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Abstract. In this paper we introduce a notion of a para-complex affine
hypersphere. We give a complete local classification of such hypersur-
faces and give several examples. It turns out that every para-complex
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an application, we classify all 2-dimensional para-complex affine hyper-
spheres.
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1. Introduction

The main motivation for this paper are results obtained by Dillen et al. [1].
In that paper the authors introduce a notion of a complex affine hypersurface
and, in particular, a notion of a complex affine hypersphere. Now, it seems
to be natural to ask what happens in a para-complex case. Para-complex
structures are widely studied by many authors (see e.g. [2-4]). A concept of a
para-complex affine immersion as well as a para-complex affine hypersurface
was introduced by Schéfer and Lawn [5].

In this paper we introduce a notion of a para-complex affine hypersphere
and give a complete local classification of such hypersurfaces. More precisely,
we show that every para-complex affine hypersphere can be locally obtained
from two real affine hyperspheres. In particular, we can construct several ex-
amples of para-complex affine hyperspheres using well know examples of real
affine hyperspheres. As an application we provide examples of 1-dimensional
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(in a para-complex sense) para-complex affine spheres and show that they
are the only 1-dimensional para-complex affine spheres up to a para-complex
equiaffine transformation.

In Sect. 2 we briefly recall basic formulas of affine differential geometry
and recall the notion of an affine hypersphere. Since para-complex affine hy-
persufaces are hypersurfaces of a real codimension two, we recall also a concept
of an affine hypersurface of codimension two.

In the first part of Sect. 3 we recall some basic concepts related to para-
complex geometry (for details we refer to [5-7]). Later, using similar methods
like in [1] we introduce a notion of affine normal fields for para-complex affine
hypersurfaces and study several basic properties of hypersurfaces equipped
with such vector field.

The Sect. 4 contains main results of this paper. In this section we intro-
duce a notion of a para-complex affine hypersphere and prove classification the-
orems. Especially, we shall show that there is a strict correspondence between
real and para-complex affine hyperspheres. We also give several examples.

2. Preliminaries

We briefly recall the basic formulas for affine differential geometry. For more
details, we refer to [8]. Let f: M — R"*! be an orientable connected differ-
entiable n-dimensional hypersurface immersed in affine space R™t! equipped
with its usual flat connection D. Then for any transversal vector field C' we
have

Dx £.Y = £.(VxY) + h(X,Y)C
and
Dx C=—f.(5X)+7(X)C,
where X,Y are tangent vector fields. For any transversal vector field V is a
torsion-free connection, h is a symmetric bilinear form on M, called the second
fundamental form, S is a tensor of type (1, 1), called the shape operator and
T is a 1-form.
In this paper we assume that h is nondegenerate so that h defines a
pseudo-Riemannian metric on M. If i is nondegenerate, then we say that the

hypersurface or the hypersurface immersion is nondegenerate. We have the
following

Theorem 2.1. ([8], Fundamental equations) For an arbitrary transversal vector
field C the induced connection V, the second fundamental form h, the shape
operator S, and the 1-form T satisfy the following equations:

R(X,Y)Z = WY, Z)SX — h(X, Z)SY, (2.1)
Vxh)(Y,Z)+7(X)hY,Z) = (Vyh)(X,Z) +7(Y)h(X, Z), (2.2)
VxS)(Y) = 7(X)SY = (VyS)(X) — 7(Y)S5X,

—~
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h(X,SY) — h(SX,Y) = 2dr(X,Y). (2.4)

The Egs. (2.1), (2.2), (2.3), and (2.4) are called the equation of Gauss,
Codazzi for h, Codazzi for S and Ricci, respectively.
For an affine hypersurface the cubic form @ is defined by the formula

Q(X.Y.Z) = (Vxh)(Y. Z) + r(X)h(Y, Z). (2.5)

It follows from the equation of Codazzi (2.2) that @ is symmetric in all three
variables.

For a hypersurface immersion f: M — R"! a transversal vector field
C' is said to be equiaffine (resp. locally equiaffine) if 7 = 0 (resp. dr = 0).
For an affine hypersurface f: M — R"™t! with a transversal vector field C' we
consider the following volume element on M:

Q(Xl, . 7Xn) = det[f*Xl, .. ,f*Xn,C]

for all Xq,...,X,, € X(M). We call 0 the induced volume element on M.

When f is nondegenerate, there exists a canonical transversal vector
field C, called the affine normal (or the Blaschke field). The affine normal
is uniquely determined up to sign by the following conditions:

7=0 (ie. Cis equiaffine),
Wh = 03

where wy, is defined by wy, (X1, ..., X,,) = |det[h(X;, X;)]|"/2, where X1, ..., X,
is positively oriented basis relative to the induced volume form 6. The affine
immersion f with a Blaschke field C is called a Blaschke hypersurface.

A Blaschke hypersurface M is called an improper affine hypersphere if
S =0.If S = \id, where X is a nonzero constant, then M is called a proper
affine hypersphere.

Remark 2.1. Sometimes it is convenient to weak the condition w, = 6 and
replace it with wy, = ¢ - 6, where ¢ € R\{0}. When for some equiaffine vector
field ¢ we have wy, = ¢ - 6 then £ is proportional to the Blaschke field. Namely
we have that £ := :I:|c\ni+2 - is the Blaschke field. Note also that if the shape
operator is proportional to identity then f (with ¢’) is an affine hypersphere.
We will often make use of this observation later in this paper.

Let (M, V) and (]Tj ,V) be two differential manifolds of dimension n and
n + p with torsion-free affine connections V and v respectively.

An immersion f: M — M is called an affine immersion if there exists
around each point of M, a field N of transversal subspaces of dimension p,
denoted by z — N, C Tf(x)(ﬂ) and such that

holds and, for all vector fields X and Y on M, we have a decomposition

VxfiY = £iVxY +a(X,Y), (2.7)
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where VxY € T, M and «(X,Y) € N, at each point . We call N, the
transversal space and « the affine fundamental form. If £ is a vector field with
values in NV, &, € N,, then we write

V& = —f.8:X + V%€, (2.8)

where S¢X € T, M and V%€ € N, at each point x. We call Se the shape
operator for 5, and V+ the normal connection.

Now, let M = R™*2 and V = D be the ordinary flat connection on R"2.
Let f: M — R"*2 be an immersion, and N': M > x +— N, be a transversal
bundle for the immersion f. Immersion f together with the transversal bundle
N we call an affine hypersurface of codimension two. For any local basis {£1, &2}
of N, we can write

DxfaY = £.(VxY) +hi(X, Y)ér + ha(X, V), (2.9)
Dx& = = fuo(51X) + 1 (X)&1 + 112(X)&2 (2.10)
Dx& = —f*(SgX) + T21(X)§1 + T22(X)€2. (2.11)

Then V is a torsion-free affine connection on M, which depends only on N and
not on the choice of local basis {£1, {2 }. We call it the affine connection induced
by N. The other objects h;, Si, 7, 4,5 € {1,2}, are respectively the affine
Sfundamental forms, the shape operators and the normal connection forms.

3. Para-Complex Affine Hypersurfaces

Fist we recall some basic concepts related to para-complex geometry. For de-
tails see [6,7] and [5].

A para- complez structure on a real finite dimensional vector space V' is
an endomorphism J e End(V), such that J J2 = id and the two eigenspaces
VE = ker(id :Fj) of J have the same dimension. An almost para-complex
structure on a smooth manifold M is a (1,1)-tensor J on M such that, for
all p e M, J is a para-complex structure on 7,M. An almost para—complex
structure J on M is called integrable if the distributions D* := ker(id T.J) are
integrable. An integrable almost para-complex structure on M is called a para-
complex structure and a manifold M endowed with a para-complex structure
is called a para-complex manifold.

Lemma 3.1. [7] An almost para-complex structure J is integrable if and only
if Ny =0, where Ny is the Nijenhuis tensor for J.

Let us denote by C the real algebra of para-complex numbers, which is
generated by 1 and the para-complex unit e (e? = 1). For every z = x+ey € C
we have the para-complex conjugation x + ey := x — ey and the real and
imaginary parts of z: ®(z) := z and $(z) := y. The free C-module C" is
a para-complex vector space, where the para-complex structure is just the
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multiplication by e. The para-complex conjugation extends componentwise to

C". The para-complex dimension of a para-complex manifold M is the integer

dim JV[
n =dimg M := <5

Let (M, .Jy;) and (N, Jy) be para-complex manifolds. A smooth function
[ (M, JM) (N, JN) is called para- holomorphic if dfoJM = JN odf. A para-
holomorphic map f: (M, JM) — C is called a para- holomorphzc function.

Let g: M2" — R2"+2 he an immersion and let J be the standard para-
complex structure on R??*2. That is

J(T15 o s T 1 Y1 Ynt1) = (Yl oo Yng 1y Tl e oy Tig1 )

We always identify (R2"2, J) with C+1,
Assume now that g, (T'M) is J-invariant and .J|

g. (T, M) 18 a para-complex
structure on g.(T,M) for every & € M. Then J induces an almost para-
complex structure on M, which we will also denote by J. Moreover, since
(RZn+2, J ) is para-complex then (M,J ) is para-complex as well. By assumption
we have that dg o J = J o dg that is g: M2" — R2n+2 = Cn+l ig a para-
holomorphic immersion. Since para-complex dimension of M is n, immersion
g is called a para-holomorphic hypersurface.

Let g: M?" — R?"*2 be an affine hypersurface of codimension 2 with a
transversal bundle N. If g is para-holomorphic then it is called affine para-
holomorphic hypersurface. If additionally the transversal bundle A is J-invar-
iant then g is called a para-complez affine hypersurface.

Let g: M?"™ — R?"*2 be a para-holomorphic hypersurface. We say that
g is para-complex centro-affine hypersurface if {g, J g} is a transversal bundle
for g.

Now, let g: M?™ — R?"*2 be a para-holomorphic hypersurface. Then for
every x € M there exists a neighborhood U of = and a transversal vector field
¢: U — R?*2 guch that {(, jC} is a transversal bundle for g|y. That is g|y
considered with {(, J ¢} is a para-complex affine hypersurface. Indeed, let N,
be any vector space transversal to g.(T,M). If N, is J-invariant then it must
be a para-complex vector space, so We can find vector v € N,, such that {v, J v}
is a basis for N,. If N, is not J-invariant then N, nJ. N, must be 1-dimensional.
In this case we can choose v € N, such that v & N, N JN,. Now vector Jv is
transversal to g, (T, M) and linearly independent with v. That is {v, Jo} is a
para-complex transversal vector space to g.(T,M). Summarizing at = we can
always find a transversal vector v such that g, (T, M) & span{v, Jv} = R2"+2,
Hence, in a neighborhood of x we can find a transversal vector field ¢ such
that {¢, J¢} is a transversal bundle for g in this neighborhood.

Let g: M?" — R2?"*2 be a para-holomorphic hypersurface and let ¢: U —
R?"*2 be a local transversal vector field on U C M such that {C,jC} is a
transversal bundle to g. So for all tangent vector fields X,Y € X(U) we can
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decompose DxY and Dx( into tangent and transversal part. So we have
Dx g.Y = g.(VxY) 4 hi(X,Y)C + ho(X,Y)JC  (formula of Gauss)
Dx ¢ = —g.(SX) 4+ 71(X)C + 72(X)J¢  (formula of Weingarten)

where V is a torsion free affine connection on U, hy and hy are symmetric
bilinear forms on U, S is a (1, 1)-tensor field on U and 71 and 75 are 1-forms
on U. _

Using the fact that DJ = 0 and the formula of Gauss by straightforward
computations we can prove the following

Lemma 3.2. [5]
v.J =0, (3.1)
h(X,JY) =hi(JX,Y) = hy(X,Y), (3.2)
ho(X,JY) = hy(X,Y). (3.3)

We say that a hypersurface is nondegenerate if h; (and in consequence
h2) is nondegenerate.

Lemma 3.3. Let g: M — R2"*2 be a para-complex affine hypersurface with
a transversal bundle {(, J(}. Then the induced connection V, the affine fun-
damental forms hy, ho, the shape operator S and the transversal connection
forms T, T satisfy the following equations:

R(X,Y)Z = hi(Y, Z)SX + ha(Y, Z)J(SX)
~ (X, Z)SY — ha(X, 2)J(SY), (3.4)
(Vxh)(Y,Z) = (Vyh)(X, Z) = (V) (X, Z) + 72(Y)ha (X, Z)
—1(X)hi (Y, Z) — 2(X)ha(Y, Z), (3.5)
(Vxh2)(Y,Z) = (Vyhe)(X, Z) = 11 (Y)ha(X, Z) + 12 (V) (X, Z)
—11(X)ha(Y, Z) = (X)) (Y, Z), (3.6)
(VxS)(Y) = (VyS)(X) = 1u(X)SY + 72(X) T (SY)

— 1 (Y)SX — 7(Y)J(SX), (3.7)
hi(X,SY) — h(SX,Y) = 2dr (X,Y), (3.8)
ho(X,SY) — ha(SX,Y) = 2d5(X,Y). (3.9)

Assume now that {E , :ff } is any other transversal bundle on U. Then
there exist functions o, 1 on U and Z € X(U) such that

E: goC+ij+g*Z.

Since {E , jz } is transversal the above formula implies that ¢ —1)? # 0. Indeed,
we have

0 —PJC = (p? =)+ g Z — I g Z
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If ¢2 — )% = 0 then gogf 1/)jz € TU, but since {E, jZ} is transversal we obtain
¢ =1 =0, what is impossible because E is transversal.

By the formulas of Gauss and Weingarten with respect to C we obtain
the objects V hl, hg, S 71, T2 which satisfy the following relations

Lemma 3.4.

h(X,Y) = ¢hi(X,Y) + ¥hy(X,Y), (3.10)
ha(X,Y) = Yh1(X,Y) + pha(X,Y), (3.11)
VxY =VxY +hi(X,Y)Z + hao(X,Y)JZ, (3.12)

—SX —pSX +VxZ = —-SX +7(X)Z + 7(X)J Z, (3.13)
X(p) + r(X) +¥n(X) + (X, Z) = p71(X) + 972(X), (3.14)
e2(X) + X(¥) + ¢71i(X) + hao(X, Z) = Y71(X) + ¢72(X), (3.15)
hi = %, (3.16)

(3.17)

7(X) = %X(lnw72 — ) +m(X) + ﬁ

Proof. Formulas (3.10)—(3.15) are straightforward. Formulas (3.16) and (3.17)
follow at once from (3.10), (3.11), (3.14) and (3.15). O

On U we define the volume form 6; by the formula

0c(X1,. .., Xon) = det(g. X1, ..., gxXon,C, JC)

for tangent vectors X;, i = 1,...,2n. Then, consider the function H¢ on U
defined by

H¢ := det[h1(Xi, X;j)ij=1..2n

where X1,..., Xa, is a local basis in TU such that 6.(X;,...,Xs,) = 1. This
definition is independent of the choice of basis. It is easy to see that V, 0, and
71 are related by the following formulas:

VX9( = 27’1(X)9<. (3.18)

If {Z , JZ } is other transversal bundle on U then we have the following
relations between 95, Hf and 0¢, H¢

Lemma 3.5.

b = (¢ — )6 (3.19)
1

He =gz

- He. (3.20)
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Proof. Since Formula (3.19) is straightforward it is enough to prove (3.20). Let
{X1,JX1,...,X,, JX,,} be a local basis on TM. Then

0c(X1,JX1, ..., X, JX0) =

where o # 0 ( either v < 0 or & > 0). Now let X := < then

Vel

0:(X1, JX1, X0, T Xo, ..., X, X)) = %

It follows that we can choose the basis { X7, le, ey X, an} such that
0c(X1,JX1,..., Xp, JX,) = £1.

Let V= —2Xi — fori=1,...,n. Then
|2 2| 2
0:(Y1,...,JY,) = (9" =¢*)0c(Y1,..., TY,)
1 -
_ 2 2
=(p"—¢ )'mec(XhmJXn)

= sgn(p? — *)0c(X1,. .., JX,) =41,
and in consequence
m(Yi, Y1) (Y1, JY1) o (Y, JY,)
Hjy = det : : :
M (TY3, Y1) By (T Yo, TY2) -+ T (T, JY)
by (X1, X1) h(X1,JX1) - hy(X1,JX,)

1
= ——— det

(@2 — 2)2 o o R
hi(J X0, X1) hi(J X0, JX7) -+ b (T X, J X))
We also have

By ( Xk, X1)  hi(Xg, JX))

det | ~ —~ Z
hi(Xm, X1)  hi(Xm, JX7)

_ b e (X X0) = wha (X, Xa) pha (X, TXD) — dha (X, TX)
(2 —¥2)2 [ Ph1(Xm, X1) = Pha(Xm, X1)  0h1(Xm, JX1) — Yha(Xm, JX1)

_ L dot | P11 (Xie, X0) = pha (X, TX1) pha (X, TX1) = $ha (X, X1)
(2 —2)2 [ ph1(Xm, Xi) = Pha(Xm, JX1) ©h1 (X, JX1) = Pha (Xm, X1)

= det -
(2 —92)2 _@hl(quXl) wh1(Xm, JX})

det *¢h1(Xk7j~Xz) —1ph1 (X, X))
(92 —2)? —Yh1(Xm, JX1)  —ph1(Xm, X))

_Mdet[hl(Xk,Xl) hl(Xk,{Xz)}
(4102_1#2)2

1 [ oh1 (Xk, X)) <Ph1(Xk~7Xz)}
+

hl(X'rrqu) hl(XmaJXl)
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Now we obtain

e XXy B Tx) ] _ 1 e X)) (X, TX)
h1(Xm, X1)  hi(Xm, JX)) P2 —? hi(Xom, X1)  h1(Xm, JX1) |
The above implies that
1 1
H-= . -H¢
n

¢ (P =) (92—
and eventually
1
He= gy e
O

When g is nondegenerate there exist transversal vector fields  satisfying
the following two conditions:

‘HC | =1,

T = 0.
Such vector fields are called affine normal vector fields. The first condition is
a kind of normalization and the second condition implies that V8, = 0 [see
(3.18) formulal.

Indeed, let {¢ ,f(} be an arbitrary transversal bundle for g. Since g is
nondegenerate we have H: # 0, so we can find functions ¢ and ¢ such that

p? — % #£ 0 and
(0% = *)"+2| = | He|. (3.21)

Let Z := o( +Y( + Z where Z is an arbitrary vector field on M. Lemma 3.5
(Formula (3.20)] and (3.21) imply that [Hz| = 1. We shall show that we can

choose Z in such a way that E is an affine normal vector field.
By Lemma 3.4 [Formula (3.17)] we have

AX) = g X (| — 02]) 4+ 72(X) + s (ohi (X, 2) — $ha(X, 7))

1
02 — 2
Now using Lemma 3.2 we obtain

- 1 1 ~
71(X) = 5X(ln lp* —?|) + 71(X) + o hi(X,9Z —JZ).

Since hy is nondegenerate we can find Z such that 71(X) = 0 for all
vector fields X defined on U. In this way we have shown that on every para-
holomorphic hypersurface one may find (at least locally) an affine normal

vector field.

Lemma 3.6. Let g:~M2” — R2"*2 be a nondegenerate para-holomorphic hyper-
surface and let (,¢: U — R2"+2 be two affine normal vector fields on U C M.
Then ¢ = oC + 1 JC, where |p? —p?| = 1.
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Proof. Since ¢ ,E are transversal there exist functions p,v € C*°(U) and a
tangent vector field Z € X(U) such that ¢ = ¢( +¥JC + Z. Since |He| =
|Hz| =1 the Formula (3.20) implies that |p? —?| = 1. Now, due to the fact
that 71 =77 = 0 and by Formula (3.17) and Lemma 3.2 we obtain

0= ¢hi(X, Z) — ha(X, Z) = ph1(X, Z) — 1 (X, JZ) = hi(X,9Z — T Z)

for all X € X(U). Since hy is nondegenerate and ¢? — 1% # 0 the last formula
implies that Z = 0. The proof is completed. O

Lemma 3.7. Let g: M — R27"*2 be a para-complex affine hypersurface with
a transversal bundle {¢, JJC}. Then for each point x € M there exists a local

coordinate system T1,...,Tn, Y1, .- ., Yo With origin at x such that Oy, , ..., 0s,
and Oy, , ..., 0y, are local bases for D" and D™ respectively and
h1(0s,,0y,) =0, (3.22)
h2(0,,0y,) = 0, (3.23)
Vo, 0y, = Vo, 0z, =0, (3.24)
Vo, 0., € DT, (3.25)
Vayi ayj eD™ (3.26)

fori,j=1,... n.

Proof. Since DT and D™ are involutive and D™ @D~ = T'M using lemma
about direct product of involutive distributions (see Prop. 5.2, p. 182 in [9])
we have that for each = € M there exists a neighbourhood U of x and a local
coordinate system 1,...,Z,,Y1,--.,Y, on U such that d,, € DT, 9,, € D~
for ¢+ =1,...,n. Lemma 3.2 implies that

h1(Dy,, Jy,) = h1(JBs,,0y,).

Since JO,, = 8,, and iayj = —0,, we have hy(J 0, 0y;) = h1(0x,, 0y, ) that is
h1(0z;,0y;) = 0 for 4,5 = 1,...,n. As an immediate consequence we get that
ha(0p,,0y,) =0 fori,j=1,...,n as well.

From (3.1) we obtain

~Vo,. 8y, = Vo, J0,, = J(Vo, 0y,)
and

Vo, 00 = Vo, J0u, = J(Va, 0:.),

s0 Vo, 9y, € D™ and Vp, 0, € D*. Since V is torsion free we also have
Va,,0y; = Vo, 0y, that is

Vaxi ayj = Vayj 0z, = 0.
Using again Formula (3.1) we get
Vo, 0, = Vo, J0s, = J(Vo, 0u,)
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and
—Vayi 0y, = Vayi jayj = N(vayiayj)

that is vaziaxj e D' and vayiayj € D™ for i,j = 1,...,n. The proof is
completed. O

As an immediate consequence of the above lemma we obtain

Corollary 3.1. Let g: M — R27*2 be a para-complex affine hypersurface with
a transversal bundle {C, JC}. Then for each X € DT, Y € D™ we have
1 hi(X,Y) =0 fori=1,2;
2. Distributions DT and D™ are V parallel. That is for every Z € X (M)
we have VzX € DT and VzY € D™

Lemma 3.8. Let g: M — R2""2 be a para-complez affine hypersurface with
a transversal bundle {(, j{} Then for each point x € M there exists a local
coordinate system Ti,...,Tn,Y1,--.,Yn With origin at x such that g can be
locally expressed in the form

9(T1, o Ty YLy s Yn) = AT, T0) + By, -5 Yn)s
where
AU 3 (z1,...,xn) — A(z1,...,2p) € R2n+2
and

B:Uz3 (y1,---,yn) = Blyr, ... yn) € R¥F?

are smooth immersions from open subsets Uy, Uy C R™. Moreover JA = A and
JB = —B.

Proof. Let © € M and let x1,...,%,,¥y1,-.-,Yn be a local coordinate system
from Lemma 3.7. By formula of Gauss we have

gmiyj - Daxi g*ayy = Q*Va% ayj + hl(aac1 5 ayj)c + h2 (aa:” 3y,)jC

Now (3.22)-(3.24) imply that g,,,, = 0 for 4,7 = 1,...,n. Solving this system
of partial differential equations we immediately get that there exist open sub-
sets Uy, Us C R™ and smooth functions A: U; — R?"*+2, B: Uy — R?"*2 such
that
g(xla"'vxruyla"'ayn) :Z(‘Tla"'axn) +§(ylaayn)

for (x1,...,2,) € Uy andiyl,...,yn) € Us. Since ¢ is an immersion it is
obvious that both A and B are immersions too. To prove the last part of
the lemma it is enough to note that since g is para-holomorphic we have
Awi = g*(all) = Jg*(aanl) = JAM and _Byi = _g*(ayi) = Jg*(ayz) = nyz
fori=1,.. -,n. That is there exist constants C1,C, 611%2’”2 such that JA =
A+C; and JB = —B+C5. Note that JC; = —C; and JCs = Cs. Let us define



502 7. Szancer Results Math

A= Z+%Cl+%C2 and B := Ef%C’l 7%02. Then we have A+ B = A+B =g
and

- ~ 1 1 _ 1 1
A=JA - = —Cy=A i -
J J 201 + 202 + C4 201 + 202
— 1 1
=A+-01+-0Cy=A
+2 1+2 2
jB—jEJrlc 30 =-B+C +lc 1c
— 2 1 2 2 — 2 2 1 2 2

— 1 1
=—-B+-Cy+=-Cy =—B.
+2 1+22

4. Para-Complex Affine Hyperspheres

In this section we focus on a special type of para-complex hypersurfaces.
Namely, we study so called para-complex affine hyperspheres. The definition
of para-complex affine hypersphere is very similar to definition of a hyper-
sphere in a complex case. The aim of this section is to give a complete local
classification of such hypersurfaces. Especially, we shall show that there is a
strict correspondence between real and para-complex affine hyperspheres.

A nondegenerate para-complex hypersurface is said to be a proper para-
complez affine hypersphere if there exists an affine normal vector field ¢ such
that S = al, where o € R\{0} and 72 = 0. If there exists an affine normal
vector field ¢ such that S = 0 and 72 = 0 we say about an improper para-
complez affine hypersphere.

Remark 4.1. Let g: M — R?"*2 be a proper para-complex affine hypersphere
with a transversal bundle {(, jC} such that S = «af for (. Then g is a para-
complex affine hypersphere with a transversal bundle {E , jz }, where E = %(oﬁ-
Lyc+ 1L —a)J¢ and S = id.

Now we shall prove a classification theorem for para-complex affine hy-
perspheres.

Theorem 4.1. Let g: M — R2"*2 be qa para-complex affine hypersphere with a
transversal bundle {(, JC}. Then there exist open subsets Uy C R™, Uy C R™
and (real) affine hyperspheres

fi: U =R fo: Uy —» R

such that g can be locally expressed in the form

9:f1><f2+=70(f1><(—f2))~ (4.1)

Moreover, if g is proper (respectively improper) then both f1 and fo are proper
(respectively improper) as well. The converse is also true, in the sense, that
for every two proper (respectively improper) affine hyperspheres f1 and fo the
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Formula (4.1) defines a proper (respectively improper) para-complex affine hy-
persphere.

Proof. Let g: M — R?"*2 be a para-complex affine hypersphere and let x €
M. Since g is a para-complex affine hypersurface the Lemma 3.8 implies that
there exist open subsets Uy, U C R"™ and smooth immersions A: U; — R2n+2
B: Uy — R?"*2 guch that JA = A, JB = —B and g can be expressed in some
neighborhood of = in the form:

g: UL xUs D (1, s T Y1 oo s yn) — A1, ..o, 20) + By, ..., yn) € R

Let V, hq,S, 7 and 75 be induced affine objects for g. Since g is a hyper-
sphere we have 71 = 75 = 0 and S = aid for some « € R.

Let 71 : R?"T2 — R be a projection of first (n + 1) variables on R™*!
and let mo: R27"+2 — R+ be a projection of last (n + 1) variables on R+,
Let us define f1: Uy 3 (z1,...,2,) — m 0 A(21,...,2,) € R" ! and fo: Uy >
(Y1, +Yn) — T2 0 B(y1,...,yn) € R"L. Since A and B are immersions and
JA = Aand JB = —B we easily verify that f; and fy are immersions too.
We also have

g=FH xfat+Jo(fi x (—f2)).
Now, it is enough to show that f; and fo are affine hyperspheres. For this
purpose we shall consider the following two cases.

Case I o # 0. In this case we have ( = —ag. Since ¢ and j( are linearly inde-
pendent and transversal to g then also %(C+JC) = —aA and %(CfJC) = —aB
are transversal to g. In particular {A4,,,..., A;,, A} and {B,,,...,B,,, B} are
linearly independent. Let aq, ..., ay, 8 be functions on U; such that

Zaiflmi +6f1=0.

Then
D aids, + BA= ai(m Ay, mAL,) + B(m A, T A)

= (Z @ fra, + Bf1, Y aifig, +6f1> = (0,0).

Since {A4,, ..., Ay, , A} are linearly independent the above implies that a; =

- = an = [ = 0 that is f; is linearly independent with {fi, }i",. Now
& = —2af; is a transversal vector field to f;. In a similar way we show that
& = —2afs is a transversal vector field to fo.

The Gauss formula for g implies that

= il;'gwk + hl(aﬂﬂwa«%)(c + jC)
= I} Ay, + 11(0a,,0z,) - (—20A), (4.2)
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where I l’; are Christoffel’s symbols for V and we used the fact that hy = hy

on D*. On the other hand we have
Do, 9:0z; = Guiz; = Avin; = (Frose,s flaie,)- (4.3)
Using (4.3) in (4.2) and applying m projection we get
Frasw, = Tl fray 4 h1(0z,,0s,) - (—2af1)
= I 1oy + 11(0s,, 00 )1 (4.4)

For f; we have the Gauss formula, that is

Froie, = Dou J1.00, = fu. (V5 80, ) + B (D, 02,61,

where VT is the induced connection and h™ is the second fundamental form
for fi. Now (4.4) implies that V™ = V|ry, x7v, and bt = hi|ry, x1v,- In
particular At is nondegenerate since h; is nondegenerate on TU; x TU;. Note
also that for f; we have the induced volume element 6% given by the formula

0+(8m1,...,8mn) L= det[flzlv'-'7flzn5€1]
= —2adet[fi,, ..., f1,,, f1]

In a similar way like above (but now using the fact that ho = —h; on
Di) we obtain that V— = V|TU2><TU27 h™ = h1|TU2><TU2 and

9*(8?!1, NN 7ayn) = —2adet[f2yl, .. .7f2yn, fg],

where V~ is the induced connection, A~ is the second fundamental form and
0~ is the induced volume element for fs.
Let 6 be the induced volume element for g, that is

00z, y0z,,0y,,...,0y, ) =det[As,,..., Az, ,By,,...,By,,
—a(A+ B),—a(A — B)]
=a?det[Aq,,..., Az, , By,,..., By, , A, —B]
+ a?det[Ay,,...,As,,By,,..., By, ,B,A]
= —2a’det[Az,,..., Az, ,By,,..., By, , A, B
=—2a% (=1)"det[Ay,,..., Ay, , A, By,,..., By, , Bl
Let us denote
M:=[A,;,...,A;, A By,...,B,y, Bl
MYt = [mA,,,...,mA,, ,mA]
M~ :=[m3By,,...,mB,y, ,mB].
Then M can be expressed in the following block form:

M+ —M‘]
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Now replacing the row ¢ with the sum of rows i and i+n+1fori=1,...,n+1,
we obtain a new matrix
,2M 0

It is easy to see that
det M = det M’ = det(2M ™) - det(M ™)
=2""det M - det M~

2n71

a2

0T (Opyyy02,) -0 (DyyyennyOy).

Finally we get the following relation between 6, 6+ and 6~:

0Dy vy Oy Oy ey 0y ) = 2" (= 1) 0T (000,00, )0 (Dyyy - -+, Dy).

Let det by be the determinant of hy in the basis {0y, .., 0z, 0,0y, }-
Since hy(0z,,0,,) =0 fori,j =1,...,n we have that

deth; =deth™ -deth™, (4.6)

where det A" is the determinant of h™ with respect to the basis {0,,,...,0., }
and det A~ is the determinant of h~ with respect to the basis {0y,,...,0y, }.
Now using (4.5), (4.6) and the fact that |H¢| = 1 we obtain

det hq det h™ - det h~
1= [H¢| = 2 | T |92n(pt\2. (-2
0 22m(0+)% - (67)
:i wh+(8z17"'7893n) 2. wh_(ay17'~~»ayn) ?
220\ 0+(0,,,...,0,,) 0=(Dyys--10y,) )
That is
wh+(8I17‘ .. 7awn) . ’Wh(ayu .. 'aayn> —9n
0% (Onyy---30x,) 0=(0yy,--.,0y,)
Since wy+, 67 depends only on zi,...,z, and wj,, 0~ depends only on
Y1, ., Yn the last equality implies that both wj,+ /60T and wy,~ /6~ are constant.
So there exist constants ¢ and ¢~ such that w,+ = ¢ and wy,- = ¢ 0.

Case IT o = 0. Without loss of generality we may assume that ¢ = (0,...,0,1)
€ R2"2. Let us denote & = & = (0,...,0,1) € R* L. Since {¢,J¢} is
transversal to g we have that ¢ + j( = (&1,&1) is transversal to g as well. Let
ai,...,0n, 3 be functions on Uy such that

> aifig, + 86 =0.
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Then
> @iy, + B+ IC)

= Zai(ﬂ-lAIwﬂ-lei) + ﬁ(flagl)

= (Z Qi [14, +ﬂflazaiflzi + 551) = (0,0).

Now, since {ga,, .., e, + JC} are linearly independent it immediately fol-
lows that @y = -+ = a,, = 8 = 0 and in consequence &; is transversal to fi.
In a similar way we show that & is transversal to fo. Like for a # 0, using the
Gauss formulas for g, f1 and fa, we obtain that At = hy on DT, h~ = h; on
D™ and det hy = det ™ - det h~. In particular we get that both f; and f, are
nondegenerate.

For the induced volume 6 we have

002y 02,,0y,,...,0y,)
= det[Ay,, ..., Au,, Bys- - By, JC]
=35 (_1)n+1 det[Aafm' .. 7A:6n,a<+ jC’Byu .. '7Byn’<_ jC]
The above implies that
0(Opys-vyO0p, s Oyyy ey Oy, ) =27 (=)0 (0, ..., 00,) 07 (Oyys---50y,),

where 67 and 6~ are the induced volume forms for f; and fo respectively.
Now, since ( is affine normal, we have

det hq det hT - det h™
(6)2 4n(0+ - 0-)2
=l 5]
Since wy+, 67 depends only on z1,...,z, and wy,—, 0~ depends only on

Y1,---,Yn the last equality implies that both w,+ /0" and w,- /0~ are con-
stant and in consequence f; and f5 are improper affine hyperspheres.

In order to prove the converse assume that fi: U; — R"* and fo: Uy —
R"*! are two affine hyperspheres with the Blaschke field &; and &, respectively.
Let us denote U = U; x U, and let g: U — R?"*+2 be defined by the Formula
(4.1) that is

g1, Ty, yn) = (J1(z1, - ), f1(xr, .o 2n))
+ (_fQ(yla cee 7yn),f2(y1, cee 7yn))

For the above and similar expressions we will often ommit arguments using
the following short notation:

g = (f1, f1) + (= fa, f2).
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Like in the proof of the first part of the theorem we shall consider two cases.

Case I f; and fy are proper affine hyperspheres. In this case we have & =
—A1f1 and & = — Ao fy for some A1, A\s € Ry. Let us define ¢ := —ag, where

2n+2
1 n+2
Q= (2> 1/ )\1)\2. (47)

We shall show that g with ( is a para-complex affine hypersphere. For this
purpose let aq,...,an, 31, ..., Bn,y,0 € C°(U) and

> qige, + Y Bigy, +7¢ +0J¢ =0.
Since gz, = (fig,, f1z,) and gy, = (= f2y,, f2,,) We obtain
Z(aiflx,; = Bifay,) —aly+08)fi —a(d —7)f2=0

and
D (ifry, + Bifay,) —aly +0)fr —a(y =) f = 0.
The above implies that
Zaiflzi —a(y+9)fi=0
and
> Bifay, —aly —6)f2=0.
Since fi and fo are proper affine hyperspheres then { f1,,,. .., fi,,, fi} as well

as {fay,s- -+ f2y,, f2} are linearly independent, that is
ap=-=a,=0,7v+5=0
and
Gr=-=0,=0,y—06=0.

In particular v = 6 = 0. In this way we have shown that

{gI17"'ag$n7gy17""gyn?g7‘]<-}

are linearly independent. Since J 9z, = g, and J Jy; = —9y, We see that g is a
para-complex hypersurface with a transversal bundle {¢, J(}. The Weingarten
formula for g immediately implies that S = aid and 71 = 79 = 0, so it is enough
to show that g is nondegenerate and |H¢| = 1. For this purpose note that since
9z, € D" and 0,, € D™ we have hi(0,,0,) = h2(0s,,0s,), h1(8y,0y,) =
—h3(0y,,0y,) and hi(0s,,0y,) = h2(0s,,0y,) = 0 fori,j =1,...,n. Now using
the Gauss formula we get
inI]‘ = O« (van aifj ) - 20éh1 (amq ) axj )(fla fl)

On the other hand

Gria, = ey Froe)) = (S (V5,00 ) 11 (V5 00,))
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— (0, 0 )M (f1, f1)

where V1 and At are the induced affine connection and the second fundamen-
tal form for fi. Now it easily follows that

h1(0y,,04,) = —hT(0s.,0..). 4.8
(BrsBr)) = SEIT (81,0, (48)
Similarly we obtain
Ay
h2(8y7;78yj) = %h (821@'7811]‘)7 (49)
where h™ is the second fundamental form for fo. Formulas (4.8) and (4.9)
imply that
det hy = A ”. Az ndeth+-deth_ (4.10)
! 2a 2c ' '
In particular g is nondegenerate. Now we shall calculate 6. Namely, we have
0c(Days w10,y By oy By, ) = detlgays vy Gy Gurs -2 Gy 6 IC]
=’ det[ga,, - Gunr Gy -2 Gy 95 I 9]
Jg Jg—
= 20a° det |:gm,,..~’gz,,,7gy17~~-»gy,,’¥7 ng g}
= —2(—1)"a® det {gzl,...,gmw wygyﬂmygyn, g ;Jg} .

Let us denote

_7 g+Jg 9-Jg
M := gwu"'vgxn,)Tagyu"'agyan .

It is easy to see that M has the following block form:

Mt M~
M= {MJF M‘]’
where
N 1
M :[fla;lu"'7fla:n7f1]: f1w17"'7f1wn7_>\71'€1
and

M~ = [f2y17"'a.f2yn7f2} = |:f2y1a"'7f2yn7_>\12 52:| .

Like in the first part of the proof we see that

det M = 2"t det MT - det M~

-1 -1
—ontl = gt .
=2 0 @y, 00) 07 (O )
2n+1

A

0 (Opysevy02,) -0 (Oyyy ey 0y,



Vol. 72 (2017) On Para-Complex Affine Hyperspheres 509

where 1 and 0~ are the induced volume elements for f; and f» respectively. To
simplify notation in the forthcoming formulas we will be omitting arguments
of f¢, 67 and 0~. Now we obtain

Since &; and & are the Blaschke fields we have wp+ = 07 and wj,- = 6~. In
particular (6%)% = |det h*| and (7)? = | det h~|. Now using (4.10) we obtain
22n+4

(A1A2)?
22n+4

(A1A2)?
22n+4 20\" [ 2a\"
=at. A=) S (Z2) . deth
) </\1) (/\2) | detf]
24n+4

()\1)\2)n+2
= ‘ det hl |,

(0)* = o H(07)7 - (07)?

|det h*|-|det h™|

_ a2n+4 .

-|deth1\

where the last equality is an immediate consequence of (4.7). Summarizing we
have shown that

)

that is g is a proper para-complex affine hypersphere.
Case Il f; and fy; are improper affine hyperspheres. In this case we have
&1 =86 =(0,...,1) € R"*!. Let us define ¢ := 2772(0,...,0,1) € R2"*2 and
let a1,...,0n,B1,...,0n,7,0 € C®°(U) and
> g, + > Bigy, + ¢+ 8¢ =0.

Like for proper hyperspheres we easily compute that

> (@ifr,, = Bifay,) + 277206 =0
and

> (aifiy, + Bifzy,) + 2796 = 0,
The above implies that «; =0, 5; =0, v =6 = 0 and in consequence

{9203 920 Gyis - -+ 9yn - G, JCS

are linearly independent. It means that g is a para-complex affine hypersurface

with a transversal bundle {(, J ¢}. Using similar methods like in the proof for
the first case we obtain

n2
det by = 2752 det AT - det h™ (4.11)



510 7. Szancer Results Math

and
0 = (—1)"Hln . 2nisgt o (4.12)

where h™, h™ and 6T, 6§~ are the second fundamental forms and the induced
volume elements for fi and fy respectively. It easily follows from (4.11) that
g is nondegenerate. From the Weingarten formula we have S =0, 1y = 0 and
75 = 0. Now (4.11) and (4.12) implies that

2n?2
2n+2 det ht - det h™
|HC|: ‘ < =1,

—2n 2
[(_1)n+12n .9tz L O+ .0

that is ¢ is an improper para-complex affine hypersphere. The proof is con-
cluded. g

The above theorem gives us a one-to-one correspondence between para-
complex affine hyperspheres and pairs of (real) affine hyperspheres. Now, we
shall show some examples

Example 4.1. Let g: R? — R* be given by the formula

coszT —cosy
_3 | sinx _3 | —siny
c— p 4
gla,y) =M1 [ ]+ A cosy | (4.13)
sin x siny

where Ay, A2 > 0. It easily follows that g is an immersion. Moreover J Je = Gz
and Jg, = —gy, so g is a para-holomorphic hypersurface. If we take ( :=
4

- (%) : VA1 A2 - g then {(, jC} is a transversal bundle for g. By straightforward

computations we obtain

2% 0 25 0
hy = | VA1 1 , hg= | VMh 1 )
0 _23 0 _ 23
VA1 A2 VA1 A2

4
1\ 3
52(2) \/)\1)\2id, T1:T2:O
relative to the canonical basis {0, 0, }. Moreover, since

23
N T

one may easily compute that Hs = 1, that is g is a proper para-complex affine
sphere.

9g(5a:73y) = det[gz>gy7<7jd =
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Example 4.2. Let g: R? — R* be given by the formula

cosh x —coshy
, —3 | sinhz _3 | —sinhy
g(z,y) = A1 2 coshz | T Ay 4 coshy | (4.14)
sinh sinhy

where A1, A2 > 0. Exactly like in the previous example we have that g is
an immersion and Jg, = g, and Jg, = —gy, so g is a para-holomorphic

4 ~
hypersurface. Again taking ¢ := —(%) " VA2 - g we obtain that {¢,JC} is a
transversal bundle for g. We also have

_ 23 0 23 0
hy = Az Lo o he= | VR 1|
0 -2 0 25
VA1 A2 VA1 A2

N
S: <2) \/)\1>\Qid, T1:7'2:0

relative to the canonical basis {0, 0, }. Moreover, since

- 2%
0:(0y,0y) := det|gs, gy, C, JC] =
g( 'z y) (92 9y € ¢] oo
we easily compute that Hs = 1, that is g is a proper para-complex affine

sphere.

Ezample 4.3. In this example we consider two very similar surfaces. Let
g: R? = R* and ¢': R2 — R* be given by the formulas:

cosh x —cosy
_, —2 | sinhz _3 | —siny
gl@y) =TT [ | A cosy (4.15)
sinh siny
and
cosx —coshy
/ -3 | sinz _3 | —sinhy
g (z,y) ==X"1 cosa | TA2 0 coshy | (4.16)
sinz sinhy

where A1, A2 > 0. Exactly like in the previous examples we prove that g and

4
¢’ are para-holomorphic hypersurfaces. Let ¢ := —(%) "V g and (=

—(%) g\//\1)\2 - ¢’ then {(, j{} and {{’, j(’} are transversal bundles for g and

g’ respectively. For g we have

_ 23 0 _ 23 0
hy = | VMR | o he= | VR I
0 25 0 -
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4
1\3
S: (2> \/)\1)\21(31, 7'1:7'2:0

and
0(0,.9,) = detlgy. gy, C. (] = —2
) = det Gz, Gy, G =
S ’ VA
relative to the canonical basis {0, 9,}. Now it easily follows that H, = —1

that is g is a proper para-complex affine sphere. In a similar way we show that
also ¢’ is a para-complex affine sphere.

Example 4.4. Let g: R? — R* be given by the formula

T -y
g(z,y) = %f e (4.17)
27 2y
It easily follows that ¢ is an immersion and J g = g, and J 9y = —9y; SO

g is a para-holomorphic hypersurface. Let { := 2*%(0,0,0, DT then J¢ =
273 (0,1,0,0)" and {¢, J(} is a transversal bundle for g. We compute

25 0 25 0
hlz[o 247 hzz{od 2§]» S=0, m1=7=0

relative to the canonical basis {9,,0,}. Since

9((617 ay) = det[gxa 9y, Cv JC] =25
then H: =1, that is g is an improper para-complex affine sphere.

Using Theorem 4.1 we give a complete local classification of 1-dimensional
(in para-complex sense) para-complex affine spheres. Namely we have the fol-
lowing theorem:

Theorem 4.2. Let g: M? — R* be a para-complez affine hypersphere. If g is
proper then it can be locally expressed in one of the forms (4.13)—(4.16). If g
is improper then it can be locally expressed in the form (4.17).

Proof. 1t is well known [8] that the only (up to equiaffine transformation)
1-dimensional (real) affine spheres are a circle v, (t) = k™3 (cost, sint), hyper-
bola vo(t) = k=4 (cosht,sinh ) and a parabola y3(t) = (¢, 1t%). y1 and 7, are
proper spheres and 3 is an improper sphere. Now, applying Theorem 4.1 we
easily obtain that there are only four (up to a para-complex equiaffine trans-
formation) proper 1-dimensional para-complex affine spheres, that is spheres
from Examples 4.1, 4.2 and 4.3. Similarly the only improper 1-dimensional
para-complex affine sphere is the sphere form Example 4.4. O

Remark 4.2. Surfaces (4.13)—(4.17) are examples of so called translation sur-
faces (see [10,11] for details).
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