6(F2) + 0(Ts).

Letting m — oo and using (3.3), we obtain
FR(stat)- lim || Li(f32,9) = flloa) = 0, for all f € C(Sa)
This completes the proof. O

We now present an illustrative example using bivariate non-tensor type
Meyer—Konig and Zeller generalization of the Bernstein power series (see [44,
45]) satisfying the conditions of Theorem 6. Before giving this example, we
present a short introduction related with bivariate non-tensor type Meyer—
Konig and Zeller operators defined on S4 (see [46]).
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Let us take the following sequence of bivariate non-tensor positive oper-
ators:

p@ (8 t)w y] ( ai,j,n Ci,j,n )
Mn 7t ; J = K L
(F(s,8)i@y) ZZOJZO (s, t;,y) f Qi,jon+ Cijn +bn Qi jn+Cijntbn
(3.9)
where p}';(s,t) > 0 for all (s,t) € Sa4 C R* and f € C(S4). Based on the dou-

ble indexed function sequence {p} ;(s,?)}, the generating function I', (s, t; z,y)
is given by

Fuls i) = 32 S0t (5,0, ((0,1) € 5.).
=0 j=0
We also suppose that the following conditions hold true:
) Inls,tiz,y) = (1 =2 —y) Doya(s,62,9); )

(i) @iv1,jnPpy1(s,t)= bn+1p;’j (s,t) and ¢; j+1,0D7 j41(5, 1) = bm_lp?j' (s,t);
(iil) b, — oo, bZII — 1 and b, # 0 for all n € IN;
(it) @iy1m — Gijmr1 = & and 10 — Cignrr = &, €] < u < oo,

1€,] < v < ooand apjn=0,¢0,=0foralnelN.

The power series that defines M,, defined by (3.9) may not converge so we will
consider the subspace
Em ={f €C(Sa):V(z,y) € Sa, Vn € N, [My(f;z,y)| < +oo}.

Thus, we say that M, : £y — C(S4) is a positive linear operator on £y;. We
also observe that

(i

Mn(fo;%y) =1,
by, T
e T
n
bn Yy
Mallian) = 3 57—
bosibpso 22 +y? bnt1&n x bny1§, Y
Mn y Ly = n .
(f32,) 2 (—a-y? B 1-s-y ® 1-az-y

Remark 7. In this remark, we explain the effects of the test functions f; (i =
0,1,2,3) and the motivations of using this Korovkin set. Clearly, for the nodes
are given by
5= ijn and t= Cigin )
@ijn + Cijn 4 bn @ijn + Cijn + bn

the denominators of

@i jn Cijjn
t
™ , fa(st) = b,

aijn\’ Cign\’
— [ % i,5,m
fS(S,t)_( b ) +( b )

fi(s,t) =

and
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are independent of ¢ and j, respectively. It should be noted that, if one uses
the test functions e;;(z,y) = z'y’, (i,j) € {0,1,2,...} x {0,1,2,...} with
i+j < 2 in investigating the approximation properties of M, (f;x,y), it is not
easy to calculate the second moment. For this reason, we prefer to use this
Korovkin set. For the estimation of the higher order moments of Meyer—-Koénig
and Zeller operators, we refer to [47].

Ezample 5. Let a(m), B(m), (Ax), (pk), (qx) be sequences and a, b, ¢, h be the
same as in Example 3. Let {T;} be a sequence of positive linear operators
acting from &y to C(S4) defined by

T (f(s,t); 2, y) = (14 @) Mi(f(s,t);2,y) (3.10)

where © = (x1) is defined as in Example 3. Since {x}} is statistically almost

Af’;’g()\)—convergent to zero, we immediately get that

FRR(stat) — Jim [T (1 2,9) = logsa =0,

S x
Fo"ﬁ(stat) — lim ‘Tk (;x,y) - =0,
AN m—00 1—s—t 1l—z—y C(Sa)
. t Y
Fa’ﬁ(stat) — lim ’Tk (;x,y) - =0.
o m—oo [T\ 1~ s — 1-2 =yl

Also, since
1 B(m)+n
toon (fa(s,t);2,y) = ol Z ALY (N Te(f332,y))
m k=a(m)+n
1
= — [+ m)Tuim(f3i2,y) = nTa(fa;2,y)]
1
= [(n4+m)(1+ Znpm) Mpgm (f352,y) —n(1+20) M (f3;2,9)]
then

||t?n’5(f3; z,y) — f3||c(SA)

2 2 2 2
t
t?{f(is - 2;m7y>—7x v 3
(I—s5—1) (I-z—-y)

- H%((mm)(l t i) Mot (fi2,9) — (1 +xn>Mn<f3;:c,y>) s

C(Sa)

C(Sa)

By taking the conditions (iii) and (iv) into account, and hence by letting
m — oo, we are led to the fact that

T 82+t2 x2+y2
_— ___ _ _.r - - g
k (1*S*t)27 Y (

=0
11—z —y)? ’

FRR (stat) — lim ’
C(Sa)

m—00

as asserted by Theorem 6.
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Thus, clearly, Theorem 6 does not work for each type of classical, statis-
tical and almost statistical convergence in Korovkin type theorems. Hence, it
is not difficult to see that our proposed approximation methods are stronger
than the existing literature on Korovkin type approximation.

4. Rates of Statistical Almost AELGO?;] (X\)-Convergence
In this section, we compute the rate of Statistical almost A%ig (N)-
convergence of sequences of positive linear operators defined from C'(S4) into
itself by the help of the modulus of continuity.

We first present the following definition.

Definition 3. Let h be any positive constant, a, b, ¢ € IN and («, ) € A. Also let
p = (pr) and ¢ = (qx) be two real valued sequences such that 0 < g < pr, <1
for all k € N and ¢, — @ and py — P as k — oo where P,Q € (0,1]. Assume
that (A,)n2, is a given strictly increasing sequence of positive numbers such
that

IAPPC ) =0 ([s, #0,Vi € N) and  lim A, = oc.

h,p,q n—00
Assume further that (6,,) be a positive non-increasing sequence. We say that

a sequence r = (1) € fo is Statistical almost Agfig (M\)-convergence to a

number L with the rate o(6,,), if, for every € > 0

1
lim — {k <m: |tZ;L5(A}“L:Z;()\x)) —L| > e}‘ = 0, uniformly in n.
In this case, we denote it by z, — L = ngf(stat) 0(0r).

Lemma 1. Let (6,,) and (6],,) be two nonincreasing sequences of positive real
numbers. Also, let x = (z1) and y = (yr) be two sequences such that

xp— L = Fzzf(stat) 0(0,,) and yy, — Lo = ngf\g(stat) o(0.,).
Then
(w1 = L1) & (g — La) = FRX(stat) o(0m),

(i = L1)(yk — L2) = Fy
and

p(xe — Ln) = FAR(stat) o(0,) (1 € R)
where 0, = max{f,,,0.}.
Proof. Assume that zp—L; = Fz:f(stat) 0(0p) and yx,— Lo = ngf(stat) o(0..).
Also for € > 0, let us set

D o= (I <m0 (AT () + 055 0] — (L + )| 2 o},

h,p,q h,p,q
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— LB A @b €
Do = {k <m: |00 Ow) — Li| > £

and

D, = {k <m [t (ARYC (M) — La| > %}

n h.p,q
We then observe that D C Dy U D, which yields, for m € IN, that
Dl _ Dol | |Dy

i / .
mb,, mb, moy,

(4.1)

Since 5,” = max{6.,,0,,}, by (4.1), we have

1
tim —— |{k < m s [0 (AR5 () + 405 (AR5 )] — (L + La)| 2 €} = 0,

m—co mp, h,p,q h,p,q

uniformly in n, which leads us to the desired result. Since the rest part of the
proof is similar, we omitted. O

We now recall the modulus of continuity and auxiliary facts to get the

rates of statistically almost A[fs;] (M\)-convergence by means of this modulus.

Let H,(S4) denote the space of all real-valued functions f on S such
that

2 ; Y 2
s T !
1—s—t 1—:c—y> + (l—s—t - l—x—y)

[f(s,0) = f (2, )| = w(f,9) \/( +1

where w(f;9) is the modulus of continuity defined by
w(fi0)= s {If(s,0) = flay) Vs 2P+ -y £}, (6>0).

(s:t),(z,y)€SA

We then observe that any function in H,(S4) is continuous and bounded on
Sa.

Theorem 8. Let h be any positive constant, a,b,c € N and (o, 3) € A. Also
let p= (pr) and g = (qx) be two real valued sequences with the property (1.3).
Suppose that {Li} be a sequence of positive linear operators from H,,(S4) into
C(S4). Assume that the following conditions hold true:

Lk (for2,y) — follosa) = Fai(stat) o(6r,)

and
w(f, o) = FRX (stat) o(0),) on Sa

where

1/2
§]€ = ||Lk(n7x7y)HC/(SA)
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with

S x 2 t Y ?
t) = - - :

Then, we have
1Lk (f;2.9) = fllowsa) = Faa(stat) o(6n), (f € Ho(Sa))

where B, = max{6p,, 0.}

Proof. Let f € H,(Sa) and (z,y) € Sa be fixed. By using (4.2) and the
linearity of Ly, for any 6 > 0, we get

|Li(fiz,y) — f(zy)| = Li(|f(s,t) — f(z,y)];2,v)
+1f(@,y)| [L(fos2,y) — folz,y)]

< w(fa 5)Lk (77((?;25) +1 x,y)

+1f(x,y)| [Lr(fosz,y) — folz,y)]
<w(f,9) {512[%(77? z,y) + Li(fo; w,y)}
+ |f(x7y)\ |Lk(f0;£r7y) - f0($7y)|

Taking supremum over (z,y) € S4 on both sides, we have

Lk (f52,9) — flleesa)
1
< w(f,0) {(ka(UW’y)HC(sA) + | Lk (fos 2, y) — follosa) + 1}
+ N Lk (fo; 2, y) — follosa)

where N = || f[l¢(s,)- Put § = & := ||Lk(7];x,y)Hé/(2sA) in the last relation, so
we get

ILi(f;2,9) = flleesa) < @(f06) {1 Le(fos 2, y) — follosa) + 2}
+ N[ L (fo; 2, y) — follosa)-
Replacing L (+; z,y) by
1 B(k)+n
tnGiey) = —ogy 2L AR OkLu(ie)

m o k=a(m)+n
on both sides of the last inequality, we find that
[t (fs2,y) — fllosa
< w(f,06)It%E (for2,y) — follosa) + 2w(f, 6k)
+ N [t55 (fos2,9) = folle(sa)-
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For a given ¢ > 0, we consider the following sets:
T = {m |t (Fie,y) = fllosa) =€)
€

o= {m:w(f.601t58 (foi w,y) = follosa) Z 5 )+

€

Tui={m:w(f.00) 2 55 -

€
oo {i s o)~ Follocs 2 o}

Then the inclusion J C U3_,7; holds true and their densities (uniformly in n)
are satisfy the relation 6(J) < Zf:o 0(J;). Since 6, = max{0,,,0,,}, we
obtain, for every m € IN, that

IVARPR V] NARNSING

m 0, ~ mOy 0, mb,  mb,

Hence, by letting m — oo in the last inequality, we are led to the fact that

|Lu(f32.9) = flleesa) = FAX(stat) o(fm). (f € Hu(Sa)),
as asserted by Theorem 8. 0

5. A Voronovskaja Type Theorem

For the pointwise convergence of corresponding sequence of linear positive
operators, Voronovskaja theorem (see [48]) concerning the asymptotic behavior
of Bernstein polynomials has a crucial role (see also [49-52]). Very recently,
quantitative Voronovskaja theorem has been studied as well so that the error of
approximation in this pointwise convergence are also obtained via appropriate
modulus of continuity. In this section, by using the notion of statistically almost
Aﬁf:g()\)—convergence we obtain a Voronovskaja-type theorem with the help
of J family of linear operators based on the generalized form of Meyer—Kénig
and Zeller operator (see [53]).

Let us take the following sequence of generalized linear positive opera-

tors:
Lu(f(s)) = 5" (=22 ) 1y o)
" ’ ha(2,8) €7 \ @k + by o
where 0 < a::’ﬁbn < B and B € (0,1). For the sequence of func-

tions {1 ,(s)}ken, the generating function h,(x,s) is defined by h,(z,s) =
> neo L (s)2". It is not hard to show that

2
L,(1;2) =1, Ln< i ;x>= : Ln(( i ) ;x>
1—s 1—=z 1-—s
2
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Let Cp(S) be the space of continuous function on the closed interval

S = [0,A] where A < 1 and bounded on entire line, that is |f(z)| < Ky,

—00 < & < 00, where K is a constant depending on f. Also it is known that
B(S) is equipped with the supremum norm

Ifll(s) = sup[f(2)], (f € B(S)).
€S

Let {Jx} be a sequence of positive linear operators acting from Cg(S) into
B(S) defined by

Je(f(s);x) = (L4 2x)Li(f(s); ) (5.1)
where x = {x}} is defined as in Example 3. Obviously,

FRN(stat) —lim | J(152) — 1] sy = 0,
S x
i) - (53)
S 2 x 2
(%) ) - ()

Lemma 2. Let h be any positive constant, a,b,c € N and (a, 3) € A. Also let
p = (pr) and g = (qx) be two real valued sequences with the property (1.3).
Assume that by, — oo, b’;zl — 1, b, #0 for allk € N and x € S. Then

2
FOD (stat) — lim by Jy ((18 @ ) ;9:) _ T (5.2)
: s s

FK§ (stat) — lim =0,

B(S)

=0.

FOP(stat) — lim‘

B(S)

11—z 1—-=z

Proof. For x € S, we immediately get

S x s x

-—— =(1 Ly |—z) — Li(1; =0.
Jk((l—s 1—x>’x) ( +$k){ k(l—s’x> 1—x k(’x)} 0
Similarly, we compute the second moment as
2 2

s T T br+1 1 T
J - x|=(1 —1)+— .
k((l—s 1—x> ,x) (1+zi) (1—x> ( b )+bk (1—;5)]

Upon multiplying both sides by by (b > 0), we find that

b Jk ((185— 1xx)2;a:> - [(lxbr)z(bkﬂ—bk)-i-lxx}

2
xr X
=2y [<1z> (bk+1 _bk>+laj‘| < xp (bk+1 —bk—l-l)

for every x € S. Since Fg:f\;(stat) —limxj, = 0 and so

FX (stat) — lim (2 (b1 — b +1)) =0,
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then

2
Faaﬁ _ 1' S — z : = v
ax(stat) 131ka;€ ((1—3 1-2) " 11—z’
which is desired. O

Corollary 1. Let by, — oo, b’zzl — 1, b, #0 for allk € N and x € S. There is
a positive constant Mo(z) depending only on x such that

S T

l1—-s 11—z

FRR (stat) —lim b} Jy (( ) ;x) < Mo(z). (5.3)

Theorem 9. Suppose that by, — oo, b’zzl — 1,0 #0 for allk € N and x € S.
Then, for every f € Cp(S) such that f', f" € Cp(S),

ot o (((12)e) A(5%5) -3 )

Proof. Let x € S and f’, f"" € C(S). Using the Taylor formula for f € Cg(S),

we can write

() (2 () ()
) ()
(1) (512

where the function 7, (7*;) is the remainder, 1,(-) € Cp(S) and 7,(:>5) — 0
as s — x. We thus observe that the operator Jj is linear and that

[ (1 (522) =) 1 (52)
= branf (1fx) + 1+2xkf" <1f$> [(1i$>2(bk+1 *bk)+%
(o (r550) (5 155) )

which yields that

Pl )]
A () =)

x
< brrrNo + %Nﬂbkﬂrl — b +1]
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(o (75) () =) e

where No = || fllc,(s) and N1 = || f"]|c,(s)- Now, we shall show that

i (755) (5 155) )

Applying the Cauchy-Schwarz inequality, we have

o (o (755) (75 755) )
e () (2575 )

Let us take n? ( - ) = (s <1fs> . In this case, we see that (,(-) € Cg(S).

1—s
From Theorem 6, we observe that

@, 1 —_ 2 78 . — L e
FyX(stat) mlgnoo Jk (nz (1 — s) ,$> Cx (1 _x> 0

By using Corollary 1, the inclusion (5.5) holds true. Hence, using the fact that
Fg’f(stat) —limz = 0 and letting m — oo in (5.4), we obtain

+ by

Fg:f\g(stat) —lim by

=0. (5.5)

F33(stat) — lim {bkkao + %Nl\b,m — b+ 1|} =0

which leads us to the desired assertion of Theroem 9. O

6. Computational and Geometrical Interpretations

In this section, we provide the computational and geometrical interpretations
of Theorem 6 with respect to the linear operator Ty (f;x,y) given in (3.10)
under different choices for the parameters.

Here, in our computations, we take
e
( ) Io(s, t;x,y) = (1,I,1y)n+1 and pzn,j(sat) = (Z;i-z'-i-j]|)7
(2) aijn =1, cijn=7 and b, =n;
3)a=1, b=c¢c and h=1;
(4)
(

4) a(m)=1, B(m)=m and X,=n forall m,nec;
5) the sequence (x,,) is given as in Example 3.

Using the above choices, we may define the operator t%2(f;z,y) by
1 n+m

— D AT (S, y)) (6.1)

k=n+1

[(n +m)(1+ Zogm) Mnym (f;2,9y) — n(1 + 2,) My (f; 2, y)]

BT f2,y)

3=
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e For m=5

1.5 e For m=10

Form=15

10+
z e For m=25
04 b:¢
FIGURE 1. The convergence of t%5(fo:z,y) to fo(x,y) =1
where
&= (n+i+)! i J
Mn . — (] —p— n+1 . ¢ j.
(fizy)=(1-z—y) “2;0 n! il j! f(z‘+j+n’i+j+n>xy

(6.2)

It is noted that, we have investigated our double series in (6.2) only for
finite sums. In a similar manner, the more complicated infinite series can be
computed easily using more powerful equipments with higher speed.

If we interpret geometrically the convergence behavior of the operator
in (6.1) for the test functions f;(s,t) defined in (3.1), it furnishes interesting
and consistent results. In fact, in Fig. 1, we have plotted the convergence of
t%8( fo; z,y) uniformly in n with different values of i and j run from i,j = 0
to 50 for m = 5, m = 10, m = 15 and m = 25, respectively. Clearly, it is
observed that the sequence t%7(fo;z,y) involving difference operator AZ”Z’Z
converges towards (uniformly in n) to the function fo(z,y) = 1, as the value
of m increases.

In Fig. 2, we have mentioned the convergence of t&:5(f1;x,y) (uniformly
in n) based above on values of i, j and m. Also, from this figure, it can be
observed that, as the value of m increases, the sequence t;‘;”ﬁl (f1;x,y) converges
(uniformly in n) to the function fi(z,y) = 75— Furthermore, the conver-
gence of %P (fa;2,9) to the function fo(z,y) =
similar manner.

Similarly, for the test function given by

f3(s,t) = (1_551_75)2 + (l_ts_t)z (6.3)

can be obtained in a

l—z—y
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function
e For m=5
e For m=10

Form=15

o For m=25

0.05 TTA—

0.10 —
01s %

FIGURE 2. The convergence of t&2(fi;x,y) to fi(x,y) =
T
=iy

function
s For m=5
e For m=10

Form=15

e For m=25

FIGURE 3. The convergence of t%7(f3;x,y) to fi(v,y) =
$2+ 2
(1-z—y)?

and the different values of m, it is also observe that t%2(f3;x,%) converges
(uniformly in n) to the function f3(x,y) (see Fig. 3).

From the Figs. 1, 2 and 3, it is concluded that the conditions (3.3) of
Theorem 6 are satisfied.

We observe from Fig. 4 that, as the value of m increases, the operators
given by (6.1) converge (uniformly in n) towards to the function f € C(S4)
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function
e [or m=5
e For m=10

Form=15

e For m=25

0.20
025 b:4
FIGURE 4. The convergence of t&P(fix,y) to f(z,y) =
cos(3mxy)
l—x—y
defined as
_ cos(3mxy)

It is also observed that, this figure shows that the condition (3.2) holds true
for the function f on C(Sa4).
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