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Bezier variant of the Bernstein–Durrmeyer
type operators
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Abstract. In the present paper, we introduce the Bezier-variant of Dur-
rmeyer modification of the Bernstein operators based on a function τ ,
which is infinite times continuously differentiable and strictly increasing
function on [0, 1] such that τ(0) = 0 and τ(1) = 1. We give the rate of
approximation of these operators in terms of usual modulus of continu-
ity and K-functional. Next, we establish the quantitative Voronovskaja
type theorem. In the last section we obtain the rate of convergence for
functions having derivative of bounded variation.
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1. Introduction

In 1912, Bernstein [6] defined a sequence of positive linear operators for f ∈
C[0, 1], as

Bn(f ;x) =
n∑

k=0

f

(
k

n

)(
n

k

)
xk(1 − x)n−k, x ∈ [0, 1]

which preserves linear functions. To make convergence faster, King [12] intro-
duced a modification of these operators as

((Bnf) ◦ rn) (x) =
n∑

k=0

f

(
k

n

)(
n

k

)
(rn (x))k (1 − rn (x))n−k

,

which depends on a sequence rn(x) of continuous functions on [0, 1] with 0 ≤
rn(x) ≤ 1, for each x ∈ [0, 1] and considered a particular case for the sequence
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rn(x) such that the corresponding operators preserve the test function e0 and
e2 of the Bohman–Korovkin theorem. Gonska et al. [10] constructed sequences
of King-type operators which are based on a strictly increasing continuous
function τ such that τ (0) = 0 and τ (1) = 1. These operators are defined by
Vn : C [0, 1] → C [0, 1]

V τ
n f = (Bnf) ◦ τn = (Bnf) ◦ (Bnτ)−1 ◦ τ.

Inspired by the above ideas, for any function τ being infinite times continuously
differentiable on [0, 1], such that τ(0) = 0, τ(1) = 1 and τ ′(x) > 0 for x ∈ [0, 1],
Morales et al. [13] defined the sequence of linear Bernstein type operators for
f ∈ C[0, 1] by

Bτ
n (f ;x) =

n∑

k=0

(
f ◦ τ−1

)(k

n

)(
n

k

)
τk (x) (1 − τ (x))n−k

, (1.1)

and also investigated its shape preserving and convergence properties as well as
its asymptotic behavior and saturation. This type of approximation operators
generalizes the Korovkin set from {1, e1, e2} to

{
1, τ, τ2

}
and also presents a

better degree of approximation depending on τ . To approximate the Lebesgue
integrable functions on [0, 1], Acar et al. [1] defined the Durrmeyer type mod-
ication for the operators (1.1) as

Dτ
n (f ;x) = (n + 1)

n∑

k=0

pτ
n,k (x)

1∫

0

(
f ◦ τ−1

)
(t) pn,k (t) dt, (1.2)

where

pτ
n,k (x) :=

(
n

k

)
τk (x) (1 − τ (x))n−k

and

pn,k (x) :=
(

n

k

)
xk (1 − x)n−k

,

and studied Voronovskaya type asymptotic formula as well as its quantitative
version and the local approximation properties of Dτ

n in quantitative form in
terms of K-functional and Ditzian–Totik moduli of smoothness.

A Bezier curve is a parametric curve frequently used in computer graphics
and image processing. These are mainly used in interpolation, approximation,
curve fitting etc. Zeng and Piriou [16] pioneered the study of Bezier-variant of
Bernstein operators. Subsequently, many researchers defined the Bezier-variant
of several operators ([7,11,14,15] etc.).

Motivated by these ideas, we introduce the Bezier-variant of the operators
given by (1.2) as

Dτ,θ
n (f ;x) = (n + 1)

n∑

k=0

Qτ,θ
n,k (x)

1∫

0

(
f ◦ τ−1

)
(t) pn,k (t) dt, (1.3)
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where Qτ,θ
n,k(x)=

[
Iτ
n,k(x)

]θ
−
[
Iτ
n,k+1(x)

]θ
, θ ≥ 1 with Iτ

n,k(x) =
∑n

j=k pτ
n,k(x),

when k ≤ n and 0 otherwise.
The aim of this paper is to study the degree of approximation in terms

of the modulus of continuity and the K-functional for the operators given by
(2.1). The quantitative Voronoskaja type theorem and the rate of convergence
of the functions having derivatives of bounded variation for these operators is
also investigated.

2. Auxiliary Results

Lemma 1 [1]. For the operators Dτ
n, one has

Dτ
ne0 = e0, Dτ

nτ =
1 + τn

n + 2
, Dτ

nτ2 =
τ2n (n − 1) + 4nτ + 2

(n + 2) (n + 3)
.

Consequently, for the m-th order central moment of operators Dτ
n defined as

μτ
n,m (x) = Dτ

n ((τ (t) − τ (x))m ;x) , m ∈ N,

there follows

μτ
n,0 (x) = 1, μτ

n,1 (x) =
1 − 2τ (x)

n + 2
(2.1)

μτ
n,2 (x) =

τ (x) (1 − τ (x)) (2n − 6) + 2
(n + 2) (n + 3)

, (2.2)

for all n ∈ N.
By a simple calculation, we have

μτ
n,4 (x) =

4ϕ2
τ (x)
{

(3n2 + 25n − 210)ϕ2
τ (x) + (6n + 12)

}
+ 24

(n + 2)(n + 3)(n + 4)(n + 5)
.

Remark 1 [1]. For all n ∈ N we have

μτ
n,2 (x) ≤ 2

n + 2
δ2n,τ (x) , (2.3)

where δ2n,τ (x) := ϕ2
τ (x) + 1

n+3 , ϕ2
τ (x) := τ (x) (1 − τ (x)) , x ∈ [0, 1] .

Lemma 2 [1]. For every f ∈ C[0, 1], we have

‖Dτ
n(f ; .)‖ ≤ ‖f‖.

Applying Lemma 1 , the proof of this lemma easily follows. Hence the
details are omitted.

Lemma 3 Let f ∈ C[0, 1]. Then, we have
∥∥Dτ,θ

n (f ; .)
∥∥ ≤ θ ‖ f ‖ .
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Proof. Using the inequality | aθ − bθ |≤ θ | a − b | with 0 ≤ a, b ≤ 1, θ ≥ 1 and
from the definition of Qτ,θ

n,k, we have

0 <
[
Iτ
n,k(x)

]θ − [Iτ
n,k+1(x)

]θ ≤ θ(Iτ
n,k(x) − Iτ

n,k+1(x) = θpτ
n,k(x).

Hence from the definition Dτ,θ
n and Lemma 2, we obtain

∥∥Dτ,θ
n (f)

∥∥ ≤ θ ‖Dτ
n(f)‖ ≤ θ ‖ f ‖ .

�

Remark 2. We have

Dτ,θ
n (e0;x) =

n∑

k=0

Q
(θ)
n,k(x) = [Jn,0(x)]θ

=

⎡

⎣
n∑

j=0

pτ
n,j(x)

⎤

⎦
θ

= 1, since
n∑

j=0

pτ
n,k(x) = 1.

3. Main Results

Throughout this paper we assume that inf
x∈[0,1]

τ ′(x) ≥ a, a ∈ R
+.

Theorem 1. For f ∈ C[0, 1] and x ∈ [0, 1], there holds

∣∣Dτ,θ
n (f ;x) − f(x)

∣∣ ≤
{

1 +

√

2θ

(
ϕ2

τ (x) +
1

n + 3

)}
ω

(
f ;

√
1
n

)
,

where ω(f ; δ) is the usual modulus of continuity.

Proof. By linearity of the operators Dτ,θ
n , we get

∣∣Dτ,θ
n (f ;x) − f(x)

∣∣ ≤ (n + 1)
n∑

k=0

Qτ,θ
n,k (x)

1∫

0

pn,k (t) | (f ◦ τ−1
)
(t) − f(x)|dt

≤ (n + 1)
n∑

k=0

Qτ,θ
n,k (x)

1∫

0

pn,k (t) |
(

1 +
|t − τ(x)|

δ

)
dt.

By applying Holder’s inequality and Lemma2, we obtain

∣∣Dτ,θ
n (f ;x) − f(x)

∣∣ ≤
{

1 +
1
δ

(
Dτ,θ

n

(
(τ(t) − τ(x))2 ;x

))1/2
}

ω(f ; δ)
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≤
{

1 +
1
δ

(
θDτ

n

(
(τ(t) − τ(x))2 ;x

))1/2
}

ω(f ; δ)

≤
{

1 +
1
δ

√
2θ

n + 2

(
ϕ2

τ (x) +
1

n + 3

)}
ω (f ; δ) .

Taking δ =
√

1
n , we get the desired result. �

Now let us recall the definitions of the Ditzian-Totik first order modulus
of smoothness and the K-functional [8]. Let ϕτ (x) :=

√
τ(x)(1−τ(x)) and

f ∈ C[0, 1]. The first order modulus of smoothness is given by

ωϕτ
(f ; t)= sup

0<h≤t

{∣∣∣∣f
(

x+
hϕτ (x)

2

)
−f

(
x− hϕτ (x)

2

)∣∣∣∣ , x ± hϕτ (x)
2

∈ [0, 1]
}

.

Further, the appropriate K-functional is defined by

Kϕτ
(f ; t) = inf

g∈Wϕτ [0,1]
{||f − g|| + t||ϕτg′||} (t > 0),

where Wϕτ
[0, 1] = {g : g ∈ ACloc[0, 1], ‖ϕτg′‖ < ∞} and g ∈ ACloc[0, 1] means

that g is absolutely continuous on every interval [a, b] ⊂ (0, 1). It is well known
[8, p. 11] that there exists a constant C > 0 such that

Kϕτ
(f ; t) ≤ Cωϕτ

(f ; t). (3.1)

Theorem 2. Let f ∈ C[0, 1]. Then for every x ∈ (0, 1), we have

∣∣Dτ,θ
n (f ;x) − f(x)

∣∣ ≤ C(θ)ωϕτ

(
f ;

1
a

√
θ

n + 2

(
1 +

1
(n + 3)ϕ2

τ (x)

))
.

Proof. Using the representation

h(t) =
(
h ◦ τ−1

)
(τ(t)) =

(
h ◦ τ−1

)
(τ(x)) +

∫ τ(t)

τ(x)

(
h ◦ τ−1

)′
(u)du

we get

∣∣Dτ,θ
n (h;x) − h(x)

∣∣ =
∣∣∣∣∣D

τ,θ
n

(∫ τ(t)

τ(x)

(
h ◦ τ−1

)′
(u)du

)∣∣∣∣∣ . (3.2)

But,
∣∣∣∣∣

∫ τ(t)

τ(x)

(
h ◦ τ−1

)′
(u)du

∣∣∣∣∣ =
∣∣∣∣
∫ t

x

h′(y)
τ ′(y)

τ ′(y)dy

∣∣∣∣ =
∣∣∣∣
∫ t

x

ϕτ (y)
ϕτ (y)

· h′(y)
τ ′(y)

τ ′(y)dy

∣∣∣∣

≤ ‖ϕτh′‖
a

∣∣∣∣
∫ t

x

τ ′(y)
ϕτ (y)

dy

∣∣∣∣ , (3.3)
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and
∣∣∣∣
∫ t

x

τ ′(y)
ϕτ (y)

dy

∣∣∣∣ ≤
∣∣∣∣∣

∫ t

x

(
1√
τ(y)

+
1√

1 − τ(y)

)
τ ′(y)dy

∣∣∣∣∣

≤ 2
(∣∣∣
√

τ(t) −
√

τ(x)
∣∣∣+
∣∣∣
√

1 − τ(t) −
√

1 − τ(x)
∣∣∣
)

= 2 |τ(t) − τ(x)|
(

1√
τ(t) +

√
τ(x)

+
1√

1 − τ(t) +
√

1 − τ(x)

)

< 2|τ(t) − τ(x)|
(

1√
τ(x)

+
1√

1 − τ(x)

)
≤ 2

√
2|τ(t) − τ(x)|

ϕτ (x)
,

(3.4)

hence from relations (3.2)–(3.4) and using Cauchy–Schwarz inequality, we ob-
tain

|Dτ,θ
n (h;x) − h(x)| ≤ 2

√
2
‖ϕτh′‖
aϕτ (x)

Dτ,θ
n (|τ(t) − τ(x)|;x)

≤ 2
√

2
‖ϕτh′‖
aϕτ (x)

[
Dτ,θ

n

(
(τ(t) − τ(x))2;x

)]1/2

≤ 2
√

2
‖ϕτh′‖
aϕτ (x)

[
θDτ

n

(
(τ(t) − τ(x))2;x

)]1/2

≤ 4
a
‖ϕτh′‖

√
θ

n + 2

(
1 +

1
(n + 3)ϕ2

τ (x)

)
. (3.5)

Using Lemma 3 and (3.5) it follows that
∣∣Dτ,θ

n (f ;x) − f(x)
∣∣ ≤ ∣∣Dτ,θ

n (f − h;x)
∣∣+ |f(x) − h(x)| +

∣∣Dτ,θ
n (h;x) − h(x)

∣∣

≤
{

(θ + 1)‖f − h‖ +
4
a
‖ϕτh′‖

√
θ

n + 2

(
1 +

1
(n + 3)ϕ2

τ (x)

)}

≤ C1(θ)

{
‖f − h‖ +

1
a
‖ϕτh′‖

√
θ

n + 2

(
1 +

1
(n + 3)ϕ2

τ (x)

)}
,

where C1(θ) = max {(θ + 1), 4} .

Taking infimum on the right hand side of the above inequality over all
g ∈ Wϕτ

[0, 1], we get

∣∣Dτ,θ
n (f ;x) − f(x)

∣∣ ≤ C1(θ)Kϕτ

(
f ;

1
a

√
θ

n + 2

(
1 +

1
(n + 3)ϕ2

τ (x)

))
.

Using the relation (3.1), the theorem is proved. �
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4. Quantitative Voronovskaja Type Theorem

In this section we prove a quantitative Voronovskaja type theorem for the
operator Dτ,θ

n . This result is given using the first order Ditzian–Totik modulus
of smoothness. In the recent years, several researchers have made significant
contribution in this area [1–4,9].

Theorem 3. For any f ∈ C2[0, 1] and x ∈ [0, 1] the following inequalities hold

|√n
[
Dτ,θ

n (f ;x)−f(x)
] | ≤

√

2θ

{
ϕ2

τ (x) +
1

n + 3

}
|| (f ◦ τ−1

)′ ||

+ || (f ◦ τ−1
)′′ || θ√

n
ϕ2

τ (x)

+
C√
n

ωϕτ

(
(f ◦ τ−1)′′;

2
√

6
an1/2

ϕτ (x)

)
+ o(n−1);

|√n
[
Dτ,θ

n (f ;x)−f(x)
] | ≤

√

2θ

{
ϕ2

τ (x) +
1

n + 3

}
|| (f ◦ τ−1

)′ ||

+ || (f ◦ τ−1
)′′ || θ√

n
ϕ2

τ (x)

+
C√
n

ϕτ (x)ωϕτ

(
(f ◦ τ−1)′′;

2
√

6
an1/2

)
+ o(n−1),

where C is a constant depending on θ.

Proof. Let f ∈ C2[0, 1] and x, t ∈ [0, 1]. Then by Taylor’s expansion, we have

f(t) =
(
f ◦ τ−1

)
(τ(t))

=
(
f ◦ τ−1

)
(τ(x)) +

(
f ◦ τ−1

)′
(τ(x)) (τ(t) − τ(x))

+
∫ τ(t)

τ(x)

(τ(t) − u)
(
f ◦ τ−1

)′′
(u)du.

Hence

f(t) − f(x) =
(
f ◦ τ−1

)′
(τ(x)) (τ(t) − τ(x)) − 1

2
(
f ◦ τ−1

)′′
(τ(x)) (τ(t) − τ(x))2

+
∫ τ(t)

τ(x)

(τ(t) − u)
(
f ◦ τ−1

)′′
(u)du

−
∫ τ(t)

τ(x)

(τ(t) − u)
(
f ◦ τ−1

)′′
(τ(x))du

=
(
f ◦ τ−1

)′
(τ(x)) (τ(t) − τ(x))

− 1
2
(
f ◦ τ−1

)′′
(τ(x)) (τ(t) − τ(x))2
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+
∫ τ(t)

τ(x)

(τ(t) − u)
[(

f ◦ τ−1
)′′

(u) − (f ◦ τ−1
)′′

(τ(x))
]
du.

Applying Dτ,θ
n to both sides of the above relation, we get

∣∣Dτ,θ
n (f ;x) − f(x)

∣∣ =
(
f ◦ τ−1

)′
(τ(x))Dτ,θ

n ((τ(t) − τ(x)) ;x)

− 1
2
(
f ◦ τ−1

)′′
(τ(x))Dτ,θ

n ((τ(t) − τ(x))2 ;x)

+

∣∣∣∣∣D
τ,θ
n

(∫ τ(t)

τ(x)

(τ(t) − u)
[(

f ◦ τ−1
)′′

(u)

− (f ◦ τ−1
)′′

(τ(x))
]
du;x

)∣∣∣ (4.1)

For g ∈ Wϕτ [0,1], we have

∣∣∣∣∣

∫ τ(t)

τ(x)

|τ(t) − u|
∣∣∣
(
f ◦ τ−1

)′′
(u) − (f ◦ τ−1

)′′
(τ(x))

∣∣∣ du

∣∣∣∣∣

≤
∣∣∣∣∣

∫ τ(t)

τ(x)

|τ(t) − u|
∣∣∣
(
f ◦ τ−1

)′′
(u) − (g ◦ τ−1

)
(u)
∣∣∣ du

∣∣∣∣∣

+

∣∣∣∣∣

∫ τ(t)

τ(x)

|τ(t) − u| ∣∣(g ◦ τ−1
)
(u) − (g ◦ τ−1

)
(τ(x))

∣∣ du

∣∣∣∣∣

+

∣∣∣∣∣

∫ τ(t)

τ(x)

|τ(t) − u|
∣∣∣
(
g ◦ τ−1

)
(τ(x)) − (f ◦ τ−1

)′′
(τ(x))

∣∣∣ du

∣∣∣∣∣

=
∣∣∣∣
∫ t

x

∣∣∣
(
f ◦ τ−1

)′′
(τ(y)) − g(y)

∣∣∣ |τ(t) − τ(y)| τ ′(y)dy

∣∣∣∣

+
∣∣∣∣
∫ t

x

|g(y) − g(x)| |τ(t) − τ(y)| τ ′(y)dy

∣∣∣∣

+
∣∣∣∣
∫ t

x

∣∣∣g(x) − (f ◦ τ−1
)′′

(τ(x))
∣∣∣ |τ(t) − τ(y)| τ ′(y)dy

∣∣∣∣

≤ 2‖ (f ◦ τ−1
)′′ − g‖

∣∣∣∣
∫ t

x

|τ(t) − τ(y)|τ ′(y)dy

∣∣∣∣

+
∣∣∣∣
∫ t

x

∣∣∣∣
∫ y

x

|g′(v)|dv

∣∣∣∣ |τ(t) − τ(y)|τ ′(y)dy

∣∣∣∣

≤ ‖ (f ◦ τ−1
)′′ − g‖(τ(t) − τ(x))2

+ ‖ϕτg′‖
∣∣∣∣
∫ t

x

∣∣∣∣
∫ y

x

dv

ϕτ (v)

∣∣∣∣ |τ(t) − τ(y)|τ ′(y)dy

∣∣∣∣ .
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Using the inequality [8, p. 141]

|y − v|
v(1 − v)

≤ |y − x|
x(1 − x)

, v is between y and x,

we can write

|τ(y) − τ(v)|
τ(v)(1 − τ(v))

≤ |τ(y) − τ(x)|
τ(x)(1 − τ(x))

.

Therefore,
∣∣∣∣∣

∫ τ(t)

τ(x)

|τ(t) − u|
∣∣∣
(
f ◦ τ−1

)′′
(u) − (f ◦ τ−1

)′′
(τ(x))

∣∣∣ du

∣∣∣∣∣

≤ ‖ (f ◦ τ−1
)′′ − g‖(τ(t) − τ(x))2

+ ‖ϕτg′‖
∣∣∣∣
∫ t

x

∣∣∣∣
∫ y

x

|τ(y) − τ(x)|1/2

τ ′(v)ϕτ (x)
· τ ′(v)
|τ(y) − τ(v)|1/2

dv

∣∣∣∣

× |τ(t) − τ(y)|τ ′(y)dy

∣∣∣∣

≤ ‖ (f ◦ τ−1
)′′ − g‖(τ(t) − τ(x))2

+ 2
‖ϕτg′‖

a
ϕ−1

τ (x)
∣∣∣∣
∫ t

x

|τ(y) − τ(x)| |τ(t) − τ(y)|τ ′(y)dy

∣∣∣∣

≤ ‖ (f ◦ τ−1
)′′ − g‖(τ(t) − τ(x))2

+ 2
‖ϕτg′‖

a
ϕ−1

τ (x)
∣∣∣∣
∫ t

x

(τ(t) − τ(x))2τ ′(y)dy

∣∣∣∣

≤ ‖ (f ◦ τ−1
)′′ − g‖(τ(t) − τ(x))2 + 2

‖ϕτg′‖
a

ϕ−1
τ (x)|τ(t) − τ(x)|3. (4.2)

Now combining the relations (4.1)–(4.2), applying Lemma 1, Remark 1,
Lemma 3 and the Cauchy–Schwarz inequality, we get

∣∣Dτ,θ
n (f ;x) − f(x)

∣∣ ≤ | (f ◦ τ−1
)′

(τ(x))|Dτ,θ
n (|τ(t) − τ(x)| ;x)

+
1
2
| (f ◦ τ−1

)′′
(τ(x)|Dτ,θ

n

(
(τ(t) − τ(x))2 ;x

)

+ ‖(f ◦ τ−1)′′ − g‖Dτ,θ
n ((τ(t) − τ(x))2;x)

+ 2
‖ϕτg′‖

a
ϕ−1

τ (x)Dτ,θ
n (|τ(t) − τ(x)|3;x)

≤ || (f ◦ τ−1
)′ ||
(

Dτ,θ
n

(
((τ(t) − τ(x))2;x)

)1/2

+
1
2
|| (f ◦ τ−1

)′′ ||Dτ,θ
n ((τ(t) − τ(x))2 ;x)

+ ‖(f ◦ τ−1)′′ − g‖Dτ,θ
n

(
(τ(t) − τ(x))2;x

)
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+
2‖ϕτg′‖

a
ϕ−1

τ (x)
(

Dτ,θ
n

(
(τ(t) − τ(x))2;x

))1/2

×
(

Dτ,θ
n

(
(τ(t) − τ(x))4;x

))1/2

≤ || (f ◦ τ−1
)′ ||
(

θDτ
n(
(
(τ(t) − τ(x))2

)
;x)
)1/2

+
1
2
|| (f ◦ τ−1

)′′ ||
(

θDτ
n((τ(t) − τ(x))2 ;x)

)

+ ‖(f ◦ τ−1)′′ − g‖
(

θDτ
n

(
(τ(t) − τ(x))2;x

))

+
2‖ϕτg′‖

a
ϕ−1

τ (x)
(

θDτ
n

(
(τ(t) − τ(x))2;x

))1/2

×
(

θDτ
n

(
(τ(t) − τ(x))4;x

))1/2

=

√
2θ

n + 2

{
ϕ2

τ (x) +
1

n + 3

}
|| (f ◦ τ−1

)′ ||

+ || (f ◦ τ−1
)′′ || θ

n + 2

{
ϕ2

τ (x) +
1

n + 3

}

+
2θ

n + 2

{
ϕ2

τ (x) +
1

n + 3

}
‖ (f ◦ τ−1

)′′ − g‖ + ϕ−1
τ (x)

2‖ϕτg′‖
a

.

√
2θ

n + 2

{
ϕ2

τ (x)+
1

n+3

}
√√√√√

θ

{4ϕ2
τ (x)

{
(3n2+25n − 210)ϕ2

τ (x)+(6n+12)

}
+24

(n+2)(n+3)(n+4)(n+5)

}

≤
√

2θ

n + 2

{
ϕ2

τ (x) +
1

n + 3

}
|| (f ◦ τ−1)′ || + || (f ◦ τ−1)′′ || θ

n + 2
ϕ2

τ (x)

+
2θ

n + 2

{
ϕ2

τ (x)‖ (f ◦ τ−1)′′ − g‖ +
‖ϕτg′‖

a
ϕτ (x)

2
√

6

n1/2

}
+ o(n−3/2).

Because ϕ2
τ (x) ≤ ϕτ (x) ≤ 1, x ∈ [0, 1] we obtain

∣∣Dτ,θ
n (f ;x) − f(x)

∣∣ ≤
√

2θ

n + 2

{
ϕ2

τ (x) +
1

n + 3

}
|| (f ◦ τ−1

)′ ||

+ || (f ◦ τ−1
)′′ || θ

n + 2
ϕ2

τ (x)

+
2θ

n + 2

{
‖(f ◦ τ−1)′′ − g‖ +

2
√

6
an1/2

ϕτ (x)‖ϕτg′‖
}

+ o(n−3/2); (4.3)
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∣∣Dτ,θ
n (f ;x) − f(x)

∣∣ ≤
√

2θ

n + 2

{
ϕ2

τ (x) +
1

n + 3

}
|| (f ◦ τ−1

)′ ||

+ || (f ◦ τ−1
)′′ || θ

n + 2
ϕ2

τ (x)

+
2θ

n + 2
ϕτ (x)

{
‖(f ◦ τ−1)′′ − g‖ +

2
√

6
an1/2

‖ϕτg′‖
}

+ o(n−3/2). (4.4)

Taking the infimum on the right hand side of (4.3) and (4.4) over all g ∈
Wϕτ

[0, 1], we get

|√n
[
Dτ,θ

n (f ;x)−f(x)
] | ≤

√

2θ

{
ϕ2

τ (x) +
1

n + 3

}
|| (f ◦ τ−1

)′ ||

+ || (f ◦ τ−1
)′′ || θ√

n
ϕ2

τ (x)

+
C√
n

Kϕτ

(
(f ◦ τ−1)′′;

2
√

6
an1/2

ϕτ (x)

)
+ o(n−1);

|√n
[
Dτ,θ

n (f ;x)−f(x)
] | ≤

√

2θ

{
ϕ2

τ (x) +
1

n + 3

}
|| (f ◦ τ−1

)′ ||

+ || (f ◦ τ−1
)′′ || θ√

n
ϕ2

τ (x)

+
C√
n

ϕτ (x)Kϕτ

(
(f ◦ τ−1)′′;

2
√

6
an1/2

)
+ o(n−1).

Using (3.1), we reach the desired result. �

Lastly we discuss the approximation of functions with a derivative of
bounded variation on [0, 1]. Let DBV [0, 1] denote the class of differentiable
functions f defined on [0, 1], whose derivative f

′
are of bounded variation on

[0, 1]. The functions
f ∈ DBV [0, 1] has the following representation

f(x) =
∫ x

0

g(t)dt + f(0),

where g ∈ BV [0, 1], i.e., g is a function of bounded variation on [0, 1].
The operators Dτ,θ

n can be expressed in an integral form as follows:

Dτ,θ
n (f ;x) =

∫ 1

0

Kτ,θ
n (x, t)(f ◦ τ−1)(t)dt, (4.5)

where the kernel Kτ,θ
n is given by

Kτ,θ
n (x, t) = (n + 1)

n∑

k=0

Qτ,θ
n,k (x) pn,k (t) .
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Lemma 4. For a fixed x ∈ (0, 1) and sufficiently large n, we have

(i) ξτ,θ
n (x, y) =

∫ y

0
Kτ,θ

n (x, t)dt ≤ 2θ

n + 2
δ2n,τ (x)

(τ(x) − y)2
, 0 ≤ y < τ(x),

(ii) 1 − ξτ,θ
n (x, z) =

∫ 1
z

Kτ,θ
n (x, t)dt ≤ 2θ

n + 2
δ2n,τ (x)

(z − τ(x))2
, τ(x) < z < 1,

where δ2n,τ (x) is defined in Remark 1.

Proof. (i) Using Remark 1 and Lemma 3, we get

ξτ,θ
n (x, y) =

∫ y

0

Kτ,θ
n (x, t)dt ≤

∫ y

0

(
τ(x) − t

τ(x) − y

)2

Kτ,θ
n (x, t)dt

≤ Dτ,θ
n ((τ(t) − τ(x))2;x)

(τ(x) − y)2
≤ θ

Dτ
n((τ(t) − τ(x))2;x)

(τ(x) − y)2
≤ θ

δ2n,τ (x)
(τ(x) − y)2

.

The proof of (ii) is similar hence the details are omitted. �

Theorem 4. Let f ∈ DBV [0, 1]. Then, for every x ∈ (0, 1) and sufficiently
large n, we have
|Dτ,θ

n (f ;x) − f(x)|

≤
{

1
θ + 1

∣∣∣∣(f ◦ τ−1)
′
(τ(x+)) + θ(f ◦ τ−1)

′
(τ(x−))

∣∣∣∣

+
∣∣∣∣(f ◦ τ−1)

′
(τ(x+)) − (f ◦ τ−1)

′
(τ(x−))

∣∣∣∣

}√
2θ

n + 2
δn,τ (x)

+
2θ

n + 2
δ2n,τ (x)
τ(x)

[
√

n]∑

k=1

⎛

⎜⎝
τ(x)∨

τ(x)− τ(x)
k

(f ◦ τ−1)
′
x

⎞

⎟⎠+
τ(x)√

n

⎛

⎜⎝
τ(x)∨

τ(x)− τ(x)√
n

(f ◦ τ−1)
′
x

⎞

⎟⎠

+
2θ

n + 2
δ2n,τ (x)

(1 − τ(x))

[
√

n]∑

k=1

⎛

⎝
τ(x)+ (1−τ(x))

k∨

τ(x)

(f ◦ τ−1)
′
x

⎞

⎠

+
(1 − τ(x))√

n

⎛

⎜⎝
τ(x)+ (1−τ(x))√

n∨

τ(x)

(f ◦ τ−1)
′
x

⎞

⎟⎠ ,

where
∨b

a f denotes the total variation of f on [a, b] and (f ◦ τ−1)′
x is defined

by

(f ◦ τ−1)
′
x(t) =

⎧
⎨

⎩

(f ◦ τ−1)′(t) − (f ◦ τ−1)′(τ(x−)), 0 ≤ t < τ(x)
0, t = τ(x)
(f ◦ τ−1)′(t) − (f ◦ τ−1)′(τ(x+)) τ(x) < t < 1.

(4.6)
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Proof. Since Dτ,θ
n (1;x) = 1, using (2.3), for every x ∈ (0, 1) we get

Dτ,θ
n (f ;x) − f(x) =

∫ 1

0

Kτ,θ
n (x, t)((f ◦ τ−1)(t) − (f ◦ τ−1)(τ(x)))dt

=
∫ 1

0

Kτ,θ
n (x, t)

∫ t

τ(x)

(f ◦ τ−1)
′
(u)dudt. (4.7)

For any f ∈ DBV [0, 1], from (4.6) we may write

(
f ◦ τ−1

)′
(u)

=
(
f ◦ τ−1

)′
x
(u) +

1
θ + 1

((
f ◦ τ−1

)′
(τ(x+)) + θ

(
f ◦ τ−1

)′
(τ(x−))

)

+
1
2

((
f ◦ τ−1

)′
(τ(x+)) − (f ◦ τ−1

)′
(τ(x−))

)(
sgn(u − τ(x)) +

θ − 1
θ + 1

)

+ δx(u)
[(

f ◦ τ−1
)′

(u) − 1
2

((
f ◦ τ−1

)′
(τ(x+)) +

(
f ◦ τ−1

)′
(τ(x−))

)]
,

(4.8)

where

δx(u) =
{

1, u = τ(x)
0, u �= τ(x) .

Obviously,

∫ 1

0

(∫ t

τ(x)

(
(f ◦ τ−1)

′
(u) − 1

2

(
(f ◦ τ−1)

′
(τ(x+))

+ (f ◦ τ−1)
′
(τ(x−))

))
δx(u)du

)
Kτ,θ

n (x, t)dt = 0. (4.9)

Let us take

A1 =

∫ 1

0

(∫ t

τ(x)

1

θ + 1
((f ◦ τ−1)

′
(τ(x+)) + θ(f ◦ τ−1)

′
(τ(x−)))du

)
Kτ,θ

n (x, t)dt

=
1

θ + 1

(
(f ◦ τ−1)

′
(τ(x+)) + θ(f ◦ τ−1)

′
(τ(x−))

)∫ 1

0

(t − τ(x))Kτ,θ
n (x, t)dt

=
1

θ + 1

(
(f ◦ τ−1)

′
(τ(x+)) + θ(f ◦ τ−1)

′
(τ(x−))

)
Dτ,θ

n ((τ(t) − τ(x)); x)

(4.10)
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and

A2 =
∫ 1

0

Kτ,θ
n (x, t)

(∫ t

τ(x)

1
2

(
(f ◦ τ−1)

′
(τ(x+))

− (f ◦ τ−1)
′
(τ(x−))

)(
sgn(u − τ(x)) +

θ − 1
θ + 1

)
du

)
dt

=
1
2

(
(f ◦ τ−1)

′
(τ(x+)) − (f ◦ τ−1)

′
(τ(x−))

)

×
[

−
∫ τ(x)

0

(∫ τ(x)

t

(
sgn(u − τ(x)) +

θ − 1
θ + 1

)
du

)
Kτ,θ

n (x, t)dt

+
∫ 1

τ(x)

( t∫

τ(x)

(
sgn(u − τ(x)) +

θ − 1
θ + 1

)
du

)
Kτ,θ

n (x, t)dt

]

≤
∣∣∣∣(f ◦ τ−1)

′
(τ(x+)) − (f ◦ τ−1)

′
(τ(x−))

∣∣∣∣
∫ 1

0

|t − τ(x)| Kτ,θ
n (x, t)dt

=
∣∣∣∣(f ◦ τ−1)

′
(τ(x+)) − (f ◦ τ−1)

′
(τ(x−))

∣∣∣∣D
τ,θ
n

(
|τ(t) − τ(x)| ;x

)
.

(4.11)

Combining Eqs. (4.7–4.11), on an application of Cauchy–Schwarz inequality
and Remark 1, we obtain

|Dτ,θ
n (f ; x) − f(x)| ≤ 1

θ + 1

∣∣∣∣(f ◦ τ−1)
′
(τ(x+)) + θ(f ◦ τ−1)

′
(τ(x−))

∣∣∣∣

√
2θ

n + 2
δn,τ (x)

+

∣∣∣∣(f ◦ τ−1)
′
(τ(x+)) − (f ◦ τ−1)

′
(τ(x−))

∣∣∣∣

√
2θ

n + 2
δn,τ (x)

+

∣∣∣∣
∫ τ(x)

0

(∫ t

τ(x)

(f ◦ τ−1)
′
x(u)du

)
Kτ,θ

n (x, t)dt

∣∣∣∣

+

∣∣∣∣
∫ 1

τ(x)

(∫ t

τ(x)

(f ◦ τ−1)
′
x(u)du

)
Kτ,θ

n (x, t)dt

∣∣∣∣. (4.12)

Now, let

Aτ,θ
n ((f ◦ τ−1)

′
x, x) =

∫ τ(x)

0

(∫ t

τ(x)

(f ◦ τ−1)
′
x(u)du

)
Kτ,θ

n (x, t)dt,

and

Bτ,θ
n ((f ◦ τ−1)

′
x, x) =

∫ 1

τ(x)

(∫ t

τ(x)

(f ◦ τ−1)
′
x(u)du

)
Kτ,θ

n (x, t)dt.
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Now to calculate the estimates of the terms Aτ,θ
n ((f ◦ τ−1)′

x, x), using the def-
inition of ξτ,θ

n given in Lemma 4, we can write

Aτ,θ
n ((f ◦ τ−1)

′
x, x) =

∫ τ(x)

0

(∫ t

τ(x)

(f ◦ τ−1)
′
x(u)du

)
∂

∂t
ξτ,θ
n (x, t)dt.

Applying the integration by parts, we get

∣∣∣Aτ,θ
n ((f ◦ τ−1)

′
x, x)
∣∣∣ ≤
∫ τ(x)

0

|(f ◦ τ−1)
′
x(t)|ξτ,θ

n (x, t)dt

≤
∫ τ(x)− τ(x)√

n

0

|(f ◦ τ−1)
′
x(t)|ξτ,θ

n (x, t)dt

+
∫ τ(x)

τ(x)− τ(x)√
n

|(f ◦ τ−1)
′
x(t)|ξτ,θ

n (x, t)dt := I1 + I2.

Since (f ◦ τ−1)′
x(τ(x)) = 0 and ξτ,θ

n (x, t) ≤ 1, we have

I2 :=
∫ τ(x)

τ(x)− τ(x)√
n

∣∣∣(f ◦ τ−1)
′
x(t) − (f ◦ τ−1)

′
x(τ(x))

∣∣∣ ξτ,θ
n (x, t)dt

≤
∫ τ(x)

τ(x)− τ(x)√
n

⎛

⎝
τ(x)∨

t

(f ◦ τ−1)
′
x

⎞

⎠dt

≤

⎛

⎜⎝
τ(x)∨

τ(x)− τ(x)√
n

(f ◦ τ−1)
′
x

⎞

⎟⎠
∫ τ(x)

τ(x)− τ(x)√
n

dt =
τ(x)√

n

⎛

⎜⎝
τ(x)∨

τ(x)− τ(x)√
n

f ′
x

⎞

⎟⎠ .

By applying Lemma 4 and considering t = τ(x) − τ(x)
u

, we get

I1 ≤ 2θ

n + 2
δ2n,τ (x)

∫ τ(x)− τ(x)√
n

0

∣∣∣(f ◦ τ−1)
′
x(t) − (f ◦ τ−1)

′
τ(x)(x)

∣∣∣
dt

(τ(x) − t)2

≤ 2θ

n + 2
δ2n,τ (x)

∫ τ(x)− τ(x)√
n

0

⎛

⎝
τ(x)∨

t

(f ◦ τ−1)
′
x

⎞

⎠ dt

(τ(x) − t)2

=
2θ

n + 2
δ2n,τ (x)
τ(x)

∫ √
n

1

⎛

⎜⎝
τ(x)∨

τ(x)− τ(x)
u

(f ◦ τ−1)
′
x

⎞

⎟⎠du

≤ 2θ

n + 2
δ2n,τ (x)
τ(x)

[
√

n]∑

k=1

⎛

⎜⎝
τ(x)∨

τ(x)− τ(x)
k

(f ◦ τ−1)
′
x

⎞

⎟⎠ .
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Therefore,

|Aτ,θ
n ((f ◦ τ−1)

′
x, x)| ≤ 2θ

n + 2
δ2n,τ (x)
τ(x)

[
√

n]∑

k=1

⎛

⎜⎝
τ(x)∨

τ(x)− τ(x)
k

(f ◦ τ−1)
′
x

⎞

⎟⎠

+
τ(x)√

n

⎛

⎜⎝
τ(x)∨

τ(x)− τ(x)√
n

(f ◦ τ−1)
′
x

⎞

⎟⎠ . (4.13)

Also, using integration by parts in Bτ,θ
n (f ′

x, x) and applying Lemma 4 with
z = τ(x) + (1 − τ(x))/

√
n, we have

|Bτ,θ
n ((f ◦ τ−1)

′
x, x)| =

∣∣∣∣
∫ 1

τ(x)

(∫ t

τ(x)

(f ◦ τ−1)
′
x(u)du

)
Kτ,θ

n (x, t)dt

∣∣∣∣

=
∣∣∣∣
∫ z

τ(x)

(∫ t

τ(x)

(f ◦ τ−1)
′
x(u)du

)
∂

∂t
(1 − ξτ,θ

n (x, t))dt

+
∫ 1

z

(∫ t

τ(x)

(f ◦ τ−1)
′
x(u)du

)
∂

∂t
(1 − ξτ,θ

n (x, t))dt

∣∣∣∣

=
∣∣∣∣

[ ∫ t

τ(x)

((f ◦ τ−1)
′
x(u)du)(1 − ξτ,θ

n (x, t))
]z

τ(x)

−
∫ z

τ(x)

(f ◦ τ−1)
′
x(t)(1 − ξτ,θ

n (x, t))dt

+
[ ∫ t

τ(x)

((f ◦ τ−1)
′
x(u)du)(1 − ξτ,θ

n (x, t))
]1

z

−
∫ 1

z

(f ◦ τ−1)
′
x(t)(1 − ξτ,θ

n (x, t))dt

∣∣∣∣

=
∣∣∣∣
∫ z

τ(x)

(f ◦ τ−1)
′
x(t)(1 − ξτ,θ

n (x, t))dt

+
∫ 1

z

(f ◦ τ−1)
′
x(t)(1 − ξτ,θ

n (x, t))dt

∣∣∣∣

≤ 2θ

n + 2
δ2n,τ (x)

∫ 1

z

⎛

⎝
t∨

τ(x)

(f ◦ τ−1)
′
x

⎞

⎠ (t − τ(x))−2dt

+
∫ z

τ(x)

t∨

τ(x)

(f ◦ τ−1)
′
xdt
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≤ 2θ

n + 2
δ2n,τ (x)

∫ 1

τ(x)+ (1−τ(x))√
n

⎛

⎝
t∨

τ(x)

(f ◦ τ−1)
′
x

⎞

⎠ (t − τ(x))−2dt

+
1 − τ(x)√

n

⎛

⎜⎝
τ(x)+ (1−τ(x))√

n∨

τ(x)

(f ◦ τ−1)
′
x

⎞

⎟⎠ .

By substituting u = (1 − τ(x))/(t − τ(x)), we get

|Bτ,θ
n f ′

x, x)| ≤ 2θ

n + 2
δ2n,τ (x)

∫ √
n

1

⎛

⎝
τ(x)+ (1−τ(x))

u∨

τ(x)

(f ◦ τ−1)
′
x

⎞

⎠ (1 − τ(x))−1du

+
1 − τ(x)√

n

⎛

⎜⎝
τ(x)+ (1−τ(x))√

n∨

τ(x)

(f ◦ τ−1)
′
x

⎞

⎟⎠

≤ 2θ

n + 2
δ2n,τ (x)
1 − τ(x)

[
√

n]∑

k=1

⎛

⎝
τ(x)+ (1−τ(x))

k∨

τ(x)

(f ◦ τ−1)
′
x

⎞

⎠

+
1 − τ(x)√

n

⎛

⎝
τ(x)+ (1−τ(x))

k∨

τ(x)

(f ◦ τ−1)
′
x

⎞

⎠ . (4.14)

Collecting the estimates (4.12–4.14), we get the required result. This completes
the proof. �
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Univ. Babeş Bolyai Math. 56, 335–339 (2011)
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