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Abstract. In this paper, we construct a new general class of operators
which have the classical Szdsz Mirakyan ones as a basis, and fix the func-
tions €*® and €?** with a > 0. The convergence of the corresponding
sequences is discussed in exponential weighted spaces, and a Voronovskaya
type result is given. Also we define a new weighted modulus of smooth-
ness and determine the approximation order of the constructed operators.
Finally, we study the goodness of the estimates of our new operators via
saturation results.
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1. Introduction

Korovkin’s approximation theorem is one of the most powerful criteria to check
whether a given sequence (L,, ), of positive linear operators tends to the iden-
tity operator with respect to the uniform norm of the space C' [a, b], that is to
say, whether it represents or not an approximation process. This theorem given
by P. P. Korovkin and independently by H. Bohman in the fifties says that the
convergence towards f for the test functions e; (z) = 27, j =0, 1, 2, (L, f),,>,
assures that this approximation property holds as well for the funcions of the
space C'[a, b]. With this result, studies on linear positive operators have gained
momentum and new constructions of approximation processes have been pro-
vided. One of the most known in this field is the King’s operator. In [10], King
presented modifications of the Bernstein operators which preserve ey and es
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in order to furnish a better error estimation. Inspiring by this fact Cardenas-
Morales et al. [6] introduced an operator of King type, which reproduced the
function es + e for o > 0, having Bernstein basis functions. Also, for different
Bernstein Durrmeyer type operators similar results were given in [7]. Agratini
[2] applied a similar idea to more general discrete type operators, acting on
either bounded or unbounded intervals, depending on a real parameter o > 0
and preserving both the constants and the polynomial e3 + aeq. Also in [5] the
author considered new operators of a general class preserving only two test
functions, namely ey and ej, eg and es, and e; and es, conditionally. For more
results, we refer the readers to [3,4]. We emphasize that all the mentioned
results were considered to obtain new sequences of operators which preserved
test functions among the ones of the Korovkin set {eg, e1, ea}.

Our aim with this paper is to introduce a family of linear positive oper-
ators having Szdsz Mirakyan basis function, that reproduce the functions e**
and €2% g > 0, instead of the usual polynomial type ones. Such a first con-
struction of Szdsz Mirakyan operators which preserve the functions 1 and 2%,
a > 0 has been recently investigated by Acar et al. [1]. In the present paper,
we investigate the approximation behavior of the new operators for real valued
functions belonging to certain exponential weighted space. To do this, we first
present the moments and central moments of the operators. Then we present a
result on the uniform approximation properties of the operators by means of a
weighted Korovkin type theorem. Sections 4 and 5 are devoted to establishing
the weighted approximation properties of the new class. We emphasize that our
results are global ones. Generally, we work with exponential weighted spaces
defined on R*. The last sections study the goodness of the new approximation
processes, by stating an asymptotic formula and saturation results.

2. Construction of the Operators

We consider a sequence (R,),~; of linear positive operators based on the
Szasz—Mirakyan operators having the form

R, (fiz) = — o nan(z) Z nﬁn (z) , neN, ze R+, (2.1)

where a,, 3, : Rt — R are positive functions to be considered in such a way
that the operators hold fixed the functions e®® and e?**. The operators act on
an appropriate subspace of C' (R™) for which the above series is convergent.

Thus, to describe the sequences (a,) and (3,) explicitly we consider the
following identities:
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for each n € N and z € Rt.
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Directly, (2.1) permit us to write

eax — en(ﬁn(ac)e“/"—an(ac))
and
e2ax _ en(ﬁn(w)er‘)“/"fan(:r)).

Using the above equalities, we have
20 (Ba (@) /" = an (@) =1 (B (2) 2/ — a ()
Ba (@) et (2= ") = @ ()
and
ar = n (B, ()" oy (@) = n (B (@) /" — o (1))
= nfh () e/ (e~ 1).

Simple calculations give us the equalities
ax

B (7) = m (2.4)
and
ay, (z) = B (2) e/ (2 — e“/”)
az (2 — e/™
- ((:a/n 8 1)). (2.5)

Taking into account the above equalities we have
R (€0, ) = e (Bn (z)—an(z))

(con-)

=" el (2.6)
We proceed now to introduce the announced class of operators. Starting from
(2.4), (2.5) and (2.1), we focus our attention on obtaining modified processes:
for each n € N, we define the operators

00 k
Ra(fiz) = e—wnm; (”5nk<!$>> F (k>

n

a’(2_ﬁa/n)

_S) Y (az)* )kf(fi)

o kleak/n (ea/n -1

_. kzzof (ﬁ) Por(2). 2.7)

where f € F (RT), which is the space of all functions f : R™ — R which are
continuous on each compact interval of R*and for which the relation R, (|f]) <
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oo occurs. Examining (2.7) we deduce that (R,),>1 is a sequence of positive
linear operators.

Here we note that similar construction of Szdsz—Mirakyan operators which
preserve the constant functions and €2** have been recently introduced in [1].

3. Auxiliary Results

In this section, we shall present the moments and the central moments of the
operators (2.7) which will be necessary to prove our main results.

Lemma 1. For the operator (R,),~,we have

G

1. Ry (eg; ) =™ ol |

(1)

2. Rn (61;1‘) = nea/n(zi/n_l)eazw

2 (a“/"—l
3' Rn (62;1.) = { (nea/n(uei/nl)> + n2ea/n‘(l:a/n71) } eaz ea/m .

From the above lemma we can see that our operators (R,),>1 do not
reproduce the Korovkin test functions. Based on the Bohman-Korovkin theo-
rem, the values of the limits of the above moments guarantee that (R, ),>1 is
an approximation process on any compact K C RT.

Let us consider the central moment operator of order s by u (z) =
Ry ((t—2)52),s=0,1,2....

Using the equalities (2.4), (2.5) and Lemma 1 we immediately have the
following lemma.

Lemma 2. For the operator p? (x) we have

=

a/n

)

611/7171
az ) —.T) eaw( ca/n )7

nea/n(ea,/n_l

e
2 (ea/"—1)
3. i (x) = (nx(/l)—x> tomer ey (¢

4. Weighted Approximation

We also analyze the behavior of the operators on some weighted spaces. Set
o (x) =1+ €2 z € R, and consider the following weighted spaces:

B, (R*) = {f:R* =R : | (2)| < Myp(z), = >0},
Cp (RT) = C (RT) N B, (RT),

C:Z (R+) = {f € C, (R+) : 115202,];?2 = ky exists and it is ﬁnite},
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where My is a constant depending on f and kj is a constant depending on f.
All three spaces are normed spaces with the norm

L@
7o =20 o

It is obvious that for any f € Cy, (RT) the inequality

holds and we conclude that R, (f) maps Cy, (RT) to Cy, (RT).

Note that, the properties of linear positive operators acting on more gen-
eral weighted spaces and related Korovkin type theorems have been studied
in [8].

For the generalized Szdsz—Mirakyan operators (2.7) we have:

Theorem 1. For each function f € C’ZZ (RT)
lim {|R(f) = fll, = 0.
n—oo

Proof. Using the general result established in [8] it is sufficient to verify the
following three conditions

nlirr;o [Rn (") —e" |, =0, v=0,1,2. (4.1)

Also using the property (2.6) we have

ca/n _
eamL ea/nl) .
R € — 1 = S —_—.
[Rn(e0) — 1], SUP o

By means of the classical inequality e* — 1 < ze® for = > 0, we get

ea/m_q a/n _ e/m _q
‘”7( ca/n ) 1< amue‘”i( ca/n )
- ea/n
an a2z
<L
n

and moreover, since max,~gxe ¥ = é, we obtain

(ea/"71) 71 azme#

ax a7m
o azx
€ n

<
1+ e2aw — 14+ eZa;E

2
2y e

IN

a
W e o

_ a® z 1

= e (o8
a? 1

n ae
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for sufficiently large n. This means that the conditions (4.1) are fulfilled for
v = 0. Since R, (e™;2) = € and R, (e2*;2) = €%*®, the conditions (4.1)
are fulfilled for v =1 and v = 2. O

5. Rate of Convergence

Here we explore the rate of convergence of (Ry),~; to the identity operator
in terms of certain weighted modulus of continuity. In order to consider the
approximation to unbounded functions, we consider exponential weighed space
C, (RT) with a fixed a > 0, which is the set of all real valued functions f con-
tinuous on RT satisfying the condition |f (z)| < Me®®, where M is a positive
constant. This space is a normed space with the norm

|f ()]

||fHa = zseuRp+ eaT :

Let CF (R*) be subspace of all the functions f € C, (R*) such that

limg e “;(aﬁ)l = k, where k is a positive constant. Our purpose is to extend

the well known technique by Shisha and Mond [11] for functions belonging
to the space CX (R*). They obtained the approximation error in terms of
the classical modulus of continuity. Here we consider a weighted modulus of
continuity with similar properties to that of the compact case, namely,

- t) —

S wp MO TE@]

t
lt—z|<s, e>0 € +er®

for f € C¥(RT).

Firstly we note that our modulus of continuity is well behaved for func-
tions f € C¥ (RY), that is, from the property (2.2), the operator (R,),~, is
a linear positive operator from C, (RT) to C, (RT). -

Now we give some basic properties of @ (f;-) .

Lemma 3. Given f € CF(RY), lims_q@ (f;8) = 0.
Proof. Since f € CF (RT), lim, oo 'feEfi)' = k, there exists zo such that
|f @) — f ()]

w(f;0)= sup
( ) \t—fc\gé, 23>0 eat + eaz
|f () — £ (2)]
< sup £ () = f(z)] +
[t—z|<8, 0<z<zq [t—z|<8, x>0 et + et
t
<w(f;0)+ sup fgt)—k:’—i— sup fif)—k‘
[t—a|<6, @>z0 | € [t—a|<6, a>mo | €

<w(f;9)+ 2,
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where w (f;0) is the classical modulus of continuity of f on the interval [0, x¢]
such that w (f;0) — 0 as § — 0. As € has been chosen arbitrarily, we have the
desired result. O

The inequality that follows allows us to use with @ (f;-) the technique by
Shisha and Mond.

Lemma 4. For any integer m and f € CX (RT) we have
@ (f;md) <2md (f;9).

Proof. Let m € N and f € CF (R*) be fixed. For each x € R and § > 0,
based on the definition of @ (f;0) we can write

m

I (@+mh) = f (@) =D f@+ih)— f(z+(G—1)h)
j=1
<& (f;0) iea(wﬂ'h) + ealet(=1h)
j=1

The supremum being the least upper bound, we obtain

|f (x+mh) — f (z)]

ea(z+mh) + eax

w(f;md) = sup
K <6, 220

M ga@tih) | ga(e+(G-1)h)

<w f§5) sup
| |h|<8, 22055 ealz+mh) | pax

< 2mw (f;9),

for a positive integer m. O

Theorem 2. For f € C¥ (RY)

n

1 . 1
IR0 () = Sl < 25 W+ €5 (1),

where C' is positive constant.

Proof. From Lemma 4 we can write
w(f;A0) <2(1+ M) w(f;0)

for A > 0. Also, from the definition of the weighted modulus of smoothness
~ . . . t—x
@ (f;0) for f € C¥(R*) and x,t € R and last inequality with A = %,
6 > 0, we have

[f () = f@)] < (e +e™) @ (fi ]t — )

< 2 (e +e) (1+ |t;x|>&(f;6). (5.1)
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On the other hand, using Lemma 1, for each z > 0, we have

(/")

ca/n

axr

1—e

r(3)-re

R (f;2) = f (2)] < f (2)

0
>
k=0

Pn,k (,CC) .

Further on, (5.1) imply that

[ (£) -1

I%Lk (x)

Besides, from Lemma 2 it follows that

iz, ()

2ax

sup < 00.

z>0 €
If we choose § = ﬁ, we have the desired results. O

6. Voronovskaya Type Theorem

In this section, we obtain some asymptotic estimates of the pointwise conver-
gence in the case of functions with exponential growth.

Theorem 3. Let f € Cy, (RY). If f is twice differentiable in x € Rt and f" is
continuous at x, then the following limit holds:

Jim n (R (f,2) — f ()] = a®af (a) — Sazf (@) + 2" (z).

Proof. By the Taylor’s formula there exists 1 lying between x and t such that

FO=F@+ 7 @ -2+ LT 0 L ha) -2,
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where
" e
)= L)1
and h is a continuous function which vanishes as t — x. Applying the operator
(Rn),,>; to the above equality, we get

(1)

R (fsx) = f () + [ (x) =™ f () = [ (2) py, (2)
! ;x)ui () +Rn (h (t.z) (t— ), a?) .
Also we can write that

n[Rn (f,2) = f(2)]

+

(eu/"—l) ) 1"
= @) ( 1) 4 @k @)+ g2 ()
+nR, (h (t,z) (t—x)Q,x>. (6.1)
After a straightforward computation, we have
L em-)
lim n (e </ —1)=d
n—oo
and
ea/nfl)
A 1 IRT ax . aw(T
g, e () = [, </ (e —1) ”> ‘
. MCLA) . ar
= lim e et/ limn| ——F —
n—oo n—oo nea/n (ea/" — 1)
3
= ——ax
2
Since
2
I ax
nl_{réon nea/n (ea/n _ 1) X
. ax . ax
=lmn({—r— -2z lm | ————F———~ —x
n—oo  \ ned/n (e?/m —1) n—oo \ net/™ (e?/m — 1)
=0
we have

2 (ca/"—l)
lim nul (z) = {n I T AN QL b VT
nsa Him N ne/™ (e/n — 1) ne/™ (e/n — 1)
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In order to estimate the last term in (5.1), for every € > 0 choose § >
0 such that |h(t,z)| < € for |t —z| < 0. Therefore if |t —x| < J then

‘h(t,x) (tf:c)Q’ < e(t —x)’while if |t — x| > 6, then since |h(t,z)] < M

we have ‘h (t,x) (t — m)2‘ <M@- z)*. So we can write

Ro (1) (1= ) ) < e (@) + gy 1k ().

Direct calculations show that
1
4 _
fo () = O (ng) )

lim nR,, (h (t,z) (t — x)° ,a:) =0.

n—oo

and we conclude

This proves the theorem O

7. Saturation Results

Beyond the establishment of an asymptotic formula, the natural way to study
to goodness of the estimates in approximation theory by sequences of linear
operators is via saturation results. That is what we develop in this section.

First of all we observe that the right-hand side of the asymptotic formula
can be written in terms of three weight functions as follows:

wa(x) \ wy(z) \wo(zx

where

wo(x) =€, wi(x) =ae™, wo(x)= %672(”.

Secondly, we observe that with easy modifications the results in [9] apply
to the sequence R,, (in the particular case in which the operators are assumed
to be only positive) despite the right-hand side of the asymptotic formula
contains f(z), in addition to f'(x) and f”(x).

Consequently, the following results concerning the trivial class and the
saturation class of the sequence R,, remain valid.

Theorem 4. Let f € C,(RY) and let J C Rt be a bounded open interval.
Then, for each x € J

n(Rn(f;x) — f(x)) = o(1) if and only if f € (e, e2*®).

Theorem 5. Let f € C,(RT), let J C RT be a bounded open interval and let
M > 0. Then, for each x € J, one has that

n|Ru(f;2) — f(x)] < M+ o(1)
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if and only if,

a’cf(x) — gatf’(:v) + gf”(x) < M, for almost every z € J.
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