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1. Introduction

In 1895, Ioachimescu (see [1]) introduced a constant ¢, which today bears his
names, as the limit of the sequence defined by

1 1
ILy=1+—+---+—=-2(vn—-1), neN
The sequence I(n),>1 has attracted much attention lately and several general-
izations have been geiven (see, e.g., [2,3]). Recently, Chen, Li and Xu [4] have
obtained the complete asymptotic expansion of the Ioachimescu’s sequence,

bor  (4k —3)N
I~ Q\f Z (2k)! sz Th-1z0 "€ N,
where b,, denotes the n-th Bernoulli number.
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One easily obtains the following representations of the Ioachimescu’s

constant:
e:/ loztlel,,
o 2(1+ )32

and
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A representation of the Ioachimescu’s constant has also been given by
Ramanujan (1915) [27]
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From it one easily obtains a representation of the Ioachimescu’s constant in
terms of the extended { function

e=e(b) 2

As comes out from [2], we have £ = 0.539645491 . ...
Let a € (0,4+00) and s € (0,1), The sequence
1 1 1

yn(CLaS):E‘F (a+1)5+.“(a+n71)5

[(@a+n—1)"%—a'"*],neN,

1-s
is convergent [3] and its limit is a generalized Euler constant denoted by £(a, s).
Clearly, £(1,1/2) = £. Furthermore, Sintdma&rian has proved that
1
lim n°(yn(a,s) —£€(a,s)) = 3
Also in [3], considering the sequence
1
un(a,s) =yn(a,s) - atn_1)p
she has proved that
lim 7+ (0(a, s) — un(a, 5)) = %
and, for the sequence
1 1 1

an(a,s):EJr CESE +~~(a+n_1)s
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she has proved that

lim »* ™ (a,(a,s) — £(a,s)) = =
In [9,10], Sintamarian has obtained some new sequences that convergence
to £(a, s) with the rate of convergence n=*715. Other results regarding ¢(a, s)
can be found in [6-8] and some of the references therein. Recently, Mortici also
proposed some sequences involving the (generalized) harmonic sum in [11-17].
Motivated by these works, in this paper we will give some sequences that
converge quickly to Ioachimescu’s constant ¢ by multiple-correction method
[18-20], basing the sequence
I(n)=1+ ! +-+ ! 2(v/n—1) eN
n) = —+ -t —=— n—1), n .
V2 NG
This method could be used to solve other problems, such as Euler-Mascheroni
constant, Glaisher—Kinkelin’s and Bendersky—Adamchik’s constants, Somos’
quadratic recuurence constant, and so on [21-24].

2. Main Result

The following lemma gives a method for measuring the rate of convergence,
for its proof see Mortici [25,26].

Lemma 2.1. If the sequence (x,)nen s convergent to zero and there exists the
limit
lim n’(z, — xp41) =1 € [—00, +00], (2.1)
n—-+o00

with s > 1, then
] l

lim n® "z, = .
n—-—+oo s—1

(2.2)

Now we apply multiple-correction method to study faster convergence
sequences for Ioachimescu’s constant.

Theorem 2.2. For loachimescu’s constant, we have the following convergent
sequence

"1 a
Lin)=Y —=-2(Vn-1)+ :
=V il/n2+bln+bo+ —

n+vg+ T
ntvst oo o

(2.3)
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where

1 . 1 b, o5 1 145 14795 7428401
CT T T 0T i T T T T 9972 T 1998872 T 8521920°
. 4028691184 ; _ 1881480291468257
3 T 177302540257 2145761498422080°

50269960572954497463539

U4 104764231872471862272007
3876460949905197978250864085009

Y4 T 1106566008387077514657180075840

Proof. (Step 1) The initial-correction. We choose 10(n) = 0, and let

“ 1
Iy(n) :=I(n) + no(n) = — —2(v/n—1) +no(n). 2.4
of "o ; N ( ) "o (2.4)

Developing the expression (2.4) into power series expansion in 1/n, we
easily obtain

11 1
fo(m) = o+ 1) = g7 +0 (). (25)
4ns n2
By Lemma 2.1, we get the rate of convergence of the (Io(n) —£), oy is n-z,
since

1
lim n? (Io(n) — £) = 5

(Step 2) The first-correction. Ramanujan [27] made the claim (without proof)
for the gamma function

1
T QT 6
F(x—i—l):ﬁ(%) <8x3+4x2+x—|—36) ,

where 6, — 1 as + — +00 and % < 0, < 1. This open problem was solved
by Karatsuba [28]. This formula provides a more accurate estimation for the

factorial function. Motivated by his idea, we let

a

m(n) = m (2.6)
and define
) = 3 % — o (Vi —1) + mn). 2.7)
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Developing (2.7) into power series expansion in 1/n, we have

1 1 1 1
Li(n)—L(n+1)=—2a+1)—5 — z(2+3a(l +b1))—5
4 nz 8 nz
1
—(3 + a(4 — 8by + 6b1 + 5b7)) —
nz

7 1 1
~ 555 (8+5a(1+b1)(2 - Sbo+2b1+3b2))n2 +O( -

- (i) If @ # — 1, then the rate of convergence of the (Iy(n) —¢), o is n™2,
since

lim n? (I(n) — ¢) = 1(2a +1) #£0.

(i) If ay = —%, by = £ and by = 2, from (2.8) we have
7 1 1
1 - 1T NN=——"—+0 | —].
) =hin+ )= gg g * (n>
T
Hence the rate of convergence of the (I1(n) —£), o is n™ ", since

o (1) =) = g7

(Step 3) The second-correction. We set the second-correction function in the
form of

a
n2(n) = (2.9)
\/n2 +bin + by + n+v1
and define
zn:i (vVn—1) + na(n). (2.10)
o VE

Developing (2.10) into power series expansion in 1/n, we have

In(n) — Ia(n+1) = <L + 7“1) 1 ( 271 3u1(13+6m >

1728 16 36864

1
—— (21 +1 2 4 144
+36864( + 16u1(523 + 384v1 + 1)1)) % <n%)
(2.11)
By the same method as above, we find u; = —ﬁ, v = —%.
Applying Lemma 2.1 again, one has
162745
lim n (I(n) — I 1) = - 2.12
i (Ia(n) = L+ 1) = =5 as661 (2.12)
14795
lim n? (Iy(n) —f) = (2.13)

e - 10616832°
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(Step 4) The third-correction. Similarly, we set the third-correction function
in the form of

a
n3(n) = =3 ; — (2.14)
a/n® 4+ o1n + bg + m
and define
"1
Ij(n) =Y — —2(Vn—1) +mns(n). (2.15)
= vk
By the same method as above, we find uy = %3;22, = ;g?ggé.
Applying Lemma 2.1 again, one has
17 251793199
li 2 (1. — I )= ——— 2.16
i = (Is(n) = Is(n + 1)) = 56056310870 (2.16)
5 251793199
lim n? (I3(n) — ) = ———""2__ 2.17
i e (Is(n) =€) = —e 17399040 (2.17)

Similarly, repeat the above approach for Toachimescu’s constant (the de-
tails omitted here), we can prove Theorem 2.2.

Remark 2.3. It is worth to pointing out that Theorem 2.2 provides some se-
quences with faster rate of convergence for loachimescu’s constant related
to Ramanujan formula by multiply-correction method. Similarly, repeat the
above approach step by step, we can get some sequences with more and more
faster rate of convergence for Ioachimescu’s constant. Meanwhile, parameters
that need to be calculated are also greatly increased, this maybe bring some
computations increase, the details omitted here.
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