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Abstract. The core object of this paper is to define and study a new
class of analytic functions using the Ruscheweyh g-differential operator.
We also investigate a number of useful properties of this class such struc-
tural formula and coefficient estimates for functions. We consider also the
Fekete—Szeg6 problem in the class, we give some subordination results,
and some other corollaries.
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1. Introduction and Definitions

Let A be the class of functions having the form
f(2) :z—i—Zanz", (1.1)
n=2

which are analytic in the open unit disk € = {z € C: |z| < 1}. Further, we
denote the class S of all functions in A which are univalent in & (see [1]).
Goodman [2] introduced the class UCV of uniformly convex functions. A func-
tion f(z) € S is in the class UCV if for every circular arc £ C &, with center
in &, the arc f(£) is convex. An interesting characterization of class UCV was
given in [3], see also [4] as:

2f"(2)
f'(2)

fz)eUCy < f(z) e A and 1> )

- me{zf”(z)} (z € @).

W Birkhiuser
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In [5], see also [6], it was introduced the class k-uniformly convex functions,
k > 0, denoted by k — UCV and the class k — ST related to k — UCV by
Alexandar type relation i.e. f(z) € k —UCY < zf'(z) € k — ST, where

1 1
2f"(2) s)%{Zf (2)} (e Q).
f'(z) f'(2)
In [5,6] the geometric definitions of k —UCV and k— ST and connections with
the conic domains were also considered. If £ > 0, then the class k — UCV is
defined purely geometrically as a subclass of univalent functions which map the
intersection of € with any disk centered at (,|¢| < k, onto a convex domain.
Therefore, the notion of k-uniform convexity is a generalization of the notion
of convexity. Observe that, if & = 0 then the center ( is the origin and the
class k — UCV reduces to the class C of convex univalent functions, see [1].
Moreover for k = 1 it coincides with the class of uniformly convex functions
UCY introduced by Goodman [2] and studied extensively by Rgnning [4] and
independently by Ma and Minda [3]. We note that the class k — UCV started
much earlier in papers [7,8] with some additional conditions but without the
geometric interpretation.

We say that a function f(z) € A is in the class S; _, k >0, v € C\{0},

if and only if
S ) () cew

Many authors investigated the properties of the class S,:ﬁ and their general-
izations in several directions e.g. see, [4,6,9-13].

If f(z) and g(z) are analytic in &, we say that f(z) is subordinate to
g(z), written as f(z) < g(z), if there exists a Schwarz function w(z), which
is analytic in € with w (0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)).
Furthermore, if the function g(z) is univalent in &, then we have the following
equivalence, see [1,14].

f(z) <9(z) (z€€) < f(0)=g(0) and f(€)C g(€).

For two analytic functions

f)ek-UCYV & f(z) e A and 1>k

1>k

f(z)= Zanz” and g (z) = anz" (z € @),
n=0 n=0
the convolution (Hadamard product) of f(z) and g (z) is defined as
f(z)*g(z) = Z anbnz".
n=0

For t € R and ¢ > 0, ¢ # 1, the number [t, ] is defined in [15] as
1-— qt
1—q’

[t,q] = [0,¢] = 0.
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For any non-negative integer n the ¢g-number shift factorial is defined by

[nvdlz[LQ] [Z’Q] [S’Q]"'[nvq]v ([O’Q]': )

We have lim,_1 [n,¢] = n. Throughout in this paper we will assume ¢ to be
fixed number between 0 and 1.
The g-derivative operator or g-difference operator for f € A is defined as

fgz) — f(2)
0, f(2) = ————= z€€.
It can easily be seen that for n € N:={1,2,3,...} and z € &
8!]’2 [’ﬂ q 9 {Zanz } = Z [nvq] anzn71
n=1

The g-generalized Pochhammer symbol for ¢ € R and n € N is defined as
[t.al, =[td[t+ 1,4/ [t+2,q] - [t +n—1.q],
and for ¢ > 0, let g-gamma function is defined as
L,(t+1)=[t,qTy(t) and T,(1)=1.

Definition 1.1 [15]. For a function f(z) € A, the Ruscheweyh g¢-differential
operator is defined as

Lyf(z) = ¢ (g A+ 152) * *erZz/Jn 1an2", (z€ €and A > —1),
. (1.2)
where N
@A+ 1L2) =2+ ) hp12", (1.3)
and "
P v1CS 20 N LS 1 P )

[n—1,¢Tg(A+1)  [n—1.4q]!
From (1.2), it can be seen that
Lgf(z) = f(z) and Léf(z) = 204 f(2),

and
20™ (2™ f(2
Ly f(z) = q([mq]!f()), (m eN).
Jim ¢(aA+12) = o,
and
5 B z
Jm L) = 56 e e
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This shows that in case of ¢ — 17, the Ruscheweyh g¢-differential operator
reduces to the Ruscheweyh differential operator D° (f(2)) (see [16]). From
(1.2) the following identity can easily be derived.

A, . A,
20L) f(z) = (1 + [qf}> Lyt f(z) — [qf]L;f(z). (1.5)

If ¢ — 17, then

2(LMf(2)) = (14 A) D f(2) = AL f(2).

Now using the Ruscheweyh ¢-differential operator, we define the following
class.

Definition 1.2. Let f(z) € A. Then f(z) is in the class k — L{ST? (v), v €

C\{0}, if it satisfies the condition
1 20,y f(z) )
v\ Lyf(2)

1 z@QLgf(z) B
oot (20310

Geometric Interpretation

(z € €).

zangf(z)

7y IeN takes

A function f(z) € A is in the class k — UST;‘ () if and only if
all the values in the conic domain Qy, , = py_, (&) such that
Qry =7+ (1—17),
where
Q= {u+iv:u>k\/m},
or equivalently,
zang‘f(z)
Lyf(2)

The boundary 0f2 ., of the above set becomes the imaginary axis when k£ =0
while a hyperbola when 0 < k£ < 1. In this case 0 < k < 1, we have

2 2
Pr~y(2) =1+ 7 sinh? { < arccos k> arc tanh \/2} . (ze@).
T

<Pk (2)y ey = Pry (€). (1.6)

1— k2
For k = 1 the boundary 0%, , becomes a parabola and

2y 14+ z ?
pl,’y(z):1+§ <10g1_\/g) s (ZG@)

It is an ellipse when k£ > 1 and in this case

~ . m 1 g
Pho(2) =14 5 sin <2R(t) /0 VI —22/1— (tx)? x) TR
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where u(z) = \/\é ,z € €and t € (0, 1) is chosen such that k£ = cosh ( R(t()t))

R(t) is the Legendre s complete elliptic integral of the first kind and R'(t)
is complementary integral of R(t), see [5,6,17]. Moreover, py ,(€) is convex
univalent in €, see [5,6]. All of these curves have the vertex at the point
(k+v)/(k + 1). Therefore the domain €y, - is elliptic for k£ > 1, hyperbolic
when 0 < k < 1, parabolic for £ = 1 and right half plane when k = 0 ; ever
symmetric with respect to the real axis. Because py ~(&) = €y 5, the func-
tions py ~, play the role of extremal functions for several problems for the class

A
k—UST) (7).

2. Preliminary Results

Lemma 2.1 [18]. Let p(z) = Y7 pnz™ < F(2) = > 0 dn2"™ in €. If F(2) is
convex univalent in & then

lpn| < ldi], n=1.
Lemma 2.2 [19]. Let k € [0,00) be fized and let py -, be defined as above. If

P (2) =14+ Quz+ Qo2 + -,

then
2y A2
o 0<k<1,
Q=1 3 k=1, (2.1)
viEEGGy F L
and
2
o, 0<k<1,
Q2 =1 3Q1 W k=1, (2.2)
4R2(t) t2+6t+1
24V/tR2 () (1+¢) Ql k> 1
where
Ao 2cos™! k;7
Y

and t € (0,1) is chosen such that k = cosh( (t()t)) R(t) is the Legendre’s

complete elliptic integral of the first kind.

Lemma 2.3 [20]. Let h(z) =1+ ;- ¢ 2" € P, i.e., let h(z) be analytic in €
and satisfy Me{h(z)} > 0 for z in &, then the following sharp estimate holds

|2 — Vcﬂ <2max{l,|2v — 1|} for all v €C.



1350 S. Mahmood and J. Sokét Results Math

3. Main Results
Theorem 3.1. Let f(z) € k — UST;‘ (7). Then

L;f(z) =< zexp/de, (3.1)
0

where w(z) is analytic in € with w(0) = 0 and |w(z)| < 1. Moreover, for
|z| = p, we have
1

o)1
exp /pkﬁ( p) dp

_|mre
P B z

1
-1
S exp /pk,’Y (p) dp ,
P

0
where py (2) is defined below (1.6).

0

Proof. If f(z) € k — Z/Iﬁg (7), then using the identity (1.6), we obtain

oLy f(z) 1 -1
)\qf( ) S Pk (w(z)) , (32)
Lyf(z) =z z
for some function w(z), analytic in € with w (0) = 0 and |w(z)| < 1. Integrating
(3.2), we have

z

L(’I\f(z) < zexp/ Phoy \WS)) — - (wéf)) 1d
0
This proves (3.1). Noting that the univalent function py () maps the disk
|z| < p (0 < p<1)onto aregion which is convex and symmetric with respect
to the real axis, we see

kry o Pry (—p|2]) < Re{pry (w(p2))} <pry (pl2]) (0<p<1, z€€).

k+1
(3.4)

¢. (3.3)

Using (3.4), gives
1

1 1
/pk,'y (—p‘ZD - 1dp < mg/pk,v (w(pz)) - 1dp < /pk,v (p‘ZD - 1dp,

p P p
0 0

for z € €. Consequently, the subordination (3.3) leads us to

1 1
_ — s _
/pk,'y( p|Z|) 1dp S 10g qf(z) S /pk?,’Y (p|Z|) 1dp7
/ p z p

Pi,(—p12]), PR~ (pl2]) < Pry(p) implies that
1

p) <
1 Ly f(2) / 1
— — z —
exp (/p Y dp | < q < exp /pk,’Y (P) dp
Z P
0

0
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This completes the proof. O
Theorem 3.2. If f(z) € k — L[STq’\ (7), then

n—2

Jj=1 ’
where P, 1 is defined by (1.4) and o = |Q1|/q with Q1 is given by (2.1).
Proof. Let
20,L) f(2)
Ve
q

where p(z) is analytic in €. This can be written as
20,LA () = LA (2)p(2). (3.6)

Let p(z) =1+ Y ppz" and L f(2) is given by (1.2). Then (3.6) becomes
n=1

z+ Z [n7q] qun—lanzn = (Z pnz”) (Z + Z 7;[}71—12“) .
n=0 n=2

n=2
Now comparing the coefficients of 2™, we obtain
n—1
[, ) Yn—10pn = Yn_1ay + Z Vj_1GPp—j,

j=1

Z Q/Jj lajpn g

m_1QQW11.

or

ap =

Using the result that |p,| < |Q1| given in [17] we have

Q4|
lan| < WZ#’J 1ag].

|Q1]

q

Let us take o = . Then, we have

n—1
ol < gy 2 Yol (37)
=

So for n = 2, we have from (3.7)

las] < (3.8)

1/)
which shows that (3.5) holds for n = 2. To prove (3.5) we apply mathematical

induction. For n = 3, we have from (3.7)

; {1+ 1 |az|},

las| < 9
2,q] 0



1352 S. Mahmood and J. Sokét Results Math

using (3.8), we have
o o([1,49]+0)
2, ] 2 (a, c) [2,q]¢2 (a,c)’
which shows that (3.5) holds for n = 3. Let us assume that (3.5) is true for

n < t, that is, -
o o
| < ————— 1+ ) .
la [t —1,q]" E ( 7, q]

|as| < (1+0)=

Consider
o

(J] {n

Sw;wt1*“*“(“*£a>+0(“*ﬁa)<LW;Q)

+~-~+a;_1;[j(1+[jj‘(ﬂ>,q
()

Jj=1

lag1] < (14 91 |ag] + Y2 |ag| + - + Ye—1 |ae] , q]

[t,

Therefore, the result is true for n = t 4+ 1. Consequently, using mathematical
induction, we have proved that (3.5) holds true for all n, n > 2. This completes
the proof. O

Theorem 3.3. Let f(z) € k — MST;‘ (7). Then f (&) contains an open disk of

radius
gA+1,4q]

2¢[A+1,q]+ Q1]
where Q1 is defined by (2.1).
Proof. Let wg # 0 be a complex number such that f(z) # wg for z € €. Then
_ wof(z) _ 1y
e = 2 e (e )

Since f1(z) is univalent, so

1
az + —| < 2.

wo

Now using Theorem 3.2, we have
Q1]
wo - q P‘ + ]-a q] ’
and hence Dt L
+ 1,

lwo| > q q

2¢[A+1,q] + Q1]
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Theorem 3.4. Let 0 < k < oo be fized and let f(z) € k — UST;‘ (y) with the
form (1.1). Then for a complex number u

Q1
A+1ql[A+2,q]

laz — pa3| < 7l max {1, [2v — 1|},

where

v=—-4¢1—=—=—

2 Q1 2¢°[A+1q  qA+1.4]
Q1 and Qz are given by (2.1) and (2.2).

1{1 qQ2 o MM+2ﬂﬂh}’ (3.9)

Proof. I f(2) € k —Z/IST;‘ (7), then there exist a Schwarz function w(z), with
w (0) = 0 and |w(z)| < 1 such that

20L) f(2)
q
— L= =, (w(z)) (2 €€E). (3.10)
Lyf(2) !
Let h(z) € P be a function defined as
1+ w(2) 2
- -1 .
h(z) = () +ecrz 4 ezt + (z€¢)
This gives
c1 1 c% 9
w(z)—?z—i—i Y A
and
2 1 2
mﬂwm:1+@qwfQ%+fCrle1f+m. (3.11)
2 4 2 2
Using (3.11) in (3.10) along with (1.2) , we obtain
@ — Qic
T2 A+1,q]"
and
1
as

T+ LA+ 2,

¢GQ: 1(, & Qtct
Ao Db )

For any complex number p, we have
1
A+1ql[A+2,4]

3Qy 1 i Qict
x{q{ 1 +2(62—2>Q1}+4q2[/\+1,q]2}

2.2
_M%' (3.12)
4 A+ 1,4]

2
as — pas =
> g
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Then (3.12) can be written as

a2 — 1 2
0N = A L g (2

where v is defined by (3.9). Now, taking absolute value on both sides and using
Lemma 2.3, we obtain the required result. O

Theorem 3.5. If a function f(z) € A has the form (1.1) and it satisfies

Z{q [n_lvq] (k+1)+h|}|'(/)n—1||a'n| < |7|7 (313)
n=2

then f(z) € k — UST; ().

Proof. Let we note that

oL (2) ~ L) (2)
Ly f(z2)
'anq —1,q) n—1a,2"
Z+Zn an 1anzn
< 2nzalgln = 1L gl ¥n 1 (a,¢)|an]
T =300 e (as0)] fag

Ly f(z)

Ly f(2) 1‘:

(3.14)

because from (3.13) it follows that

1- Z [Vn—1 (a,c)||an| > 0.

To show that f(z) € k — L{S’T; () it suffices that

k 3L2f(z) 1 8L2‘f(z)_
v(@f(z) ‘l>|‘”e{v<w<z> 1>}§1'
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From (3.14), we have

oL oL ()
() o (G )}

k [0L)f(2) 1|+1 8L2f(2)1|

=l | L2 f(2) V| Ly f(2)

(k+1)|0L3f(z)
| L3 f(2)

Z lg[n—1,q]PYn_1||an]|

<

(k+1) p=
1= S el

<1
because of (3.13). O

Theorem 3.6. If L;‘f(z) #0 in €, and if
(1+Bg) 2D

- ‘<Pk, zZ),
;) Die o e

then f € k —UST, (7).
Proof. Because Ly f(z) # 0 in & we can define the function p(z) by
20L) f(2)

q
———= =p(2) (z€€).
Ly f(2)

From (1.5), we have

Nal\ M) [hvd]
(1 5) g - e
Therefore, p(z) < pr.~(2), now (1.6) shows that f € k — L{S’T;‘ (). O
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