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Abstract. Let X be a Banach algebra, let ¢, ¢ be mappings on X, let 6 be a
(¢, 9)-derivation on X and let d be a generalized (¢, 1)-derivation related
to d. If X' is simple, we determine some sufficient conditions under which
every generalized (¢, ¢)-derivation on X is continuous (without continuity
of 0). In addition, we show that if d is inner on F1(X) (the set of all rank
one operators on X) and ¢, : B(X) — B(X) are homomorphisms and
surjective on F1(X) then d is inner on B(X). Finally, we characterize the
linear mappings on B(X) which behave like generalized (¢, 1)-derivations
when acting on zero products.
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1. Introduction and Preliminaries

Suppose that X' is a complex algebra and ¢, : X — X are two mappings. A
linear mapping 0 : X — X is called a (¢, 1)-derivation, if for each xz,y € X

d(zy) = 0(x)p(y) + b(x)d(y). (L.1)

Let ¢, ¢ : X — X be two mappings and let § : X — X be a (¢, ¢)-derivation.

A linear mapping d : X — X is called a generalized (¢, v¢)-derivation related
to 4, if

d(zy) = d(z)o(y) + ¢¥(2)é(y) (z,y € X). (1.2)

If ¢, are automorphisms of algebra X and there exist zg,yo € X such that

d(z) = xop(z) — ¥(2)yo, for all z € X then d is a generalized (¢, 1))-derivation
which is called inner generalized (¢, )-derivation.
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The theory of automatic continuity of derivations has a long history.
Sakai [11] answered to the conjecture made by Kaplansky in [8]. He proved that
every derivation on a C*-algebra is automatically continuous. In [10], Ringrose
generalized these results to derivations from a C*-algebra A into a Banach
A-module. Johnson and Sinclair in [6] proved the continuity of derivations
on semisimple Banach algebras. In [9], it’s shown that every (¢, v)-derivation
on a C*-algebra is automatically continuous, if ¢, are continuous *-linear
mappings and in [3] the assumption of linearity of ¢,v¢ were deleted. Hou
et al. [4] proved that every (¢,1))-derivation on B(X) is continuous, if X is
simple and ¢, are surjective and continuous mappings on B(X). For more
results concerning these subjects, we refer to [2,13].

In [7], Kadison showed that every derivation of a C*-algebra on Hilbert
space is spatial and every derivation of a von Neumann algebra is inner. Sakai
[12] proved that every derivation of a W*-algebra is inner. Innerness of deriva-
tions of a nest algebra has been proved by Christensen in [1]. Also Hou et al.
[4] give some sufficient conditions on which every (¢, ¢)-derivation of B(X) is
inner.

In [5], Jing et al. showed that an additive mapping on operator algebra is
almost a derivation, if it satisfies the formula of derivations on pairs of elements
with zero product. We discuss this issue in the last section.

In this paper, we extend some of the results concerning (¢, 1)-derivations
to generalized (¢, ¥)-derivations. In fact, by investigating of the notion of gen-
eralized (¢, v)-derivations, we deduce this results for the notion of derivations (
if $ = ¢ = id and 0 = d), the notion of generalized derivations ( if ¢ = ¢ = id),
the notion of (¢, 1))-derivations ( if 6 = d), and the notion of left centralizer
(if ¢ =4 = id and § = 0). So it’s interesting to investigate details of this
general notion of derivations.

This paper consists of three sections. After introducing the notion of
generalized (¢,1))-derivations in the first section, we give some examples and
theorems concerning continuity of generalized (¢, )-derivations on a Banach
algebra, in the second. In the third section, we give some sufficient conditions
on which every (¢,1)-derivation on B(X) is inner. Also we characterize the
linear mappings on B(X) which behave like derivations when acting on zero
products.

For a complex Banach algebra X we denote the Banach dual space of X
and the algebra of bounded linear operators on X, by X* and B(X). Denote by
F1(X), the set of all rank one operators on X'. We define rank one operators on
X by (z® f)(y) = f(y)z, for z,y € X and f € X*. We collect some properties
of z ® f in the following lemma;

Lemma 1. Let X be a Banach algebra then for each x,y € X, f,g € X'* and
T,S € B(X) we have;

(1) T(x® f)S = (Tz) ® (S'f), where S" denotes the adjoint of the operator
S,
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(2) @ filyog) = fy)(z®y9),
(3) If T(z ® f)=0, for each x € X then T = 0.

Recall that if X',) are normed spaces and T : X — )Y is a linear
mapping, the separating space &(T') of T is the set of all y such that there is
a sequence {z,} in X that z, — 0 and Tx,, — y. Clearly, &(T) is a closed
linear space. Also, if X',) are Banach spaces, by closed graph theorem, T is
continuous if and only if &(T") = {0}.

Using assertions of [4], to investigate the continuity and structure of gen-
eralized (¢, )-derivations of Banach algebras, we may assume that X is unital,
5(1) =0, ¢(0) =4(0) =0, ¢(1) = (1) = 1, where 1 is the identity of X.

2. Automatic Continuity of Generalized (¢, 1)-Derivations of
Banach Algebras

We start this section with some examples.

Ezample 1. We use idea of Example 2.4 in [3] and we assume that v, 6 are
two arbitrary mappings on C[0,2] and take f1, f2,ho,h1 € C[0,2] such that
fiho = 0= fohg and fahy = 0. Define ¢,1),d, é on C[0,2] by

V() =~(Nf, o(f) = [+ f200f)
6(f) = fho, d(f) = fho+ fha.

Clearly, 6 is a (¢, ¢)-derivation and d is a generalized (¢, 1))-derivation related
to 6. (We see that v and 6 can be nonlinear and discontinuous.)

Ezample 2. Let X be a Banach algebra, let 7,0 be continuous homomor-
phisms of X, let fi, fo be two functionals without linearity and continuity,
and z1,y1,21 € X with 127 = 0 = y121. Define the mappings ¢, v, d on X for
u € X by

P(u) =v(u) + fi(w)z, P(u) =0(u) + fo(u)z

So ¢, 1 are nonlinear and discontinuous. Although, ¢, 1 are not automorphism,
we see d is an inner generalized (¢,)-derivation of X. Indeed, by definition
of ¢, and the relations of between x1, 21 and y;, 21 we can show that d is an
inner generalized (¢, v)-derivation.

Also, since we have d(u) = z1v(u) — 6(u)y: for each v € X, thus d is
continuous.

Lemma 2. Let X be a complex Banach algebra, let ¢, : X — X be two
mappings with ¢ be continuous at 0 and let d be a generalized (¢, v)-derivation
related to 6. If x,, — 0 and d(x,) — x then d(z,) — x.
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Proof. By Definition of generalized (¢, 1)-derivations (1.2) we have
x = lim d(1z,) = lim (d(1)¢(x,) + ¥ (1)d(zy)) = lim 6(zy).
O

Proposition 1. Let X' be a Banach algebra and let M be a Banach X -bimodule.
Let ¢, : X — M be two mappings with ¢ be continuous at 0. Ifd : X — M
is a generalized (¢, 1)-derivation related to 6 : X — M then d is continuous
if and only if § is continuous.

Proof. Put T := d — 6. Obviously, T(xy) = T'(z)¢(y). So T(y) = T(ly) =
T(1)é(y). Therefore continuity of ¢ implies that 7" is continuous. Hence d is
continuous if and only if § is continuous. O

Now we are going to delete the assumption of the continuity of § and
obtain continuity of d. We present the first main result.

Theorem 1. Let X be a simple complex Banach algebra and let ¢, : X — X
be surjective and continuous at 0. If at least either ¢ or 1 is not homomor-
phism, then every generalized (¢,)-derivation d : X — X related to § is
continuous.

Proof. At first, using assertions of [4], we can assume that ¢(0) = 0 and
1(0) = 0. Now, we show that &(d) is two sided ideal in X. For this, if a € &(d)
then there exists a sequence {z,} in X’ such that z,, — 0 and d(z,,) — a. Since
¢ and 1 are surjective, for every x € X there are y, z € X such that ¢(y) =«
and 9(z) = z. So we have

lim d(z,y) = lim (d(z,)o(y) +(a)0() = lim d(za)é(y) = ax

n—oo

with 2,y — 0. Therefore az € &(d). Similarly, by Lemma 2, we have za =
lim,, 00 d(22,) with za,, — 0, so za € &(d). Hence &(d) is two sided ideal in
X. Since X is simple, either &(d)={0} or &(d)=X

If 6(d)=x, for arbitrary y,z € X and = € &(d), let d(z,,) — = which
2, — 0. By using idea of Lemma 3.1 in [3], we have d(z,,)(¢(yz) — o(y)p(2)) =
(6(@ay) — () ())8(=), which obtain

2(¢(yz) — 9(y)o(2)) = 0. (2.1)
Similarly, we get to d(2)(¢(yzn) — ¢(y)d(2n)) ( (zy) = ¥(2)¥(y))d(zn). So

(¥ (y2) = P()(2))z = (2.2)
Similarly, by d(z,,)(¢(Ay + z) — Ap(y) — #(z)) = 0, we can obtain that

z(P(Ay + z) — Ap(y) — ¢(2)) = 0. (2.3)
And by (Y (A\y + 2z) — Mp(y) — ¥(2))0(zy,) = 0, we have
(Y (Ay +2) = Mp(y) — ¥(2))z = 0. (2.4)

These four equations show that ¢, are homomorphisms, which is a contra-
diction. Hence &(d)={0}. It means that d is continuous. O
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Theorem 2. Let X be a simple complex Banach algebra, let ¢, : X — X
be surjective and continuous at 0 and let d be a generalized (¢,)-derivation
related to §. If one of the following conditions holds:

(1) Anmi(8()) = {y € X | yd(x) = 0,Ya € X} £ {0}

(2) Ann, (8(X)) = {y € X | d(x)y = 0,%a € X} # {0}

(3) There exists a noninvertible and nonidempotent element xo € Z(X) (the

center of X ) with 0 # 22 = x3.
Then d is continuous.

Proof. If at least either ¢ or ¢ is not a homomorphism then by Theorem 1 we
have done. Now, we suppose that ¢, are homomorphisms.

If (1) holds, then for 0 # z¢ € Ann;(§(X)), we define ¢y : X — X with
Yo(x) = ¥(x)+xo. Since 1 is surjective and continuous at zero, 1 is surjective
and continuous at zero, too. However 1 is not homomorphism. Clearly, J is a
(¢, 1p)-derivation and d is a generalized (¢, 1g)-derivation related to §. Hence
by Theorem 1, d is continuous.

If (2) holds, then for 0 # xg € Ann,(§(X)), we define ¢y : X — X with
do(x) = ¢(x) + xo. Obviously, ¢¢ is surjective and continuous at zero and ¢
is a (¢o,¢)-derivation. We can consider ¢ as a generalized (¢, 1)-derivation
related to § so by Theorem 1, § is continuous. Therefore by Proposition 1, d
is continuous.

If (3) holds, then for 0 # zg € Z(X) with 22 # x¢ and 0 # 22 = 23, by
a simple calculating we have

230(xy) = 230(2)d(y) + 239 (2)8(y)
= 230(2)p(y) + 239 (2)8(y)
= 230(2)p(y) + woy(2)230(y)
So 236 is a (¢, xoy)-derivation and similarly, x3d is a generalized (¢, zgv)-
derivation related to z2§. Since (3 — x¢)(X) = (22 — 20)X is an ideal of
X containing (23 — zo) and X is simple, so (3 — z0)y(X) = X. Therefore
(201) (y) — (2016) () (200) () = (wo0) () — (30))(2y) # O for some a,y € .
So xot is not homomorphism. Also (z¢¢)(X) = 20X is an ideal of X’ so
2o(X) = X. Hence w1 is surjective. By Theorem 1, 22d is continuous. Since
236(d) C &(z2d), we have 236 (d) = {0}. We know &(d) is an ideal of X (by
first part of Theorem 1). Since X is simple, either &S(d) = {0} or &(d) = X. If
&(d) = X then 22X = {0}, so 23 = x3 = 0 which is a contradiction. Therefore
S(d) = {0} and d is continuous. O

3. Characterizing Structure of Generalized (¢, 1)-Derivations
on B(X)

The first theorem of this section states that innerness of generalized (¢, )-
derivations on F;(X) completely decide innerness of generalized (¢,)-
derivations on B(X).

)
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Theorem 3. Let X be a compler Banach algebra and let two homomorphisms
o, B(X) — B(X) be surjective on Fi1(X). If d : B(X) — B(X) is a
generalized (¢,1)-derivation related to & which is inner on F1(X) then d is
inner on B(X).

Proof. By the hypotheses on d, there exist T, S € B(X) such that d(z ® f) =
Sop(x® f) — Yz f)T, for every x ® f € Fi(X). We define d’ on B(X) by
d'(A) = d(A) — SP(A) + H(A)T (A € B(X)).
We recal that ¢(1) = 1 and (1) = 0. Now, the result is proved by four steps;
o At first, we define ¢’ on B(X) by
0'(B) =0(B) +¥(B)T —T¢(B) (B € B(X)).
We show that 0’ is a (¢, 1))-derivation. Indeed,
8'(AB) = §(AB) + ¢Y(AB)T — T¢(AB)
= 0(A)p(B) +p(A)3(B) + p(A)p(B)T — TH(A)p(B)
+ (W(A)TH(B) — Y(A)T(B))
= (6(A) + V(AT = T¢(A))d(B) + (A)(6(B) — To(B) + (B)T)
= 0'(A)p(B) + ¢ (A)d'(B).
e Also we show that d’ is a generalized (¢, 1))-derivation related to ¢’. Since
d' (AB) = d(AB) — S¢(AB) + ¢ (AB)T
= d(A)¢(B) + ¢ (A)d(B) — S¢(A)p(B) + ¢ (A)(B)T
+ (W(A)TH(B) — (A)TH(B))
= (d(A) = So(A) + ¥(A)T)¢(B) + ¢ (A)(0(B) + ¢(B)T — T$(B))
= d'(A)¢(B) + 9 (A)d'(B).
e Obviously, d’ | £, (x)= 0. At this step we show 0’ |, (x)=0. For 2® f,y ®
g € F1(X) we have
0=d((z®f)ly®g) =d@® floly®g)+b(z® )i (y®g).

Since d’ £, (x)= 0 and % is surjective on F;(X) so §'(y ® g) = 0.
e Finally, we show that d = 0 on B(X). For each A € B(X) and 2z ® f €
F1(X) we have

0=d(A@z® f) =d(A)(x® f) +¥(A)d (z & f).
Since 8" | £, (x)= 0 and ¢ is surjective on F; (X ), we obtain that d'(A) = 0.
Hence we conclude that d(A) = S¢p(A) — p(A)T, for A € B(X). O

In the next theorem we show that a linear mapping on B(X) which behave
like a generalized (¢, ¥)-derivation on pairs of elements with zero product is a
generalized (¢, 1)-derivation. Also, we recal that it can be assumed ¢(1) =1
and 6(1) = 0.
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Theorem 4. Let X be a Banach algebra and let ¢,7p : B(X) — B(X) be
homomorphisms such that ¢ be surjective on F1(X). If d is a linear mapping
on B(X) such that for every A, B € B(X) with AB =0, d(AB) = d(A)¢(B) +
Y(A)d(B) in which 6 is a (¢,)-derivation. Then d is a generalized (¢,1)-
derivation related to 6.

Proof. Let p € B(X) be an idempotent. For every A € B(X) we have Ap(I —
p) =0= A(I — p)p. Since
d(Ap(I —p)) = d(Ap)o(I —p) +P(Ap)d(I — p)
= d(Ap) — d(Ap)é(p) — ¥ (Ap)d(p)

and

d(A(I —p)p) = d(A — Ap)¢(p) + (A — Ap)i(p)

(A)o(p) — d(Ap)d(p) + ¥ (A)d(p) — P(Ap)d(p).

By comparing these equalities we obtain that d(Ap) = d(A)¢(p)+1(A)d(p) for
A€ B(X). For xg € X and f € X*, if f(x9) =1 then 29 ® f is an idempotent.
Now we substitude p by o @ f. So we have for all A € B(X)

d(A(zo ® f)) = d(A)p(zo ® f) + ¥(A)d(z0 @ [). (3.1)
For each x € X and f € X*, we choose A € C such that u = f(Ax+xo) #
0. Put y := Az + x0, so
pAd(A( @ f)) + T d(Alzo ® f)) = d(A(p™y © f))
= d(A)p(p "y ® ) + (Ao (Y ® f)
= d(A)p(u~ " Ae @ f) + d(A)p(p "z @ f)
+ (A Ae @ f) + (A (o @ f).

These equalities together with 3.1 implies

d(Ax @ f)) = d(A)p(z @ f) + ¢(A)d(z @ f)

for all A € B(X), x € X and f € X*. Replacing A by AB for A, B € B(X),
we get

d
d

d(AB(z ® f)) = d(AB)¢(x @ f) + »(AB)§(z @ f). (3.2)
On the other hand

d(A(Bz ® f)) = d(A)p(Bz ® f) + (A)5(Bz @ f)
=d(A)g(B)d(z @ f) + ¥ (A)d(B)o(x @ f) +p(A)p(B)é(z @ f).

Comparing Eq. 3.2 and the last equation, we conclude

(d(AB) — d(A)¢(B) — ¢(A)d(B))¢(z @ f) = 0.
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Hence by surjectivity of ¢ on Fi(X), for each y € X we have

(d(AB) — d(A)p(B) — ¢ (A)é(B))y @ g
= (d(AB) — d(A)¢(B) — ¢ (A)d(B))¢(z @ f) = 0.
Therefore d is a generalized (¢, 1))-derivation related to 4. O

References

1] Christensen, E.: Derivations of nest algebras. Math. Ann. 299, 155-161 (1977)

2] Dales, H.D.: Banach Algebras and Automatic Continuity, London Mathemati-
cal Society Monographs. New Series, vol. 24. Oxford Science Publications, The
Clarendon Press, Oxford University Press, New York (2000)

[3] Hejazian, S., Janfada, A.R., Mirzavaziri, M., Moslehian, M.S.: Achivement of
continuity of (¢, ¥)-derivations. Bull. Belg. Math. Soc. Simon Stevn 14, 641-652
(2007)

[4] Hou, C., Ming, Q.: Continuity of («, 3)-derivations of operator algebras. J.
Korean Math. Soc. 48, 823-835 (2011)

[5] Jing, W., Lu, S., Li, P.: Characterizations of derivations on some operators
algebras. Bull. Austral Math. Soc. 66, 227-232 (2002)

[6] Johnson, B.E., Sinclair, A.M.: Continuity of derivations and a problem of
Kaplansky. Am. J. Math. 90, 1067-1073 (1968)

[7] Kadison, R.V.: Derivations of operator algebras. Ann. Math. 83(2), 280-293
(1966)

[8] Kaplansky, L.: Modules over operator algebras. Am. J. Math. 75, 839-858 (1953)

[9] Mirzavaziri, M., Moslehian, M.S.: Automatic continuity of o-derivations in C*-
algebras. Proc. Am. Math. Soc. 134, 3319-3327 (2006)

[10] Ringrose, J.R.: Automatic continuity of derivations of operator algebras. J. Lond.
Math. Soc. 5(2), 432438 (1972)

[11] Sakai, S.: On a conjecture of Kaplansky. Tohoku Math. J. 12(2), 31-53 (1960)
[12] Sakai, S.: Derivations of W *-algebras. Ann. Math. 83(2), 280-293 (1966)

[13] Villena, A.R.: Automatic continuity in associative and nonassociative context.
Irish Math. Soc. Bull. 46, 43-76 (2001)

[
[

A. R. Janfada, M. Kafimoghadam and M. Miri
Department of Mathematics

University of Birjand

P. O. Box 414

Birjand 9717851367

Iran

e-mail: mkafimoghadam@yahoo.com

A. R. Janfada
e-mail: ajanfada@birjand.ac.ir;
janfada.ar@gmail.com



Vol. 72 (2017)  Continuity and Structure of Generalized (¢, ¢)-Derivations 1821

M. Miri
e-mail: mmiri@birjand.ac.ir

Received: December 25, 2016.
Accepted: July 26, 2017.



	Continuity and Structure of Generalized (φ,ψ)-Derivations
	Abstract
	1. Introduction and Preliminaries
	2. Automatic Continuity of Generalized (φ,ψ)-Derivations of Banach Algebras 
	3. Characterizing Structure of Generalized (φ,ψ)-Derivations on mathcalB(mathcalX) 
	References




