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Abstract. By establishing an identity between a sequence of Bernstein-
type operators and a sequence of Szasz—Mirakyan operators, we prove that
the convergence of Bernstein-type operators is related to convergence with
respect to Szasz—Mirakyan operators. As one application of this identity,
we prove that whenever the parameters are conveniently chosen, if f €
C[0,0) satisfies a growth condition of the form |f(t)| < Ce® (C,a €
R™), then the classical Bernstein operators By, (f(nu),z/n) converge to
the Szasz—Mirakyan operator Sy, (f,z). This convergence generalizes the
classical result of De la Cal and Liquin to unbounded functions; moreover,
the rth derivative of Bmn(f(nu),z/n) converges to the rth derivative of
Sm(f,x). As another application of this identity, we derive Voronowskaja
type result for the general Lototsky—Bernstein operators.
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1. Introduction

The Bernstein approximation B, (f) to a function f : [0,1] — R is the poly-
nomial

Bu(fwia) = @) (%), (1)
k=0

where b} (z) = (})a"(1 — 2)"~* denotes the Bernstein basis of the space of
polynomials of degree at most n. These operators B,, are now quite classical
and have been the object of intensive research (see [2,5]).
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In [10,21,29] independently the authors studied the so-called
Szasz—Mirakjan operators defined as

- nz)*
Sn(f(u);x) := Zefnz%f <fz) , (1.2)
k=0

for all functions f : [0,00) — R for which the series at the right-hand side is
absolutely convergent. In particular, the operators S,, are well defined on the
space E,[0,00) of functions f € C[0, 00) satisfying |f(t)| < Ce®(C,a € RT).
It is known (see [17,20]) that {S, }nen is a sequence of positive linear operators
from E,[0,00) to C[0,00) such that for all f € E,[0,o0)

lim S,(f52) = f (), (13)

uniformly on every interval [x1,22],0 < 21 < x2 < 0.

However, the Szasz—Mirakjan operators are non-polynomial operators
which are represented by infinite series. In applications, a truncated version of
the operators Sy, (f) is commonly used, and there are lots of papers that calcu-
late the truncation error (see [16,20,22,28,32,36]). Therefore, it is natural to
ask whether it is possible to approximate functions defined on the non-negative
z-axis by using Bernstein operators (polynomial operators)?

It is well known [26,31] that by taking the limit of the binomial distri-
bution with the parameter nx, we get the Poisson distribution. Therefore, the
Bernstein operators B,, are naturally related to the Szasz—Mirakjan operators
S, constructed by using the Poisson distribution. We can construct Bernstein-
type operators from B, by choosing suitable parameters that can approxi-
mate functions defined on the non-negative z-axis. Explicitly, for f € C[0, c0),
meNT n>x>0

Vi (F52) = B (F ()i /) = m; (W) E) -5 (5,
(1.4)

where n > x > 0 guarantees the positivity of B, (f(nu),z/n). De la Cal and
Liquin [8] show that if f is a continuous and bounded real-valued function on
[0, 00), then

lm B, (f(nu);z/n) = Sp(f(u); z). (1.5)

n—oo

However, the requirement of this boundedness constraint on f in (1.5) restricts
the computational usefulness of Eq. (1.5). In this paper, we shall remove the
boundedness constraint on f. We shall also discuss the convergence of the r
(r > 1)th derivative of B, (f(nu),z/n).

On the other hand, from the binomial theorem, we can derive a generating
function for the classical Bernstein basis functions (see [11], and see also [[12],
Chapter 5, p. 299-306])
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(zw + (1 —x) an (1.6)

The Lototsky-Bernstein basis functions bnk(x) (0 < k < n) are genealizations
of (1.6). Let {p;(z),0 < i < n} denote a sequence of real-valued functions
defined on [0, 1]. Set

bo 0($) =1 boyk(iﬂ) =0,k >0, (17)

H wp;(x) +1—p;(x an g(z)w”. (1.8)
By simple computations from (1.8) it is straightforward to confirm that

b k() = Z H (1 —pm(x H pi(x (1.9)

K\JL={1,2,-,n} meL leK

|Ll=n—Fk,|K|=k
Throughout this paper, we always assume p;(z) € C[0,1], 0 < p;(z) < 1 for
z € (0,1) and p;(0) = 0,p;(1) = 1, for each ¢ = 1,...,n. If all the p;(x) =
z (1 <4 < n), then b, ,(z) (0 < k < n) reduce to the Bernstein basis
functions b} (z). Note that the functions b, ;(x) form a generalized binomial
probability distribution. The Lototsky—Bernstein operators L,, are defined for
each function f € C[0, 1] by

z) = kzijobn,k@)f (i) . (1.10)

Theses operators L,, were first introduced by King [18], and further studied by
Eisenberg and Wood [9]. Many other authors studied these general Lototsky—
Bernstein operators L,, under suitable restrictions on p;(z) (1 < i < n). More
precisely, whenever all the p;(x) are equal to a suitably chosen function r7 ()
such that lim, . 7} (x) = x, then the operators L, (f) turn into King-type
operators. For studies on King-type operators, see [1,3,4,13,14,19].

King [18] (see also Eisenberg and Wood [9]) derives the following conver-
gence result. If f € C[0, 1], and nlirgo(pl(x) + -+ pn(x))/n =z uniformly on

[0,1], then
lim L,(f;z) = f(x), (1.11)

n—oo

uniformly on [0, 1]. But King does not derive the general convergence of L, (f, x)
without any restriction on p;(z) (1 < i < n). In this paper, we shall derive a
general convergence theorem with respect to p;(x) (1 < ¢ < n) and even more
a Voronowskaja type result for the Lototsky—Bernstein operators L, (f, z). Be-
cause the articles [9,18] (which are devoted to some basic convergence results
for the operators L, (f,x)) are the only two papers we can find with respect
to the Lototsky—Bernstein operators, our present paper and our former paper
[35] fill a gap in the investigation of Lototsky—Bernstein operators.
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To study the operators V,, ,,(f, z) and L, (f, x) we shall adopt the frame-
work of semigroups by constructing an identity of Shorgin [26] between Bern-
stein type operators and Szasz—Mirakyan operators.

We proceed in the following fashion. In Sect. 2, we introduce some func-
tion spaces and some concepts concerning semigroups of operators. In partic-
ular, we shall give a forward difference representation and a semigroup rep-
resentation for the operators B,,S, and V,, . In Sect. 3, we present some
useful lemmas, which shall be used in the proof of the main results. In Sect. 4,
we discuss the convergence of V,, ., (f,x) and show that the classical result
of De la Cal and Liquin [8] can be generalized to unbounded functions. We
also prove that for m € N*, the rth derivative of V,, ., (f, ) converges to the
rth derivative of Sy, (f, ). Finally, in Sect. 5, we derive a general convergence
theorem and Voronowskaja type result for the Lototsky—Bernstein operators

2. Semigroup Representations for Bernstein-Type Operators

In this section we introduce some function spaces that we shall deal with
throughout this paper. We shall also recall the representation of the sequence
of positive linear operators we quoted in the Introduction by use of difference
operators and semigroups.

To fix our notation, let J be a bounded or unbounded interval whose left
end point is 0. Denote by C[J] the space of all real-valued continuous functions
on J and by Cgl[J] the space of all real-valued bounded continuous functions
on J. As usual, Cg[J] is endowed with the sup-norm which, if no confusion
arises, will be denoted by || - || —that is, || f|| = sup,c;|f(z)| (f € C[J]). We
also denote by

CplJ] = {f(@)|f P (@) € Cp[T,0 < k <1},

In order to find a relationship between B, (f; x) (or L, (f;z)) and S, (f; x),
we shall introduce some concepts concerning Cy— semigroups. Consider the
space of all bounded sequences

0= {02(60761762,...)|CkeR,kzO}; (21)

Q2 is endowed with the norm: [[c|| := sup, |cx| (c € ).
The linear shift operator B :  —  is defined by (Be¢)r = cp1 (B =
0,1,2,...), i.e., Bc = (c1,¢a,...). For any operator D : Q — , define | D] :=
D]

SUP.co el = sup|¢=1 | Del|, ¢ € Q. Notice, in particular, that ||B|| = 1. To

define iteration for operators, let I : @ — € denote the identity operator. For
each operator D : Q — Q, define D¥ : Q — Q recursively by setting

D’ =1,D% = D(D*1),e” = e
) ) * k! *
k=0
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It follows from the definition of the shift operator B that (B*c)g = c.

Now define the difference operator A := B — I. Then the operator A is
the generator of the Cyo— convolution semigroup T'(t) := e*4(t > 0), since for
any sequence c¢ € )

eAte — Je

Ac= lim —" =% (2.2)
t—0+ t
For more details on semigroups, refer to [23].

Now for each continuous function we are going to introduce a sequence
in Q. For each f(x) € C[J], define ¢(f,n) := f,, : C[J] x N = Q by

where f(i/n) =01ifi/n ¢ J.
Thus the Bernstein operators B, (f) can be represented by using the shift
operator B and the difference operator A as follows (see [33])

By(fiz) = (L =) +aB)" fo) = (I +2A)" fn)y = (I + zA)" fn((z)2,4)

where f,,(i) := (fn); denotes the (i +1)*" coordinate of the sequence f,,. Thus
B,(f;x) is the first coordinate of the sequence (I +xA)" f,. Moreover, the
Szasz—Mirakjan operators S, (f;x) can be represented as follows,

Sulfi@)= ( > bk B’%) = (@D f)o=(" A fu)o = € £, 0).
0

k=0
(2.5)

Similarly, S,,(f;z) is the first coordinate of the sequence e"®4 f,,.

The representation (2.4) of Bernstein operators B, (f;x) can be general-
ized to the Lototsky—Bernstein operators. Indeed, by (1.8) with B in place of
w we get

n n

i=1 i=1
Therefore since (B* f,)o = f(£), we have

=

Lo(fi2) = [ [ (0= pi(z))] +p¢($)3)fn> = <H(I+pi($)A)fn>

1

(I + pi(2)A) fn(0). (2.6)

1l
:: <

=1

Shorgin [26] derives an asymptotic expansion of the generalized bino-
mial distribution (1.9) in terms of convergence to the Poisson distribution
(Shorgin formula). Applying this formula, we can uncover the relationship be-
tween Bernstein-type operators and Szasz—Mirakjan operators. This formula
has been widely studied in probability theory and in the theory of semigroups
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(see [6,7,26,31]). However, here is the first time, to our knowledge, for this
formula to be used to study positive linear operators. Therefore here we offer
a detailed introduction.

For any 1, 32, ..., n such that 0 < G, <1 (1 <k < n), set

A= B A=) =2 (2.7)
j=1

j=1
The Bernoulli operator is defined by []\"_, (I + ;A ) and the Poisson convolu-

tion semigroup operator is defined by e* = B~ e A e 0 —B The
Shorgin formula is (see [6,7,26,31])
n 1 o0
M = T[T+ Bed) = §>\2A26)‘A = ar(—A)FeM, (2.8)
k=1 k=3
where ay, is defined recursively by
1 k-2
ap = —% <)\k + ZZ; ai)\k_l) k>4, (29)

1
with as = —5)\270,3 = —*>\3.

If B =z (1 <k <mn), then A(z) := X = nzx, \.(z) := N\, = nz” (r > 2)
and aj, = by, (n)z*, where by(n) is a polynomial of n. In this case the Bernoulli
operator reduces to the Bernstein operator, i.e.,

B (f;z) = (I +2A)" fn(0)
=4 ¢ (0)— %nﬁ(e”IAAQ)fn (0)+Z(—1)kbk (n)z*(en=A A% £,(0),
k=3

(2.10)
_ nfon Z nrAAk)fn( ) (2.11)
. 1
where (2.11) holds since by(n) = —5n
Moreover, it is straightforward to deduce that
x mn
B (f(uw)io/m) = (14+74) " £ (0)
1
= AL (0) = Somaem A4, (0)
- by, (mn)
k Yk k_mxA gk
+ ;(—1) — o atem Al £,(0), (2.12)

o0

=™ f,,(0) Z b’“ (mn) kgmea gip 0V, (2.13)
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Let A} (f,z) be gth forward difference with step h defined by

q

AL(fx) =3 (~1)777 (j,)f(a; +jh), h>0,q€N. (2.14)

§=0
It follows by induction on k that
AFfin (i) = (A" f)i = Ay (fri/m), i €N, (2.15)
where f,,, € Q. Therefore by (2.5),(2.12), (2.13) and (2.14)

B (f(n1); /1) = S (f(u), 2) — %mﬁSm (Af/m(f, u),x)
+Z et O g (A (f)  (236)

= Sufw), )+ S g (AL (7))
= (2.17)

On the other hand, if g = pr(z) (1 < k < n), then A(z) == A =
Sy pr(@), A () = A = > ph(z) (r > 2). Now the Lototsky—Bernstein
operators L, (f;x) can be represented in the following form

Lo (f;) = X4 £,(0 +Zak AFerDAf, (0), (2.18)

where eM?Af, (0) = e Zimapi@) 57 (ST pi(@))F /R f(k/n) = Su(f;
Z?:lpl(x)/n)

3. Preliminary Lemmas

The proofs of our main results are based on a number of lemmas.
First, we mention a basic fact about the norm of e*, ie., [[e*M| < 1.
k

_ _ o (=A)F _ o A
Indeed, since [le™ || = || >re, TI” =e Mand [[e*P] <302 EHBHk <
e*, it follows that

M= lle™" - X < e - [P < 1.

Now we give two estimates concerning the norm of A in (2.8) and of
the coefficients in (2.9). Such estimates are derived by Shorgin [26], see also
[6,7,31].

Lemma 3.1. For k € N*, and with ap, \M(z), \2(x) as in (2.18).

k/2
A
lan| < (ekz) . k>2, (3.1)
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(k+1)/2
> . k> 1 (3.2)

Remark 3.2. In some cases, we also use the estimate | A|| = ||B—1I|| < || B|| +
||| < 2. And if all the pp(x) = (1 < k < n), then aj, = b(n)z* (see (2.10)).
2

k/2 k/2
A ENT
hus, Inn)e| < () = ol < (7).

The general Taylor expansion of the semigroup operator stated in the
following result is well-known (see Lemma 4.1, [24], p. 276).

Jarers| < YLV (K

eA

Lemma 3.3. Let T(v) = €', v > 0. For ¢ € Q with ||Alc| < c0,1 > 1, and
arbitrary s,t > 0
1
T(t)e—T =

1

_ t -1
t —
Akc—i—/ ¢T(U)Alcdu. (3.3)
=1 s ’
The proof of the following Lemma can be found in [33,34]. For the com-
pleteness of this paper and for later applications, we give an outline of the
proof.

Lemma 3.4. Let B be a linear contraction operator on a Banach space X.
The linear operator A = B — I generates a contraction semigroup T(£) = e$4
(€ >0). Moreover for f € X andn > ¢

IT(me)f — (I +€A/n)™ f|| < T ||A2f|| (3-4)

Proof. Tt is well-known that A = B — I generates a contraction semigroup.
Therefore, for £ > 0, both T'(§) and (I + £A/n) = (1 — &/n)I + {B/n are
contractive operators. To prove (3.4), observe that for commuting contraction
operators U,V on the space X, one has

n—1
(U™ f = VEfl =11 Y (U FvEf -t )|
k=0
n—1
<N U -VE <l Uf =V (35)
k=0
Using inequality (3.5) and the identity T'(m&) = (T'({/n))™" yields
[T(m&)f — (I +EA/m)™" f| < mn - ||T(E/n)f — (I +EA/M)fIl.  (3.6)

Now note that T7(s) = T'(s)A. Therefore invoking integration by parts yields
&/n &/n
/ (&/n — s)T(s)A%ds = / (&/n — s)AdT (s)
0 0
¢/n §/n
= (/n— 5)AT(s)|" + /0 T(s) Ads
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— A+ T ()" = T(E/n) — (I +EA/).

Hence
&/n
T(¢/n) — (I + €A /) = /0 (€/n — $)T(s) A%ds. (3.7)
Therefore, by (3.7) and the fact that [|T'(s)|| <1
&/n
IT(e/n)f — (T + €A/ ]| < / (&/n — )|T(s) 42| ds
&/n
A? —s)d
< |42 / (&/n — s)ds
2
- Sy, (38)
Combining (3.6) and (3.8) yields (3.4). O

The proof of the following result can be found in (Corollary 3.4.4 and
(2.15), [5]).

Lemma 3.5. Let r,i,m € NT, and f € C"[0,00). Then
A" f (i) = FO(E) /m, (3.9)

where i/m < § < (r+1i)/m.

4. Convergence of B,,, (f(nu),z/n)

The Szdsz—Mirakjan operator S,,(f;z) is the limit of Bernstein operators,
whenever the parameters are conveniently chosen. De la Cal and Liquin [8]
showed the following estimate between the Bernstein and the Szasz—Mirakjan
operators. For m € Nt f € Cp[0, ), the error bound

2ma?

‘an (f(nu), x/n) - Sm(f(u); 1')| <

given in [8] shows that the rate of convergence is at least 1/n.
On the other hand, the asymptotic formula

lim n (an (f(nu), x/n) - Sm(f(u); x)) = _}meSM(A%/m(f) u)7 37)’ (4-2)

n— oo 2

— Il 0<z<m, (4.1)

due to the first author [33], shows that the rate of convergence is precisely 1/n
when the right hand side of (4.2) is non-zero.

Now we investigate two questions. First, may the restriction f € Cg[0, 00)
be relaxed to an unbounded function such as f € E,[0,00)? Second, what is
the rate of convergence of the derivatives (B, (f(nu),z/n))™) (r > 1) as n
tends to infinity?

To answer the first question, we have the following
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Theorem 4.1. Let m € NT, f € E,[0,00). Then forn >z >0,

26mx(ea/m71)+1+2a/m . mx2
| B, (f(nu); x/n) — Sp(f(u);2)| < C n
7 gelt2a/my, .2 (k=2)/2
k=2
Moreover,
1
(B (f(nu); /) = S (f(w); 2)) + 5ma* S (AL, (f,w)i 7)
ma(e®/™—1)+3/24+3a/m . 3 > 14+2a/m 21 (k=3)/2
< 086 my/max Z (46 mx )
3vV3n i nk

(4.4)

Proof. By the assumption that f € E,[0,00), then |f(t)| < Ce*(C,a € RT).
First we estimate the following quantity for m > 1,5 >0
k

. _i(k . .
AL tifm] = [0 () stim + z/m>‘
i=0
< 2%max{|f(j/m)|, |F((G +1)/m)l,.... [F((G + k)/m)[}
< O2F max{eo‘j/m, eUtD/m ea(jJrk)/m} = C2keitk)/m
(4.5)
Therefore by (4.5)
> J
S (A (fru)s) | = e Y ) A’f/m(f,j/m)'
j=0
I A A .
<oy Al m)
=0
< C2keak/mefmz Z (,n;a'j)] eaj/m _ C2keak/msm(eau;x).
j=0
(4.6)
Moreover
au —mx - mr J aj/m —mz+e*/ " mz
Sm (e2; ) =e¢ Z(j!)e ifm = gmmat . (4.7)

=0

Now using (2.17), Remark 3.2 with ay = by(mn)z* and (4.6), (4.7), we
bound the remainder term

|an (f(nu)vx/n) - Sm(f(u)vm)‘

oo

D I CN TN

nk
k=2
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NE

< S0 - o (mn)| - S (AL (f )|

k=2

X Lk k/2

X emn a/m

< i . 2k ak/m  —mz+te ma
- kZ:Q nk ( k ) C2%e c
= C’e(ea/”‘_l)mmi getr2a/myp 2 B2 g asam, 2
B nk nk

k=2
(k—2)/2

)

4e(ea/m—1)mx+1+2a/mmx2 [ 4elt20/my 02
2n Pt nk

which is precisely (4.3).
Along the same lines, we can prove (4.4). Indeed, by (2.16)

n((Bmn (f(nu);z/n) — Sp(f(u); ) + %mszm(A%/m(f, w); )

Z(—l)kmkbk(mn)/nk_l&n (A’f/m(ﬁ w); x)

> k/2 a/m
S Z €z (67;”]’) Cleak/m . efszre /M

0 14+2a/m 2
Cne(ea/mil)mmz <4€ / mx >

nk
k=3

(k—3)/2 3/2

Jelt2a/mpn 2
(=)
(k—3)/2

. (4.8)

- Csemx(ea/m,1)+3/2+3a/m . m\/m‘rS i <461+2a/mmx2)
- 3v3n = nk

which is precisely (4.4). O
It is straightforward from (4.3) and (4.4) that
Corollary 4.2. Let m € N, f € E,[0,00). Then
Tim By (F(nu)s2/n) = Sun(f(w); ), (49)
and
i (B (F(nu)s0/m) = Sy (f(0); ) = —5maSin (A3, (f, )i ).
(4.10)
uniformly on every interval [x1,22],0 < 1 < 29 < 00.
To answer the second question, we have the following two theorems.

Theorem 4.3. Let m be a fized integer and suppose that n > x > 0. Then for
every r > 1 and mn > r
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(i). If f € CB[0,0), then
B, (F(nu)sx/n) = S5(f(w); )|

2 r+1 2,.2
< ™ <x2 e ) 11
n m )2

—r/n (mn-—

B =y (111)
(ii). If f € C0,00), then

2
B, (flnu)so/n) — 89 (f(u)s)] < 27 (x+m ey T ) il

n —
T’(T - 1) (r)
+ =Dy (4.12)

(iii). If f € E4]0,00), then
b (s /m) = SG(f(u)ia)

el+(2+r)a/mt(e*/ ™ —1)ma (4m)" ™ max{1, z?}
2n

2. [ 4elt 2/ mm max{1, 22} (b=2)/2
d k" 4.13
<3 i ) (4.13

<C

In addition, Voronovskaya’s formula can be differentiated:

Theorem 4.4. Let m,r € NT and f € E,[0,00). Then

nangon(B( r) (f(nu) ) S (flu ),:U)> = *%di;{mx Sm (Al/m( u);x)},

(4.14)

n

uniformly on every interval [x1,22],0 < 1 < x93 < co. Thus the rth derivative
of Bymn (f(nu);x/n) converges at the rate 1/n when the right hand side of
(4.14) is non-zero.

To prove Theorems 4.3 and 4.4, we shall need the following lemma.
Lemma 4.5. Let r € N*. Then
S5 (f(w); ) = m"e™ A AT f,(0), (4.15)
and

B, (f(nu)so/n) = mlm —~) -+ (m -

r—1

) (r+ %A) AT (0)

—mTe matAArfm + Z kbk ) - <T> (k)jxk*j
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Iz jym’ I em A AN £,(0) (4.17)
= SO (f(u);z) + i(%)kb’“(rg") zr: (") (k)24
puct ko
Lpziym'™ S (A7 (fyu)iw) (4.18)
= SO (f(u);z) — %d‘i; (mx2sm(A§/m(f, u);x))

= br(mn) o (T . .
# RS (7 et s S5
k=3 7=0
(AF 7 (fwgse) (4.19)
where (k); = k(k —1)---(k — j + 1) is the falling factorial power, and Ig;> ;3
denotes the indicator function for {k > j}.

Proof. The proof of (4.15) is straightforward by differentiating (2.5). We can
prove (4.16)—(4.19) in the following fashion. From the proof of (4.3) and the
fact that n > 2 > 0 for £ > 2 it follows that

(—1)k£€kwsm (Allc/m(f7 U), .fE)

9ema (e ™ —1)+14+2a/m | 02 <4€1+2a/mmx2)(k2)/2
<C

- n nk
1+2a/m (k—2)/2
4 1+2a/m (k=2)/2
Since it is immediate that the infinite series Y - , % con-

verges, the infinite series (2.13) converges uniformly. Thus by differentiating
Eq. (2.13) [notice also (2.16) and (2.17)] r times and using Leibniz’s rule to-
gether with (2.15), we can deduce (4.16)—(4.19). O

Proof of Theorem 4.3. To prove (4.11) and (4.12), begin by observing that [see
(4.15) and (4.16)]

B, (f(nu);a/n) — ST (f(w);x)
—m (m_i) . (m_ r- 1) (1+%A)WH AT £ (0) — m7 A AT, (0)

:m(m_D (m_ f;1> [(Hg )’”“_emm] A7 f(0)
(4.21)

+ {m <m - 1) (m - 1) - m”] emTAATF(0). (4.22)

n n
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First, we handle the term in (4.21) by using Lemma 3.3. Setting g,, := A" f,,
and T(t) = €', we find that

’(1 n %A) T m(0) = e"”Agm(O)’

(i) on =1 (G ) o

(mn —r) HT (%) Im — (I+ %A) gmH + (mn —1)

(Yot ()|

< (mn-—r)

IN

(mn —r)z? |
< D |+ =)
ma/(mn—r)
™y (E) Agm + / o T(u)A%g,,du
nimn—r) \n o/n mn —r
re r2z?

CU2
< (mn—r) (W A%, || + Y | Agm |l + PR EE— ||AzgmH)

rr

2
= (m’n, — 7“) (;7’7,2 HATJr2fm|| + m ||Ar+lme
2,2
+m ||AT+2me) : (4.23)

where the first inequality follows by (3.5). The third inequality follows by using
(3.8) and applying the general Taylor’s expansion T'(t) —T'(s) = (t—s)T(s)A+
f:(t — u)T(u)A%du (see Lemma 3.3 with [ = 2). The fourth inequality can
be derived from ||T'(z/n)|| < 1 and by an almost verbatim extension of the
reasoning given in deriving (3.8).

Moreover, the second term, i.e., the term in (4.22), can be dealt with as
follows:

[t = 2y = Ty e [ e, 0)

n n
<m"|(1— %) (1 ’"T;nl) - 1’ e AT £, (0) (4.24)
’I"T(T — 1) r _ mT‘—l,r(,r — 1) r
<ot D g = gy, (4.25

where the last inequality follows from the generalized Bernoulli inequality:
1-(1—-z)I—22) - (I—ap) <x1+a2+ - +2,,0<2;, <1 (1<i<n).

Summing (4.21), (4.22) together with (4.23), (4.25) and noting that m(m—
1/n)--(m—r/n) <m"+! yields
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]Bf,:n( () o/m) = S (f (w)s )|
mr+1 ( 2 HATHme + 2rx ||A7'+1me + ||A7+2f H)
2n m—r/n (mn
mr— 1
ol [ (4.26)

2n

By Remark 3.2, ||A]| < 2, so ||A¥|| < 2 (k € N). Therefore, (4.11) follows
from (4.26). To derive (4.12), observe from (3.9) that ||A" f,,.|| < ||f™))/m".
Now (4.12) follows since |[A™t2f, || < |A2]| - |A" fmll < 4[|f7)|/m" and
AT ] < AL - A7 fo < 2050/

Next, we shall prove (4.13). Note that by (2.5) and the definition of
divided difference together with (4.6) and (4.7), for 0 < j <r

s A AE T £ (0)] =[S (AY 7 (fowia)|
< C2k+r je (k+r—j)/m5m(eau; 1‘)
< 02k+r€a(k+r)/me(e°‘/m71)mz. (427)
By invoking (4.18), Lemmas 3.1 and (4.27), we estimate that

‘an f(nu);x/n) — Sg)(f(u),:r)‘

%) b r r » » .
= Z k ke ( ( ) )@ " Mepsjym” = S (A’f;rm j(f,u);x)
j=0

k=2 i
< q r - . . i

<3 L Ioumm) ( ) ety [ (8477 )|
k=2 =0

o0 1+2a/m 21\ /2
_ C((4’rn)7,60”‘/”16(604/m_1)7nr Z <4e / W;]I{Ilax{l,x }) ) kr

k=2
el+(2+r)a/m+(e*/ ™ —1)ma (4m) ™ max{1, z?}
2n
i (4el+2"‘/mmmaux{l,:102}>(16_2)/2 L
k=2

IN

nk

where in the second inequality we apply these inequalities: for 0 < j < r,
m= < m", (k); < k", 27 < max{l,z}* (x > 0) and di= 0( ) = 2. This
complete the proof of (iii). O

Remark 4.6. Originally, we proved inequality (4.12). But we notice that if
higher smoothness of [ is assumed, then (4.26) implies stronger estimates
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than (4.12). Next we present two cases. Note that |A™ f, || < ||f7H|/m"+L,
[A 21 < Al - [A™ ]l < 2 fH/mm for fe CTFD,00) and
A" 2 £ < |17 2] /m" T2 for f € C"+2]0,00). Therefore it follows from
(4.26) that

(ii)-a. If f € C5T[0,00), then

2
B, (flnu)se/m) = S (F(w)io)| <= (x+m —7n T _‘”T)Q) 7+
r(r—=1) o
). (428)
(ii)-b. If f € C2[0,00), then
B (s a/m) = SO (f(w)i )|
T 2 T T
< g (a2 IO+ o 1)

r(r—1) o)
1)) oo, (1.20)

Proof of Theorem 4.4. By reasoning as in the proof of Theorem 4.3 and taking
(4.19) into account, we have

n (B (7o) D) =S (1)) + 4

(a5 88 01|

= b ( ~ (T » . .
Z > l;Lk I Z Q)Uf)ﬂk Ligzgym”™ S (Alffm J(f,U);x)
k= 7=0

k/2
kT

oo 14+2a/m 2
< Cn(4m)rear/me(ea/m—l)mw Z (46 / m;nax{l, xz })
n

k=3
22T+3mr+3/2e3/2+(3+r)o¢/m+(e°‘/m—l)mw maX{L (E3}

<C
B 3v3n
= (4el+2a/mmmax{1,x2}>(k3)/2 .
> K
nk

k=3
O

The actual computation of the operators S,,(f,z) requires estimating
infinite series, which restricts in practice the usefulness of these operators.
Many authors suggest using a partial sum of S,,(f,z) to approximate f(z)
(see [16,20,22,28,32,36]). For example, Grof [16] introduces and investigates

the operator
R—- Zm (na)* . (&
Sn,m(fa :E) =€ — kj' f ﬁ ) (430)

for which one has
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Theorem 4.7. Let m(n) be a sequence of positive integers with lim m(n)/n =
00, and let f € E4[0,00). Then

n—oo

Later, Lehnhoff proves that if m(n) = n, then lim, .o Spn(f,z) =
f(z), f € C[0,1] ([20] Theorem 5). He also asks what happens if the sequence
m(n)/n does not tend to infinity. Lehnhoff proves the following theorem [20]

Theorem 4.8. Let m = [n(x + §)], where 6 = §(n) is a sequence of positive
numbers with lim,, ., n'/%6(n) = co. Then {Sn,m tnen is a sequence of positive
linear operators from E,[0,00) to C[0,00) such that for f € E4[0,00)

lim Sy (fi2) = f(), (132)
uniformly on every interval [xq,22],0 < 1 < 249 < 00.

Theorem 4.8 was later refined by Omey [22] and Xie [32]. However, from
Theorems 4.3 and 4.4 we have seen that the operators By, (f(nu),z/n) can be
used as another finite sum replacement for S, (f, z). Moreover By, (f(nu),z/n)
is easier to handle than S, ,(f, ). Indeed, by using the Korovkin’s theorem
it is straightforward to prove that lim,, ..o Bmn(f(nu),z/n) = f(z), f(x) €
C[0,n]. Thus, we have derived the following results:

} _ Sm(f;x), mn— oo, f(x) € Eyl0,00),
Bon (f(nu); z/n) {f(a:), s o0, f(2) € Cl0.n)].

Moreover,

Corollary 4.9. Let m := m(n) be a sequence of positive integers with lim,, _
m(n) = oo and lim, . m(n)/n = 0. Then for f € E,[0,0)

i By, () (f (nu);z/n) = f(2), (4.33)

n—oo

uniformly on every interval [z1,22],0 < 1 < 29 < 00.
Proof. Clearly
Bomyn(f(nu);z/n) — f(x) = B (f(nu); 2/n) — Spn (f (w); 2)

Taking the limit of both sides of (4.34) as n — oo, and involving (4.3) and
(1.3) yields the desired result. O

Moreover, Sun [27] (corollary 1) derives
Theorem 4.10 [27]. Let r € NT. Then for f € E,[0,00)
lim S (f30) = £0(a), (4.35)

uniformly on every interval [x1,22],0 < 1 < 29 < 00.
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Therefore, by Theorem 4.3 [see (4.13)] and Theorem 4.10, we conclude
that

Corollary 4.11. Letr € Nt and let m := m(n) be a sequence of positive integers
with lim,,_, o, m(n) = oo and lim,, ... m"T(n)/n = 0. Then for f € E,[0,00)

Tim BU) ) (f(nu)ia/n) = [0 (@), (4.36)

uniformly on every interval [x1,22],0 < 1 < 29 < 00.

5. Convergence of L, (f,x)

Lototsky—Bernstein operators L., ( f; x) were first introduced by King in [18],
where he discusses conditions on the sequence of real-valued functions p;(z)
which ensure that L, (f;x) converges uniformly to f(z). Later, Eisenberg and
Wood [9] discuss uniform approximation of analytic functions by means of
the Lototsky—Bernstein operators L, (f,x). These articles [9,18] are the only
two papers we can find that are devoted to the convergence of L, (f,z). Re-
cently, the authors of this paper discuss shape preserving properties of the
operators L, (f,z). In [35], many interesting properties, such as fixed points,
iteration, and total positivity of Lototsky—Bernstein bases {b, x(z)}, as well
as monotonicity preservation and convexity preservation, are systematically
investigated. At the same time, we find that for any strictly increasing func-
tion p(x) € C[0,1] with p(0) = 0 and p(1) = 1, there exist Lototsky—Bernstein
operators L, (f,z) (by choosing suitable p;(z),1 < j < n) that satisfy the
following two properties:

(i) L,(f, x) preserve the constant function 1 and p(z),

(ii) limy, oo L (f, ) = f(x) uniformly on [0, 1] for all f € C[0,1].

In this section, we shall use the difference representation (2.6) and the
semigroup representation (2.18) to further study the convergence of the oper-
ators Ly (f, ). Our first theorem [35] concerns convergence of the operators
L, (f,z) without any additional restrictions on p;(z) (1 < i < n) except the
assumptions that for all ¢, 0 < p;(z) < 1 for z € (0,1) and p;(0) = 0,p;(1) = 1.
In this Section, we fix once and for all the notation A(z) = Y_7'_ | pr(2), A2(z) =
> k=1 Pi ().

The following theorem has been proved in [35].
Theorem 5.1 [35]. Suppose that p;(x) € C[0,1], 0 < p;(z) < 1 for xz € (0,1)
and p;(0) = 0,p;(1) =1 (i > 1). If (p1(z) + -+ + pn(x))/n converges, then
for f € C[0,1] the positive sequence {L,(f;2)}52, converges to a bounded
function Loo(f;x), where

Loo(fix) = lim Ly(fi2) = f ( lim p1<l‘>+---+pn<x>)_

(5.1)

Moreover, if lim,, oo (p1(z) +- - - +pn())/n converges uniformly on [0, 1], then
the convergence in (5.1) is uniform on [0, 1].

n— 00 n
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Conversely, if for some strictly monotone function fy € C[0,1], the posi-
tive sequence { Ly (fo; 2)}52, converges, then (pi(x)+ -+ pn(z))/n also con-
verges.

Let e1(x) = z and ea(x) = 2%, Then it is straightforward using (2.6) (see
also [18]) to derive that

n

Lu(e;z) =Y pi(x)/n,

i=1

2
n(e; (Zpl ) Zpl )/n? +sz . (5.2)

Remark 5.2. Let {L} },>1 be a sequence of positive linear operators on C[0,1],
and let e;(x) = 2',i > 1. Wang [30] (Theorem 2 in [30]) shows that if {L%},>1
satisfy the following two conditions:

(a) the sequence {L¥(e2)} converges to a function L% (es) in C[0, 1],

(b) {L}}n>1 satisfies Ly (f) > Ly (f) for every convex function f,
then there exists a bounded function L% (f,xz) such that lim, . L% (f,x) =
L2 (o),

Now if (p1(z) + -+ + pn(x))/n converges, then from (5.2) we find that
Lp(es) — Loo(ea) := (limy, oo (p1(2)+- - +pn(x))/n)2. However, we can show
by example that the inequality L, (f,x) > Ln+1(f) does not generally hold for
every convez function f and every x € [0,1]. Indeed, note that the inequality

Ly(er) = Lusa(er) = ) (ou(2) = para(@))/(n(n +1)) 2 0,

k=1

does not hold for pp(x) = 2% (1 <k < n),ppr1(x) = \/x. Therefore, Wang’s
Theorem [30] fails to guarantee convergence of the operators L, (f,x) for gen-
eral pi(z) (1 <i<n).

Corollary 5.3 [18]. Under the same hypotheses and with the same notation as
in Theorem 5.1: Iflim, o0 (p1(x)+- - -+ pn(z))/n = = uniformly on [0, 1], then

Tim Lo(fi2) = (@) (5:3)
uniformly on [0, 1].

Like the classical Bernstein operators, we have a Voronovskaja type the-
orem for the Lototsky—Bernstein operators.

In order to derive a Voronovskaja type theorem for the classical Bernstein-
type operators, we usually follow Davis [5] (p. 117-118), beginning with the
sums

Tor@) = 3 (k — ngu(a) b () =7 3 () (cp(@)) ™ Lo(eiz). (5.4)

- 1
k=0 =0
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By (2.6)
n(eie) = [ [T +pi(@)A)(€)n(0) =Y o5 (p1(2), -+, pa()) A (€:) (0),
k=1 j=0
(5.5)
where o (u1, ..., uy) is the jth elementary symmetric function in the variables

Uy ..., Uy (see [35]). Also by (2.14) and (2.15)
J
W€ (0) = A, (e6,0) = S (-1 (1) (/) = S G s (56)
k=0
where S(i, 7) is the Stirling number of the second kind. Combining (5.4), (5.5)
and (5.6)

=3 () (—l@)) 1S (6 oy (pr (@), pal@)). (5.7)

i=0 j=0

Along Davis’s line, we are concerned with the dependence of T}, ¢(z) on n.
Davis’s proof is valid only when we can prove |T), ¢(z)| < cn? for z € [0,1].
However, since the p;(z) are mutually independent, it is quite hard to derive a
bound on T, ¢(z) in terms of powers of n. Instead, we will use (2.18) to achieve
our purpose.

Recall the classical Voronovskaja type theorem for Szasz—Mirakjan oper-
ators [15,17]

7}ergon(5n(f,x) - flx) = %xf”(m),f € E,[0,00). (5.8)

This result will be used in the proof of the following theorem, where we will
also use the modulus of continuity of f defined by

w(f,t) = sup |f(z) = f(y)l-

|z—y|<t,z,y€l0,1]

Theorem 5.4. Suppose that p;(x) € C[0,1], 0 < p;(z) < 1 for z € (0,1) and
pi(0) =0,p;(1) =1 (i > 1). If the following three limits exist

plx) = lim A(z)/n, (5.9)
v(z) =: hm Xo(x)/n, (5.10)
n(x) =: hm( (x) = nu(x)), (5.11)

then for any f € C2[0, 1], the rate of convergence of the positive linear sequence
of Lototsky—Bernstein operators is governed by

lim n(Lo(fi2) = F(u(x)) = 3 (@) — () £ (@) + (@) (u(a)).

n—oo 2
(5.12)
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Proof. By (2.18)
Lo(f;2) = f(p(@))

= OAL,(0) = f(u(x)) %&(w)ek‘x“ﬁfn(w + Y an(=A)" e Af,(0)
k=3
=[O L (0) = DAL ()] + [ @A L,(0) ~ Flul)]

1 o0
- (@)eMDAA2E(0) + ) a(—A) DAL (0) = I + L+ Is + L.
k=3

(5.13)

By Lemma 3.3, I; can be handled as follows:
I = e/\(z)Afn(O) _ enu(:p)Afn(O)

Az)

= (Mz) — np(z))e™ @A Af, (0) +/ (M) — u)e A2 f,,(0)du. (5.14)
nu(x)

Now we deal with the integral part in (5.14) by using (3.9) and the contraction

of the operator T'(u) = e*4 (|le*4]| < 1)

: / " @) — e A2

w(z)

A(z)
/ (Mz) — u)e A% £, (0)du

w(z)

A(x)
< / (AMx) —u) He“AAanH du

p(z)
A=) z) — np(z))?
<Al [ (a) — wpa < A oy 545

np(x)
To analyze the first term on the right-hand side of (5.14), consider Taylor
expansion

Afn(k) = f((k+1)/n) = f(k/n)
= f'(k/n)/n+ f'(&)/(2n%), k/n < & < (k+1)/n,k > 0. (5.16)
Thus by (1.7) and (1.3) as n — o0

0 k
nenu(aﬁ)AAfn(O) — ne—"l/t(l’) Z % (517)
k=0 ’

Lf'(k/n) [+ f7 () /(207)] — [ (u()).- (5.18)
Combining (5.14)—(5.18), we conclude that

Jim nly = n(z) f(p(x)). (5.19)
By (5.8), it is obvious that
lim nly = T n(Sa(f, 1(2)) — F(u(e)) = 2p(@) (@), (5.20)
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To analyze I3, observe that as in (5.14) and (5.15), we have
A@DAAZE (0) — e @DAAZE (0)] = O(1/n). (5.21)

Moreover, using (3.9) yields
A2 (k) = f((k +2)/n) = 2f((k +1)/n) + f(k/n)

= f"(sk)/n? k/n < g < (k+2)/n,k >0, (5.22)
SO
nu(z)AA2f _ wu(z)z n,u (o)
— —n,u(m) Z n,u // k/n) n,u(:t)
x Z %[f”(ck) — 1" (k/n)]. (5.23)
k=0 ’

However, since 0 < ¢, — k/n < 2/n

e Z GG i) — 0 )

?T‘

,nu(m Z // k)—f/,(k/n”
k=0
e Z w(f”,2/n) = w(f",2/n) — 0,n — co. (5.24)
k=0 !
Now (5.23) and (5.24) together with (1.7) and (1.3) yields

n?e AN f,(0) — f" (u(x)). (5.25)
Therefore, by (5.21) and (5.25)

nls = —%)\g(x)ne’\(“’)AA2fn(0)

- _%Az(x)n AMPAAZE (0) — ew(w)AAQf"(O)}
B %)\2(56)/71 -n2em AN (0)
— —%V(.’I?)f//(,u(m))‘ (5.26)

Finally, we need to estimate the remainder term I;. By (3.2) and (3.9), for
0<xr<l1
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|I4 Z k )\(z)Af Zak k 26/\(1)AA2]¢-"(0)
k=3
Z‘a’f‘ H k 2M(@)A H ||A2f | < co
k=3
ela() h (k—2) (=072 7 2
k§_j( (52 e
o /) (k=1)/2 / y 1/2
o ()" () e
k=3
col /' reNY2  Aa(x)/A(z)
= n3/2 (3) Ao () /A (z) (5.27)
where ¢y = \/é(l% “7T/2) Thus, from (5.27), for 0 <z < 1
lim nly = 0. (5.28)

n—oo

Combining (5.13),(5.19),(5.20),(5.26) and (5.28), we have derived the desired
result (5.12) for 0 < < 1. Since L, (f;1) = f(1), the case = 1 is immediate.
U

Corollary 5.5. Under the same hypotheses and with the same notation as in
Theorem 5.4: Let p(x) = x, then

im0 (Lo(f32) — f() = (0 — v(@) ") + (@) f' (). (5.29)

Corollary 5.6. Under the same hypotheses and with the same notation as in
Theorem 5.4: If p;(x) = up(z) (1 <i<n) and lim,_,o uy(x) = x, then

T a(La(fi0) - [(2) = 36— @) +i@f @ (6530)
Remark 5.7. If p;(z) = u,(x) (1 < i <mn), then the Lototsky—Bernstein oper-
ators L, (f,x) reduce to King-type operators (see [1,3,4,13,14,19]). Therefore,
Theorem 5.4 is a generalization of the corresponding results for King-type op-
erators. For more details, see Theorem 2 in [1], Section 3.3 in [3] and Theorem
5.1 in [14].
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