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Abstract. In this paper, we use p-adic Gamma function and certain formu-
las on hypergeometric series to establish several new supercongruences.
In particular, we give a generalization of a p-adic supercongruence con-
jecture due to van Hamme and Swisher.
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1. Introduction

Following Andrews et al. [3], we define the hypergeometric series by

ag, a1, ... ,0r - (GO)k(al)k”'(aT)k k
r+1Fs ; = )
+ (b17b27"'7bs z) kZZO k'(bl)k(bg)k :

where (2),, is the Pochhammer symbol given by
(2)o=1, (Z)p=2(24+1)---(z4+n—-1) forn>1.
The truncated hypergeometric series, defined by

ag, A1y .-, Qr - (ao)k(al)k e (aT’)k’ k
1 ; = )
o (b17b2)-"7b8 Z),n ];) k'(bl)k(bs)k i

are of importance in many fields including algebraic varieties, differential equa-
tions, Fuchsian groups, elliptic functions, modular forms and special functions,
see, for example, [3,4,8].
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Recall that the function I'(x) is defined by the formula [3]: for Re = > 0,

F(J:):/ t*~Le~tdt.
0

One of the most important properties of I'(z) is the following Euler’s reflection

formula:
T

T(2)I(1 - z) =

sinmz’
Let p be an odd prime and n a positive integer. We define the p-adic Gamma
function as

Lp(n) == (=1)"]J
j<n
28
Then we extend this to all x € Z, by setting
() = lim T'y(n),

where n runs through any sequence of positive integers p-adically approaching
z and I',(0) = 1.

Congruences which happen to hold modulo some higher power of a prime
p are called supercongruences. Various supercongruences were obtained and
conjectured by many mathematicians including Beukers [5,6], van Hamme
[25], Zudilin [26], and Sun [21-23].

In [6], Beukers made the following conjecture: for all odd primes p, there
holds

p—1
2 p—1 9 2 1
S (F)(3) w
k k) 16*
422 —2p ifp=1 mod4,p= 2%+ y® with z odd
0, ifp=3 mod 4
Here and below, we use the notation A = B (mod p') if (4 — B)/p! is a p-

integer for A, B € Q. Beukers only proved this congruence in the modulus p
case, which is equivalent to

mod p?. (1.1)

p—1
2

Z(2k>31 _{4x2 if p=1 mod 4,p = 2? + y? with = odd

k) 628 =10  ifp=3 mod4 mod p.

k=0

Congruence (1.1) was proved completely by Ahlgren [1], Ishikawa [10] and
Mortenson [18]. It should be pointed out that van Hamme [25] established the
following company congruence of (1.1):

p—1

=1 3
=~ (2 1 7 if p= =2’ +y* wi
Z < k _{4;r 2p ifp=1 mod4,p=x"+y~ with x odd mod pg.

 \ k) 64k~ |0 ifp=3 mod 4
(1.2)
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We shall give a new proof of congruence (1.2) by using a 3F summation

formula.

13 congruences linking the partial sums of certain hypergeometric series
to the values of the p-adic Gamma function were presented by van Hamme [25].
He proved 3 congruences and gave a weaker result of another one. Based on the
result of Ahlgren and Ono [2], Kilbourn [12] proved the conjecture [25, (M.2)].
In [15], McCarthy and Osburn settled van Hamme’s conjecture [25, (A.2)].
Mortenson [16] confirmed the following conjecture [25, (B.2)] by placing it in
the context of the Beukers-like supercongruences of Rodriguez-Villegas. Later,
Long [13] proved the following conjecture [25, (J.2)] for each p > 3 and gave a
weaker form of [25, (L.2)]. In 2014, Long and Ramakrishna [14] established a
stronger result of [25, (D.2)]. The author in [9, Theorem 1.3] set up a congru-
ence that includes as special cases the conjectures [25, (B.2), (E.2) and (F.2)].
Recently, Osburn and Zudilin [19] proved the conjecture [25, (K.2)]. Swisher
in [24] handled the cases [25, (A.2), (C.2), (E.2), (F.2), (G.2) and (L.2)] and
in particular proved the cases [25, (A.2), (C.2), and (G.2)] to higher powers of
p than those conjectured by van Hamme.

In this article, we shall establish the following supercongruence which
includes as special cases [25, (C.2) and (G.2)] as well as some new results.

Theorem 1.1. Let | > 2 be an integer and p > 5 a prime with p = £1 mod .
Then

ep—1

! IR r, (3T, (-2
Z(Qlkz+1)( l) =ep (1) p(l ) mod p?, (1.3)
k=0 k Fp(lff)
_J1 ifp=1 modl
whemg{l—lifpz—l mod

Letting [ = 2 in (1.3) and noting that I',(0) = 1, we get the following
result on supercongruence.

Corollary 1.2. Let p > 5 be a prime. Then

p—1

5 _1/9\*
Z(4k + 1)( k/ ) =p mod pt. (1.4)
k=0

Congruence (1.4) is a special case of [13, Theorem 1.1]. (1.4) in the mod-
ulus p? case was confirmed by L. van Hamme (see [25, (C.2)]). In that paper
[25], he used a sequence of orthogonal polynomials.

Taking [ = 3 in (1.3) and using (2.5), we are led to the following congru-
ences which appear to be new.

Corollary 1.3. Let p > 5 be a prime. If p=1 mod 3, then

23t _1/3\ 4 1\3
Z(Gk + 1)( k/3> = —pl, (3) mod p?;
k=0
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if p=2 mod 3, then

2p—1

i (6K + 1)(_2/3>4 =20, (;)3 mod p*.

k=0
Setting [ = 4 in (1.3), we obtain the following interesting results.

Corollary 1.4. Let p > 5 be a prime. If p=1 mod 4, then

1 4
Z(8k+1)(_2/4> Eprp(ré)?)(}*) mod p?; (1.5)
k=0 p\4
if p=3 mod 4, then
- —1/4)4_ T, (1T, (1) \
8k +1 =3Ip—="-—=2-" mod p"°.
Ssern (7)) =w R med

Congruence (1.5) in the modulus p? case was conjectured by van Hamme
[25, (G.2)]. The result given here is a refinement of that of van Hamme.

Rodriguez-Villegas [20] proposed 22 conjectured supercongruences which
are related to the truncated hypergeometric function associated to a Calabi-
Yau manifold at a prime p and the number of its [F,-points. We mention one

of them below.
p—1 2
2k (4 9
Z(k) 16 :(p) mod p°. (1.6)

k=0

The above congruence was first confirmed by Mortenson [17].
We give another supercongruence which includes (1.6) as a special case.

Theorem 1.5. Let |l > 2 be an integer and p > 5 a prime with p = £1 mod [.
Then

ep—1

z;o (_llf/l>2 =1 (1)2% (1 - ?) mod p?, (1.7)

1 ifp=1 modl
[—1ifp=-1 modl"

(]

where € = {
- | . ey (D)
Letting [ = 2 in (1.7) and noting that I',(0) = 1 and (7}/%) = (—Z)k’ we
get the congruence (1.6).

Taking | = 3,1 =4 and [ = 6 in (1.7), we are led to the following three
congruences which seem to be new.
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Corollary 1.6. Let p > 5 be a prime. Then

B () () e

k=0
S = () (2) e
Zz:é <}€/6)2 =1, <é)2rp (;) mod p?.

Theorem 1.7. Let p = 1 mod 4 be a prime and p = x2 + 4y* with z,y € Z.
Then

111
sFy | 47422:1 =422 —2p mod p.
1,17

In the next section, we shall provide some lemmas which will be used in
the derivation of Theorems 1.1 and 1.5. A new proof of (1.2) will be given in
the third section. Section 4 is devoted to our proof of Theorems 1.1, 1.5 and
1.7.

2. Preliminaries
Let ¢ = e*3" . Then from the fact that
(a4 blp)x = (a+bp)a+blp+1)---(a+blp+k—1)
= (a)i (1 4+ b¢7pA(k) + b*¢*p*B(k)) mod p°,

where

and

1
Bk)= ), (a+i—-Da+m—1)

1<i<m<k
for a # 0 and j € {0, 1,2}, we have

(a+bp)(a+bCp)i(a+b¢?p)r = (a)f mod p. (2.1)
Another important result we need is the following congruence which is similar
to (2.1), namely
(a+bp)r(a—bp)x = (a)f mod p°. (2.2)
Now we recall some basic properties of the Morita p-adic Gamma func-
tion.
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Lemma 2.1 (See [7, §11.6]). Let p be an odd prime and x € Z,. Then
(i)

Fp(l) =-1 (2.3)
(ii)
Tp(z+1) [ -z, ifuvy(z)=0;
Z)FPT - {—L if vp(x) > 0; (2.4)
where vy(x) denotes the p-adic evaluation of x.
(iii)
T, (2)p(1 — ) = (—1)%@), 25)

where ag(x) € {1,2,...,p} such that ap(xz) =z mod p.

We need the following important result, which follows readily from the
definition of I',(x) and Long and Ramakrishna [14] used but did not state
explicitly (see [14, Lemma 17]).

Lemma 2.2. Let p be an odd prime, m > 3 an integer and ¢ a m-th primitive
root of unity. Suppose a € Z,[¢] and n € N such that a + k & pZ,[C] for all
ke{0,1,...,n—1}. Then
Iy(a+n)
(@)n = (-1)"
I'y(a)

The following result on the (p-adic) expansion of p-adic Gamma function
is very important in the proof of Theorems 1.1 and 1.5.

Lemma 2.3 (See [14, Theorem 14]). Forp > 5,r € N,a € Z,,m € C, satisfying
vp(m) >0 and t € {0,1,2} we have

Lylatmp) _ ~Grla) i~
- = (mp")*  mod ptHHT
i) 5o
1 (a)

where Gi(a) = €Z, and Fz(,k) (x) is the k-th derivative of T'p(x).

I'p(a)

We conclude this section with the following result which is similar to [13,
Lemma 2.8].

Consider a (t + 1)-variable formal power series F(x1,xa,...,x¢;2). For
example, maybe it is a scalar multiple of a terminating hypergeometric series

a1,02,...,0r —N
C- F, e iz ).
T 70(bl7~~~7br1 br >
We assume that by setting x; = a; for ¢ = 1,...,¢t and z = 2z, we have
F(a1,a2,...,a1;20) € Zy. Fix zp and deform the parameters a; into polyno-
mials a;(x) € Z,[x] such that a;(0) = a; for each i € {1,2,...,t}, and assume
that the function F(ay(z),az(x),...,a:(z);20) is a formal power series in 3

with coefficients in Z,, namely,

F(ai(x),a2(x),...,a:(x);20) = Ag + A + Aga® + -
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for A; € Zp, where Ag = F(a1,aq,...,a:; 20). Setting = p in the above

expansion of F', we obtain

Lemma 2.4. Under the setting above, if p°|As for s € {1,2,3}, then
F(a1(p),as(p),...,a:(p);20) = Ay mod p*T*.

3. A New Proof of (1.2)

Recall from [3, Theorem 3.4.1] the following summation formula:

a,—b,—c )
3b2 <1+a+b,1+a+c’1>
_TP/2+Dla+b+ D a+c+1DI(a/2 +b+cH+1)
CTla+DI(a/2+b+ DT (a/2 +c+ D (a+b+c+1)

Lettinga:%,b:%,c: _12_p yields
_ 5 1
B e I I LY (ES TS R
I+5,1-% FE+5rGE-9riEre)
2k
By (2.2) and the fact (i?k = <4’1),
p—1
1 1-p Lip 111 2K\ 1
222072 .1) = 202772, _ L 2
3l <1+p’1pa1)—3F2< 11 ,1)p1 Z(k) T mod p°.
2 2 5 k=0 (32)
3.2

rHrora+8Hra-4)
PE+5r(G-HrE)rG)
I'(x + 1) = 2I'(z) and the Euler’s reflection formula that

We now consider mod p?. It is easily seen from the fact

PO+BHN-8)
=(=1)"=z p. 3.3
rorg Y )
When p =1 mod 4, it is easy to see from Lemma 2.2 that
I () (3 p) Ty (3)
— = - == = ——*_ (3.4)
T(E-5 \4 2/o0 Tp(3-5)
But note that (%)pTﬂ has exactly a multiple of p which is £. So by Lemma 2.2,
3P 3P 3P
r'(3) r'(3) i1 Ly (3)
Tt follows from (3.3)—(3.5) that
2
NG IO IR I N AT o)
FE+HTE-9HrErGE LE+50LE-35)
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By Lemma 2.3,

Then
3 p 3 p\ _ 3\ 2
r, (4 + 2) I, (4 — 2) =T, (4) mod p~. (3.7)
Using (3.7) and (2.5) in (3.6), we get
FAHrEra+5ra-4) _ 1! 2
rernra-prorg - (i) e e

Hence, by (3.1), (3.2) and (3.8),

& (2 1 1\*
Z (k) 61k = -I, (4) mod p?. (3.9)

k=0
According to a result in [11, p. 200], we have if p =1 mod 4 is a prime and
p = 2 + y? with = odd, then

Ay = 4a? — 2p, (3.10)
where ), is defined by

In view of (3.9), (3.10) and [25, Proposition 1], we obtain

( )64’“ 422 —2p mod p?.
k=0

When p =3 mod 4, noticing that (

p—1

2

3
4

)
ek

4
=0 mod p and F(F%(Jg)%) Z% 0 mod p.
4

- g),%l has a multiple of p which is —2

and using Lemma 2.2, we find
Then, by (3.3),

=0 mod p*. (3.11)

= /9k\? 1 ,

Z < i ) ok = 0 mod p~.

k=0

This completes the proof. O
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4. Proof of Theorems 1.1, 1.5 and 1.7

Proof of Theorem 1.1. We first consider the case p = 1 (mod [). Recall the
following important identity on hypergeometric series (see [3, Corollary 3.4.3]):

r < a,5+1,¢,d,—m . )_(aJrl)m(achrl)m
i \&a—c+la—d+la+m+1" ) (a—c+ Dpla—d+1)m
(4.1)
where m is a positive integer.
Let ¢ = e’ . Applying (4.1) with a = 1= 1= g = 1_C2p,m =l
gives

and
1 1 e Ty (%) 1 Ip(142)
+1) =p(7) =0T R = o l
<l p;l l ? Fp (%) Fp (%)
Then
(1) (1= 52) Ly (1= 3T, 1+ 1)L, (1+ 9 T (14 52)
= —p .
(1 Czp)zﬂl;l 1+&Tp)g FP(%)FP(lflzJ)FP(l*#)FP(1*$>
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By Lemma 2.3,
g Gi(1)¢7  Ga(1)¢*
r, <1+%) =T,(1) (1+ 1(l)c p+ 2(2124 p2> mod p°,

1+¢ 1 Gi(1-1)¢  Ga(1—1)¢¥
Fp(k l‘:p>:rp(1l><1+ l(ll) P+ 2(2121) p*) mod p,

for j € {0,1,2}. It follows that

2
T, (1+ ?) r, (1 + Clp> r, <1 + Clp> =T,(1)* mod p,

1 1 14 ¢2 1\?
Fp(l——;p)l"p<1— ‘i‘lCP)Fp<1_ +ZCP>EFP<1—1> mod p°.

Hence, by (2.3) and (2.5), we arrive at

(F+1) o (1= 52) 0 _ 0 (1-2)1,(1)3
<1+C7p)p;1 (14—<27p>E Fp(%)rp(l_%)?)
1 1
L (1= 3Ty (1) 4
=p mod p (4.4)
Ly (1_%)

In view of (4.2)—(4.4), we obtain

et 1N 4
(20 + 1)( l) =p L mod p®.
2 ¢ (e

Below we consider the following truncated hypergeometric series:

+ Agz® + Aga® + - - (4.5)



Vol. 72 (2017) Supercongruences on Truncated Hypergeometric Series 313

for some Az € Z,. In addition, we consider the following transformation of
hypergeometric series (see [3, Theorem 3.4.5]):

2 a,5+1,b,c,d,e, f 1
76\ e —b+1a—c+1 a—d+l,a—e+la—f+71
B (afdJrl) (a—e+ 1) (a—f+D)(a—d—e—f+1)
CT(l+al(a—e—f+1)l(a—d—e+1(a—d—f+1)
a—b—c+1l,d,e, f
X4F3( —b+1l,a—c+1, d+e+f—a1>’ (4.6)

provided the series on the right side is terminating and the one on the left
converges.
2
Taking a = 1,b = 5%, ¢ = e #,e: 1;—p,lein (4.6),
we find

11 1—Cz 1-C%z 1
7F6 2[+17T77x’%77w77p 1’
21,1+7,1+@1+“1+77}

—_

7F(1+%)F(W) (1+ }; n (1_1+Cx71 Cm71p71.1>

]
- 2 2, T (x 1
F(H%)p(%) (1+ )(l 1+2 1451+
By the fact I'(z + 1) = 2I'(z),

D+ ST D) pea

e B CO R

which implies that each coefficient of z! for [ > 0 on the left side is in pZ,. On
the other hand, modulo p, the left side is congruent to that of (4.5). So when
we expand the left side of (4.5) in terms of powers of x, the coefficients are all
in pZ,. In particular, A3 € pZ,. Then, setting z = p in (4.5), by Lemma 2.4
we are led to the congruence:

1 1 1-p 1-¢Cp 1(1) 1 1111
5F4 l12 +]-a Cl ) lCa 1 E5F4(21+117l’l’l7l;1) modp4
ﬁyl"’ TJrl p+1 o1 21 ’ p=1

On the other hand, by (4.2) and (4.4),

11 1—¢p 1-¢* 2 1
_F, 7?+1 T ;prp(l z)Flp(z) mod p
241, <p+1 ey’ ), r,(1-1
l
Hence
1 1111 2 1
At LT Ly (1-7) Ty (7)
F4(21 1’5’1’“1,1) =p mod p~,
27717171 p;l Fp(lf%)
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namely,
p—1
- _I1\* 1_2 1
Z(2lk+1)( l) =p L-9r + » (1) mod p?.
k=0 k Ly ( - 7)
Similarly, Theorem 1.1 in the case p = —1 (mod 1) follows from (4.1) and
(4.6). So we omit the details. O

Proof of Theorem 1.5. Recall the following Chu—Vandermonde identity (see

[3, Corollary 2.2.3]):
2F1 <_7Za Cl; 1) — w’ (47)

where n is a nonnegative integer.
Applying (4.7) with a = Hlj, c=1n= Epfl, we have

Locp Licp (1- 1?”)#
F ’ 1) =——. 4.
241 ( 1 ) ) (1)510;1 ( 8)
With the help of (2.2) and the identity (}) = (—1)* (_,f!)’“, we get
l—ep 1l4ep Epl_l _1/[ 2
o F1 ( ! ’1 l ;1) = ( 5 ) mod p?. (4.9)

k=0
By Lemma 2.2, we find
ep=1 Fp(l B %)

1 +5p>
1- = ()7
( A L, (1 H22)
_ o1 Ty (14 527
(1)% =(=1)"1 T
Then
(1= 27) e _ (10, (1— 2
Dame L0-1-PDL0-1+9)
By Lemma 2.3

It follows that

1 ep 1 ep 1\* 2
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Hence, by (2.3) and (2.5), we arrive at

e 1\? 2
ﬁ =-T, () I, <1 — > mod p?. (4.10)
=

In view of (4.8)—(4.10), we obtain

ep—1
T —1/l 2 1 2 2 )
k=0
This completes the proof of Theorem 1.5. g

Proof of Theorem 1.7. Recall the following formula (see [3, p. 177, 5(b)]):

—2n,2b,c B —n,b,c,d—c )
3F2 (—n+b+ ;d’l) =4k <—n+b+ $.d/2,(d+1)/2' 1> :
where n is a nonnegative integer.

Taking n = pT_l, b= %, ¢=1/2,d =1 in the above identity, we have

1-p 14p 1 1-p 14p 1
2 7 2 2. — 4 0 4 2.
3F2< 1.1 ’1> 3F2( 1.1 71)-

By (2.2) and the fact (e _ (’“),

Kl 4k

7 (2k)° 111 111
6k4’€ =3F, (2’1212,1) =3F <4i412’1) mod p?.  (4.11)
k=0 ’ Bt ’ L
In view of (4.11) and (1.2), we obtain
111
3y (4’1412,1> =422 —2p mod p?,
9 p—1

which implies
111
3B 47472;1 E4x2—2p mOdpQ,
1,1 -1

since (%)k =0 mod p for p/4 < k < p. This finishes the proof of Theorem 1.7.
O
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