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Abstract. Using an identity due to Gessel and Stanton and some proper-
ties of the p-adic Gamma function, we establish a p-adic supercongruence
for truncated hypergeometric series 7 Fgs. From it we deduce some related
supercongruences, which extend certain recent results and confirm a su-
percongruence conjecture.
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1. Introduction

Throughout this paper, let p denote an odd prime. Based on a result of Ahlgren
and Ono [1], Kilbourn proved [6] that

Z (%) =a, (modp®), (1.1)
k=0

where () =z(x+1)---(z +k — 1) and a,, is the p-th coefficient of a weight
4 modular form

n(22)*n(42)* == ¢ H (1— @M1 — g*n)4, ¢ = 2™z,
n>1

For more such supercongruences, one refers to Rodriguez-Villegas [13].

Motivated by Ramanujan-type formulas for 1/7, Zudilin [15] obtained
several supercongruences by using the WZ method. For example, he proved
that
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23t 1y \ 3 )
D (=D)F(dk +1) (%}’“) =(-1)"7 p (mod p’), (1.2)

k=0

which was conjectured by van Hamme [14] and first confirmed by Mortenson
[12].
McCarthy and Osburn [9] proved another conjecture of van Hamme [14]:

x () ) . (modp®) Hp=1 (modd),
—1)* k 2ok = FP(4)
kZ:O( )74k + 1) ( k! 0 (mod p3) ifp=3 (mod 4),
(1.3)

where T'(+) stands for the p-adic Gamma function recalled in next section.

Hypergeometric series are very important in many research fields, includ-
ing algebraic varieties, differential equations and modular forms. It is known
that some of the truncated hypergeometric series are related to the number of
rational points on certain algebraic varieties over finite fields and further to
coefficients of modular forms. For complex numbers a;,b; and z with none of
the b; being negative integers or zero, we define the truncated hypergeometric
series as

biobos by 7], T 2 b (B B
All of the left-hand sides of (1.1)—(1.3) can be rewritten as the truncated
hypergeometric series.

Using the Dougall’s formula and some properties of the p-adic Gamma
function, Long and Ramakrishna [8] proved that for any prime p > 5,

1111117

3737373737376
1
la]-a]-a]-a]-ag p—1

Ly (%)9 (mod p°) ifp=1 (mod 6),

7F%

—39p'T, (%)9 (mod p%) ifp=5 (mod 6),
which extends a result of van Hamme [14].

Some other interesting supercongruences for the truncated hypergeomet-
ric series were obtained by several authors, see, for example, [2,5,7,8,11].

Let (x), denote the least non-negative integer r with « = r (mod p) and
|| denote the greatest integer less than or equal to a real number . The aim
of this paper is to establish the following supercongruence.



Vol. 72 (2017) A p-adic Supercongruence 2059

Theorem 1.1. Let p > 5 be a prime. For any p-adic integer o with 0 < (), <
|p/4], we have
[bEEbEiad-a

1 1 )
LA 1420, 207 |

(‘UpTMpr (%) Ly (i)Q Iy(l+a)ly (% - 0‘)

={ xT, (%—i—a)?’l"p (i—a)g (mod p?) ifp=1 (mod 4),
0 (mod p?) ifp=3 (mod 4).
(1.4)

Some related supercongruences for truncated hypergeometric series can
be deduced from (1.4).

Corollary 1.2. For any prime p > 5, we have

111174
SF 226
4|: 17171a% 74 p=1
2
P 2 )
(10, (3) Ty (5)° (mod p*) ifp=1 (mod 4),
= (1.5)
0 (mod p?) ifp=3 (mod4).

Corollary 1.3. For any prime p > 5, we have

111117
. 5[2’27274741’6; }
1,1,1,1,1 poi
—ply (i)4 (mod p3) ifp=1 (mod 4),
_ (16)
0 (mod p?) ifp=3 (mod4).

Supercongruences (1.5) and (1.6) extend some recent results of He [5,
Theorem 1.1], which stated the corresponding supercongruences hold mod p?.
It should be mentioned that the factor (—l)p%rg was missing in the first case
of [5, (1.1)]. Supercongruence (1.5) confirms the second conjectural supercon-
gruence in [5, Conjecture 1.2].

In the next section, we first recall some properties of the Morita’s p-
adic Gamma function and a terminating hypergeometric series identity due to
Gessel and Stanton. The proof of Theorem 1.1 and Corollary 1.2 and 1.3 will
be given in Sect. 3

2. Some Lemmas

We first recall some basic properties of the Morita’s p-adic Gamma function.
For more details, one refers to [3, §11.6] and [10]. Let p be an odd prime and Z,
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denote the set of all p-adic integers. For « € Z,, the Morita’s p-adic Gamma
function [3, Definition 11.6.5] is defined as

Ip(x) = hm H k,
0<k<m
(k:,p):l

where the limit is for m tending to = p-adically in Z>.

Lemma 2.1. Suppose p is an odd prime and x € Z,. Then

(1) =-1, (2.1)
Dp(@)0p(1 = 2) = (=1)=), (22)
Lp(x+1) ) -2 ifvy(x) =0,
LG { L ifuyla) >0, 23
where ap(z) € {1,2,--- ,p} with x = ap(z) (mod p) and vy(-) denotes the

p-order.
In fact, (2.2) can be extended as follows.

Lemma 2.2. (Long and Ramakrishna [8, (2.3)]) Let p > 5 be a prime, y € C,
and x € Q with v,(x) > 0. Then
Tyl + 9)Tp(1 — 2 — ) = (~1)2). (2.4)
Lemma 2.3. (Long and Ramakrishna [8, Lemma 17, (4)]) Let p be an odd
prime. If a € Zy,n € N such that none of a,a+1,--- ,a+n—1 in pZ,, then
T'p(a+n)
(@) = (-2t
'y (a)
The following lemma is a special case of the theorem due to Long and
Ramakrishna [8, Theorem 14].

(2.5)

Lemma 2.4. Suppose p > 5 is a prime. If a € Z,, m € C, satisfying v,(m) >0,
then

_ 2 Grla), 5
Ty(a+mp) =Tp(a) Y == (mp)*  (mod p°), (2.6)
k=0 :

where Gi(a) = I‘;,k) (a)/Ty(a) € Z), and I‘;k) (x) is the k-th derivative of I'p(z).
Lemma 2.5. (Gessel and Stanton [4, (1.8)]) If n is a non-negative integer, then

[ a,ba—b+ 3,1+ %,1—2d,2a+2d+n,—
7Fs

[2a —2b+1,2b, % a+d+ 31— d—271+a+§’
(3),b+d), (d=b+a+3) (a+1), fn=2
ifn=ar,

_)(b+3), (atd+3) (d),(a—b+1), (2.7)

0 ifn=2r+1.



Vol. 72 (2017) A p-adic Supercongruence 2061

3. Proof of (1.4)—(1.6)

.. . . -1
Proof of (1.4). Let w be any primitive 3th root of unity. Letting n = £5=,a =

i, b= % +a,d= # in (2.7) and noting that 1 + w + w? = 0, we obtain

PR
7F%

—— ifp=1 (mod 4),

0 if p=3 (mod 4).
(3.1)

Since for 0 < k < 221 and 0 < (o), < |p/4],

1

(14 2a), <; _ 2a> = (14 2(a),), <2 _ 2<a>p>k 20 (mod p),

k

and (%)k / (%)k = 6k + 1, we conclude that none of the denominators on the

left-hand side of (3.1) contain a multiple of p. By the fact that
(u+wvp) (u + vpw)(u + vp?) = w? +07p”,
we have
(u+ vp)i(u + vpw)i (u+ vpw?)r = (w)i  (mod p?),

and so

1-p l—wp 1—w?p 1 1 17
T3 02 s tMI T
746 P wp w2p 1 1a1
1+Z71+T71+T’1+2a’§_2a76
111171

73737777777—’_ 7l_
57F6{2 2262 TG O‘ﬂ (mod p?). (3.2)
p—1
2

1 1 )
L,1L,1, 11420, —2a

Combining (3.1) and (3.2), we conclude the proof of (1.4) for p = 3
(mod 4). In order to prove the case p =1 (mod 4), it suffices to show that the
following holds mod p?:
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() (fra) n(h-a) e

By (2.5), we have

()=o) mevm@

s T (H2) Ty (2272) 1, (14 252)
= Ty (D) Ty (Z22) Ty (2)
_ (ayreen T O Do () T (B9 ) 1 (4 )T (14 )Ty (14 232)
=0 T, ()T, (14 2)Ty, (S28) T, (1+ )T, (22T, (A52)
(3.5)

where we have utilized the fact that 1 +w 4 w? = 0 in the first step. Applying
(2.6) and the symmetry with respect to the 3th roots of unity, we get

r (1 Zp) r (1 +4wp) r (1 —|—4w2p> r, (1 N g)
r, (1+ %p) r, (1 + 4’7) = (Fp(l)rp (i))g (mod p°)
— 1 ’
=T, <4> . (by (2.1)) (3.6)

Furthermore, by (2.4) we get

—wp wp 3—wp 1+wp
rp<4 )r (1+4)rp< ; )rp( : )

s (3.7)
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Finally, combining (3.4)—(3.7) we obtain

(3) o1 (3) o2 s Ty (D71, (2)
4 4 =(—1)"% P \4 P \4 mod 3 3.8
() () IR @0 M 69
From (2.4) and (2.3), we have
FI‘pl(i)p) -1, (3.9)

and

r, (;)2 = (-1 =-1. (3.10)

Substituting (3.9) and (3.10) into (3.8) gives

ol O RO N

It is not hard to verify that for 0 < (), < [p/4], none of

da+ 3+ wp 2 — 4o+ w?p 3
—_— —_— 1 p—1, - —
< 4 )p—l ’ ( 4 p—1 ’ ( +a) 41 4 @ p—1
4 4 4

contain a multiple of p. It follows from (2.5) that

4a+3+w2p 274o<+w2p
4 p=1 4 p=1
4 4

At e (G- o)

_ Tp (4a+iiwp)r‘? (17427‘@)1—,}7 (14+a)Ty (% -a)
r, (4a+34+w2p) r, (2—4a4+w2p) r, (4a+43+p) r, (2—4f+p)
_ T, (sf2men)p, (2-sten)p, (1ois-ws)p, (datiten)D, (14 )T, (3 - a)
r, (4a+43+p) r, (411+i+up) r, (4(1+34+u.12p) r, (274f+p) r, (274(Z+up) r, (2740{4«{»1‘02{))

(3.12)

where we have used the fact that 1 + w + w? = 0 in the first step.
By (2.4), we have

da+2 —wp 2 —4a+ wp 1—4a —wp da+ 3+ wp
() () (e (e

= (—1)r () en(252), (3.13)
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Using (2.6) and the symmetry with respect to the 3th roots of unity, we get

4 4 4 2

r, a+3+p r, a+3+wp r, a+3+wp
4 4 4
2—4 2-4 2-4 2
xT, a-+p r, o+ wp r, o+ wp
4 4 4

d04+3\° . [1-2a\° ,

Substituting (3.13) and (3.14) into (3.12) gives

4a+3+w2p 274a+w2p
4 p—1 4 p—1
I 1

(T4 a)en (- 0)ps

(1) () pa(223) Lo (1 + 0
, (12)°T, (

| =
—~
=
—
N
I
o}
S—

By (2.4), we have
da+3\° . [1-4a)’ sots
b (4) Fp( i ) = (=) (55),
1—20\" . /1+2a\° o (120
F’”( 2 >Fp< 2 )(1)31,(2).
Combining (3.15)—(3.17), we obtain

4a+3+w2p 274a+w2p
4 p—1 4 p—1
I 1

(1+Oé)pT—1 (% _a)pfl

=I,(1+a)T, (i —a) r, <; +a>3rp (i —a>3 (mod p?).

Then the proof of (3.3) follows from (3.11) and (3.18).

Proof of (1.5). Letting & — oo in (3.1) and noting that

4

.
a0 (1+2a), (% - 20‘)k

drol (oo _ 1y

(3.14)

(3.16)

(3.17)

(3.18)

O
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we obtain

72 v 2 1
51y

= (1+2)2P)4 (4+52p)p1 ifp =1 (mOd 4)7 (3.19)

0 if p=3 (mod 4).

The proof of (1.5) follows from (3.11), (3.19) and the fact that
(w+ vp)i(u + vpw)i(u+ vpw?)x = (w)i  (mod p°).

Proof of (1.6). Letting ov = 0 in (1.4) reduces to
111117

202224746
615

1L,1,1,1,5 7 bt

p+3 4 5 .
(—1)"pl, (3) T, (D)0, (3) T, (1) (modp?) ifp=1 (mod 4),
0 (mod p?) ifp=3 (mod 4).

(3.20)
For p=1 (mod 4), by (2.1) and (2.4) we have
r,(1)=—1.

)
r, (;) = () =1,
(e ()

Substituting the above equations into (3.20), we complete the proof of (1.6).
O
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