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Abstract. In this paper, we study locally strongly convex centroaffine
hypersurfaces with parallel cubic form with respect to the Levi-Civita
connection of the centroaffine metric. As the main result, we obtain a
complete classification of such centroaffine hypersurfaces. The result of
this paper is a centroaffine version of the complete classification of locally
strongly convex equiaffine hypersurfaces with parallel cubic form due to
Hu et al. (J Differ Geom 87:239-307, 2011).
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1. Introduction

In centroaffine differential geometry, we study properties of hypersurfaces in
the (n+1)-dimensional affine space R"*! equipped with its standard affine flat
connection D, that are invariant under the centroaffine transformation group
G in R™*!. Here, by definition, G is the subgroup of affine transformation
group in R™*! which keeps the origin O € R™*! invariant. Let M™ be an
n-dimensional smooth manifold. An immersion z : M" — R"t! is said to
be centroaffine hypersurface if the position vector  (from O) for each point
x € M™ is transversal to the tangent plane of M at x. In this case, the position
vector = defines the so-called centroaffine normalization modulo orientation.

This project was supported by NSFC (Grant No. 11371330).

W Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-017-0651-2&domain=pdf

420 X. Cheng et al. Results Math

For any vector fields X and Y tangent to M, we have the centroaffine formula
of Gauss:

Dxz.(Y)=2.(VxY)+h(X,Y)(—¢x), (1.1)

where ¢ = 1 or —1. In this paper, we always assume that = : M" — R+ is
a non-degenerate centroaffine hypersurface, i.e., the bilinear 2-form A, defined
by (1.1), remains non-degenerate. Moreover, associated with (1.1) we call —ex,
V and h the centroaffine normal, the induced connection and the centroaffine
metric induced by —ez, respectively.

Let N(h) denote the dimension of the maximal negative definite sub-
spaces of the bilinear form h with respect to € = —1. For a locally strongly
convex centroaffine hypersurface, i.e., N(h) = 0 or N(h) = n, we can choose
€ such that the centroaffine metric h is positive definite. In that situation,
if ¢ = 1 we say that the hypersurface is elliptic and, if ¢ = —1 we call the
hypersurface hyperbolic (cf. Section 2 of [14]). We refer to [7,18,23] for some
interesting studies on centroaffine hypersurfaces.

Given a non-degenerate centroaffine hypersurface z : M" — R"*1 we
denote by V the Levi-Civita connection of h. Then the difference tensor K,
defined by K(X,Y) := KxY :=VxY — VxY, and the cubic form C := Vh
are related by the equation

C(X,Y,Z) = —2h(KxY,Z) = —2h(Kx Z,Y). (1.2)

It is well-known (cf. [14,16,21]) that a centroaffine hypersurface immer-
sion is uniquely determined, up to a centroaffine transformation, by its cen-
troaffine metric and its cubic form (this means that the cubic form plays the
role of the affine second fundamental form). Hence, in centroaffine differential
geometry the problem of classifying affine hypersurfaces with parallel cubic
form (i.e., Ve = 0) is quite natural and important. In [17], Li and Wang
considered this problem the first time by studying the so-called canonical cen-
troaffine hypersurface. Here, a centroaffine hypersurface is called canonical if
its centroaffine metric A is flat and its cubic form C' satisfies VC = 0.

We should recall that in equiaffine differential geometry, the problem
of classifying locally strongly convex affine hypersurfaces with parallel cubic
form has been studied intensively, from the earlier beginning paper by Bokan
et al. [2], and then [5,6,9,10] by some others, to the very recent complete
classification of Hu et al. [12]. We also refer to the latest development due to
Hildebrand [8], however, from the geometric viewpoint the arguments in [8] is
difficult to be followed for us.

In centroaffine differential geometry, compared with its counterpart in
equiaffine differential geometry, the important apolarity condition does not
exist. The lack of the apolarity condition brings serious difficulties to the solu-
tion of the problem of classifying centroaffine hypersurfaces with parallel cubic
form. To our knowledge, besides Li and Wang [17], the only known results
concentrating on this problem is by Liu and Wang [19], where 2-dimensional
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centroaffine surfaces were classified under the condition that the traceless cubic
form C is parallel, i.e. VC = 0. As VC = 0 implies that VC = 0, Liu and
Wang’s classification list should include all immersions satisfying VC = 0.

In this paper, restricting our attention to locally strongly convex cen-
troaffine hypersurfaces in R"*!, we will solve the above problem by establish-
ing a complete classification of all centroaffine hypersurfaces with parallel cubic
form. Similar to the one in [10-12], our classification depends heavily on the
characterization of the so-called (generalized) Calabi product construction of
centroaffine hypersurfaces (cf. [14,17]). Indeed, such characterization tells how
to decompose a complicated centroaffine hypersurface into lower dimensional
ones that have been well known.

To state the main result of this paper, we first recall that if v; : M; —
R™+1 where i = 1,2, are non-degenerate centroaffine hypersurfaces, then,
following [14,17], for a constant A\ # 0,—1, we can define the (generalized)
Calabi product of M; and Ms by

w(U,I% q) = (euwl(p>7e_)\uw2(q))a p e Mla qc MQ; ue R (13)

Similarly, the (generalized) Calabi product of M; and a point is defined
by

O(u,p) = ("1 (p),e ™), pe M, uek. (1.4)

Note that a straightforward calculation shows that the Calabi product
of two centroaffine hypersurfaces with parallel cubic form (resp. the Calabi
product of a centroaffine hypersurface with parallel cubic form and a point)
again has parallel cubic form. The decomposition theorems, which can be
seen as the converse of the previous Calabi product constructions, were first
obtained in terms of h and K in [17] (Theorem 4.5 therein) and will be modified
more quantitatively in the present paper (cf. Theorems 3.2 and 3.4 below) for
maintaining consistency with Theorems 3 and 4 of [11]. In this paper, we
further develop the techniques, started in [10,12] when dealing with equiaffine
hypersurfaces, in order to obtain the following complete classification.

Theorem 1.1. Let M™ be an n-dimensional locally strongly convex centroaffine
hypersurface in R"1 with VC = 0. Then, we have either

(i) M™ is an open part of a locally strongly convex hyperquadric with C' = 0;
or

(ii) M™ is obtained as the Calabi product of a lower dimensional locally
strongly convex centroaffine hypersurface with parallel cubic form and a
point; or

(ill) M™ is obtained as the Calabi product of two lower dimensional locally
strongly convex centroaffine hypersurfaces with parallel cubic form; or

(iv) n = sm(m + 1) — 1, m > 3, M™ is centroaffinely equivalent to the
standard embedding of SL(m,R)/SO(m) — R"*L; or
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(v)n=3im+1)%—1, m > 5 M" is centroaffinely equivalent to the
standard embedding SL("51,C)/SU(ZL) — R™L; or
(vi) n=4(m+1)(m+3)—1, m>9, M" is centroaffinely equivalent to the
standard embedding SU™("42)/Sp(™2) — R™*1; or
(vii) m =26, M™ is centroaffinely equivalent to the standard embedding
Eg(—26)/Fa — R?7; or
(viil) M™ s locally centroaffinely equivalent to the canonical centroaffine
hypersurface x, 11 = i 22:2 xi +x1Inxg.

Remark 1.1. Compared to its counterpart of the Classification Theorem in
equiaffine situation [12], the case (viii) in Theorem 1.1 is exceptional and it is
completely newly appeared.

Remark 1.2. Theorem 1.1 implies that all canonical centroaffine hypersurfaces
but that in (viii) can be decomposed as the Calabi product.

Remark 1.3. Related to Theorem 1.1 we have established in [4] the classifica-
tion of locally strongly convex isotropic centroaffine hypersurfaces. From the
comparison of the main results in [1,4] one sees that the isotropic condition
again have different implications in both equiaffine theory of hypersurfaces
and centroaffine theory of hypersurfaces, just like Theorem 1.1 here and the
Classification Theorem in [12].

As direct consequence of Theorem 1.1, and without paying attention to
the Calabi product constructions, the classification of locally strongly convex
canonical centroaffine hypersurfaces can be formulated as follows:

Corollary 1.1 (cf. [17]). Let  : M™ — R"! be a locally strongly convex canon-
ical centroaffine hypersurface. Then it is locally centroaffinely equivalent to one
of the following hypersurfaces:

(i) aftas? - apth =1, where either a; >0 (1 <i<n+1), or

n+1
a1 <0 and a; >0 (2<i<n+1) such that Z%‘<O-
i=1
(i) @tas? - zp (22 + 22 1) exp(ay41 arctan m:ﬁ) = 1, where
n—1
a; <0 (1<i<n-—1) such that 204,1—1—20@ >0,
i=1

(iil) @pe1 = i(m%—&— 2 )—zi(-Inz o, Inx,+- - +a, Inwx,), where

2<v<n+1, o (v<i<n) are real numbers satisfying

n
a;>0((w<i<n) and Zai<1.
1=
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Remark 1.4. More general canonical centroaffine non-degenerate hypersur-
faces have been discussed by Li and Wang [17], where the classification of
canonical centroaffine hypersurfaces in R**! with N(h) < 1 was established.
According to [17], it is easily seen that if N(h) = 0 then such hypersurfaces
are centroaffinely equivalent to the following hypersurfaces

o1 ,,000 QAn41
PR — 1
n+1 ’

where «; (1 <i <n+ 1) are positive real numbers.

This paper is organized in twelve sections. In Sect. 2, we fix notations
and recall relevant material for centroaffine hypersurfaces in affine differen-
tial geometry. In Sect. 3, we study both the Calabi product of centroaffine
hypersurfaces and their characterizations. In Sect. 4, properties of centroaffine
hypersurfaces with parallel cubic form in terms of a typical basis are pre-
sented, so that the classification problem of such hypersurfaces is divided into
(n+ 1) cases, namely: {€,, }1<m<s, and an exceptional case B, depending on
the decomposition of the tangent space into three orthogonal distributions,
i.e., Dy (of dimension one), Dy and Ds. The two cases €; and €, will be set-
tled in this section. In Sect. 5, we settle the exceptional Case 9B. In Sect. 6, we
classify locally strongly convex centroaffine surfaces in R?® with parallel cubic
form. The result of Sect. 6 is necessary not only because it is indispensable to
the induction procedure of Theorem 1.1, but also because it fills in a gap in
the result of Liu and Wang [19].

To consider the cases {€,, }a<m<n—1, we follow closely the same procedure
as in [12]: we introduce two extremely important operators, i.e., an isotropic
bilinear map L : Dy x Dy — D3 in Sect. 4.3, and, for any unit vector v € Do, the
symmetric linear map P, : Dy — Dy in Sect.4.4. With the help of L and P,,
we can give a remarkable decomposition of Dy in Sect. 4.5. Then in Sects. 7-11,
according to the decomposition of Dy we analyze these cases in much detail in
order to achieve the corresponding conclusion, respectively. Finally in Sect. 12
we complete the proof of Theorem 1.1.

2. Preliminaries

In this section, we recall basic facts about centroaffine hypersurfaces. For more
details see also [20,21]. Given a centroaffine hypersurface, let V, V, K and C
denote the induced connection, the Levi-Civita connection for the centroaffine
metric h, the difference tensor and the cubic form, respectively, and let X,Y, Z
denote the tangent vector fields. We define the Tchebychev form 7" and the
Tchebychev vector field T', respectively, by

nT(X) =Tr(Kx), h(T,X)="T(X). (2.1)

If T = 0, or equivalently, Tr Kx = 0 for any tangent vector X, then M™" is
reduced to be the so-called proper (equi-)affine hypersphere centered at the
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origin O (cf. also [16], p. 279, and for more details, in Sect. 1.15.2-3 therein).
Using the cubic form C' and the Tchebychev form T one can define a traceless
symmetric cubic form C' by

C(X,Y,Z) = —30(X,Y,2)

— 2 [T(XOMY, Z2) + T(Y)R(X, Z) + T(Z)h(X,Y)]. (2.2)

It is well-known that C vanishes if and only if f : M™ — R"*! is a
hyperquadric (cf. Section 7.1 in [21]; Lemma 2.1 and Remark 2.2 in [15]).

Let R denote the curvature tensor of V. Then, according to the integra-
bility conditions, we have

R(X,Y)Z =e(h(Y,Z2)X —h(X,2)Y) - [Kx,Ky]Z,  (2.3)
VO(X,Y,Z,W) =VC(Y, X, Z,W),
where VCO(X,Y, Z,W) := (VxO)(Y, Z,W).

We define the curvature tensor acting as derivation by
(R(X,Y)K)(Z,U) = R(X,Y)K(Z,U) — K(R(X,Y)Z,U) — K(Z, R(X,Y)U).
Notice that VC = 0 if and only if VK = 0. Thus if VC = 0, we have

R(X,Y)K(Z,U) = K(R(X,Y)Z,U)+ K(Z,R(X,Y)U). (2.5)

3. Characterizations of the Generalized Calabi Product

To prove Theorem 1.1, we should study the (generalized) Calabi products of
centroaffine hypersurfaces as defined in (1.3) and (1.4). In this section, we first
state some elementary calculations on Calabi product, formulated as Proposi-
tions 3.1 and 3.2. Then, considering the converse of these propositions, we will
prove Theorems 3.1, 3.2, 3.3 and 3.4, which demonstrate the characterizations
of the Calabi product in terms of their centroaffine invariants.

Let ¢; : M; — R™7T! be a locally strongly convex centroaffine hyper-
surface of dimension n; (i = 1,2). Denote by h’ the centroaffine metric of v;
(i = 1,2), respectively. Given the Calabi product ¢ and ¥ defined as in (1.3)
and (1.4), i.e., for constant A\ # 0, —1, we have

Y(u,p,q) = (€“Y1(p), e a(q)), pE M, q€M, ueR, (3.1)
d(u,p) = ("1(p), e ™), pE M, ueR. (3.2)

Let {uy,...,un, } and {upn,+1,...,Upn,+n, be local coordinates for M;
and Mo, respectively. For simplicity, we use the following range of indices:

1§i7j,k§nlv n1+1§a7ﬂ37§n1+n2~

According to Section 4 of Li and Wang [17], we can state the following
result.
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Proposition 3.1 (cf. [17]). The Calabi product of My and Ms
P MM = R o My x My — R™M2H2

defined by (3.1) is a non-degenerate centroaffine hyersurface, the centroaffine
metric h induced by v is given by

h=Adu? & 25h' & 5 h?, (3.3)
with the property
N(h') + N(h?), A >0,
N(h)={ ni+1—-N(h')+ N(h?), -1<X<0, (3.4)

ne + 1+ N(h') — N(R?), X< -1
The difference tensor K of 1 takes the following form:

K[ o) =\ Yo KL g, ) =2 s
(\/ﬂ’\/ﬁ) 1\/Wa \m,lﬂl 2¢1
Yu_ - -
K <\/7|711[}ua> - )\3¢uaa K(ﬁ’%ﬂ/’%) - 07
where A1, Ao, A3 are constants satisfying
A1 = A2+ A3, Aad3 = —sgn A, Ao # As. (36)

Moreover, v is flat (resp. of parallel cubic form) if and only if both 1
and 9 are flat (resp. of parallel cubic form).

(3.5)

Similarly, the following result can be verified easily:
Proposition 3.2. The Calabi product of My and a point
¥ MM =R x My — R™H2

defined by (3.2) is a non-degenerate centroaffine hyersurface, the centroaffine
metric h induced by v is given by

h=Mdu® & 2501, (3.7)
with the property
) N(hY), A>0,
N(h)={ n+1-N(h'), —-1<A<0, (3.8)
N(h') +1, A< —1.

The difference tensor K 0f1/~J takes the following form:

K, Do) o)\ o R(Ze ) = Ayt 3.9
() = Mot Ryt = b (39)
where A1, Ao are constants satisfying

A # 20, AMAg — A2 = —sgn . (3.10)

Moreover, 1; is flat (resp. of parallel cubic form) if and only if ¥ is flat
(resp. of parallel cubic form).
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Remark 3.1. From (3.4) and (3.8), it is easily seen that if the Calabi product
1 (vesp. v) is locally strongly convex, then the centroaffine metric of ¢ (resp.

) induced by —&’tp (resp. —e'9)) is positive, where £’ = —sgn \.

Next, as the converse of Proposition 3.1, we can prove the following the-
orem.

Theorem 3.1. Let ¢ : M™ — R"™ be a locally strongly convex centroaffine
hypersurface. Assume that there exist distributions Dy (of dimension 1,
spanned by a unit vector field T'), Dy (of dimension ny) and Ds (of dimen-
sion nga) such that

(i) 14+n1+no=n,

(ii) the centroaffine metric h induced by —e (¢ = £1) is positive definite,
(iii) D1, Dy and D3 are mutually orthogonal with respect to the centroaffine

metric h,
(iv) there exist constants A1, A2, and A3 such that

K(T,T)=MT, K(T,V)=X\V, K(T,W)=X\W, K(V,W)=0,

VVEDQ, W € Ds; )\1:/\2+)\3, )\2)\3:€, )\275)\3.
(3.11)

Then v : M™ — R™ ! can be locally decomposed as the Calabi product of
two lower dimensional locally strongly convex centroaffine hypersurfaces 1y :
MY — R and apy + My? — R2 L

Proof. First of all, we have the following lemma, whose proof can be given
exactly by following the proof of Lemmas 1, 2, 3 and 4 of [11].

Lemma 3.1. Under the assumptions of Theorem 3.1, for any wvector X €
TM, V €Dy and W € Ds, the following hold

@XT =0, @XV € DQ, @XW € Ds.

Lemma 3.1, together with the de Rham decomposition theorem, implies
that (M, h) is locally isometric to R x M; x Mas, where T is tangent to R,
whereas Dy (resp. D3) is tangent to My (resp. Ma).

The product structure of M implies the existence of local coordinates
(u,p,q) for M based on an open subset containing the origin of R?:+nz+1
such that D; is given by dp = dq = 0, Do (resp. D3) is given by du = dg =0
(resp. du = dp = 0). We may assume that T = )\28%. Put

V1= f(T = As¢), v2=g(Ay—T), (3.12)
where f and g are assumed to be nonzero functions which depend only on the
variable u, and are given by

s
flu) = g™ glu) = gige 2
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A straightforward computation, by (3.12) and (1.1), shows that
Dripr = =X f (T — As9) + fDr (T — A39))
= f(Ash2 =) + f(=Aa+ A1 — A3)T
=0.
Similarly
Dwi1 =0, Drypa =Dyt =0.
The above relations imply that ; (resp. ¥2) reduces to a map of M; (resp.
M) in R*+1. The facts
dy1(V) = Dyir = f(A2 — A3)V,
dipo(W) = Dwipa = g(Aa — A3)W

show that both maps v and 1), are actually immersions. Denoting by V!
(resp. V?) the Dy (resp. D3) component of V, we further find that

Dydir (V) = f(ha — A\3)Dy'V
= [ = 2a) (VIV = <h(V.V) + Aah(V.V)T)
= d1(VEV) + (A2 — As)Ah(V, V).

Hence 17 can be interpreted as a centroaffine immersion contained in an
(n1 + 1)-dimensional vector subspace of R"*! with induced connection V!
and centroaffine metric

Rt = Xa(Ay — A3)h. (3.13)
Similarly, we obtain that 1, can be interpreted as a centroaffine immersion

contained in an (nz + 1)-dimensional vector subspace of R"™! with induced
connection V? and centroaffine metric

h? = X3(A3 — Xo)h. (3.14)
As both subspaces are complementary, we may assume that, up to a linear
transformation, the (nq+1)-dimensional subspace is spanned by the first n; +1
coordinates of R"*1, whereas the (ny + 1)-dimensional subspace is spanned by

the last ny + 1 coordinates of R?*1.
Solving (3.12) for the immersion 1, we have

Az
V= omxar ¥t e V2 = (@ e ).
From Proposition 3.1 we see that ¢ is given as the Calabi product of the
immersions ¢ and 9. Moreover, from (3.13) and (3.14), we know that both
11 and 1y are locally strongly convex.
We have completed the proof of Theorem 3.1. g

In Theorem 3.1, if additionally M has parallel cubic form, equivalently,
VK =0, then by the totally same proof as that of Theorem 3 in [11], we can
prove the following theorem.
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Theorem 3.2. Let ¢ : M™ - R™ be a locally strongly convex centroaffine
hypersurface. Assume that VK = 0 and there exist h-orthogonal distributions
Dy (of dimension 1, spanned by a unit vector field T), Dy (of dimension ny)
and D3 (of dimension ns) such that
K(T,T)=MT, K(T,V)=XV, K(T,W)= W,
VYV eDy, WeDs, M #2)\2, A1 7’é2/\37 Ao 75/\3

Then v : M™ — R™ ! can be locally decomposed as the Calabi product of
two locally strongly conver centroaffine hypersurfaces 1y : M{"* — R™+1 and
e+ My — R™+L with parallel cubic form.

(3.15)

Similarly, as the converse of Proposition 3.2, we can prove the following
theorem.

Theorem 3.3. Let ¢ : M™ — R"! be a locally strongly convex centroaffine
hypersurface. Assume that there exist two distributions Dy (of dimension 1,
spanned by a unit vector field T), Do (of dimension n — 1) such that
(i) the centroaffine metric h induced by —eyp (e = £1) is positive definite,
(ii) D1 and Dy are orthogonal with respect to the centroaffine metric h,
(iii) there exist constants A1 and Ay such that
K(T,T)=MT, K(T,V)=MX\V, VYV & Dy
A # 2N, My — A2 =c.

Then +p : M™ — Rt can be locally decomposed as the Calabi product of a
locally strongly convex centroaffine hypersurface 1y : M{kl — R™ and a point.

(3.16)

Proof. First, it is easily seen from (3.16) that we have
Ao #£ 0.

Next, by a proof similar to those for Lemmas 5.6 and 5.7 in [9], we can prove
the following lemma.

Lemma 3.2. Under the assumptions of Theorem 3.3, for any vector X € TM
and V € Dy, there hold

VxT =0, VxV € Ds.

From Lemma 3.2, applying the de Rham decomposition theorem, we see
that (M, h) is locally isometric with R x M; such that T is tangent to R and
D, is tangent to M.

The above product structure of M implies the existence of local coordi-
nates (u,p) for M based on an open subset containing the origin of R", such
that D; is given by dp = 0 and D> is given by du = 0. We may assume that
T = X2 Put

1= f(T = 5¢), =g =T), (3.17)
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where f and g are assumed to be nonzero functions which depend only on the
variable u, and are given by

1 —u 1 A2=de,
flu) = PN C g(u) = e v

It follows from (3.17) that

Dy = —Xof (T — £4) + f(DrT — £ Dri))
=f(=de+M-)T
=0.
Similarly
Drips = Dyipy =0,
dip1 (V) = Dyipr = (2A2 — M) fV.
The above relations imply that ¢ reduces to a map of M; in R™*!. Whereas

1) is a constant vector in R™*!. Moreover, denoting by V! the Dy component
of V, we find that

Dydip (V) = f(2Xa — A1) Dy V
= [ = ) (VEV = eh(V, V) + Xah(V, V)T)
= d1(VYV) + (222 — A1) Ah(V, V)hy.

Hence 1, can be interpreted as a centroaffine immersion contained in an n-
dimensional vector subspace of R*™! with induced connection V' and affine
metric

Rt = Xa(2Xg — \p)h. (3.18)

As 1) is transversal to the immersion 1, we may assume by a linear
transformation that v, lies in the space spanned by the first n coordinates of
R™*!, whereas the constant vector v, lies in the direction of the last coordinate.

Solving (3.17) for the immersion v, we have

Vv
Y= (6"%76 A wz) :

From Proposition 3.2 we see that ¢ is given as the Calabi product of the
immersion ¢ and a point. Moreover, from (3.18), we know that ¢, is a locally
strongly convex centroaffine hypersurface.

This completes the proof of Theorem 3.3. g

Similarly, if M in Theorem 3.3 is assumed additionally having parallel
cubic form, then as deriving Theorem 4 in [11], we can prove the following
theorem.
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Theorem 3.4. Let ¢ : M™ — R"™ be a locally strongly convex centroaffine
hypersurface. Assume that VK =0 and there exist h-orthogonal distributions
Dy (of dimension 1, spanned by a unit vector field T ) and Dy (of dimension
n — 1) such that

K(T,T) = M\T, K(T,V) =XV, VV € Dy; A\ # 2\, (3.19)

Then +p : M™ — R can be locally decomposed as the Calabi product of a
locally strongly convex centroaffine hypersurface ¥y : Mlnf1 — R™ with parallel
cubic form and a point.

4. Elementary Discussions in Terms of a Typical Basis

In this section, we consider an n-dimensional (n > 2) locally strongly convex
centroaffine hypersurface M™ in R" ! with VC = 0 and we choose ¢ such that
the centroaffine metric h is positive definite. Our method here follows closely
that of [10,12].

Since VC' = 0 implies that h(C,C) is constant, there are two cases.
First, if h(C,C) = 0, as h being positive definite we have C' = 0 and M™ is
an open part of a hyperquadric which is centered at the origin. If otherwise,
h(C,C) # 0, then C never vanishes. We assume this for the remainder of this
section.

4.1. The Construction of the Typical Basis

Letpe M and UM, = {u € T, M | h(u,u) = 1}. We define a function on UM,
by f(u) = h(K,u,u). Let e; be an element of UM, at which the function f(u)
attains an absolute maximum. The following lemma about the construction of
the typical basis can be proved totally similar to that of [10] (see also [22] for
its earlier version).

Lemma 4.1 (see p. 191 of [10]). There exists an orthonormal basis {ey, ..., e,}
of T,M satisfying:
(i) Ke,e; = e, fori=1,...,n, where \y (A1 > 0) is the mazimum of f.
Moreover, for i > 2, the value of \; satisfies
(A1 —2X) (e — M + 22 = 0. (4.1)
(ii) fori > 2, if A\ = 2)\;, then f(e;) = 0; if A1 # 2\, then A} —4e > 0 and

)\7; = U= %()\1 — \/)\% —46).

According to Lemma 4.1, for a locally strongly convex centroaffine hyper-
surface with parallel cubic form, we have to deal with the following (n + 1)-
cases:

Case €;. M} —4e>0and \g ==\, = p.

Case €,,. A\ —4e > 0 and for some m (2 <m <n—1),

)\2:...:)\,”1:%)\17 )\m+1::)\n:/j/
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Case €,,. M2 —4de#0and \g=---= )\, = %)\1.

Case B. A\ —4de=0and Ay =--- =\, = 3\

In sequel of this paper, we are going to discuss these cases separately.
4.2. The Settlement of the Cases €; and &,,
First of all, about Case €;, we have the following
Theorem 4.1. If Case €1 occurs, then M™ can be locally decomposed as the
Calabi product of an (n — 1)-dimensional locally strongly convex centroaffine
hypersurface in R™ with parallel cubic form and a point.
Proof. In Case €4, the difference tensor takes the following form:

K(elael):Aleh K(elaei):/’[’ei7 ZZQ,,TL

By parallel translation along geodesics (with respect to @) through p,

we extend {ej,...,e,} to obtain a local h-orthonormal basis denoted by
{E1,...,E,}. Then

K(El,El):)\lEl, K(El,El):,U,E“ i:2,...,TL, )\17&2[1,,
where both A\; and p are defined in Lemma 4.1. Applying Theorem 3.4, we con-

clude that M™ can be decomposed as the Calabi product of a locally strongly
convex centroaffine hypersurface with parallel cubic form and a point. O

Theorem 4.2. Case €,, does not occur.

Proof. Suppose on the contrary that Case €,, does occur. From (ii) of Lemma
4.1, we have f(v) =0 for any v € span{es,...,e,}. Then, by polarization, we
can show that

hMEKeejer) =0, 2<4,jk<n. (4.2)
Then, for any unit vector v € span{es,...,e,}, we have

Kelel = )\161, Kel’U = %)\1’0, Kv’l} = %)\161.
Accordingly, by taking X =e;, Y =2 =U = v in (2.5), we will get \; = 0.
This contradiction completes the proof of Theorem 4.2. O
4.3. Intermediary Cases {€,, }2<m<n—1 and an Isotropic Mapping L
Now, we consider the cases {€,,}2<m<n—1. In these cases, we denote by Do
and D3 the two subspaces of T, M:
Dy = span{es,...,en} and Dz =span{emi1,...,€n}

First of all, we have the following

Lemma 4.2. Associated with the direct sum decomposition T,M = D1 @ Dy ®
D3, where Dy = span{e; }, there hold the relations:

(i) Ke,v= %/\111, for any v € Dy; K. ,w = pw, for any w € Ds.

(i) Ky, vo — %Alh(vhvg)el € D3, for any vi,vs € Ds.

(iil) Kyw € Dy, for any v € Dy, w € Ds.
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Proof. By definition we have (i). The claim (ii) follows from (ii) of Lemma
4.1 or directly (4.2). In order to prove the third claim, we take X = v € Dy,
Y =wée Dy and Z =U = e in (2.5) to obtain that

MR(v,w)e; = 2K (R(v,w)eq, eq).
Thus we have R(v,w)e; € Ds.
On the other hand, a direct calculation by (2.3) gives
I?i(v,w)el = -K,K,e1 + Ky ,Kye1 = (%)\1 - M)Kvw.
Therefore, as u # %)\1, combining with the preceding result we get K,w € D.
U

With the remarkable conclusions of Lemma 4.2, similar to that in [12],
we can now introduce a bilinear map L : Dy X Dy — D3, defined by
L(’Ul, ’UQ) = KUIUQ — %Alh(vl, 112)61, U1,02 € DQ. (43)

The following lemmas show that the operator L enjoys remarkable prop-
erties and it becomes an important tool for exploring information of the dif-
ference tensor. As we have A\? — 4¢ > 0, for simplicity, from now on we denote

W= BN~ L
Lemma 4.3. The bilinear map L is isotropic in the sense that
h(L(v,v), L(v,v)) = $Ainh(v,v)?, Vv € Da. (4.4)
Moreover, linearizing (4.4), it follows for arbitrary vy, vy, v3, vy € Dy that
h(L(v1,v2), L(vs,v4)) + h(L(v1,v3), L(ve,v4)) + h(L(v1,v4), L(va,v3))

= 2An(h(v1,v2)h(vs, v4) + h(v1, v3)R(v2,v4) + h(v1,v4)R(va, v3)).  (4.5)
Proof. We use (2.5) and take X =e; and Y = vy, Z = w9, U = v3 in Ds. By
using (2.3) and the definition of L, it follows immediately that

K(L(Ul, Uz), ’Ug) —+ K(L(’Ul, Ug), ’UQ) + ]"{(L(’Ug7 ’Ug), 'Ul)

= S (h(v1, v2)vs + h(vy, v3)ve + h(vg, v3)01). (4.6)
Taking the product of (4.6) with vy € Ds, we can obtain (4.5). Finally, we
choose v = vy = v3 = vg = v in (4.5), then we get (4.4). O

Since L : Dy x Dy — Dy is isotropic, we see from (4.4) that, if dim Dy >
1, then the image space of L has positive dimension, i.e. dim (ImL) > 1.
Moreover, the following well-known properties hold.

Lemma 4.4 (cf. [10,12]). If dim Dy > 1, for orthonormal vectors vy, v, v3 and
vy € Do, there hold
h(L(v1,v1), L(v1,v2)) =0,
h(L(v1,v1), L(va, v2)) + 2h(L(v1, v2), L(v1,v2)) = 2 Aim, (4.8)
h(L(v1,v1), L(va,v3)) + 2h(L(vy,v2), L(vi,v3)) =
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h(L(v1,v2), L(vs, v4)) + h(L(v1,v3), L(v2, v4))
+ h(L(v1,v4), L(va,v3)) = 0. (4.10)
Lemma 4.5. In Cases {€,, }a<m<n—1, if it occurs that Im L # D3, then for any
v1, V2 € Dy and w € D3 with w L Im L, we have
K(L(vy,v2),w) = nuh(v1, ve)w. (4.11)

Proof. For every v € Dy and w L Im L, we apply (iii) of Lemma 4.2 and (2.3)
to obtain

K(v,w) = Z h(K (v,w),e;)e; = Zh(K(v,ei), w)e;
=2 =2
= Z h(L(v,e;),w)e; =0,

R(er,v)w = —K(K(v,w),e1) + K(v, K(e1,w)) = 0.
Then, for v, vy and w as in the assumptions, the following equation

R(ey,v1)K (v, w) = K(R(ey,v1)ve, w) + K(va, R(e1,v1)w)

becomes equivalent to K (R(e1,v1)vs, w) = 0. On the other hand, direct cal-
culation gives that

R(e1,v1)vy = eh(v1, v2)er — K (e1, K (v1,v2)) + K (v1, K (e1, v2))
= eh(vy,v)er — K(e1, L(v1,v2) + %x\lh(vl,vg)el)
+ %Al(L(vhvg) + %)\1}1,(’0171)2)61)
= —1?h(v1,v2)er + nL(vy,v2).
Then (4.11) immediately follows. O

Lemma 4.6. In Cases {€,, }o<m<n—1, let v1,v2,v3,v4 € Dy and {uq, ..., Um—1}
be an orthonormal basis of Dy, then we have

K(L(v1,v2), L(v3,v4)) = ph(L(v1,v2), L(v3,v4))er + pnh(vi, ve) L(vs, v4)

—~

3

h(L(vy,u;), L(vs, va)) L(u;, va)

+
i

3
L

+ h(L(’UQ,ui),L(Ug,’U4))L(Ui,’U1). (412)

=1

Proof. By (2.5), we have, for v, ve,v3,v4 € Do, that

R(el, Ul)K(’lJ27 L(U3, 1)4))

= K(R(el, ’Ul)Ug, L(’Ug, 124)) + K(Ug, R(el, Ul)L(Ug, 1}4)). (413)
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Applying (2.3) for vy, vy € Ds, we obtain that
R(el,vl)vg = —n?h(vi,ve)er + nL(vy,v2). (4.14)
Similarly, for v € Dy and w € D3, we have that
R(ey,v)w = —nK (v, w). (4.15)

By Lemma 4.2, K (ve, L(vs,v4)) € Dy and we can write
m—1
K (vg, L(vs,v4)) Z h(L(ve,u;), L(vs, vq))u;. (4.16)
i=1

Now, we can compute both sides of (4.13) to obtain

m—1
LHS = —n?h(L(v1,v2), L(vs,v4))er + 1 Z h(L(va, u;), L(vs, va)) L(u;, v1),
i=1

RHS = —un?h(vi, va) L(vs, vs) + nK (L(v1,vs), L(vs, vy))
- l)\lnh<L(U1aU2) L(vs,va))er

-7 Z h(L(v1,u;), L(vs, va))L(u;, va).
From these computations we immediately get (4.12). O

We note that (4.12) has very important consequences which will be used
in sequel sections. For example, we have

Lemma 4.7. For Case €, with m > 3, let {u1,...,um—1} be an orthonormal
basis of Do, then for p # j, we have

0= (n(n+5A1) - 4h<L<w,up>,L<uj7up>>>L<uj,up>
= Y 4h(L(ug, ), Lug, ) L, ;). (4.17)

i#p

In particular, if L(ui,us) # 0 and L(uy,u;) is orthogonal to L(uy,us) for all
i #£ 2, then

h(L(u1,uz), L(uy, uz)) = in(n + 3A1) =: 7. (4.18)
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Proof. By (4.12), interchanging the couples of indices {1, 2} and {3,4} we find
the following condition:

0= ‘LIJ](h(Uh"UQ)L(’Ug, 1}4) — h(vg,v4)L(U1,U2))

3

+ h(L(’Ul,’ui),L(U3,U4))L(ui,’U2)

i

3

h(L(’Ug, ’U,i), L(’Ug, 1)4))L(U7;, ’Ul)

+
i

3

S
|

—

h(L(Ug, ui), L(Ul, ’Ug))L(ui, ’U4)

i

3

- h(L(vg, i), L(vy,v2))L(u;, v3). (4.19)

i

I
—

If we take vy = v3 = vy = u; and v; = u, with j # p, then by using also
the isotropy condition, (4.19) reduces to (4.17). Taking j = 1 and p = 2 in
(4.17), we obtain (4.18). O

4.4. The Mapping P, : D, — D5 with Unit Vector v € D,

We now define for any given unit vector v € Dy a linear map P, : Do — Dy
by

P,o = K,L(v,0), V¥€Ds. (4.20)
It is easily seen that P, is a symmetric linear operator satisfying
h(P,o,v") = h(L(v,v), L(v,v")) = h(P,', ), (4.21)

for any v, v’ € Dy. Moreover, we have

Lemma 4.8. For any unit vector v € D, the operator P, : Dy — Dy has
o= %)\177 as an eigenvalue with eigenvector v. In the orthogonal complement
{v}t of {v} in Dy the operator P, has at most two eigenvalues, namely 0 and
7, defined as in (4.18).

Proof. By (4.4), we have

h(Pyv,v) = h(L(v,v), L(v,v)) = 3. (4.22)
Taking v" L v, we get
h(Pyv,v") = h(L(v,v"), L(v,v)) = 0. (4.23)
(4.22) and (4.23) imply that P,v = $Aino.
Next, we take an orthonormal basis {u1,...,um—_1} of Dy consisting of
eigenvectors of P, such that P,u; = o;u;, 1 =1,...,m — 1, with u; = v and

o1 = 0. We take the inner product of (4.17) with L(uq,u,) for j =1 and any
p > 2. We obtain that

h(L(u1,up), L(uy,up)) (7 — h(L(u1, up), L(u, up))) =0, p>2. (4.24)
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Here, to derive (4.24), we have used that
h(L(u17uP)7 L(ulaui)) = h(upv Pulul) =0, i#p.

From (4.24), we immediately get the remaining assertion. O

In the following we denote by V,(0) and V,(7) the eigenspaces of P, (in
the orthogonal complement of {v}) with respect to the eigenvalues 0 and T,
respectively. Note that in exceptional cases it can happen that o = 7.

Lemma 4.9. Let v,u € Dy be two unit orthogonal vectors. Then the following
statements are equivalent:
(i) u € V,(0).
(ii) L(u,v) =0.
(iii) L(u,u) = L(v,v).
(iv) v € V,(0).
Moreover, any of the previous statements implies that
(v) P, =P, on {u,v}*.

Proof. As h(Pyu,u) = h(L(v,u), L(v,u)) = h(P,v,v), the equivalence of (i),
(ii) and (iv) follows immediately. As u and v are orthogonal, (4.4) and (4.8)
imply that
h(L(Ua U) - L(ua U), L(Uv U) - L(ua u)) = 4h(L(U7 U), L(U7 U))
It follows that (ii) is equivalent to (iii).
Now we assume that (i), (ii), (iii) and (iv) are satisfied. In order to prove
(v), we see that the space spanned by {u,v} is invariant by P, and P,, also

its orthogonal complement is invariant. By taking vy, vs € {u,v}* and using
(4.6), we find

h(v1, Pyva) = h(L(v,v1), L(v,v2))
= —%h(L(uv), L(vy,v2)) + %)\mh(vl,vg)
= —%h(L(u,u), L(vy,v2)) + i)\mh(vl, V)
= h(vy, Pyv2).
This completes the proof. O

Lemma 4.10. Let v,v € Dy be two unit orthogonal vectors, then
hL(v,0),L(v,0)) =T (4.25)

holds if and only if © € V,(7). Moreover, if we assume u € V,(0) and the
equality in (4.25) holds, then u € V(7).

Proof. If © € V,,(7), then h(L(v,v), L(v,)) = h(0, P,0) = 7.

Conversely, if h(L(v,?), L(v,0)) = 7, we should consider the following
three cases:

(i) V,(0) = 0. From Lemma 4.8, it is easily seen that v € V(7).
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(ii) V(1) = 0. In this case, Lemma 4.8 implies that © € V,,(0). By Lemma
4.9, we have h(L(v,v), L(v,7)) = 0. This is a contradiction.
(iii) V4,(0) # 0 and V,(7) # 0. We can write

¥ = cosOuvg + sinfv1, h(vg,vg) = h(vy,v1) =1,
where vy € V,,(0) and v; € V,(7). Then we get
7 = h(L(v, ), L(v,)) = sin® O,
which means that sin = £1 and cos# = 0. Therefore, v € V, (7).
Taking unit vector u € V,,(0), we have L(u,u) = L(v,v). Consequently,
Rh(L(v,u), L(D,u))

= h(v, P{)’U) =T
Applying the first assertion of Lemma 4.10, we have u € V(7). O

Lemma 4.11. Let vi,v2,v3 € Dy be orthonormal vectors satisfying vy,vy €
Vis (T), then for any vector v € Dy, we have h(L(v1,v2), L(v,v3)) = 0.

Proof. Using the linearity of the assertion with v, we may assume that v is an
eigenvector of P,,. Let {uy, ..., u,_1} be an orthonormal basis of Dy consisting
of eigenvectors of P,, such that u; = vi, us = vy and uz = v3. We now use
(4.19) for v3 = vy to obtain

m—1
0=—pnL(vi,v2) + Y h(L(vy,u;), L(vs,v3))L(u;, v2)
i=1
—1

3

+

™

h(L(’UQ, Ui), L(’Ug, ’Ug))L(Ui, 1)1)

i=1

i

-2 h(L(Ug,ui),L(vl,Ug))L(ui,’Ug). (426)

3

i
On the other hand, from (4.7)—(4.9), we have

4.7)-
h(L(v1,u;), L(vs, v3)) = h(L(v2,u;), L(vs,v3)) =0, i # 1,5 # 2,
h(L(v1,v1), L(vs,v3)) = h(L(

L ’UQ,’UQ) (’03,1}3)) = %)\17] — 27

Inserting the above into (4.26), we obtain

m—1
h(L(vs,u;), L(vy, va))L(ui, v3). (4.27)
=1
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Since h(L(u;,v3), L(uj,v3)) = h(Pyui,uj) = 0if i # j, the equation
(4.27) implies that h(L(vs,w;), L(v1,v2)) = 0 holds for all u; ¢ V,,(0). Com-
bining with Lemma 4.9, this immediately shows that for any vector v € D,
we have h(L(vy,v2), L(v,v3)) = 0. O

4.5. Direct Sum Decomposition for D,

For our purpose, a crucial matter is to introduce a direct sum decomposition
for Dy based on the preceding Lemmas. First, pick any unit vector v; € Dy
and recall that 7 = n(n + $A1), then by Lemma 4.8, we have a direct sum
decomposition for Ds:

Dy = {1}1} D Vv1 (O) D VU1 (T)’

where, here and later on, we denote also by {-} the vector space spanned by
its elements. If V,,, (7) # (), we take an arbitrary unit vector ve € V,, (7). Then
by Lemma 4.10 we have:

vy € Voo (1), Vo, (0) C V(1) and V,,(0) C V4, (7).
From this we deduce that
Dy = {v1} ® Vi, (0) @ {v2} ® Vo, (0) @ (Vi (7) N Vi (7))

If Vo, (1) N V4, (T) # 0, we further pick a unit vector vz € V,, (1) N V4, (7).
Then

Dy = {3} ® Vi (0) ® Vi (1),
and by Lemma 4.10 we have
v1,v2 € Vo (T); Viy (0), Vo, (0) C Vi (7).
It follows that
Dy = {v1} ®V,,(0) © {v2} © V,,(0) @ {v3} ® Vo, (0)
® (Vo (7) N Vi (T) N Vi (7))
Considering that dim (D) = m — 1 is finite, by induction, we get

Proposition 4.1. In Cases {€,, }a<m<n—1, there exists an integer ko and unit
vectors vy, ..., Vg, € Dy such that

D, = {7)1} D V'Ul (O) DD {Uko} ® V'Uko (O) (428)
In what follows, we will study the decomposition (4.28) in more details.

Lemma 4.12. (i) For any unit vector uy € {vi} ® V., (0), we have
{vi} & Vi, (0) = {ur} & V4, (0).

(ii) For any orthonormal vectors uy, iy € {v1} @V, (0), we have L(u1,41) =
0.
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Proof. (i) We first assume the special case that w3 L wv;. Then we have
u; € V4, (0) and thus L(uy,v;) = 0, hence vy € V,,,(0). Let u € V,,,(0) and
write u = xyuy+u’ with v’ L u;. By (v) in Lemma 4.9 we have P, v’ = P,,u’ =
P,, (u —zyu1) = 0. Therefore, v’ € V,,,(0) and {v1} & V4, (0) C {u1} & Vi, (0).
Similarly, we obtain {u;} @ V,,,(0) C {v1} ® V., (0).

Next we consider the general case in three subcases. (a) If V,,(0) = 0,
there is nothing to prove. (b) If dim (V;,(0)) > 2, we can take a vector @ €
V., (0) which is orthogonal to both u; and v;. Applying twice the previous
result then completes the proof. (¢) If dim (V,, (0)) = 1, there exists vy € V,, (0)
such that V;,, (0) = {vo}. Denote u; = cos vy + sin fvg. By Lemma 4.9, we see
that

L(cos Bvy + sin Ovg, cos vy — sinbvy) = 0,

thus cos@vg —sinf vy € V,,, (0). Therefore, {v1} & V,,(0) C {u1} &V, (0). If
{n}®V,, (0) C {u1}® Vi, (0), we have a unit vector x € {uy } &V, (0) which is
orthogonal to both u; and vy. As {v1} ® V4, (0) = {z} & V,(0) = {u1} & V4, (0),

we get a contradiction.
(ii) From (i) we have that {v1}®V,, (0) = {u; }®V4, (0). As uy and @; are
orthogonal, this implies that 41 € V,,, (0). Consequently, we have L(uq, ;) = 0.
U

Lemma 4.13. In the decomposition (4.28), if we pick a unit vector uz € V,,(0),
then there exists a unique vector u; € {v1} @ V4, (0) such that L(uy,vs) =
L(v1,uz). Moreover, uy is a unit vector in V,, (0) and L(vi,ve) = —L(u1, uz).

Proof. Let u},...,ul, be an orthonormal basis of V,, (0), 1 <1 < ko, such that
u? = uy. Then

{vl,...,vko,u%,...,uzljl,.. ’U,l geeey Pk } {'ai}lgigm—l

forms an orthonormal basis of Ds. Now we use (4.12) with the vectors
Vg, Uz, V1, V3. As by Lemma 4.9 L(vg,u3) = 0 and by our decomposition
vy € Vi, (7), we obtain

0 = K(L(v2,uz), L(vi,v2))

= ph(L(va, uz), L(vy,v2))er + Z (va, U;), L(v1,v2)) L(;, ug)

m—1

—+ Z h(L(UQ, ﬂi), L(’Ul, U2))L(U27 al)
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Let us take

\HH

m—
Z (u2, @;), L(v1,v2)) 0

By Lemma 4.11, we have
h(L(ug,t;), L(vi,v2)) = 0, ; ¢ {v1} © Vy, (0) © {v2} ®V,, (0).  (4.29)
Applying (4.7) and Lemma 4.9, we get
h(L(usg,u;), L(vi,v2)) =0, 4; € {va} @ V4, (0). (4.30)
Moreover, note that vy € V,, (7), thus we have
h(L(ug,v1), L(vi,v2)) = 0. (4.31)

It follows from (4.29), (4.30) and (4.31) that uy € V,, (0).

In order to prove the uniqueness of u; € {v1}®V,, (0), suppose that @; €
{v1} ®V,, (0) such that L(ay,vs) = L(v1, uz), then we have L(uy — Uy, v2) = 0.
It follows from Lemma 4.9 that uy — @1 € V,,,(0). On the other hand, we also
have u; — 41 € {v1} & V4, (0); so we must have u; = ;.

From the following fact

Vi, (0) € Vo (1), Vi, (0) € Vi (7)

we have h(uy,u1)7 = h(L(u1,ve), L(u1,v2)) = h(L(v1,us2), L(vi,u2)) = 7.
Hence, u; is a unit vector.

In order to prove the fact that L(uj,ve) = L(vi,u2) and L(vi,ve) =
—L(u1, uz) are equivalent, we use (4.5) and the Cauchy-Schwarz inequality. In
fact, if we first suppose L(uy,v2) = L(v1, u2), then applying (4.5) we get
h(L(vy,v2), —L(uy,us)) = h(L(vi,us), L(ve,u1)) = h(L(va,uy), L(ve,uy)) = 7.

On the other hand, Lemma 4.12 implies that vi,u1 € V,,,(7) = V4, (7) and
thus

h(L(v1,v2), L(vy,v2)) = h(L(u1,uz2), L(ui,ug)) = 7.

Then, by Cauchy-Schwarz inequality we immediately have L(vi,vy) =
—L(u1 : UQ).
The converse can be proved in a similar way. U

To state the next lemma, we denote V; = {v;} & V4, (0) in the decompo-
sition (4.28) for each 1 <[ < ky. Then we have

Lemma 4.14. With respect to the decomposition (4.28), the following hold.
(1) For any unit vector a € Vj,

K(L(a,a), L(a,a)) = £ A\1uner +n(p + A1) L(a, a). (4.32)
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(2) For j #1 and any unit vector a € V;, b€V,

K(L(a,a),L(a,b)) = n(p + A1) L(a,b), (4.33)
K(L(a, ), L(b,)) = buer + mu(Lla, @) + Lb,B),  (434)
K(L(a,b),L(a,b)) = prer + 7(L(a,a) + L(b,b)). (4.35)

(3) For distinct j, 1, q, s and any unit vector a € V;, b, b/ €V, c€V,, d €
Vs, where b and b’ are orthogonal, the following relations hold

K(L(a,b), L(a,c)) = 7L(b, c), (4.36)
K(L(a,a),L(b,c)) = nuL(b, ), (4.37)
K(L(a,b), L(a,b")) =0, (4.38)
K(L(a,b), L(c,d)) = 0. (4.39)

(4) For distinct j, 1, q and orthogonal unit vector ay, az € V; and unit vectors
beV, ceVy, it holds

K(L(a1,b), L(az,c)) = TL(b, ), (4.40)
where ¢ € V; is the unique unit vector satisfying L(a1,c’) = L(aa,c).

Proof. Take an orthonormal basis of Dy such that it consists of the orthonormal
basis of all V;, 1 <[ < kg, the assertions are direct consequences of Lemma,
4.6. Take for example, from the fact h(L(a,b), L(a,c)) = h(P.b,c¢) = 0, eq.
(4.6) and Lemma 4.6, we immediately get (4.36). As another example, from
(4.36), Lemmas 4.12 and 4.13 we can get (4.40). O

Proposition 4.2. In the decomposition (4.28), if ko = 1, then dim (Im L) = 1.
If ko > 2, then dim V,, (0) = -+ = dim V,, (0) and the dimension which we
denote by p can only be equal to 0, 1, 3 or 7.

Proof. If ko = 1, from Lemmas 4.9 and 4.12 we see that L(vi,v1) is a basis
of the image Im L, so we have dim (Im L) = 1. As a direct consequence of
Lemma 4.13, for any j # [, we can define a one-to-one linear map from V;,, (0)
to V,,(0), which preserves the length of vectors. Hence V,,(0) and V;, (0) are
isomorphic and have the same dimension which we denote by p. To make the
following discussion meaningful, we now assume p > 1.

Let {v,ul,... ,uf,} be an orthonormal basis of V. For each j =1,...,p,
Lemmas 4.12 and 4.13 show that we can define a linear map %; : Vi — V)
such that, for any unit vector v, the image ¥;(v) satisfies

L(v,u?) = L(va,%;(v)). (4.41)
The linear map ¥; : Vi — V; has the following properties:
(P1) For any v € Vi, h(%;(v),%,;(v)) = h(v,v), i.e., T; preserves the length
of vectors.

(P2) For all v € Vi, we have T;(v) L v.
(P3) T3 = —id.
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(P4) For any j # I, we have h(%T;(v),%;(v)) =0 for all v € V1.
(P1) and (P2) can be easily seen from Lemma 4.13 and the definition of
% ;(v). We now verify (P3) and (P4). For any unit vector v € V3, we have

L(va, T5(v)) = L(u}, T;(v)). (4.42)

Using the fact {T;(v)} @ Vg, (,)(0) = Vi and u3 € V,,,(0) C Vi, (1(7), we have

(L(v2,Tj(v)), L(v2, T;(v)))

h(L(u3, %5 (v)), L(u3, T;(v))) = h
= h(L(v,v2), L(v,v2)) = 7.

Since v, T;(v), va, uf are orthonormal vectors, by (4.10), (4.41) and L(va, u?) =
0, we see that
0= h(L(v,v2), L(u}, %;(v))) + h(L(v,T;(v)), L(va, u3))
+ h(L(v,u3), L(T;(v),v2))
= h(L(v,v2), L(uj, T;(v))) + h(L(v2, j(v)), L(va, T;(v))).
Applying the Cauchy-Schwarz inequality we deduce
L(u3,T;(v)) = —L(v, v2). (4.43)

Combining (4.42) and (4.43), we get L(vg, T3(v) + v) = 0, which implies
that T3(v)+v € Vo, (0). As T5(v)+v € Vi C V,,(7), it follows that T3 (v) = —v
for a unit vector v and then by linearity for all v € V}, as claimed by (P3).

To verify (P4), we note that, if j # [, and T;(v), T;(v) € V,(0), then by
definition

L(vs,%j(v)) = L(v, u?) 1L L(v,u}) = L(va, Ty (v)).
If we assume T;(v) = a%;(v) + x, where x L T;(v), then
0 = h(L(v, %, (0)), L(vz, Si(0)))
= h(L(v2, T;(v)), aL(va, T (v)) + L(va, )

Hence, a = 0 and T;(v) L T;(v).
We look at the unit hypersphere SP(1) C Vi, the above properties (P1)-
(P4) show that at v € SP(1) one has

T,S%(1) = span{%;(v),..., T (v)}.

Hence, by the properties (P1)-(P4), the p-dimensional sphere SP(1) is
parallelizable. Then, according to Bott and Milnor [3] and Kervaire [13], the
dimension p can only be equal to 1, 3 or 7. O
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5. The Exceptional Case 5

In this section, we shall study an n-dimensional (n > 2) locally strongly convex
centroaffine hypersurface M™ which has parallel cubic form, such that Case B
occurs. The main result of this section is the following theorem.

Theorem 5.1. Let x : M™ — R" ! (n > 2) be a locally strongly conver cen-
troaffine hypersurface which has parallel cubic form. If Case B occurs, then
M™ is locally centroaffinely equivalent to the hypersurface:

n
Tpt1 = ﬁZmi—Fxl Inz;. (5.1)
k=2

To begin with, we prove the following lemma.

Lemma 5.1. In Case B, there exists an orthonormal basis {e1,...,e,} of T,M
such that the difference tensor K satisfies
K. e1 =2e1, K. e; =e;, Kcej =0i5e1, 4,j=2,...,n. (5.2)
Proof. Let {ey,...,e,} be the orthonormal basis determined in Lemma 4.1.
By assumption, A\? — 4e = 0, we have
e=1, A =2 (5.3)
Similar to the proof of (4.2), we now have
hMKeejer) =0, 2<i,jk<n. (5.4)
From these results we easily get the assertion of Lemma 5.1. O

Next, as an extension of Lemma 5.1 we can prove the following lemma.

Lemma 5.2. If Case B occurs, then around p there exists a local orthonormal
basis {En, ..., E,} such that VxE; =0 for all X € TM™, and

KElEl = 2E1, KElEz = E7;7 KE'lEj = (SijEl, i,j = 2, Loy n. (55)
Moreover, (M™, h) is locally isometric to the Euclidean space R™.

Proof. Let {e1,...,e,} be the orthonormal basis of T,,M, given by Lemma 5.1.
By parallel translation of {e;}?_; along geodesics through p, we can obtain an
h-orthonormal basis, denoted by {Fi,...,E,}, in a normal neighbourhood
around p. Since VK = 0, the difference tensor K takes the form of (5.5).

It follows from (2.3), (5.3) and (5.5) that (M™, h) satisfies R(E;, E;)E; =
0 for any i, j, i.e., (M™, h) is flat and it is locally isometric to the Euclidean
space R™.

To show that @XEl = 0 for any X € TM"™, we denote @EjEZ— =
> TE By, where ¥, = T}, 1 < i,j,k < n. By using VK = 0 and (5.5),
straightforward calculations of the equations

0= (ﬁEbK)(EUEZ) = (ﬁElK)(Ei’Ei)’ i 7& 1
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give that I‘%j =0 for 1 <i,5 <n. It follows that
Ve, F1 =0, 1<i<n. (5.6)
This completes the proof of Lemma 5.2. O
Now we will prove Theorem 5.1.

Proof of Theorem 5.1. As proved in Lemma 5.2, VxF; = 0 and (M, h) is

locally isometric to R™, we may choose local coordinates (uq,us,...,u,) on
M™ such that the metric A has the following expression:
h = dui + duj + du3 + - - - + du2, (5.7)
and that aiul = E;. It follows from (5.7) that
Vou,0uj =0, 1<i,j<n, (5.8)
where, and also later on, we use the notations Juy = ;Tk, k=1,...,n.
By using (5.5), we get that
Ko, X =X, KxY =h(X,Y)0u;, X,Y € {0u1}*. (5.9)

By using (5.5), (5.7) and (5.9), we get that
Koy, 0ur = 20uy, Koy, Oup = 0ug, 2<k<mn,
{K@ukauj = 5kj3u1, 2 S j,k S n.

Write x = z(u1, ..., u,) € R*. From (5.10), (5.8), and using (1.1) with
the fact € = 1, we have

(5.10)

Ty, = 2Ty, — T, (5.11)
Tuyuy, = Tuygs 2 Sk <m, (5.12)
Typup = Tuy — 2, 2<k<n, (5.13)
Tupu; =0, 2<j,k <nand j#k. (5.14)
First of all, we can solve (5.11) to obtain that
x = Py(ug,...,u,)e"t + Py(ug,. .., u,)uiet, (5.15)
where Pj(ug,...,u,) and Py(ug,...,u,) are R""!valued functions.
Inserting (5.15) into (5.12), we obtain g—fﬁ =0, 2 < k < n, which shows
that Ps(us,...,u,) is a constant vector denoted by A;. Hence, we have
x = Pi(ug,...,uy)e" + Ajue™. (5.16)
Putting (5.16) into (5.13) for k = 2, we further obtain that
bl = Ay (5.17)

Thus, we can write

xTr = (%’U,;Al + P?,(’ng7 N ,’U,n)UQ + P4(’U,3, ey un))eul + ’U,leulAl. (518)
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From (5.14) and (5.18), we can derive that Ps(ug,...,u,) is a constant
vector denoted by As. Hence, we have

r= (%ugAl + ugAs + Py(us,. .. ,u,n)) e 4+ u e Ay

If we carry out such procedure by induction for other u; with k& > 3, we
can finally obtain constant vectors {Aq, Ag, ..., A,11} such that z(uy, ..., u,)
has the following expression:

p= (3R b ) A £ Y e Ay Ay (5.19)
k=2 k=2

The nondegeneracy of = implies that it lies linearly full in R™*' and
thus Ay, ..., A, are linearly independent vectors. Thus, up to a centroaffine
transformation, x can be written as

n
T = (eul,uQeul,...,uneul,(% E ui+u1)e“1),
k=2

which is easily seen to be locally centroaffinely equivalent to the hypersurface
given in Theorem 5.1.
We have completed the proof of Theorem 5.1. O

6. Centroaffine Surfaces in R3 with VC = 0

Although Theorem 1.1 gives a complete classification of locally strongly con-
vex centroaffine hypersurfaces in R**! with parallel cubic form, its statement
involving the Calabi product constructions actually makes use of the induc-
tion procedure. Therefore, in order to guarantee the validity of such induction
procedure, we need first consider the lowest dimension case (i.e. n = 2). This
problem will be settled by the following theorem.

Theorem 6.1. Let x : M? — R? be a locally strongly convex centroaffine surface
which has parallel cubic form. Then x is locally centroaffinely equivalent to one
of the following hypersurfaces:

(i) quadrics with C = 0;

(i) z7'x5%x5® =1, where {a;} are real numbers which satisfy

o; >0, 1=1,2,3; or ay <0, ag,a3 >0, a +az + a3 <0;

(iii) #$* (23 + 2%)°2 exp(as arctan 2)=1 a1 <0, a1 +2a2 > 0;
(iv) 23 =z1(Inzy —aslnzg), 0<az <1;
1

(v) x3 = ﬂx% +z1Inzq,

where a1, an, a3 are constants and (x1,2,23) is the coordinate of R3.
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Remark 6.1. Centroaffine surfaces with parallel cubic form have been studied
in [19], where the authors made use of Theorem 1.3 in [17]. Comparing our
theorem with the result in [19], one can see that the surface (v) of Theorem 6.1
is missing in [19]. This appearance is because in [17] the authors only obtained
the classification of canonical centroaffine hypersurfaces for N(h) < 1, hence
in [19] the conclusion for the case N (h) = 2 is unfortunately not correct stated.
Here, the fact that the surface (v) corresponds ton =2, v =3 and N(h) =2
in corollary 1.1 should be emphasized.

In order to prove Theorem 6.1, we first notice that, for n = 2, it follows
from Theorem 5.1 that in Case B the surface M? is centroaffinely equivalent
to the surface (v). Thus, taking into consideration of Theorem 4.2, we see that
what we need to consider is Case €; with n = 2 in a more explicit way, rather
than like the sketchy statement of Theorem 4.1.

To begin with, we state the following lemma which is a direct consequence
of Lemma 4.1.

Lemma 6.1 (cf. Lemma 4.1). If Case € occurs, then there exists an orthonor-
mal basis {e1,e2} of TyM? such that the difference tensor K takes the following
form:

K. e1 = e, Keoex=pes, Ke,ex=pe +ajes,
e—Mp+p=0, A\ >0, N2 —4e >0, \; > 2p.
To prove Theorem 6.1, we also need the following lemma.

Lemma 6.2. If Case €; occurs, then there exists a local orthonormal basis
{E1, Ex} around p, such that the difference tensor takes the following form:

Kg, E1 = ME1, Kg Ey = pky, Kg,Fy = pEy + a1 Es, (6.1)
e—Mpu+pt=0, \y >0, /\ff4s>0, A1 > 2u,

where A1, u, a1 are constant numbers and @EiEj =0, i,7 = 1,2. Moreover,
(M?,h) is locally isometric to the Euclidean space R2.

Proof. Let {e1,e2} be the orthonormal basis of T, M 2 given by Lemma 6.1.
By parallel translation of {e1, 5} along geodesics (with respect to V) through
p, we can obtain an h-orthonormal basis, denoted by {E7, Es}, in a normal
neighbourhood around p such that, thanks to VK = 0, the difference tensor
K takes the form stated in (6.1).

First, from the calculation

0= (Vg K)(E,E)=MVgFE —2K(Vg, B, By), i=1,2,

and noting that @E% F is h-orthogonal to E7, we have @EiEl =0,i=1,2
Next, by computation of 0 = h((V g, K)(E1, E2), E1) we obtain that

WV g, Es, Ey) = 0. (6.2)
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This, together with h(V g, Ey, E3) = 0 and h(V g, Fa, By) = —h(Vg, E1, Es) =
0, we will obtain

Ve, Ej=0, i,j=1,2. (6.3)

It follows that R(FE;, E;)Ey = 0 and (M?,h) is locally isometric to the
Euclidean space R2. O

Proof of Theorem 6.1. According to Lemma 6.2, we can choose local coordi-
nates (up,us) for M? such that the centroaffine metric h has the following
expression:

h = du? + du3, (6.4)
and F; = 8%1- for i = 1,2. It follows from (6.4) that

Vou,duj =0, 1<i,j<2. (6.5)
For x = z(u1,us) € R3, using (6.1), (6.4), (6.5) and (1.1) we can obtain:
Toyyu, = MTy, — ET, (6.6)
Lugug = ULy, (6.7)
Tiguy = Poyy + A1Ty, — ET. (6.8)

We first solve the equation (6.6) to obtain that

z = Py(uz) exp{(A1 — pur} + Pa(uz) exp(pus), (6.9)
where Pj(us) and P»(us) are R3-valued functions.
Inserting (6.9) into (6.7), we obtain g—fé = 0, showing that P;(us) is a
constant vector, denoted by A;. Hence, we have
= exp{(M — p)ui}A1 + Po(usg) exp(puq). (6.10)
Combining (6.10) and (6.8), we get
Jiz% =132+ (4° — )P, (6.11)

To solve (6.11), we will consider the following three cases, separately:

(a) a? +4(u® —¢) > 0.
(b) a? +4(u? —¢) < 0.
(c) a? +4(u? —¢) =0.

(a) In this case, the solution of (6.11) is

P, = exp{é(al +1/a? + 4(p? —E))UQ}AQ

+exp{§(a1 — /a3 + 4(u? —5))1&2}1437

where As, Az are constant vectors.
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It follows that, up to a centroaffine transformation, x can be written as
x = (exp{()\l us b, exp{ (a1 + a%+4(,u2—6))u2+,uu1},

exp { (a1 — \/a} +4(p® — ) Juz + uul}) , (6.12)

which, due to its locally strongly convexity, is easily seen locally on the hyper-
surface (ii) of Theorem 6.1.
(b) In this case, we have e = 1. The solution of (6.11) is given by

P, =cos (% —a? — 4(u? - 1)U2) exp(ajug)As

+ sin (% —a? — 4(u? 71)“2)6}(}‘)( ayuz)As,

where As, Az are constant vectors.
It follows that, up to a centroaffine transformation, x can be written as

T = (exp {()\1 — ,u)ul},sin (%\/—a —4(p? — 1)u2) exp( arus + puy),
cos (31/—a? — 4(p? — 1)us) exp(3arus + uul)) (6.13)

which, due to its locally strongly convexity, is locally on the hypersurface (iii)
of Theorem 6.1.

(c) In this case, from the fact that a? + 4(u? — €) = 0 and Lemma 6.2,
we have

ap #0, e=1 (6.14)
The solution of (6.11) is given by
Py =exp ( aluQ) As + us exp ( aluz) As,

where As, A3 are constant vectors.
It follows that, up to a centroaffine transformation, x can be written as

x =<exp(%a1uz + pur), exp { (A1 — p)us }, 2agus exp(3arus + uul)), (6.15)

which, according to (6.14), (6.15) and due to its locally strongly convexity, is
locally on the hypersurface (iv) of Theorem 6.1.
We have completed the proof of Theorem 6.1. O

7. Case {€m}2gm§n—l with kfo =1

In this section, we consider Case €, (2 < m < n — 1) with the condition that
in the decomposition (4.28), ko = 1. We will prove the following theorem.
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Theorem 7.1. Let M™ be a locally strongly convex centroaffine hypersurface in
R™*1 which has parallel and non-vanishing cubic form. If €, with 2 < m <
n — 1 occurs and the integer kg, as defined in Sect. 4.5, satisfies kg = 1, then
M™ can be decomposed as the Calabi product of two locally strongly convex
centroaffine hypersurfaces with parallel cubic form, or the Calabi product of a
locally strongly convex centroaffine hypersurface with parallel cubic form and
a point.

To prove Theorem 7.1, we first note that if kg = 1 then by Proposition
4.2 we have dim (Im L) = 1. Moreover, we can prove the following result.

Lemma 7.1. If dim (Im L) = 1, then there is a unit vector wy € ImL C D3
such that L has the expression

L(vy,vq) = %Amh(vl,vg)wl, YV y,vg € Da. (7.1)

Proof. The fact dim (Im L) = 1 implies that we have a unit vector w € Im L C
D3 and a symmetric bilinear form a over Dy such that

L(v17U2) = O[(’Ul,’UQ)QI), V’Ul,’UQ S DQ. (72)
We define Q : Dy — Do by h(Quy,va) := a(v1,v2). From Lemma 4.12 we have
L(Ul, Ug) = 07 if h(’Ul,’Ug) =0. (73)

Now we see that h(Qui,v2) = 0 if h(vy,v2) = 0. Hence, Qu = /2 Aine(v)v
for all v € Dy and e(v) = £1. It follows that

L(v1,v2) = a(v1,v2)0 = 1/ $Aime(v1)h(v1, v2)w. (7.4)

This, together with the fact that both L and h are symmetric, implies that,
for any vy, ve € Do, €(v1) = €(v2) holds, i.e., £(v) is independent of v.
We finally get the assertion by putting wy := e(vy)w. O

In sequel of this section, we will fix the unit vector w; € D3 as in Lemma
7.1. Then, besides K., w; = pws, the next three lemmas give all informations
about the difference tensor K.

Lemma 7.2. There exists an orthonormal basis {v1,...,0m—1} of Do such that
K(el,vi) = %)\11)1‘, K(wl,vi) = \/%)\1771]%‘7 1 < ) <m— 1, (75)
K(vi,vj) = (%)\161 + é/\l’ﬂ’w1> (Sij, 1<4,5<m—-1. (76)

Proof. From Lemma 4.2, we see that K,,, maps Dy to Da. Note that K, is
self-adjoint, then there exists an orthonormal basis {v1, ..., vm—1} of Dy such
that K, v; = a;v; with eigenvalues ;. As v; € Do, we have K., v; = %/\1%’-
By Lemma 7.1 we get

oy = h(levi,vi) = h(L(’Ui,’Ui),'LUl) =14/ %)\177



450 X. Cheng et al. Results Math

Since
L(v;,v;) = \/ 3 \inh(vi, v)wy = \/%@jwl,
we get
K(vi,v;) = <%)\161 + é)xlnwl) dij-
This completes the proof of Lemma 7.2. 0

Next, by (4.32) and Lemma 7.1 we get the following result.
Lemma 7.3. K(wy,wy) = pey + (A1 + p) i—?wl.

Finally, in case D3 # Rw; and let {ws,...,wy_m} be an orthonormal
basis of D3\Rwy, by Lemmas 4.5 and 7.1, we immediately have:

Lemma 7.4. K(wi,w;) = fiw;, 2 <i<n—m, where i = i—’z,u.

Now, we are ready to complete the proof of Theorem 7.1.

Proof of Theorem 7.1. Based on Lemmas 7.1, 7.2, 7.3 and 7.4, by putting

— M _2n — 2n A1
VS vewr 1S BV vew i BEC Rt Vb vew i IV ves it

we see that if D3 = Rwy, then {¢,v,v1,...,0m—1} (or, resp. if D3 # Rwy, then
{t,v,v1,...,Vm—1,W2, ..., Wp_p,}) forms an orthonormal basis of T, M™, with
respect to which, the difference tensor K takes the following form:

K(t,t) = o1t; K(t,v) =oqv; K(t,v;) =o9v;, 1<i<m—1;
{if D3 # Rwy, K(t,w;) =osw;, 2<i<n-—m, (1)
where
A +2np 3A3 A _ _Apt2nu (7.8)

01 = —F=——, 0= —F———, 03= F—t—.
vV A1(A1+2m) vV A1(A1+2m) VA1 (A1+27m)

It is easy to show that the constants o1, 09 and o3 satisfy the relations:

o1 # 209, 01 # 203, 09 # 03. (7.9)
By parallel translation along geodesics (with respect to V) through p, we
can extend {t,v,v1,...,vm-1} (if D3 = Rwy), or, resp. {t,v,v1,...,Vm_1, W2,

ey Wp—m} (if D3 # Rw;) to obtain a local h-orthonormal basis {T',V, V1, ...,
Vin—1}, or, resp. {T,V,Vi,..., Vi1, Wa, ..., W,,_ } such that
K(T,T)=01T; K(T,V)=05V; K(T,V;)=05V;, 1<i<m-—1;
{if D3 # Rwy, K(T,W;)=0sW,;, 2<i<n-—m.
Now, the above fact implies that, if D3 # Rw; we can apply Theorem

3.2 to conclude that M™ is decomposed as the Calabi product of two locally
strongly convex centroaffine hypersurfaces with parallel cubic form. If D3 =
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Rw;y, then we can apply Theorem 3.4 to conclude that M can be decomposed
as the Calabi product of a locally strongly convex centroaffine hypersurface
with parallel cubic form and a point. O

8. Case {€,, }o<m<n—1 With kg > 2and p =0
In this section, we will prove the following theorem.

Theorem 8.1. Let M™ be a locally strongly convex centroaffine hypersurface in
R™*1 which has parallel and non-vanishing cubic form. If €, with 2 < m <
n — 1 occurs and the integers ko and p, as defined in Sect. 4.5, satisfy kg > 2
and p =0, then n > $m(m + 1) — 1. Moreover, we have either

(i) n= %m(m—i— 1), M™ can be decomposed as the Calabi product of a locally
strongly convex centroaffine hypersurface with parallel cubic form and a
point, or

(ii) n > %m(m + 1), M™ can be decomposed as the Calabi product of two
locally strongly convex centroaffine hypersurfaces with parallel cubic form,
or

(iii) n = im(m + 1) — 1, M™ is centroaffinely equivalent to the standard
embedding of SL(m,R)/SO(m;R) — R+,

In the present situation, the decomposition (4.28) reduces to Dy = {v1}®
-+ @ {vk, }. Then dim Dy = kg = m — 1, m > 3, and {vy,..., vk, } forms an
orthonormal basis of Ds.
According to (4.5), Lemma 4.11 and the fact that for j # 1, v; € V,,(7),
we have

h(L(vj,v), L(vj,m)) =7, j #1, (8.1)
h(L(vj, vy, ), L(vj,v,)) =0, j,li, 1o distinct, (8.2)
h(L(vj,,v5,), L(vj,,v5,)) =0, 71, jo, Js, ja distinct, (8.3)
h(L(vj,v5), L(vj,v7)) = A, (8.4)
h(L(vj,v5), L(vi, ) = gpm, j #1, (85)
h(L(vj,v;), L(vj, v)) =0, j#1, (8.6)
h(L(vj,v;), L(vi,,v1,)) =0, j, Iy, lo distinct. (8.7)

Denote L; := L(vi,v1)+ -+ L(v;,v;) — jL(vj41,vj41), 1 <j <ko—1.

Then it is easy to check h(Lj, L;) = 2j(j + 1)7 # 0, and that
1<j<kg—1

= L L'7 )
bt V2iGDr ’ T (8.8)
Wgl = FL(UkaUl)y 1<k<I< k’o

give (m + 1)(m — 2) orthonormal vectors in Im L C Ds. Thus, we have the
estimate of the dimension



452 X. Cheng et al. Results Math

n =1+ dim (Ds) + dim (D3)
>14+m—14+3(m+1)(m—2)=3Imm+1)—1. (8.9)

Direct computations show that TrL = L(vy,v1) + -+ + L(vk,, Uk, ) 18
orthogonal to all vectors in (8.8), and by using (4.4), (4.8) and the fact that
(IS %,‘(7_)7 i 7& ja we get

B(Tr L, Tr L) = kon(h + (ko — 1))

= Lim— 1yAF— ae(ms — (m - 2% - )

2 (8.10)

I
S

where p > 0. From (8.10) and that A\? —4e > 0, the following result is obvious.

Lemma 8.1. Tr L = 0 if and only if \ = \;”T;fl and € = —1.

On the other hand, an implicit fact can be said about the statement
Tr L = 0.

Lemma 8.2. Tr L = 0 if and only if n = %m(m +1)—1.

Proof. If Tr L = 0, then we claim that D3 = Im L. In fact, if D3 # Im L, we
have a unit vector w € D3 which is orthogonal to Im L. Then by Lemma 4.5
we get the contradiction

0=K(Tr L,w) = konuw. (8.11)

Thus, according to this claim and (8.9), we have n = m(m+1) — 1, provided
that Tr L = 0.
Conversely, if n = £m(m + 1) — 1, then by (8.9) we have

dim (D3) = §(m + 1)(m — 2)

which implies that D3 = Im L. This further implies that Tr L = 0 due to the
fact that the vector Tr L, which belongs to Ds, is orthogonal to all vectors in
(8.8). O

Now, we are ready to complete the proof of Theorem 8.1.

Proof of Theorem 8.1. We need to consider three cases:
Case (i) n=im(m+1).
Case (ii) n > im(m+1).
Case (iii) n=im(m+1)—1.
For Cases (i) and (ii), as Tr L # 0, we can define a unit vector ¢ := %Tr L.

In Case (i), from the previous discussions we see that

{t, wj [1<j<ko—1, Wit l1<k<i<ko }

forms an orthonormal basis of Im L = D3. By direct calculations with the use
of Lemmas 4.2, 4.14 and (8.1)—(8.7), we have the following fact which we state
as



Vol. 72 (2017) Classification of the Locally Strongly Convex Centroaffine Hypersurfaces 453

Lemma 8.3. In Case (i), the difference tensor K satisfies
K(t,er) = ut, K(t,v;) = kﬁvi, 1<i<m-—1,

K(t,wj) = pwj, 1<j<ko—1,
K(t,wg) = pwkl, 1<k <1<k, (8.12)
2 kop
K (t,1) = ey + (32 + boen) 1
Put
T=—=t L e ] Lt (8.1
\/P2+]€877 \/p +k2 277 \/P +k \/p2+kg7]2 (8 3)

It is easily to see that {T, T 5 ’Uj|1§j§k0, wj ‘1Sj§k0*17 Wkl |1§k<l§k0}
is an orthonormal basis of T}, M. By Lemmas 4.2 and 8.3 we have the following
lemma.

Lemma 8.4. In Case (i), under the above notations, we have
K(T,T) = o1T, K(T,vj) = ogvj, 1< j<ky;
K(T7T*) :UQT*7 K(T7wj) = 02Wj, 1 S] < kO_]-a (814)
K(T,wiy) = oowry, 1<k <1< ko,

where o1 and o9 are defined by

PEX ki o (%Xl-HI)P (8 15)

py/p2+k3n2’ IRV/oETETel

g1 =
which satisfy o1 # 205.

Given the parallelism of the difference tensor K, Lemma 8.4 and Theo-
rem 3.4, we conclude that in Case (i), M is locally the Calabi product of a
lower-dimensional locally strongly convex centroaffine hypersurface with par-
allel cubic form with a point.
In Case (ii), we proceed in the same way as in Case (i). We first see that
{t, wrr li<k<iskor w5 l1<j<ho—1}
is still an orthonormal basis of Im L, even though we have Im L ¢ Ds.

Denote . = n — §m(m + 1) and choose w1, ...,ws; in the orthogonal

complement of Im L in D3 such that
{t, wi [1<k<i<ie, Wi 1<j<ko—1, Wr 1<r<alt
is an orthonormal basis of D3. By Lemma 4.5, we obtain that
K(t, ) = konup~ ‘1, (8.16)
We define T" and T* as in (8.13). Then
{T, T, vili<j<ro, Wkt li<k<i<ie, Wj l1<j<ko—1, Wrli<r<a}t

is an orthonormal basis of 7}, M. Similar to Lemma 8.4, we can easily show the
following
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Lemma 8.5. In Case (ii), under the previous notations, we have
K(T,T) = o1T, K(T,vj) = o2vj, 1< j < ko;
K(T,T") =0T, K(T,wj)=o0ow;, 1<j<ky—1;
K(T,wg) = oowyy, 1<k<l<kp;
K(T @) = o3y, 1<7r <,

(8.17)

where o1 and oo are defined by (8.15), and

o3 = p '/ p? + kg2, (8.18)

which satisfy the relations o1 # 202, 01 # 203 and 09 # 03.

Given the parallelism of the difference tensor K, Lemma 8.5 and Theorem
3.2, we conclude that in Case (ii), M is locally the Calabi product of two lower-
dimensional locally strongly convex centroaffine hypersurfaces with parallel
cubic form.

In Case (iii), we take the following basis of T),M:

{61, Ui|1§i§koa Wy |1§j§k0—1> Wik \1§j<k§k0—1}- (8-19)

By Lemmas 8.1, 8.2, 4.14 and a direct computation, we obtain that

ko ko—1
K(€1,61)+ZK(’UJ',’UJ')+ ZK(’UJ]‘,U}J')+ Z K(w”,w”):o
7j=1 7j=1 1<i<j<ko

(8.20)

This implies that in Case (iii) it holds Tr Kx = 0 for any vector X. Thus
M is a proper affine hypersphere centered at the origin O. Then, according to
previous computations and the proof of Theorem 5.1 in [12], we can easily show
that in Case (iii) M™ is centroaffinely equivalent to the standard embedding
SL(m,R)/SO(m;R) — R,

The combination of the preceding three cases’ discussion then completes
the proof of Theorem 8.1. O

9. Case {€,, }o<m<n—1 With kg > 2and p =1
In this section, we will prove the following theorem.

Theorem 9.1. Let M™ be a locally strongly convex centroaffine hypersurface in
R™1 which has parallel and non-vanishing cubic form. If €,, with 2 < m <
n — 1 occurs and the integers kg and p, as defined in Sect. 4.5, satisfy kg > 2
and p =1, then n > +(m +1)> — 1. Moreover, we have either

(i) n=1(m+1)%, M" can be decomposed as the Calabi product of a locally
strongly convex centroaffine hypersurface with parallel cubic form and a
point, or
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(ii) n > i(m+1)2, M™ can be decomposed as the Calabi product of two locally
strongly convex centroaffine hypersurfaces with parallel cubic form, or

(iii) n = %(m—&— 1)2—1, M™ is centroaffinely equivalent to the standard embed-
ding SL(™t2, C)/SU(H ) — R+

Now we have dim Dy = m — 1 = 2kg and m > 5. Similar to Lemma 6.1
of [12], we will prove the following

Lemma 9.1. In the decomposition (4.28), if we have kg > 2 and p = 1, then
there exist unit vectors u; € V,,(0) (1 < j < ko) such that the orthonormal
basis {v1,u1, ..., Uk, Uk, } Of Do satisfies the relations

L(Ul,Uj)Z—L(Ul,Uj), L(Ulvvj):L(ulauj)v 1§.7a lSkO (91)
Proof. As for each 1 < j < kg it holds dim (V,,,(0)) = 1, we assume V,,(0) =

{uz} for a unit vector ug. Then, for each j # 2, by Lemma 4.13, we have a
unique unit vector u; € V,,(0) satisfying

L(uz,vj) = —L(va,uj), L(va,vj) = L(ug,u;), 1<j<ko, j#2. (9.2)
Moreover, Lemma 4.9 implies that (9.2) also holds for j = 2. Next, we
state
Claim 1. L(w;,v;) = —L(v;,v;), L(v,v;) = L(w,uj), 1 < 4,1 < ko, 7,
1 #2.
To verify the claim, as u; € V,,(0), we first see by Lemma 4.9 that
L(uj,vj) =0 and L(vj,vj) = L(uj, u;). Hence the claim is true for j = 1.
Now we fix j # [ such that j,1 # 2. By Lemma 4.13, there exists a unique
unit vector u;l) € V,,(0), such that

L(uy,v;) = —L(o,al),  L(v,v;) = L(ug, u). (9.3)

Noting that dim (V,,(0)) = 1 and ul?, uj € V,,(0) are unit vectors, we

J
g.l) = eu; with e = 1. Hence from (9.3) we have

L(w,vj) = —eL(vi,u5), L(v,v;) = eL(ug, uy). (9.4)
On the other hand, by using (4.36), (9.2) and (9.4), we get
K(L(vj,v), L(ve,uj)) = K(L(vj,v), —L(vj,u2)) = =T L(v;, ug),
K(L(vj,v), L(va,uj)) = K(eL(uj,u;), L(ve, u;)) = —eTL(vy, us).

From the comparison of the above two equations we get € = 1.

From (9.4) we have verified Claim 1 and the proof of Lemma 9.1 is ful-
filled. 0

have u

To continue the proof of Theorem 9.1, we now assume that ky > 2 and let
{v1,u1,...,Vp,, Uk, } be the orthonormal basis of Dy as constructed in Lemma
9.1.
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Given (4.5), Lemmas 4.9, 4.11 and that for j # [, v;,u; € V,, (1) = V,, (1),
we have the following calculations:
h(L(’Uj7 ’U,l)7 L(Uj, ul)) = h(L(’Uj, ’Ul), L(’Uj7 ’Ul)) =T, ] 7é l, (95)
h(L(uj, v, ), L(ug, v1,)) = h(L(vj, w, ), L(vs, w, )
) =

= h(L(vj, v, ), L(vj,v,)) =0, 7,11,1s distinct, (9.6)
h(L(vj,,v5,), L(vjy,v5,)) =0, j1, jo, j3, ja distinct, (9.7)
hL(vj,v), L(vj,,w,)) =0, j#land ji #, (9.8)
h(L(vj,vj), L(vj,vj)) = %Am, 1<j < ko, (9.9)
h(L(vaJ) L(v,v)) = %/m, 1 <5 #1< ko, (9.10)
h(L(vj,v;), L(v;, vi)) = h(L(vj,v;), L(vj, w))

= h(L(vj,v;), L(v;,u;)) =0, 1< j#1<kg; (9.11)
h(L(vj,v;), L(vi,, vi,)) = h(L(vj, v5), L(vi, , u,)) = 0, (9.12)

1 < j4,11,15 distinet < kg.
Similar as in the proof of Theorem 8.1, we denote
Lj = L(vy,v1) + -+ + L(vj,v5) = jL(vjj1,0541), 1 <J < ko — 1.
Then direct calculations show that h(L;, L;) = 2j(j+1)7 # 0 for each j, and

R — <j<ky—
Wi = Jagror e 1sisko -1
Wy = %L(vkﬂ)l)a 1<k << ko, (9.13)
Wiy = %L(vk,ul), 1<k<i<k

give (m + 1)(m — 3) mutually orthogonal unit vectors in Im L C Dj. Thus,
we have the estimate of the dimension

>1+m—1+4i(m+1)(m-3)=im+1)>-1 (9.14)

Moreover, direct computations show that TrL = 2[L(vi,vy) + --- +
L(vg,, vk,)] is orthogonal to all vectors in (9.13), and by using (4.4), (4.8)
and the fact that v; € V, (1) for i # j, we get

$h(Tr L, Tr L) = skon(M + (ko — 1)p)
= Lim—1)/A2 = 45[(m+ DA — (m — 3)1/22 —45]
=: p? (9.15)
for p > 0. From (9.15) and that A} — 4e > 0, the following result is obvious.

Lemma 9.2. TrL = 0 if and only if \y = \/’ij%) and € = —1.
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On the other hand, the statement Tr L = 0 has an implicit characteriza-
tion with a proof totally similar to that of Lemma 8.2.

Lemma 9.3. Tr L = 0 if and only if n = i(m +1)2 - 1.
Now, we are ready to complete the proof of Theorem 9.1.

Proof of Theorem 9.1. First, if n # 1(m + 1)> — 1, we define a unit vector
t= ﬁTr L. We separate the discussions into three cases:

(i) If n = £(m + 1), the previous results show that

{t, wj hi<j<ko—1, Wi <h<i<kos Wiy h<k<i<ko}

is an orthonormal basis of Im L = Ds.

(i) If n > %(m—&— 1)%, we still have that {¢, wk; |1<k<i<ko» Wj |1<j<ko—1}
is an orthonormal basis of Im L, but now Im L & Ds. Denote n = n— %(er 1)2
and let {wy,...,ws} be an orthonormal basis of D3 \ Im L such that

{t, w; [1<j<ko—1, Wkl [1<k<i<ko: Wi [1<k<i<ko» Wr |1<r<m}

is an orthonormal basis of Ds.
(iii) If n = i(m +1)2 — 1, then an orthonormal basis of Im L = Dy is
given by

{wj i<j<ro—1, Whi h<k<i<ko, Wiy h<h<i<ko}-

Now, following the proof of Theorem 6.1 in [12], we can proceed in the
same way as in the proof of Theorem 8.1 to obtain the following conclusions:

If n = {(m + 1)?, we can apply Theorem 3.4 to conclude that M™ can
be decomposed as the Calabi product of a locally strongly convex centroaffine
hypersurface with parallel cubic form and a point.

If n > $(m+1)%, we can apply Theorem 3.2 to conclude that M™ can be
decomposed as the Calabi product of two locally strongly convex centroaffine
hypersurfaces with parallel cubic form.

If n = $(m+1)*—1, then M" is centroaffinely equivalent to the standard
embedding SL(Z, C)/SU(Z4H ) — R L O

10. Case {€,,}2<m<n—1 With kg > 2 and p = 3
In this section, we will prove the following theorem.

Theorem 10.1. Let M™ be a locally strongly convex centroaffine hypersurface
in R" ™1 which has parallel and non-vanishing cubic form. If €, with 2 < m <
n — 1 occurs and the integers kg and p, as defined in Sect. 4.5, satisfy kg > 2
and p = 3, then n > £ (m + 1)(m + 3) — 1. Moreover, we have either

(i) n=g(m+1)(m+3), M™ can be decomposed as the Calabi product of a
locally strongly convex centroaffine hypersurface with parallel cubic form
and a point, or
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(i) n > t(m+ 1)(m + 3), M™ can be decomposed as the Calabi product of
two locally strongly convex centroaffine hypersurfaces with parallel cubic
form, or

(iii) n = $(m+1)(m+3)—1, M™ is centroaffinely equivalent to the standard
embedding SU*(22) /Sp(2E2) — R,

Now we have dim Dy = m — 1 = 4kg and m > 9. Similar to Lemma 7.1
of [12], we will prove the following lemma.

Lemma 10.1. In the decomposition (4.28), if we have kg > 2 and p = 3, then
there exist unit vectors xj,y;,z; € V,,,(0) (1 < j < ko) such that the orthonor-
mal basis {V1,T1,Y1,21; - -+ Vkos Thos Ykes Zko } Of D2 satisfies the relations

L(vj,v) = L(zj, @) = L(y;, y) = L(2;, 1),
L(vj, 1) = =L(xj,v1) = =L(y;, 21) = L(zj, y1),
L(vj,y) = =L(yj, vi) = —L(zj, 21) = L(xj, 21),
L(vj, m1) = =L(zj,vn) = —L(zj,y) = L(y;, 1),
Proof. As doing before, we denote V; = {v;} ®V,,(0), 1 <1 < ko. Let us fix

two orthogonal unit vectors x1,y; € V,,(0). By using Lemmas 4.12 and 4.13,
for each j # 1, we have two unit vectors x;, y; € V,,(0) such that

{ L(vj,v1) = L(zj, 1) = L(y;, y1),

1<j, 1<k (10.1)

L(vj,z1) = —L(zj,v1), L(vj,y1) = —L(y;,v1). (10.2)

Then, according to Lemma 4.13, we further have unit vectors 27 € V, (0)
and z; € V;,(0) such that

L(v;, 2]) = L(y;.x1), L(vj,x1) = —L(y;, 2),
L(Zj7v1) = L(xjvyl)v L(Zjayl) = *L(ﬂfjavl)-

The important is that we have the following

(10.3)

Claim 1. For each j # 2, {x1,y1,2]} is an orthonormal basis of V,,(0) and
{xj,y;,2;} is an orthonormal basis of V,,(0).

To verify this claim, it suffices to show that

Z{J_Ul, Z{J_yl, x; Ly, zj Ly, zj Lwvj.
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From these relations, we immediately get the claim.
Next, by using Lemmas 4.12 and 4.13, (10.2) and (10.3), we have

L(vj,v1) = L(xj,21) = L(y;,51) = Lz, 21),
L(vjvxl):_L(xjavl)__L(yJ’ ) (Zjayll) QSJSICO (104)
L(vj,y1) = —L(yj,v1) = —L(zj, 21) = L(x; 21),

L(U]"Z{) = _L(Zjﬁvl) = (xjvyl) L(ijxl)

From these relations we can prove the following assertion:
s 2 _ — ko _.
Claim 2. 27 = --- = 2{° =: 21.

In fact, by Claim 1, we know that for j # [ (j,1 > 2) we have I = ezt
with €;; = £1. From Lemma 4.14 and (10.4) we get

enL(vj,v) = K(L(2], v;), L(=1, v))
= K(L(y;, 1), L(y, 21)) = 7L(y;, 0)- (10.5)

Similarly, we get
epl(zj,x1) = L(yj, w) = L(zj, 21) = L(v;, v). (10.6)

From (10.5) and (10.6) we have ej; = 1. Thus Claim 2 is verified.
Moreover, the following relations hold

L(vj,vi) = L(xj,21) = L(y;,y1) = L(z,21), j # 1, j, 1 =2 (10.7)
From (10.4) and apply Lemma 4.14, we get

TL(zj, y1) = K(L(y1, 25), L{y1, u1))
= K(L(zj,v1), L(vi,v)) = TL(2j,v1). (10.8)

Similarly, we have the following relations:
L(zj,z;) = L(yj,v), L(yj,z1) = L(xj,u). (10.9)

Combination of (10.4), Claim 2 and (10.7)—(10.9), we get (10.1) immedi-
ately. O

To continue the proof of Theorem 10.1, we now assume that ky > 2
and let {vi, @1, Y1, 215 - -+ Vkgs Thy» Yko» 2o ; DE the orthonormal basis of Dy as
constructed in Lemmas 4.9 and 10.1. According to (4.5), Lemma 4.11 and the
fact that for j # 1, v;, x;, y;, zj € Vo, (1) = Vo, (1) =V, (1) = V2, (7), we have
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h(L(vj, 1), L(vj, 21)) = h(L(vj, yi), L(vj, w)) = h(L (v, z1), L(vs, 1))

= h(L(vj,v), L(vj,w)) =7, j#1, (10.10)
h(L(vj, v, ), L(vj, vi,)) = h(L(vj, 21, ), L(vj, 21,))

= h(L(zj,v,), L(zj,v1,)) = M(L(y;, v, ), L(y;,v1,))

= h(L(vj, 41, ), L(vj, y1,)) = h(L(zj,v1,), L(z5,v1,))

= h(L(vj, 21, ), L(vj, z1,)) =0, 7,11,ly distinct, (10.11)
h(L(vjy,v5,), L(vj,v5,)) = M(L(vjy, 25,), L(vjs, 25,))

= h(L(vj,, Y55 ), L(vjs, y5,)) = M(L(vjy, 25,)5 L(vjs, 25,))

=0, J1,J2,J3,Ja distinct, (10.12)
h(L(vj,vi), L(vj,,21,)) = h(L(vs, v), L(vj, sy, )

:h(L('Uj?’Ul)vL(vjuzll)) =0, j#landj #1, (10'13)
h(L(vj,v;), L(vj, v5)) = ghm, - 1< j < ko, (10.14)
h(L(vj, v), L(vi,w)) = gun,  j #1, (10.15)

h(L(vj,v;), L(vj, vi)) = h(L(v, v5), L(vj, 21)) = h(L(v;,v5), L(v;, i)

= h(L(vj,v;), L(vj, 21)) = h(L(vj, v;), L(vi, z;))

= h(L(vj,v;), L(vi,y;)) = h(L(vj,v5), L(vi, 25))

=0, j#I (10.16)
h(L(vj,vj), L(vi,, v1,)) = h(L(vj, v5), L(v, , 21,))

= h(L(vj,vj), L(vi,, y1,)) = h(L(vj, v5), L(viy, 21,))

=0, j,l,l distinct. (10.17)

As in preceding sections we denote
Lj = L(’Ul,Ul) +---+ L(Uj,’()j) —jL(’Uj+1,'Uj+1), 1 S j S k‘o —1.
Then we have h(L;, L;) = 2j(j + 1)1 # 0 for each j. Moreover,

L L; 1S]Sk0_17

W; = —F/——
T V2iGHD T

W = \%L(Uk,vl), 1<k<li<kg,
wiy = =L(ve,21), 1<k <1< ko, (10.18)
wiy = =L(ve, ), 1<k <1< ko,

=Lk z), 1<k<I<k

give £(m + 1)(m — 5) mutually orthogonal unit vectors in Im L C Dj. Thus
we have the estimate of the dimension

n =1+ dim (Ds) + dim (D3)
>1+m—1+im+1)(m—5)=Lm+1)(m+3)—1  (10.19)
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Further direct computations show that TrL = 4[L(vy,v1) + -+ +
L(vk,,vi,)] is orthogonal to all vectors in (10.18), and by using the fact that
v; € Vo, (1) (i # j), (4.4) and (4.8) we have the calculation

%h(TY L,Tr L) = %ko’l]()\l + (]i}() - ].),U/)

= hsOm = D)3 — e ((m+ 3) — (m — 5)/23 — 4
— 2 (10.20)

for p > 0. From (10.20) and that A — 4¢ > 0, the following result is obvious.

Lemma 10.2. Tr L = 0 if and only if \y = 2\’7% and e = —1.

On the other hand, by similar proof of Lemmas 8.2 and 9.3, we also obtain
the following implicit characterization of the statement Tr L = 0.

Lemma 10.3. Tr L = 0 if and only if n = §(m + 1)(m + 3) — 1.
Now, we are ready to complete the proof of Theorem 10.1.

Proof of Theorem 10.1. We consider three cases:
(i) n=%(m+1)(m+3).
(i) n > g(m+1)(m+3).
(iii) n = $(m+1)(m+3) — 1.
For Cases (i) and (ii), as Tr L # 0, we can define a unit vector ¢ := 41—pTr L.
For Case (i), from previous discussions we see that

/ 1 "
{t, wili<j<ko—1, Wkil1<k<i<io, Wiil1<k<i<ko> Wiil1<k<i<ko> Wil [1<k<i<ho }

forms an orthonormal basis of Im L = Ds.
For Case (ii), as ImL ¢ Ds, we choose {@y,...,ws} in D3\Im L such
that

/ "
{t, wy |1§j§k0717 Wk |1§k<l§km Wi |1§k<l§km Wi |1§k<l§kou
m ~
Wiy |1<k<i<kos Wr |1<r<a}

is an orthonormal basis of Ds.
For Case (iii), we see that

! 1 "
{wili<icho—15 Wrili<k<i<hos Wil1<k<i<ko Whil1<k<i<ko, Whil1<k<i<ko}

is an orthonormal basis of Im L = Ds.

Now, following the proof of Theorem 7.1 in [12], we can proceed in the
same way as in the proof of Theorem 8.1 to obtain the following conclusions:

If n = $(m + 1)(m + 3), we can apply Theorem 3.4 to conclude that
M™ can be decomposed as the Calabi product of a locally strongly convex
centroaffine hypersurface with parallel cubic form and a point.

If n > &(m + 1)(m + 3), we can apply Theorem 3.2 to conclude that
M™ can be decomposed as the Calabi product of two locally strongly convex

centroaffine hypersurfaces with parallel cubic form.
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If n = %(m+1)(m+3) — 1, then M™ is centroaffinely equivalent to the
standard embedding SU*(™£3) /Sp(243) — R L. O

11. Case {€,, }2<m<n—1 With kg > 2and p =7
In this section, we will prove the following theorem.

Theorem 11.1. Let M™ be a locally strongly convex centroaffine hypersurface
in R™"1 which has parallel and non-vanishing cubic form. If €, with 2 < m <
n — 1 occurs and the integers kg and p, as defined in Sect. 4.5, satisfy kg > 2
and p =7, then ko = 2, m =17 and n > 26. Moreover, we have either

(i) n =27, M™ can be decomposed as the Calabi product of a locally strongly
convex centroaffine hypersurface with parallel cubic form and a point, or
(ii) n > 27, M™ can be decomposed as the Calabi product of two locally
strongly convex centroaffine hypersurfaces with parallel cubic form, or
(iii) m = 26, M™ is centroaffinely equivalent to the standard embedding
EG(—QG) /F4 — R27.

To prove Theorem 11.1, a key ingredient is the following lemma whose
proof is similar to that of Lemma 8.1 in [12].

Lemma 11.1. If in the decomposition (4.28), ko > 2 and p = 7, then we can
choose an orthonormal basis {z;}1<;<7 for V,,(0) and an orthonormal basis
{yj hi<j<7 for Vi, (0) so that by identifying e;j(v1) = x; and ej(v2) = y,;, we
have the relations

L(ej(v1),e1(v2)) = —L(v1,eje(v2)) = —L(erej(v1),v2), (11.1)

for 1 < j,1 <7, where eje; denotes a product defined by the following multi-
plication table.

€1 €9 €3 €4 €5 €g (rd
€1 —id €3 —€9 €5 —€4 —€7 €g
es —e3z —id e €6 e;  —e4 —es
es es —ep —id er —eg es  —ey
€4 —€5 —€g —€7 —id €1 €9 €3
€5 €4 —€7 €6 —e€1 —id —€3 €9
€6 (S1rd €4 —€5 —€9 €3 —id —€1
€7 —¢€g €5 €4 —€3 —€3 €1 —id

Proof. As before we denote Vj = {v;} @ V,,(0), 1 < j < ko. First we fix any
two orthogonal unit vectors z1,z9 € V,,, (0). Then, by Lemmas 4.12 and 4.13,
we can consecutively find unit vectors y1,y2 € V,,(0) and x5 € V,,(0), such
that

L(y1,v1) = —L(w1,v2), L(y1, 1) = L(v1,v2), (11.2)
L(y2,111) = —L(IQ,UQ), L(yg,l‘g) = L(U17'U2)’ (113)
L(y1,w2) = —L(w3,v2), L(y1,23) = L(w2,v2). (11.4)
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From the computation
Th((Eg, 'Ul) = h(L(iL'37’U2), L(’Ul,vg)) = h(—L(yl,.’EQ), L(yl,xl)) = 0, (115)

we get xg € V,,(0). Thus, we can further take unit vector ys € V,,(0) such
that

L(ys,v1) = —L(z3,v2), L(y3,x3) = L(v1,va). (11.6)
Claim 1. {x1, 22, 23,01} are orthonormal vectors. Similarly, {y1,y2,ys,v2} are
orthonormal vectors.
In fact, by using (11.2) and (11.4), we have
Th(zs, x1) = h(L(x3,v2), L(21,v2)) = h(L(y1, v2), L(y1,v1)) = 0,

so we have x3 L x1, and the mutual orthogonality of {z1,x2, 23, v1} immedi-
ately follows. The assertion that {y1,y2,ys} are mutually orthogonal vectors
can be proved using Lemmas 4.12 and 4.13. Hence we have the Claim 1.

By (11.2), (11.3) and (11.6), we get the relation

L(y1,71) = L(y2, x2) = L(y3,x3) = L(v1, v2), (11.7)
which together with Lemmas 4.12; 4.13, Claim 1 and (11.4), imply that
L(yy,23) = —L(x1,y3) = L(x2,v2), (11.8)
L(xlayQ) = _L(y17$2) = L(.’II3,’U2), (119)
L(y37$2) = —L(.’L’g,yg) = —L(yh’l}l). (1110)

Now we pick an arbitrary unit vector x4 € V,, (0) such that it is orthog-
onal to all z1, z2 and z3. Then, inductively and following the preceding argu-
ment, we can find unit vectors x5, xg, x7 € Vi, (0) and y4,ys, ys, y7 € Vo, (0)
such that the following relations hold:

L(za,y1) = —L(x1,y4) = —L(x5,v2) = L(ys,v1),

L(z4,y4) = L(z1,y1) = L(z5,95) = L(v1,v2), L(zg,v2) = L(xs,41), (11.11)
(x47y2) _L(.’E(;,UQ) = L(y67vl)7

{ L(z4,v2) = L(z6,v2), L(xe,y6) = L(v1,v2), (11.12)
($47y3) = _L($7,1)2) = L(y%Ul),

{ L(z4,v2) = L(x7,y3), L(z7,y7) = L(v1,v2). (11.13)

Similar to Claim 1, applying Lemmas 4.12, 4.13, (11.2)—(11.4) and (11.6)—
(11.13), we obtain:

Claim 2. {z,...,27,v1} are orthonormal vectors. Similarly, {yi,...,yr,v2}
are orthonormal vectors.

From (11.7), (11.11)—(11.13), it follows immediately that
L(z,y;) = L(vy,va), 1=1,...,7, (11.14)
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and therefore, by Lemmas 4.12 and 4.13, we obtain
L(wi,yj) = —L(yi, xj), L(wi,va) = —L(yi,v1), 1 <i#35 <7 (11.15)

Finally, based on the relations (11.2)—(11.4) and (11.6)—(11.15), the fol-
lowing relations can be established (cf. proof of Lemma 8.1 in [12]):

L(z4,ys) = —L(vi,y1), L(w4,y6) = —L(v1,%2),
L($4,y7) = *L(Ul,ys),

L(3357y1) = _L(U17y4)a L($5792) = L(Ul7y7)>
L(3357y3) = _L(Uhyﬁ)a L(xSayG) = L(Ulay3)7 (1117)
L(x57y7) = _L(U17y2)7

(11.16)

L(xGayl) = _L(v17y7) L(xﬁvyZ) = _L(Ulvy4), (11 18)
L(ze,y3) = L(v1,y5), L(ze,y7) = L(vi,y1), .
L(x77y1) = L(Uhyﬁ)’ L($7792) = _L(Ulay5)7 (1119)

L(l’%y:s) = *L(U17y4)-

In a similar way as above, all relations in (11.1) can be verified, and thus
we complete the proof of Lemma 11.1. O

Now, we can present the following crucial and remarkable lemma with a
simplified proof (comparing to that of Lemma 8.2 in [12]) included.

Lemma 11.2. Suppose that in the decomposition (4.28) we have ko > 2 and
p = 7. Then it must be the case that ko = 2.

Proof. Suppose on the contrary that kg > 3. Following the same argu-
ment as in the proof of Lemma 11.1 for V,,(0) and V,,(0), we choose a
basis {1, %2, T3, T4, T5,T6,Z7} of Vi, (0) and a basis {z1, 22, 23, 24, 25, 26, 27}
of V,,(0) such that all the following relations hold:
L(ej(v1),e(vs)) = —L(vi,ejei(vs)) = —L(egej(v1),v3), 1 < 5,1 <T.
(11.20)
Now, we have two orthonormal bases of V,, (0), i.e. {z1, z2, %3, 24, Z5, T,
Z7} and {1, x2, x3, T4, 5, Tg, x7}. We first show that z; = x; for i = 3,5,6,7:
By (4.36) and (11.20), we get
TL(y1, 21) = K(L(y1, w2), L(2, 21)) = K (= L(xs3, v2), —L(x3,v3)) =7 L(v2, v3).
Thus, similarly, we can prove that
L(yl,zl) == L(y7,Z7) :L(’Ug,vg). (11.21)

Since {z1,x2,T3,24,T5, %6, Z7} and {x1, w9, xs, 24,25, 26,27} are two
orthonormal bases for V,, (0), we may assume that x5 = b33 + bsZ5 + beZs +
b7x7. Then we have the following calculation
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TL(y2, 22) = K(L(v1,y2), L(v1, 22)) = =K (L(23,y1), L(v1, 22))
= b3 K (L(Z3,y1), L(Z3,21)) + bs K (L(Z5,y1), L(Zs, 27))
—be K (L(Z6,y1), L(Z6, 24)) — br K (L(Z7,y1), L(Z7, 25))
= b37L(y1,21) + bs7L(y1, 27) — beTL(y1, 24) — b7 L(y1, 25)-
(11.22)

On the other hand, by (11.21) and that L(y1, 21), L(y1, 24), L(y1, 2z5) and
L(y1, z7) are mutually orthogonal, (11.22) implies that b3 = 1,b5 = bg = by =0
and hence x3 = Z3. Similarly, we can verify that x; = &; for i = 5,6, 7.

In order to complete the proof of Lemma 11.2, we will first use (11.1) and
(11.20) to show that we have also similar relations between V;,,(0) and V,,,(0),
ie.,

L(ej(v2),ei(v3)) = —L(va, ejei(vs)) = —L(egej(va),v3), 1<7,1<T.

In fact, for j =1, by Lemma 4.14, (11.1) and (11.20), we have
TL(ej(v2),ej(v3)) = K(L(ej(v2), ex(v1)), Ler(v1), e;(vs)))
= K(L(v2,ejex(v1)), L(ejer(v1),v3)) = TL(v2, v3).

For j # [, according to the multiplication table in Lemma 11.1, there
exists a unique k and € = +1 such that eje; = eey, ejer, = eej,epe; = eej. It
follows, by applying (4.36), (11.1) and (11.20), that

TL(e;j(v2), e1(vs)) = K(L(e;j(vz2),v1), L(v1, €1(v3)))
= K(L(—eejer(va),v1), L(vy, e(v3)))
= eK(L(ex(v2), €1(v1)), —L(vs3, er(v1)))
= —etL(ex(v2),v3) = —7L(esej(v2), v3)
and that
TL(v2, eje(vs)) = K(L(ek(v1),v2), L(ejer(vs), ex(v1)))
= K (L(v2, eerej(v1)), L(—eer(vs), ex(v1)))
= K(L(v1, —eeje;(v2)), L(—evs,v1)) = T7L(erej(v2), v3).

Thus, (11.23) holds indeed.
From (11.1), (11.20), (11.23) and Lemma 4.14, we have

K(L(v1,y6) + L(21,y7), L(22,v3)) = 0. (11.24)
On the other hand, we have
K(L(v1,y6), L(22,v3)) = K(L(v1,y6), —L(v1, 22)) = —TL(22,ys),
K(L(z1,y7), L(w2,v3)) = K(L(21,y7), —L(21, 23)) = —7L(23, y7)-
These, together with (11.24), give that
L(za,y6) + L(z3,y7) = 0. (11.25)
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(11.23) implies that L(z2,ys) = L(z3,y7), and by (11.25) we get L(z2,ys) = 0.
However, we also have the relation h(L(z2,ys), L(22,ys)) = 7, which gives
the contradiction.
This completes the proof of Lemma 11.2. O

Now, we are ready to complete the proof of Theorem 11.1.

Proof of Theorem 11.1. First, Lemma 11.2 implies that ko = 2 and dim (Ds) =
16.

Let {vi,v2,2,y;, 1 < j < 7} be the orthonormal basis of Dy as con-
structed in Lemma 11.1 such that all relations in (11.1) hold. Then we easily
see that the image of L is spanned by

{L(v1,v1), L(vi,v2), L(va,v2); L(v1,y5) 1<j<r)-
Define Ly = L(v1,v1) — L(vg, v3), then we have
We now easily see that there exist nine orthonormal vectors in Im L C Ds:
wo = =L1, w1 = J=L(v1,02), wjt1:= J=L(v1,y;), 1<j<T.

Note that TrL = 8(L(v1,v1) + L(va,v2)) is orthogonal to {wo,ws,
wit1 |1<j<7}, by using (4.4), (4.8) and the fact v; € V,,,(7), we obtain

ah(Tr L, Tr L) = (A1 + p) = $4/23 — 45(3)\1 —\/ A= 46) =: p?
(11.27)
for p > 0. Then we have the estimate of the dimension
n =1+ dim (D) + dim (D3) > 26. (11.28)
From (11.27) and the fact A\? — 4e > 0, we have the following result.
Lemma 11.3. Tr L = 0 if and only if 203 =1 and ¢ = —1.

On the other hand, by similar proof of Lemma 8.2, we also obtain the
following implicit characterization of the statement Tr L = 0.

Lemma 11.4. Tr L = 0 if and only if n = 26.

Then, if n = 27 or n > 28, we can define a unit vector ¢ = SiTrL SO
that we can construct an orthonormal basis for D3 and T,M", respectively,
and we get the similar expressions as in Lemmas 8.3, 8.4 and 8.5 which allows
us to conclude that M™ can be decomposed as the Calabi product of a locally
strongly convex centroaffine hypersurface with parallel cubic form and a point,
or the Calabi product of two locally strongly convex centroaffine hypersurfaces
with parallel cubic form.

If n = 26, by calculating the difference tensor K with respect to the pre-
ceding typical basis of T, M" totally similar to previous sections as in Sects. 8-
10, we can also show that Tr (K x) = 0 for any X € T,M™. Then, according to
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Theorem 8.1 of [12], we can finally conclude that M™ is locally centroaffnely
equivalent to the standard embedding Eg(_o6)/F4 — R?7 that was introduced
in [1] and also [12].

In conclusion, we have completed the proof of Theorem 11.1. O

12. Completion of the Proof of Theorem 1.1

If C = 0, according to subsection 7.1.1 of [21], and also Lemma 2.1 of [15], we
have (i).

For hypersurfaces with C' # 0, according to Lemma 4.1, it is necessary
and sufficient to consider the cases {€,, }1<m<n as well as the exceptional case
B.

Firstly, by Theorems 4.1 and 4.2, we have settled the two cases, €; and
¢, from which we have (ii).

Next, case 9B is settled by Theorem 5.1, from which we have (viii).

Then, being of independent meaning we have Theorem 6.1, by which a
complete classification is given for the lowest dimension n = 2. Theorem 6.1
verifies the assertion of Theorem 1.1 explicitly for n = 2.

The remaining cases, i.e. €, with 2 < m < n — 1, are completely settled
by Proposition 4.2 and subsequent five theorems, i.e. Theorems 7.1, 8.1, 9.1,
10.1 and 11.1. In these cases, we have (ii)—(vii).

From all of above discussions, we have completed the proof of Theorem
1.1.
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