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Abstract. We are concerned with non-autonomous radially symmetric sys-
tems, with certain strong repulsive singularities near the origin and with
some semilinear growth near infinity. By use of topological degree theory,
we prove the existence of large-amplitude periodic solutions whose mini-
mal period is an integer multiple of 7', and these solutions rotate exactly
once around the origin in their period time. The result in this paper shows
that both of the antiperiodic and the periodic eigenvalues play the same
role.
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1. Introduction

In recent few years, Fonda and his coworkers have studied the periodic, sub-
harmonic and quasi-periodic orbits for the radially symmetric system

T

i+ f(t,|z]) 0, x¢cR*\{0}, (1.1)

||

where f: Rx Ry — R, R} = (0, + c0), is continuous L!-Carathédory function
and T-periodic in the first variable, and exhibits a repulsive singularity near
the origin in the second variable. For details, see [13-18]. Setting r(t) = |z(t)],
the study of these solutions involves the scalar singular equation

i+ f(t,r) = 0. (1.2)
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In particular, in the paper [15], Fonda and Toader proved the following
result.

Theorem 1.1. Let the following two assumptions hold.

(A1) There are an integer M and two constants «, 5 such that

(?)2 <a <liminf £07) < hmsup@ <p< (M)2 (1.3)

r—+oo T r—+ 00 T

holds uniformly for every t € [0,T];
(A2) There are a positive constant § and a continuous function h : (0,] — R
such that

ft,r) < h(r), for everyt € [0,T] and everyr € (0, 4],

and

5
lim A(r) = — oo, / h(r)dr = — oco.
r—0+ 0

Then, Eq. (1.2) has a T-periodic solution, and there exists a k; > 1 such
that, for every integer k > ki, Eq. (1.1) has a periodic solution z(t) with a
minimal period kT, which makes exactly one revolution around the origin in

the period time kT. Moreover, there is a constant R > 0 such that, for every
k>k

1
7 < |zk(t)] < R, for every t € R,

and, if p denotes the angular momentum associated to x(t) then

s = 0

Roughly speaking, system (1.1) is singular at 0 means that f(¢,7) be-
comes unbounded when r — 0. We say that (1.1) is of repulsive type (at-
tractive type) if f(t,7) — — oo (respectively f(t,7) — +o00) when r — 0", As
mentioned in [16], such a type of singular systems appears in many problems
of applications. Such as, if we take f(t,7) = c/r?(c > 0), it is the famous
Newtonian equation
cx
|z
which describes the motion of a particle subjected to the gravitational attrac-
tion of a sun that lies at the origin. If we take f(¢,7) = ¢/r?(c < 0), (1.1)
may be used to model Rutherford’s scattering of a particles by heavy atomic
nuclei.

The question of existence of non-collision periodic orbits for scalar equa-
tions and dynamical systems with singularities has attracted much attention
of many researchers over many years, such as [3,5,11,19,25-28]. There are two

i+ =0, x¢eR*\{0},
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main lines of research in this area. The first one is the variational approach
[1,31,32]. More general systems is the type

() + Vot 2(t) = 0,

where V € CY(R x RM\{0},R) is a singular potential. In relation with the
variational approach, a common hypothesis is the unboundedness of the ac-
tion function near the singularity to guarantee that its critical points have
no collision with the singularity. Usually, the proof requires some strong force
condition, which was first introduced by Gordon in [21]. Roughly, it establishes
a maximum rate of growth of the potential near the singularity. For example,
if we consider the system

.. 1
the strong force condition corresponds to the case a > 2.

Besides the variational approach, topological methods have been widely
applied, starting with the pioneering paper of Lazer and Solimini [22]. In par-
ticular, some classical tools have been used to study singular differential equa-
tions and dynamical systems in the literature, including the degree theory
[13,23,33-35], the method of upper and lower solutions [2,30], Schauder’s fixed
point theorem [20], some fixed point theorems in cones for completely contin-
uous operators [7,24] and a nonlinear Leray—Schauder alternative principle
[6,8]. Contrasting with the variational setting, the strong force condition plays
here a different role linked to repulsive singularities. A counterexample in the
paper of Lazer and Solimini [22] shows that a strong force assumption (un-
boundedness of the potential near the singularity) is necessary in some sense
for the existence of positive periodic solutions in the scalar case.

For the scalar singular equation (1.2), we recall the following results.
When f(t,r) = f(r)—g(t), where f € C(R,R) is T-periodic and g € C(R;,R)
satisfies the following strong force condition at r = 0,

lim f(r)=—o00 and lim /T flr)dr =+ o0
1

r—0+ r—0+
and f(r) is superlinear at r = + oo,

r
lim M =+ o0,
r—+oco0 T
Fonda et al. [12] used the Poincaré-Birkhoff theorem to obtain the existence of
positive periodic solutions, including all subharmonics. Similarity, when f(t,r)
is superlinear at r = 4+ oo and satisfies the following strong force condition at

r = 0: There are positive constants ¢, ¢’,v such that v > 1 and
er U < —f(t,r) <er™? (1.4)

for every ¢ and every r sufficiently small, del Pino and Mandsevich proved in
[9] the existence of infinitely many periodic solutions to (1.2).
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When f(¢,7) is semilinear at r = 4 oo, del Pino et al. [10] proved the
existence of at least one positive T-periodic solution of (1.2) if f(¢,r) satisfies
(1.4) near r = 0, and the following nonresonance conditions at r = + co: There
exists £ € N such that

(lm>2 < lim inf M < limsup ft.r) < <(k s UW)Z. (1.5)

T r—+oco0 T ro+oco T T

Their result, later improved by Yan and Zhang [33], the conditions (1.5) is
removed and the existence of at least one positive solutions under suitable
nonresonance conditions is obtain by using the topological degree theory.

In [24,25], we considered the behaviour under the first eigenvalue. Our
main motivation is to obtain by the above papers [14,15], we also prove the
existence of large-amplitude periodic orbits whose minimal period is an integer
multiple of T, and rotate exactly once around the origin in their period time.
Compared with Theorem 1.1, the main novelty in the paper is represented by
the conditions at infinity, which remind of a situation between the higher order
eigenvalue, but are more general since the comparison involves the “weighted”
eigenvalue associated with the functions controlling the ratio f(¢,r)/r (where
r is the radial coordinate).

The rest of this paper is organized as follows. In Sect. 2, some preliminary
results will be given. In Sect. 3, by use of topological degree theory, we will
state and prove the main results.

2. Preliminaries

In this section, we present some results which will be needed in Sect. 3. Recall
that the L'— Carathéodory means

— t — f(t,r) is measurable and T —periodic, for every r > 0;

— r — f(t,r) is continuous, for almost every ¢ € [0, T];

— for every compact interval [a,b] C (0,+ o), there exists a £, € L' (0,T)
such that

|f(t,7)] < Lop(t) forae. te[0,T]and every r € [a,b].

We look for solutions x(t) € R? which never attain the singularity, in the
sense that

z(t) #0, for everyt € R.

Using the same idea in [15], we may write the solutions of (1.1) in polar
coordinates

x(t) = r(t)(cos p(t),sin ¢(t)).
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Then we have the collisionless orbits if r(¢) > 0 for every t. Moreover, Eq. (1.1)
is equivalent to the following system

{f+f(t,r)’j§0, 2.1)
T2§b =M .
where p is the angular momentum of z(t). Recall that u is constant in time
along any solution. In the following, when considering a solution of (2.1) we
will always implicitly assume that ¢ > 0 and r > 0.

If z(t) is a T-radially periodic, then r(¢) must be T-periodic. We will look

for solutions for which () is T-periodic. We thus consider the boundary value
problem

Pt f(tr) = b,
{’”(O) =r(T), 7(0)=7n(T). (2.2)

Let 1 = 0, (2.2) reduce to the T-periodic problem (1.2) and let X be a Banach
space of functions such that C'([0,7]) € X C C([0,T]), with continuous
immersions, and set X, = {r € X : min r(t) > 0}.

Define the space:
D(L) = {r € W21(0,T) : r(0) = r(T),#(0) = #(T)},
and the following two operators:
L:D(L)Cc X — LY0,T), (Lr)(t) =#(),
N : X, — L'Y(0,T) is the Nemyskii operator associated with f:
(N7)(t) = =f(t,r(t))-
The Carathéodory condition implies N is continuous. Taking o € R not be-

longing to the spectrum of L, the T-periodic for Eq. (1.2) is thus equivalent
to the operator equation

Lr = Nr,

which is also can be translated to

r—(L—ol) (N —ol)r =0,

since L — o is invertible.

Recall that a set Q@ C X is uniformly positively bounded below if there
is a constant § > 0 such that minr > § for every r € Q. In order to prove the
main result of this paper, we need the following lemma, which was proved by
Fonda and Toader [13].

Lemma 2.1. Let Q) be an open bounded subset of X, uniformly positively bounded
below. Assume that there is no solution of (1.2) on the boundary 092, and that

deg(I — (L — o)™ (N — o1),Q,0) #0.
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Then, there exists a ko > 1 such that, for every integer k > ko, system
(1.1) has a periodic solution xy(t) with minimal period kT, which makes exactly
one revolution around the origin in the period time kT. The function |xy(t)]
is T-periodic and, when restricted to [0,T)], it belongs to Q. Moreover, if
denotes the angular momentum associated to x(t), then

klin;o pe = 0.

3. Main Results

This section is dedicated to the main results. Let us first introduce some known
results on eigenvalues. Let ¢(t) be a T-periodic potential such that ¢ € L*(R).
Consider the eigenvalue problems of

"+ (A+qt)r=0 (3.1)

subject to the periodic boundary condition:
r(0) —r(T) ='(0) —'(T) = 0, (3.2)

or, to the antiperiodic boundary condition:
r(0) +r(T) = r'(0) +7'(T) = 0. (3.3)

We use M\ (q) < \P(q) < --- < AP(q) < --- to denote all eigenvalues of (3.1)

with the Dirichlet boundary condition:

r(0) =r(T) =0. (3.4)

These eigenvalues, as a whole, are called the characteristic values of (3.1), the

following are the standard results. See, e.g. Reference [29]_.

There exist two sequences {),(¢) : n € Z1} and {\,(q) : n € N} such
that

(E1) =00 <Xo(g) <A1(q) < Milg) <As(q) < Aa(g) <+ < An(g) < Anlg) <

- and A\, (q) = + 00, An(q) — + 00 as n — + oo.

(E2) A is an eigenvalue of (3.1)—(3.2) if and only if A = )\, (q) or A\,(q) if n
is even; and A is an eigenvalue of (3.1)—(3.3) if and only if A = ), (q) or
An(q) if m is odd.

(E3) The comparison results hold for all of these eigenvalues. If ¢; < ¢o then

Aa(@1) = X,(02), A1) = Anlg2), A (1) > AP (q2)

for any n > 1.
(E4) For any n > 1,
An(q) = min{AD (qr,) < to € R}, Xn(q) = max{A7 (¢r,) : to € R}
where gy, (t) denotes the translation of ¢(t) : gy, () = q(t + to).

(Es) A(q),A,(q), and AP (q) are continuous in ¢ in the L'-topology of L'(0, T).

Remark 3.1. When ¢ = 0,10(0) = 0 and Ay, (0) = Ay (0) = 2% for all M € N.
These eigenvalues coincide with the constants in condition (1.3).
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Now we present our main result.

Theorem 3.1. Let the following assumptions hold.
(H1) There exist a constant lg > 0 and a function h € C((0,00),R) such that
ft,r) < h(r)
for allt and all 0 < r <y, where h satisfies

7nlir(r)lJr h(r) = —o0

and

lim H(r) = + oo,

r—0+
with the primitive function H(r) = [" h(s)ds;
(Hs) There exist positive T-periodic continuous functions ¢, ® such that
@(t) < liminf G < limsup G < O(t)
r—+ 0o T r—+ 0o r
uniformily in t. Moreover, ¢(t) and ®(t) satisfy
o(t) < a < D(t),

for some constant a;
(H3) There exist k € Z* such that

Meo1(8) <0, A (@) > 0.

Then, Eq. (1.2) has a T-periodic solution, and there exist a K; > 1
such that, for every integer k > K7, system (1.1) has a periodic solution with
minimal period kT, which makes exactly one revolution around the origin in
the period time k7. Moreover, exist constant C' > 0 (independent of x and k)
such that

1 _
G < |zx(t)] < C, for every t € R and every k > K,

and, if g denotes the angular momentum associated to zy(t) then

klggo pe = 0.
In order to apply Lemma 2.1, we consider the T-periodic problem (1.2).
We will prove that deg(l — (L — ol)™*(N —01),Q,0) = 1 for some uniformly
positively bounded open set Q. To this end, we deform (1.2) to a simpler
singular autonomous equation

1 1
r+ar = —,
T

where @ > 0 is as in the condition (Hy). Consider the following homotopy
equation

'+ f(t,r;7) =0, 7€]0,1], (3.5)
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where

Ft,ri7) = 7t r) + (1= 7) ( - 1) .

r

We need to find a priori estimates for the possible positive T-periodic solutions
of (3.5).

Note that f(¢,r;7) satisfies the conditions (H;) uniformly with respect
to 7 € [0,1]. Moreover, for each 7 € [0,1], f(¢,r;7) satisfies (Hy) with ¢ =
¢r =7é(t) + (1 —7)a and ® = &, = 7P(t) + (1 — 7)a. Since ¢, (t) > ¢(t) and
O (t) < D(t),

S\k—l((be) S 5\k—l((yb) < O; Ak((p‘r) Z Ak((p) > Oa

thus (Hgs) is satisfied uniformly in 7 € [0,1]. In order to simplify the notation,
we just give a priori estimates for all possible positive solutions to (1.2)—(3.2).
The usual LP-norm is denoted by || - ||, and the supremum norm of C[0, T is
denoted by || - |-

From (H;), there is I; > 0 such that

flt,s) <0, forall 0<s<lIl <lp. (3.6)
Since ¢(t) > 0 for all ¢, by (Hz), there exists Ly > I; such that
f(t,s) > ¢(t)s >0, forall s> L. (3.7)

Suppose that r(t) is a positive solution of (1.2) and tg is a critical point
of r(t). By (3.6) and (3.7), " (to) = —f(to, r(to)) will be positive if r(tg) < Iy
and will be negative if r(t9) > L;. We thus conclude with the following.

Lemma 3.2. Let Iy, Ly be as above, assume that f(t,r) satisfies (H1) and (Hg)
and ty is a critical point of r(t).

(1) If r(to) < li, then r(to) is necessarily an isolated local minimum.
(ii) If r(to) > L1, then r(tg) is necessarily an isolated local mazimum.

From (Hz) , we know that there are €9, D > 0 such that
f(t,s) < (®(t) +e0)s+D <Cs+ D forallt and all s > 0, (3.8)

here C := max O (t) + g is a positive constants.
The following result is called the elasticity property in literature.
Lemma 3.3. Let r(t) be a positive Tperiodic solution of Eq. (1.2), assume

that f(t,r) satisfies (Hy) and (Hz). Then there exist some constants ly €
(0,11], L € [L1,+00) and B > A > 0 such that the following properties hold.

(1) If to is a critical point of r(t) such that r(tg) < la, then the next critical
point so > to of r(t) satisfies r(sg) > L1 and

A < r2(so)(H(r(to))) ™" < B. (3.9)
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(i1) If so is a critical point of r(t) such that r(sg) > Lo, then the next critical
point t1 > so of r(t) satisfies r(t1) <11 and

A< 7r2(s)(H(r(t1))) ™' < B.

Proof. Let us prove (i). We first assume that r(tp) < l;. By Lemma 3.2, ¢y is
an isolated local minimum point. Since s > tg is the next critical point of r(¢),
then we have r/(t) > 0 for ¢ € (tg, s9). The inverse function of r(t)(¢t € (to, So))
is denoted by £. Thus there exists ¢, € (g, so) such that r(t.) = ly. Multiplying
(1.2) by r'(t) and integrating from ¢y to sp, we obtain

0= / ey (1)t = / U F(tr () (bt

_ ﬁmwmwwﬁ+lfm¢@w@ﬁ

o r(o0)
= (&(s), s)ds +/ f(&(s), s)ds. (3.10)
r(to) lo

Note from (H;) that f(¢,s) < h(s) for all s € (0,lp]. Using the fact (3.8), we
get from (3.10) that

lo r(s0)
0< /T(to) h(s)ds + /lo (Cs+ D)ds
= H(lo) — H(r(to)) + %C(TQ(So) —15) + D(r(s0) — lo)
< Cr?(so) — H(r(to)) + D'.
for some D’ > 0. Hence
Cr3(se) > H(r(to)) — D'

Since H(r) — +o00 as 7 — 07, we can take some l5 € (0,l;] such that D’ <
@ for all r € (0,1].
Now, if r(tg) < 1}, then

07“2(80) > H(T2(t0))
and
r?(s0) > M =: AH (r(to)).

- 2C
Thus the left-hand inequality of (3.9) is proved.
By (3.7), one has some C’ > 0 and D > 0 such that

f(t,r)>C'r— D

for all r > lg.
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Now we get from (3.10) and f is an L'-Carathéodory function that

lo ~

r(s0)
0= [ flehods+ [ (€5 Dyds
T(to) lo
1
Z §C/’I"2(SQ) _ D//
for some D" > 0. Hence
1
§C/T2(So) <D".

Also since H(r) — +o00 as 7 — 07, we can take some 5 € (0,[;] such that
D" < H(r) for all r € (0,14].
Now, if (tg) <1, then

%C’r2(so) < H(r(to))
and

2
r2(sg) < aH(r(to)) =: BH(r(tp))-
Thus the right-hand inequality of (3.9) is proved.

We get from (3.9) that if r(to) < I4 then r(so) > VAH(r(to)). If r(to)
satisfies further that r(tq) < H~Y(L2?/A), then r(sq) > L.

These show that if r(ty) satisfies
r(to) < min (Iy, Iy, H™'(L}/A)),

then all conclusions in (i) have been proved. The proof of (ii) is similar. [

Remark 3.2. Let r(t) be a positive T-periodic solution of (1.2), from the fact
that H(r) — +o00 as r — 0T, we have, if mtaxr(t) is large then mtinr(t) is
small, and vice versa.

Lemma 3.4. Let r(t) be any T-periodic solution of (1.2). There exist I3 € (0, l2]
and L3 € [Lg,+ 00). If either mtinr(t) <3 or mtaxr(t) > Ls, then r(t) has
2N (N € N) critical points in [to,to +T'):

to<sp <t <81 <---<tny-1<S8N-1,

where to € [0,T), t;’s are local minimum points and s;’s (i =0,1,...,N — 1)
are local maximum points.

Proof. We start with the first ¢y € [0,7) such that r(tg) = mo = mtinr(t)

and will study all critical points of r(¢) within [tg,to + T"). We assume that
mo < la. Let sg > to be the next critical point of (¢). By Lemmas 3.2 and 3.3,
r(sp) > L1, and tg, sg are local minimal and maximal points respectively.
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We claim that sg — tg have a positive lower gap. To see this, we know
that r/(t) > 0 for ¢ € (to, so) and also let t. € (tg, so) be such that r(t.) = lo.
From (3.8) we have, for t € (., sg),

—r"(t) = f(t,r(t)) < Cr(t) + D
and
=r"(t)r'(t) < (Cr(t) + D)r'(8).

Given t € (t«, s0), integrating the inequality above from ¢ to sg, we have

% (' ()2 = /t ) (£)dt < /t SO(Cr(t) + D)r'(t)dt
_ %(7«2(30) —r2()) + D(r(s0) — 7(t))

< (Cr(s0) + D)(r(s0) — (1)),

where the r(t) < r(so)(t € (t«, s0)) is used.
Let My = r(so). We have

Tl(t) S \/2(CMO + D)\/Mo — T'(t), te (t*,SO).

Thus
S0 My 1
so—t zs—t*:/ dt:/ dr(t
R A SR
Mo dr(t)
“Jiy, /2(CMy+ D)\/My — r(t)
_[2(Mo — o)
CMy+ D"’
From

li 2(y—lo) - 2
im ——= =1/ =
y—+oo \| Cy+ D C

there exists Fy > Lo such that if
My > Eo, (3.11)

/1
So—t()z GZZVO.

Next, we consider the next critical point ¢; > sg of r(¢). By Lemma 3.3,
my = r(t1) <l again. Note that r'(t) < 0 on (so,?1). Let t* € (s, 1) be such
that r(t*) = ly. For t € (s¢,t"), from (3.8) we have

—r"(t) = f(t,r(t)) < Cr(t) + D

then
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and
—r"(#)r'(t) > (Cr(t) + D)r'(t).
Given t € (sg,t*), integrating the inequality above from sq to ¢, we have
1 t
—5(7«’(t))2 > / (Cr(t) + D)r'(t)dt

> (r(t) — M) (C(T(t); Mo) D) .

Thus
—r'(t) < /2(CMy + D)\/My — r(t), t€ (so,t*).
Similarly,
ty —sg > t" —sg > %.
Under (3.11), one has
t1 — 50 > Wo.

By the Lemma 3.3, these conditions will be verified when mg < I3, where
I3 € (0,l3) is sufficiently small. Processing as above, we can find the next
critical point sy — t; > Vy and t9 — 51 > Vj, this process will be terminated
after 2N steps to reach at the critical point tg + T, where N > T'/Vj. This
completes the proof. O

Lemma 3.5. Let r,(t) be a sequence of positive T-periodic solutions of r!l +
f(t,rn) = 0 such that My, := ||7,|lcc — +00. Then z, = 17 has a subsequence
converging in C(R/TZ) to some z(t).

Proof. From Remark 3.2 we know N,, := mtinrn(t) — 0 as n — oo. By

Lemma 3.4, one knows that if n is large, there exists m,, € {1,2,..., N} such
that 7, has finitely many critical points

n

ty <sp <ty <spg <o <tp 4 <sp 1,

and the next critical point will be t§ + T, where ¢t € [0,T),t"’s are local
minimum points and s}'’s are local maximum points of 7,,.
By passing to subsequence if necessary, we may assume that m,, are the

same number m € {1,2,..., N}. Moreover, as n — o0,
n n
ti — ti, S, — Si
for each i = 0,1,...,m — 1. From Lemma 3.4, as n — oo, one has

Tn 1
/ ——ds=—Ilnr,(t}') ~ —InN, and r,,(s]) = M, i =0,1,...,m — 1,
s

and
InN,, ~ M2
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Note that for any n, ||z,|| = 1 and z,, satisfies

2"+ falt,z) =0, (3.12)

where
f(t, Myz)
n(t,z) = ——F—.
fultz) = L7
From (3.8)
CM D D
fult,2) < # =C 3

Multiplying (3.12) by z,(t) and integrating by parts, we get

T T
/0 2] dt:/o Falts 2 (D) 2n () dt

T D
< R
_/O (Czn(t) + n) 2 (t)dt
g Dzl
< Cllzall® + - )dt
/O < [ A,

D
“r(er 2)

Thus {z,} is bounded in H'(0,T). Passing to a subsequence if necessary, we
can assume that z, — z weakly in H*(0,7) and 2, — z strongly in C(0,T).
Obviously, z(t) > 0 for all ¢t. As ||z,|| = 1, ||z]| = 1 and z # 0. We will
prove that z(¢) has only the isolated zeros ¢;(i = 0,1,2,...,m) in the interval
[to,to + T]. See Lemma 3.6 below.

Let U = {t € R : z(t) > 0}, which is an open subset of R. Take any
interval I = (o, () from U. Let J be an arbitrary closed subinterval of I.
Define

[t ra(t))

qn(t) = PO tedJ
Then z,, satisfies
2y + qn(t)2n = 0. (3.13)
By (Hz), for any given ¢ > 0, we have
P(t) —e < qu(t) < P(t)+¢ (3.14)

for all n sufficiently large and all ¢t € J. In particular the sequence {g,(t)} is
bounded in L?(.J). We can assume, passing to a subsequence if necessary, that
qn(t) — q(t) weakly in L?(.J) to some function q;(t). From (3.14), one has

P(t) —e <qs(t) <®(t) +e
for a.e.t € J. Since ¢ is arbitrary, we conclude that q; satisfies

O(t) < qs(t) < ®(t)  ae. te (3.15)
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As J is arbitrary, let us define the function ¢/ : I — R by
' (t) = qs(t) whenever t € J.

Note that ¢’ (¢) is well defined on I by the uniqueness of weak limits.
For any C' function v whose support is contained in .J, it follows from
(3.13) that

/J ot = /J an () (D)o(0)dt

because v = 0 on d.J. Using the convergence results z, — z weakly in H'(0,T),
¢n — q' weakly in L?(J) and z, — z strongly in C(0,T), we have

/J 2v'dt = /J q ()2 (t)v(t)dt

for all C! function v with supports in J. As J is an arbitrary closed interval in
I, the regularity theory shows that z(¢) is a classical solution of the following
linear equation

¢tz =0, tel. (3.16)
Note that z(t) > 0 for t € I = (a, 8). It is easy to verify from (3.16) that both
the limits lim;_, o+ 2/(¢) and lim;_,5- 2/(t) exist and are nonzero. In fact, for
any t1,ty € I, one has

|2 (t2) — 2'(t1)] =

to
/ qf<t>z<t>dt\ < 19]lt2 - ta].

t1

Thus the existence of lim;_,,+ 2/(t) and lim,_, 53— 2(t) follows from the Cauchy
theorem. Now (3.16) has a nonzero solution z(¢) on [, (]. Since z(a) = 2(8) =
0, it is necessary that z/'(«) # 0 and 2'(3) # 0 by the uniqueness of solutions
of linear ODEs.

As [ is an arbitrary interval contained in U and R\U contains only count-
able points, we can define a measurable T'—periodic function ¢(t) by

q(t) = ¢'(t), whenever t € I.

By (3.15), q(t) € (¢, ®). Moreover, z(t) satisfies for a.e. t € R the following
equation

2(8) + q(t)z = 0. (3.17)

By Lemma 3.4, if n is large, there exists m € {1,2,..., N} such that
r,(t) has finitely many critical points

o <sp <ty <sp<---<tn_,<sh

m—1

and the next critical point will be t + T, where tj € [0,T), t#’s are lo-
cal minimum points and s?’s are local maximum points of r,(t). As n —
+00,t — t;,s — s; for each i = 0,1,...,m — 1, the zeros of z(t) are

to <ty < - <tm_1 <to+T =:tp. As all the limits lim; ;4 2'(¢) exist and
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are nonzero, one can then choose nonzero constants & so that the following
function

E(t) :&z(t), te [tifl,Sifl], 1=1,2,...,m,
is C1 on [tg,t,,]. Obviously, Z satisfies z(tg) = z(to +T') = 0. For such a choice
of tg and ¢(t) < q(t) < ®(t), Z satisfies (3.17) for t € [to, t,]. Moreover, the

function Z can be extended to whole R according so that it satisfies (3.17) on
R. O

Lemma 3.6. The limiting function z(t) has only isolated zeros to <t < --- <
tin—1 <to+T =:t,, in [to,tm].

Proof. First we know from (3.6) and (3.7) that
f(t,s) =0=s €[l L1]. (3.18)

Now we study the changes of r,(t) for t € I, := [sf,s}], where the
interval is spanned by two consecutive local maximum points of 7, (t).

Note that 7/(sf) < 0 and r//(t}) > 0. Let u™ € (s{,t7) be the first point
left to ¢} such that r//(u™) = 0. Similarly, let v™ € (¢}, s}) be the first point
right to ¢} such that r//(v™) = 0. Thus

ft,rn(t)) <0 forall te (u™v"). (3.19)
Since f(u™,rn,(u™)) = f(v"™,r(v™)) =0, we have from (3.18) that
rn(u"), (") € [l1, La]. (3.20)

We claim that v — 4™ — 0 as n — oo.

For ¢t € (¢},v™), we have r//(t) > 0. As r/(t}) = 0, r/,(t) > 0 for all
t € (t7,v™) and 7, (¢) is strictly increasing on [t}, ] We use 7, to denote the
inverse function of r, restricted to (¢}, v™).

From condition (H;), one has,

—f(t,s) > —h(s) forall 0<s<lp.
From
() () = = f(t,ra(t))r (1),

we integrate the equation from ¢} to t, (¢ € (¢],v™)), and obtain

n

t T (1)
P= 2 [ ferand==2 [ ()9

where 7,, = r,(t}). Note that 7,, — 0 as n — + occ.
For t € (t7,r; (lp)], one has

"'n(t)
(r(0)? > —2 / h(s)ds = 2(H(Fn) — H(ra(1))):

n
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For t € (r;;*(lp),v"], by noticing (3.19), we have

rn(t) lo
(H(6)? = —2 / £ (s), 5)ds — 2 / £ (5). 8)ds

lo Tn
lo

> -2 fnn(s),s)ds > 72[ ' h(s)ds

Tn

= 2(H(Tn) — H(lo))-

Thus is,
2(H n ,if te T (1
. {¢ HO@), o te (el o
V2(H(T,) — H(lo), if te (r (lo),v"]
By the intermediate value theorem, there exists ¢, € (7", ly) such that
n t"—/vndt—/mwn) L g (t)—/lo L +/T"(vn) L ar(r)
A (O S SO
lo 1 J (t>+/7’n(”n) 1 dr(t)
r r
. V2(H H(ra(t))) lo V2(H(7n) — H(lo))
o lO - Tn 7ﬂn(vn) - lO
VEHT) - H&@) /2t — i)
lO_Tn Ll

= VAT - W? (o))

where (3.20) is used. Since 7,, — 0,H(7,) — 400, it is easy to see that
" —t¢ — 0, as n — + oo. Similarly ¢t —u™ — 0 as n — + oco. Thus the claim
has been proved. It is obvious that v™, u™ — t;.

From (3.21), for n large, we have some constant k > 0, z/,(v™) > k. Now
for t > t1, we have v < t for n large,

20(t) = 2a0") + 20t —0) + T g2
= 2, (V") + 2L (V") (t — V™) — 7}”(@127]3\0;:@)) (t—v™)?2,  (3.22)

where ¢, € (v",t). Using the estimate (3.8), one has

_f(C"’x"(CTL)) > _CTn(Cn) +D >
2Mn o 2Mn -

for n large. By (3.22), if n is large,
Zn(t) > 2, (V™) + 2L (V™) (t —v™) — C(t — ™).
Taking the limit, we have

2(t) > k(t —t1) — Ot — 1),

—C
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for all ¢ > ¢;. Similarly, we will have some constants ¥’ > 0 and C’ > 0 such
that

2(t) > K (t—t)) — C'(t —t1)?

for all t < ¢1. From these, we know that ¢ is an isolated zero of z(t). The same
argument shows all ¢;(i = 2,3,...,m) are isolated zeros of z(t).

As a final step, we prove that z(¢) will be positive for all ¢ € (tg,t0 + T)
except t = t;,4 = 1,2,...,m. For definiteness, let t € (to,t1). Note that ¢t — t;
and s} — s; as n — oo. Moreover, from the proof of Lemma 3.4, we know
that s —t( and ¢} — s{ have positive lower bounds. We can fix some interval
t € [a, 0] C (to,t1) such that o — ¢o is small, z(a) > 0 and ¢; — (3 is small,
2(8) > 0. Moreover, for n large, one has

lp <a<sy<p<ty.

Since 7, (t) has only the critical points t7,s? on [t§,t) + T'), we know that

rn(t) is increasing on [tf}, s§] and is decreasing on [sf, t}]. Hence, for n large,

Tn(t) > min(rn (O‘)v Tn(ﬁ))

Thus
2(t) = n11_)11;1O TX;:) > min (ry\/ffj)’ T;é?)
= min(z(a), 2(8)) > 0.
We finish all proof of the lemma. O

For (3.1) with A = 0, the Hill’s equations
" +q(t)r =0, (3.23)
and the corresponding Poincaré matrix is

My — (%(T) ¢2(T)> ,
Pi(T)  Ps(T)

where 9;(t)(i = 1,2) are solutions of (3.23) satisfying 11 (0) = ¥4(0) = 1 and
¥1(0) = 12(0) = 0, respectively. The eigenvalues u1 2 of My are then called
the Floquet multipliers of (3.1). They satisfy pq - p2 = 1. Equation (3.23) is
called elliptic if A\; = Ag,|A\;| = 1, \; # £1. Let us clarify the meaning of (Hj)
in Theorem 3.1.

Lemma 3.7 [33]. Let q(t) be an measurable T-periodic function satisfying ¢(t) <
q(t) < ®(t). The condition (Hs) is equivalent to each of the following asser-
tions.

(i) For anyto € R and n € N, AD(¢,) # 0.

(ii) Fquation (3.23) is elliptic.

Now we give a priori estimates on T-periodic solutions of (1.2).
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Lemma 3.8. Assume that (Hy),(Hs2) and (Hs) are satisfied. Then there exist
constants C1,Cy > 0 such that any positive T-periodic solutions r(t) of (1.2)
satisfies

Cy<r(t)<Cy forall t. (3.24)

Proof. We argue by contradiction. Assume that (1.2) has a sequence {r,} of
positive T-periodic solutions such that ||r, || — 00. It follows from Lemma 3.5
that one has some ¢y and some non-zero function z such that z”(t) +q(t)z = 0
and z(tg) = z(to +T) = 0 are satisfied. Let now

y(t) = 2(t +to), tel[0,T]
Then y(t) # 0 satisfies
v +aq,(t)y=0, tel0,T).

and the Dirichlet boundary condition (3.4). This implies that A (g,) = 0 for
some n, a contradiction to Lemma 3.7. The Lemma is thus proved. U

Lemma 3.9. There exist C5 > 0 such that any positive T-periodic solution r(t)
of (1.2)-(3.2) satisfies

17 ()]l < Cs.

Proof. Integrating (1.2) from 0 to T, we get

T T
/ r”(t)dtJr/ f(t,r(t))dt = 0.
0 0
Thus fOT f(t,r(t))dt = 0. From (3.8), we recall that there are €9, D > 0 such
that
F(t,5) < (®(t) + =o)s + D

for all ¢ anqgl 5> 0.
As [y f(t,r())dt =0, thus [[f(t,r(t))[ly = 2/|f (¢ r(#)]l- Since r(0) =
r(T), there exists ¢ty € [0, 7] such that '(¢;) = 0. Therefore

¢
/ r"(s)ds
tr

SA U@M$N%=2A £+ (5,7(5))| ds

I lloo = ooreT ()] = 0SS

T
< 2/ |(8*(s) + eo)r(s) + D] ds
0
< 2((||(I)+H1 + Tep)Cy + DT) = Cj.
where @7 (t) = max{®(t),0}, f(t,r(t)) = max{f(t,r(t)),0}. O
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Now we give the proof of Theorem 3.1. Consider the homotopy equation
(3.5), we can get a priori estimates as in Lemmas 3.8 and 3.9. That is, any
positive T-periodic solution of (3.5) satisfies

Cr<r(t) <Cy  Ir'llee <C3

for some positive constants C, C%, C%. Define C' = max{1/C}, C5, C4} and let
the open bounded in X be

Q={reX: % <r(t)<C and |'(t)] <C forall tel0,T]}.

By the homotopy invariance of degree and the result of Capietto et al. [4],
deg(I — (L —oI) (N — 01),9,0) = deg(ar — 1/r,Q N R,0) = 1.
Thus (3.5), with 7 = 1, has at least one solution in €, which is a positive
T-periodic solution of (1.2). By Lemma 2.1, the proof of Theorem 3.1 is thus
completed.
As a direct consequence of Theorem 3.1, we consider the system
1 x
i+ ( 6]z — > =0, xecR*{0}, (3.25)
( ERAEd
take h(r) = f(t,r) = 6r —1/r2, ¢(t) = ®(t) = 6, and A2 (6) = (n7/T)? -6 # 0
for all n € N, then it is easy to see that (Hy) — (H3) are satisfied, system (3.25)
has a family of periodic orbits {z}} with angular momentum {u;} satisfying
limki,oo HE = 0.
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