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1. Introduction

In 1895, Ioachimescu (see [1]) introduced a constant �, which today bears his
names, as the limit of the sequence defined by

In = 1 +
1√
2

+ · · · +
1√
n

− 2(
√

n − 1), n ∈ N.

The sequence I(n)n≥1 has attracted much attention lately and several general-
izations have been geiven (see, e.g., [2,3]). Recently, Chen, Li and Xu [4] have
obtained the complete asymptotic expansion of the Ioachimescu’s sequence,

In ∼ � +
1

2
√

n
−

∞∑

k=1

b2k

(2k)!
(4k − 3)!!

22k−1n2k−1/2
, n ∈ N,

where bn denotes the n-th Bernoulli number.
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One easily obtains the following representations of the Ioachimescu’s
constant:

� =
∫ ∞

0

1 − x + �x�
2(1 + x)3/2

dx

and

� = 2 −
∞∑

k=1

1
(
√

k +
√

k − 1)2
√

k
.

A representation of the Ioachimescu’s constant has also been given by
Ramanujan (1915) [27]

� = 2 − (
√

2 + 1)
∞∑

k=1

(−1)k+1

√
k

.

From it one easily obtains a representation of the Ioachimescu’s constant in
terms of the extended ζ function

� = ζ

(
1
2

)
+ 2.

As comes out from [2], we have � = 0.539645491 . . . .
Let a ∈ (0,+∞) and s ∈ (0, 1), The sequence

yn(a, s) =
1
as

+
1

(a + 1)s
+ · · · 1

(a + n − 1)s

− 1
1 − s

[(a + n − 1)1−s − a1−s], n ∈ N,

is convergent [3] and its limit is a generalized Euler constant denoted by �(a, s).
Clearly, �(1, 1/2) = �. Furthermore, Ŝıntămărian has proved that

lim
n→∞ ns(yn(a, s) − �(a, s)) =

1
2
.

Also in [3], considering the sequence

un(a, s) = yn(a, s) − 1
2(a + n − 1)s

,

she has proved that

lim
n→∞ ns+1(�(a, s) − un(a, s)) =

s

12
and, for the sequence

αn(a, s) =
1
as

+
1

(a + 1)s
+ · · · 1

(a + n − 1)s

− 1
1 − s

((
a + n − 1

2

)1−s

− a1−s

)
, n ∈ N,
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she has proved that

lim
n→∞ ns+1(αn(a, s) − �(a, s)) =

s

24
.

In [9,10], Ŝıntămărian has obtained some new sequences that convergence
to �(a, s) with the rate of convergence n−s−15. Other results regarding �(a, s)
can be found in [6–8] and some of the references therein. Recently, Mortici also
proposed some sequences involving the (generalized) harmonic sum in [11–17].
Motivated by these works, in this paper we will give some sequences that
converge quickly to Ioachimescu’s constant � by multiple-correction method
[18–20], basing the sequence

I(n) = 1 +
1√
2

+ · · · +
1√
n

− 2(
√

n − 1), n ∈ N.

This method could be used to solve other problems, such as Euler–Mascheroni
constant, Glaisher–Kinkelin’s and Bendersky–Adamchik’s constants, Somos’
quadratic recuurence constant, and so on [21–24].

2. Main Result

The following lemma gives a method for measuring the rate of convergence,
for its proof see Mortici [25,26].

Lemma 2.1. If the sequence (xn)n∈N is convergent to zero and there exists the
limit

lim
n→+∞ ns(xn − xn+1) = l ∈ [−∞,+∞], (2.1)

with s > 1, then

lim
n→+∞ ns−1xn =

l

s − 1
. (2.2)

Now we apply multiple-correction method to study faster convergence
sequences for Ioachimescu’s constant.

Theorem 2.2. For Ioachimescu’s constant, we have the following convergent
sequence

Ii(n) =
n∑

k=1

1√
k

− 2
(√

n − 1
)

+
a

4

√
n2 + b1n + b0 + u1

n+v1+
u2

n+v2+
u3

n+v3+
u4

n+v4+···

,

(2.3)
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where

a = −1
2
, b1 =

1
3
, b0 =

5
72

;u1 = − 1
108

, v1 = −145
192

;u2 =
14795
12288

, v2 =
7428401
8521920

;

u3 =
4028691184
17730254025

, v3 = −1881480291468257
2145761498422080

;

u4 =
50269960572954497463539
19476423187247186227200

,

v4 =
3876460949905197978250864085009
4106566008387077514657180075840

; . . . .

Proof. (Step 1) The initial-correction. We choose η0(n) = 0, and let

I0(n) := I(n) + η0(n) =
n∑

k=1

1√
k

− 2
(√

n − 1
)

+ η0(n). (2.4)

Developing the expression (2.4) into power series expansion in 1/n, we
easily obtain

I0(n) − I0(n + 1) =
1
4

1
n

3
2

+ O

(
1

n
5
2

)
. (2.5)

By Lemma 2.1, we get the rate of convergence of the (I0(n) − �)n∈N
is n− 1

2 ,
since

lim
n→∞ n

1
2 (I0(n) − �) =

1
2
.

(Step 2) The first-correction. Ramanujan [27] made the claim (without proof)
for the gamma function

Γ(x + 1) =
√

π
(x

e

)x
(

8x3 + 4x2 + x +
θx
30

) 1
6

,

where θx → 1 as x → +∞ and 3
10 < θx < 1. This open problem was solved

by Karatsuba [28]. This formula provides a more accurate estimation for the
factorial function. Motivated by his idea, we let

η1(n) =
a

4
√

n2 + b1n + b0
(2.6)

and define

I1(n) :=
n∑

k=1

1√
k

− 2
(√

n − 1
)

+ η1(n). (2.7)
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Developing (2.7) into power series expansion in 1/n, we have

I1(n)− I1(n+ 1) =
1

4
(2a+ 1)

1

n
3
2
− 1

8
(2 + 3a(1 + b1))

1

n
5
2

+
5

64
(3 + a(4− 8b0 + 6b1 + 5b21))

1

n
7
2

− 7

256
(8 + 5a(1 + b1)(2− 8b0 + 2b1 + 3b21))

1

n
9
2
+O

(
1

n
11
2

)
.

(2.8)

(i) If a 	= − 1
2 , then the rate of convergence of the (I1(n) − �)n∈N

is n− 1
2 ,

since

lim
n→∞ n

1
2 (I1(n) − �) =

1
2
(2a + 1) 	= 0.

(ii) If a1 = − 1
2 , b1 = 1

3 and b0 = 5
72 , from (2.8) we have

I1(n) − I1(n + 1) =
7

1728
1

n
9
2

+ O

(
1

n
11
2

)
.

Hence the rate of convergence of the (I1(n) − �)n∈N
is n− 7

2 , since

lim
n→∞ n

7
2 (I1(n) − �) =

1
864

.

(Step 3) The second-correction. We set the second-correction function in the
form of

η2(n) =
a

4

√
n2 + b1n + b0 + u1

n+v1

(2.9)

and define

I2(n) :=
n∑

k=1

1√
k

− 2
(√

n − 1
)

+ η2(n). (2.10)

Developing (2.10) into power series expansion in 1/n, we have

I2(n)− I2(n+ 1) =

(
7

1728
+

7u1

16

)
1

n
9
2

−
(

271

36864
+

3

32
u1(13 + 6v1)

)
1

n
11
2

+
11

36864
(21 + 16u1(523 + 384v1 + 144v21))

1

n
13
2

+O

(
1

n
15
2

)
.

(2.11)

By the same method as above, we find u1 = − 1
108 , v1 = − 145

192 .
Applying Lemma 2.1 again, one has

lim
n→∞ n

13
2 (I2(n) − I2(n + 1)) = − 162745

21233664
, (2.12)

lim
n→∞ n

11
2 (I2(n) − �) = − 14795

10616832
. (2.13)
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(Step 4) The third-correction. Similarly, we set the third-correction function
in the form of

η3(n) =
a

4

√
n2 + b1n + b0 + u1

n+v1+
u2

n+v2

(2.14)

and define

I3(n) :=
n∑

k=1

1√
k

− 2
(√

n − 1
)

+ η3(n). (2.15)

By the same method as above, we find u2 = 14795
12288 , v2 = 7428401

8521920 .
Applying Lemma 2.1 again, one has

lim
n→∞ n

17
2 (I3(n) − I3(n + 1)) =

251793199
106026319872

, (2.16)

lim
n→∞ n

15
2 (I3(n) − �) =

251793199
795197399040

. (2.17)

Similarly, repeat the above approach for Ioachimescu’s constant (the de-
tails omitted here), we can prove Theorem 2.2.

Remark 2.3. It is worth to pointing out that Theorem 2.2 provides some se-
quences with faster rate of convergence for Ioachimescu’s constant related
to Ramanujan formula by multiply-correction method. Similarly, repeat the
above approach step by step, we can get some sequences with more and more
faster rate of convergence for Ioachimescu’s constant. Meanwhile, parameters
that need to be calculated are also greatly increased, this maybe bring some
computations increase, the details omitted here.
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[10] Ŝıntămărian, A.: Some new sequences that converge to a generalized Euler con-
stant. Appl. Math. Lett. 25, 941–945 (2012)

[11] Mortici, C., Villariono Mark, B.: On the Ramanujan-Lodge harmonic number
expansion. Appl. Math. Comput. 251, 423–430 (2015)

[12] Mortici, C., Chen, C.-P.: On the harmonic number expansion by Ramanujan. J.
Inequal. Appl. 2013, 222 (2013)

[13] Mortici, C., Berinde, V.: New sharp estimates of the generalized Euler–
Mascheroni constant. Math. Inequal. Appl. 16(1), 279–288 (2013)

[14] Mortici, C., Chen, C.-P.: New sequence converging towards the Euler-Mascheroni
constant. Comput. Math. Appl. 64(4), 391–398 (2012)

[15] Mortici, C.: Fast convergences toward Euler-Mascheroni constant. Comput.
Appl. Math. 29(3), 479–491 (2010)

[16] Mortici, C.: On some Euler–Mascheroni type sequences. Comput. Math.
Appl. 60(7), 2009–2014 (2010)

[17] Mortici, C.: Optimizing the rate of convergence in some new classes of sequences
convergent to Euler’s constant. Anal. Appl. (Singapore), 8(1), 99–107 (2010)

[18] Cao, X.D., Xu, H.M., You, X.: Multiple-correction and faster approximation. J.
Number Theory 149, 327–350 (2015)

[19] Cao, X.D.: Multiple-correction and continued fraction approximation. J. Math.
Anal. Appl. 424, 1425–1446 (2015)

[20] Cao, X.D., You, X.: Multiple-correction and continued fraction approxima-
tion(II). Appl. Math. Comput. 261, 192–205 (2015)

[21] Xu, H.M., You, X.: Continued fraction inequalities for the Euler-Mashcheroni
constan. J. Inequal. Appl. 2014, 343 (2014)

[22] You, X.: Some new quicker convergences to Glaisher–Kinkelin’s and Bendersky–
Adamchik’s constants. Appl. Math. Comput. 271, 123–130 (2015)

[23] You, X., Chen, D.-R.: Improved continued fraction sequence convergent to the
Somos’ quadratic recuurence constant. J. Math. Anal. Appl. 436, 513–520 (2016)

[24] You, X., Huang, S.Y., Chen, D.-R.: Some new continued fraction se-
quence convergent to the Somos’ quadratic recurrence constant. J. Inequal.
Appl. 2016, 91 (2016)

[25] Mortici, C.: On new sequences converging towards the Euler–Mascheroni con-
stant. Comput. Math. Appl. 59(8), 2610–2614 (2010)

[26] Mortici, C.: Product approximations via asymptotic integration. Amer. Math.
Month. 117(5), 434–441 (2010)

[27] Ramanujan, S.: The Lost Notebook and Other Unpublished Papers. Narosa,
Springer, Berlin (1988)

[28] Karatsuba, E.A.: On the asymptotic representation of the Euler gamma function
by Ramanujan. J. Comput. Appl. Math. 135(2), 225–240 (2001)



1498 X. You Results Math

Xu You
Department of Mathematics and Physics
Beijing Institute of Petrochemical Technology
Beijing 102617
People’s Republic of China
e-mail: youxu@bipt.edu.cn

Received: April 25, 2016.

Accepted: September 28, 2016.


	On New Sequences Converging Towards the Ioachimescu's Constant
	Abstract
	1. Introduction
	2. Main Result
	References




