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Abstract. Given numbers n, s ∈ N, n ≥ 2, and the nth-degree monic

Chebyshev polynomial of the first kind ̂Tn(x), the polynomial system

“induced” by ̂Tn(x) is the system of orthogonal polynomials {pn,s
k } cor-

responding to the modified measure dσn,s(x) = ̂T 2s
n (x) dσ(x), where

dσ(x) = 1/
√

1 − x2 dx is the Chebyshev measure of the first kind. Here
we are concerned with the problem of determining the coefficients in the
three-term recurrence relation for the polynomials pn,s

k . The desired co-
efficients are obtained analytically in a closed form.
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1. Introduction

Let dσ(x) be a positive measure on R, with finite or unbounded support,
having finite moments of all orders, and let {pk}, k ∈ N0, be the corresponding
(monic) orthogonal polynomials,

pk(x) = pk(x; dσ), k ∈ N0,

which satisfy the following three-term recurrence relation (cf. [5, p. 97])

pk+1(x) = (x − αk)pk(x) − βkpk−1(x), k ∈ N0,

p0(x) = 1, p−1(x) = 0,
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where αk = αk( dσ) ∈ R, βk = βk( dσ) > 0, and by convention, β0 = β0( dσ) =
dσ(R). Orthogonal polynomials can be characterized in terms of extremal
problems (cf. [5, pp. 89–93]), as unique (monic) polynomials which minimize
the L2( dσ)-norm, i.e.,

min
p∈̂Pk

∫

R

|p(x)|2 dσ(x) =
∫

R

|pk(x)|2 dσ(x), (1.1)

where ̂Pk is the set of all monic polynomials of degree k. It can be extended
to L2s+2( dσ)-norm (s ∈ N0) and it then leads to a case of the power orthog-
onality, precisely to the so-called s-orthogonal polynomials {pk,s}, k ∈ N0, as
unique (monic) polynomials which minimize

min
p∈̂Pk

∫

R

|p(x)|2s+2 dσ(x) =
∫

R

|pk,s(x)|2s+2 dσ(x).

These (monic) polynomials must satisfy the “orthogonality conditions” (cf.
Ghizzetti and Ossicini [4])

∫

R

(pk,s(x))2s+1xν dσ(x) = 0, ν = 0, 1, . . . , k − 1. (1.2)

In the case s = 0, the s-orthogonal polynomials reduce to the standard or-
thogonal polynomials, pk,0 = pk.

For given n and s, putting dσn,s(x) = (pn,s(x))2s dσ(x), Milovanović [6]
reinterpreted (1.2) in terms of conditions for standard orthogonal polynomials,
i.e., as

∫

R

pn,s
k (x)xk dσ(n,s)(x) = 0, k = 0, 1, . . . , n − 1, (1.3)

where {pn,s
k } is a sequence of monic orthogonal polynomials with respect to the

new measure dσn,s(x) = (pn,s(x))2s dσ(x). Notice that pn,s(x) ≡ pn,s
n (x). As

we can see, the polynomials pn,s
k , k = 0, 1, . . ., are implicitly defined, because

the new measure dσn,s(x) depends of pn,s(x).
According the previous fact, in order to find s-orthogonal polynomials

pn,s, n = 0, 1, . . . , N , we need to construct the standard polynomials pn,s
k (x),

k ≤ n (orthogonal w.r.t. dσn,s(x) = (pn,s(x))2s dσ(x)), for each n ≤ N , and
take pn,s = pn,s

n , n = 0, 1, . . . , N . A survey on power orthogonality, quadratures
with multiple nodes, and moment-preserving spline approximation was given
by Milovanović [7].

In this paper we consider a special case with the Chebyshev measure on
the first kind, dσ(x) = (1 − x2)−1/2 dx on (−1, 1), and for fixed n, s ∈ N,
n ≥ 2, we define a new measure dσn,s by

dσn,s(x) := wn,s(x) dx =
̂T 2s
n (x)√
1 − x2

dx, (1.4)
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where ̂Tn(x) = Tn(x)/2n−1 = cos(n arccos x)/2n−1 is the nth-degree monic
Chebyshev polynomial of the first kind. In 1930, Bernstein [1] showed that the
monic Chebyshev polynomial Tn(t) minimizes all integrals of the form

∫ 1

−1

|πn(x)|k+1

√
1 − x2

dx (k ≥ 0),

where πn is an arbitrary monic polynomial of degree n. It means that the
monic Chebyshev polynomials ̂Tn are s-orthogonal on [−1, 1] for each s ≥ 0.

The set of orthogonal polynomials we wish to study is

pn,s
k (x) = pn,s

k (x; dσn,s), k ∈ N0,

for which we know that pn,s
n = pn,s = ̂Tn. Their existence is assured, since

dσn,s(x) is a positive measure.
In [3], Gautschi and Li considered the special case s = 1 and proved the

following result, which will be used in the proof of our main result as a base
of induction.

Theorem 1.1. For any n ≥ 2, the polynomials pn
k (x) = pn

k (x; dσn), k ∈ N0,
where dσn(x) = ̂T 2

n(x)/
√

1 − x2 dx, satisfy

pn
k+1(x) = xpn

k (x) − βn
k pn

k−1(x), k ∈ N0,

pn
0 (x) = 1, pn

−1(x) = 0,

where

βn
k =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

π

22n−1
, if k = 0,

1
4

(

1 − (−1)k/n

1 + k/n

)

, if k ≡ 0 (mod n) (k �= 0),

1
4

(

1 +
(−1)(k−1)/n

1 + (k − 1)/n

)

, if k ≡ 1 (mod n),

1
4
, otherwise.

In the next section we give recurrence coefficients for the modified Cheby-
shev measure dσn,s(x).

2. Recurrence Coefficients for the Modified Chebyshev
Measure of the First Kind

Our main result is given in the following statement:

Theorem 2.1. For any n, s ∈ N, n ≥ 2, the polynomials pn,s
k (x)=pn,s

k (x; dσn,s),
k ∈ N0, satisfy the three-term recurrence relation
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pn,s
k+1(x) = xpn,s

k (x) − βn,s
k pn,s

k−1(x), k ∈ N0,

pn,s
0 (x) = 1, pn,s

−1 (x) = 0,
(2.1)

where βn,s
0 =

π

22ns

(

2s

s

)

and for k ∈ N

βn,s
k =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

k

4(k + ns)
, if k ≡ 0 (mod 2n),

k + 2ns − 1
4(k + ns − 1)

, if k ≡ 1 (mod 2n),

k + 2ns

4(k + ns)
, if k ≡ n (mod 2n),

k − 1
4(k + ns − 1)

, if k ≡ n + 1 (mod 2n),

1
4
, otherwise.

(2.2)

Proof. Suppose for each n, s ∈ N, n ≥ 2, the sequence {pn,s
k }k∈N0 is given by

(2.1), with βn,s
k as in (2.2). Evidently, every pn,s

k is a monic polynomial.
First we compute the coefficient βn,s

0 . By definition, we have

βn,s
0 = μn,s

0 =
1

22(n−1)s

∫ 0

π

cos2s nt

sin t
(− sin t) dt =

1
22(n−1)s

∫ π

0

cos2s nt dt.

Further we get

βn,s
0 =

1
22(n−1)s

∫ π

0

(

eint + e−int

2

)2s

dt

=
1

22(n−1)s+2s

∫ π

0

2s
∑

j=0

(

2s

j

)

eijnte−i(2s−j)nt dt

=
1

22ns

∫ π

0

2s
∑

j=0

(

2s

j

)

e−2i(s−j)nt dt

=
1

22ns

2s
∑

j=0

(

2s

j

)∫ π

0

e−2i(s−j)nt dt

=
1

22ns

2s
∑

j=0

(

2s

j

)

1 − e−2i(s−j)nπ

2i(s − j)n

=
π

22ns

(

2s

s

)

.
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In the sequel, in order to short notations, we will omit arguments of poly-
nomials, so that we will put, for example, only ̂T 2

npn,s
2nk instead of ̂Tn(x)2pn,s

2nk(x).
Now, we show that for each k ∈ N0 the following relations hold true:

̂T 2
npn,s

2nk = pn,s−1
2n(k+1) +

(2k + 2s − 2)(2k + 2s − 1)
22n(2k + s − 1)(2k + s)

pn,s−1
2nk ,

̂T 2
npn,s

2nk+j = pn,s−1
2n(k+1)+j +

k + s

22j−1(2k + s)(2k + s + 1)
pn,s−1
2n(k+1)−j

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
pn,s−1
2nk+j , j = 1, . . . , n − 1,

̂T 2
npn,s

2nk+n = pn,s−1
2n(k+1)+n +

(2k + 2s)(2k + 2s + 1)
22n(2k + s)(2k + s + 1)

pn,s−1
2nk+n,

̂T 2
npn,s

2nk+n+j = pn,s−1
2n(k+1)+n+j

− 2k + 2s + 1
22j(2k + s + 1)(2k + s + 2)

pn,s−1
2n(k+1)+n−j

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2nk+n+j , j = 1, . . . , n − 1.

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(2.3)

Since the sequence of polynomials given by the left hand side in (2.3)
obviously satisfies the relation

̂T 2
npn,s

k+1 − x ̂T 2
npn,s

k + βn,s
k

̂T 2
npn,s

k−1 = ̂T 2
n

(

pn,s
k+1 − xpn,s

k + βn,s
k pn,s

k−1

)

= 0

for each k ∈ N0, it suffices to show that sequence given by the right hand
side, say {qi}i∈N0 , in (2.3) satisfies the same relation and that ̂T 2

npn,s
0 = q0 and

̂T 2
npn,s

1 = q1 as well.
To prove that qi+1 −xqi +βn,s

i qi−1 = 0 for all i ∈ N, we distinguish eight
cases.

Case i ≡ 1 (mod 2n).
Here, we have to prove that the following term

pn,s−1
2n(k+1)+2 +

k + s

23(2k + s)(2k + s + 1)
pn,s−1
2n(k+1)−2

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
pn,s−1
2nk+2

−x

(

pn,s−1
2n(k+1)+1 +

k + s

2(2k + s)(2k + s + 1)
pn,s−1
2n(k+1)−1

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
pn,s−1
2nk+1

)

+
2k + 2s

22(2k + s)

(

pn,s−1
2n(k+1) +

(2k + 2s − 2)(2k + 2s − 1)
22n(2k + s − 1)(2k + s)

pn,s−1
2nk

)
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is equal to zero. We will use the fact that we can transform the expression into

pn,s−1
2n(k+1)+2 − xpn,s−1

2n(k+1)+1 + βn,s−1
2n(k+1)+1p

n,s−1
2n(k+1)

−
(

2k + 2s

22(2k + s)
− βn,s−1

2n(k+1)+1

)

(

pn,s−1
2n(k+1) + xpn,s−1

2n(k+1)−1 − βn,s−1
2n(k+1)−1p

n,s−1
2n(k+1)−2

)

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
(

pn,s−1
2nk+2 − xpn,s−1

2nk+1 + βn,s−1
2nk+1p

n,s−1
2nk

)

,

which is shown to be true after expansion of the β-coefficients. We can clearly
see that every row in the prevous equation equals zero.

Case i ≡ j (mod 2n), j = 2, . . . , n − 2.
In this case we have to consider the following term

pn,s−1
2n(k+1)+j+1 +

k + s

22j+1(2k + s)(2k + s + 1)
pn,s−1
2n(k+1)−j−1

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
pn,s−1
2nk+j+1

− x

(

pn,s−1
2n(k+1)+j +

k + s

22j−1(2k + s)(2k + s + 1)
pn,s−1
2n(k+1)−j

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
pn,s−1
2nk+j

)

+
1
4

(

pn,s−1
2n(k+1)+j−1 +

k + s

22j−3(2k + s)(2k + s + 1)
pn,s−1
2n(k+1)−j+1

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
pn,s−1
2nk+j−1

)

.

This term can be written in the form

pn,s−1
2n(k+1)+j+1 − xpn,s−1

2n(k+1)+j + βn,s−1
2n(k+1)+1p2n(k+1)+j−1

+ u
(j)
k,s

(

pn,s−1
2n(k+1)−j+1 − xpn,s−1

2n(k+1)−j + βn,s−1
2n(k+1)−jp

n,s−1
2n(k+1)−j−1

)

+ v
(n)
k,s

(

pn,s−1
2nk+j+1 − xpn,s−1

2nk+j + βn,s−1
2nk+jp

n,s−1
2nk+j−1

)

= 0,

where

u
(j)
k,s =

k + s

22j−1(2k + s)(2k + s + 1)
and v

(n)
k,s =

(2k + 2s − 1)(2k + 2s)
22n(2k + s)2

.

Clearly, its value is zero.
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Case i ≡ n − 1 (mod 2n).
In this case we obtain

pn,s−1
2n(k+1)+n +

(2k + 2s)(2k + 2s + 1)
22n(2k + s)(2k + s + 1)

pn,s−1
2nk+n

− x

(

pn,s−1
2n(k+1)+n−1 +

k + s

22n−3(2k + s)(2k + s + 1)
pn,s−1
2n(k+1)−n+1

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
pn,s−1
2nk+n−1

)

+
1
4

(

pn,s−1
2n(k+1)+n−2 +

k + s

22n−5(2k + s)(2k + s + 1)
pn,s−1
2n(k+1)−n+2

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
pn,s−1
2nk+n−2

)

,

which can be written as

pn,s−1
2n(k+1)+n − xpn,s−1

2n(k+1)+n−1 + βn,s−1
2n(k+1)+n−1p

n,s−1
2n(k+1)+n−2

+ u
(n)
k,s

(

p2n(k+1)−n+2 − xpn,s−1
2n(k+1)−n+1 + βn,s−1

2n(k+1)−n+1p
n,s−1
2n(k+1)−n

)

+ v
(n)
k,s

(

pn,s−1
2nk+n − xpn,s−1

2nk+n−1 + βn,s−1
2nk+n−1p2nk+n−2

)

,

where again every row equals zero. Here

u
(n)
k,s =

k + s

22n−3(2k + s)(2k + s + 1)
and v

(n)
k,s =

(2k + 2s − 1)(2k + 2s)
22n(2k + s)2

.

Case i ≡ n (mod 2n).
In this case the corresponding term becomes

pn,s−1
2n(k+1)+n+1 − 2k + 2s + 1

4(2k + s + 1)(2k + s + 2)
pn,s−1
2n(k+1)+n−1

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2nk+n+1

− x

(

pn,s−1
2n(k+1)+n +

(2k + 2s)(2k + 2s + 1)
22n(2k + s)(2k + s + 1)

pn,s−1
2nk+n

)

+
2k + 2s + 1

4(2k + s + 1)

(

pn,s−1
2n(k+1)+n−1 +

k + s

22n−3(2k + s)(2k + s + 1)
pn,s−1
2n(k+1)−n+1

+
(2k + 2s − 1)(2k + 2s)

22n(2k + s)2
pn,s−1
2nk+n−1

)

,
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which can be written in the form
pn,s−1
2n(k+1)+n+1 − xpn,s−1

2n(k+1)+n + βn,s−1
2n(k+1)+npn,s−1

2n(k+1)+n−1

+
(2k + 2s)(2k + 2s + 1)
22n(2k + s)(2k + s + 1)

(

pn,s−1
2nk+n+1 − xpn,s−1

2nk+n + βn,s−1
2nk+npn,s−1

2nk+n−1

)

= 0.

Again it is equal to zero since every row equals to zero.

Case i ≡ n + 1 (mod 2n).
The corresponding term in this case is

pn,s−1
2n(k+1)+n+2 − 2k + 2s + 1

24(2k + s + 1)(2k + s + 2)
pn,s−1
2n(k+1)+n−2

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2nk+n+2

− x

(

pn,s−1
2n(k+1)+n+1 − 2k + 2s + 1

22(2k + s + 1)(2k + s + 2)
pn,s−1
2n(k+1)+n−1

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2nk+n+1

)

+
2k + 1

22(2k + s + 1)

(

pn,s−1
2n(k+1)+n +

(2k + 2s)(2k + 2s + 1)
22n(2k + s)(2k + s + 1)

pn,s−1
2nk+n

)

= pn,s−1
2n(k+1)+n+2 − xpn,s−1

2n(k+1)+n+1 + βn,s−1
2n(k+1)+n+1p

n,s−1
2n(k+1)+n

− uk,s

(

pn,s−1
2n(k+1)+n − xpn,s−1

2n(k+1)+n−1 + βn,s−1
2n(k+1)+n−1p

n,s−1
2n(k+1)+n−2

)

+ v
(n)
k,s

(

pn,s−1
2nk+n+2 − xpn,s−1

2nk+n+1 + βn,s−1
2nk+n+1p

n,s−1
2nk+n

)

= 0,

where

uk,s =
2k + 2s + 1

(2k + s + 1)(2k + s + 2)
and v

(n)
k,s =

(2k + 2s)(2k + 2s + 1)
22n(2k + s + 1)2

.

Again it is equal to zero since every row equals to zero.

Case i ≡ n + j + 1 (mod 2n), j = 1, . . . , n − 3.

pn,s−1
2n(k+1)+n+j+2 − 2k + 2s + 1

22(j+2)(2k + s + 1)(2k + s + 2)
pn,s−1
2n(k+1)+n−j−2

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2nk+n+j+2

−x

(

pn,s−1
2n(k+1)+n+j+1 − 2k + 2s + 1

22(j+1)(2k + s + 1)(2k + s + 2)
pn,s−1
2n(k+1)+n−j−1
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+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2nk+n+j+1

)

+
1
4

(

pn,s−1
2n(k+1)+n+j − 2k + 2s + 1

22j(2k + s + 1)(2k + s + 2)
pn,s−1
2n(k+1)+n−j

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2nk+n+j

)

,

which reduces to

p2n(k+1)+n+j+2 − xp2n(k+1)+n+j+1 + βn,s−1
2n(k+1)+n+j+1p2n(k+1)+n+j

− u
(j)
k,s

(

pn,−1
2n(k+1)+n−j − xpn,s−1

2n(k+1)+n−j−1 + βn,s−1
2n(k+1)+n−j−1p

n,s−1
2n(k+1)+n−j−2

)

+ v
(n)
k,s

(

pn,s−1
2nk+n+j+2 − xpn,s−1

2nk+n+j+1 + βn,s−1
2nk+n+j+1p

n,s−1
2nk+n+j

)

,

which is equal to zero, since, every row equals zero. Here,

u
(j)
k,s =

2k + 2s + 1
22j+2(2k + s + 1)(2k + s + 2)

and v
(n)
k,s =

(2k + 2s)(2k + 2s + 1)
22n(2k + s + 1)2

.

Case i ≡ 2n − 1 (mod 2n).
In this case we have

pn,s−1
2n(k+2) +

(2k + 2s)(2k + 2s + 1)
22n(2k + s + 1)(2k + s + 2)

pn,s−1
2n(k+1)

− x

(

pn,s−1
2n(k+2)−1 − 2k + 2s + 1

22n−1(2k + s + 1)(2k + s + 2)
pn,s−1
2n(k+1)+1

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2n(k+1)−1

)

+
1
4

(

pn,s−1
2n(k+2)−2 − 2k + 2s + 1

22n−2(2k + s + 1)(2k + s + 2)
pn,s−1
2n(k+1)+2

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2n(k+1)−2

)

,

which reduces to

pn,s−1
2n(k+2) − xpn,s−1

2n(k+2)−1 + βn,s−1
2n(k+2)−1p

n,s−1
2n(k+2)−2

− u
(n)
k,s

(

pn,s−1
2n(k+1)+2 − xpn,s−1

2n(k+1)+1 + βn,s−1
2n(k+1)+1p

n,s−1
2n(k+1)

)

+ v
(n)
k,s

(

pn,s−1
2n(k+1) − xpn,s−1

2n(k+1)−1 + βn,s−1
2n(k+1)−1p

n,s−1
2n(k+1)−2

)

,
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which is equal to zero since every row equals zero. Here,

u
(n)
k,s =

2k + 2s + 1
22n−1(2k + s + 1)(2k + s + 2)

and v
(n)
k,s =

(2k + 2s)(2k + 2s + 1)
22n(2k + s + 1)2

.

Case i ≡ 2n (mod 2n).
In this case we have

pn,s−1
2n(k+2)+1 +

k + s + 1
2(2k + s + 2)(2k + s + 3)

pn,s−1
2n(k+2)−1

+
(2k + 2s + 1)(2k + 2s + 2)

22n(2k + s + 2)2
pn,s−1
2n(k+1)+1

− x

(

pn,s−1
2n(k+2) +

(2k + 2s)(2k + 2s + 1)
22n(2k + s + 1)(2k + s + 2)

pn,s−1
2n(k+1)

)

+
2(k + 1)

4(2k + s + 2)

(

pn,s−1
2n(k+2)−1 − 2k + 2s + 1

22n−1(2k + s + 1)(2k + s + 2)
pn,s−1
2n(k+1)+1

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)2
pn,s−1
2n(k+1)−1

)

which reduces to
pn,s−1
2n(k+2)+1 − xpn,s−1

2n(k+2) + βn,s−1
2n(k+2)p

n,s−1
2n(k+2)−1

+
(2k + 2s)(2k + 2s + 1)

22n(2k + s + 1)(2k + s + 2)

(

pn,s−1
2n(k+1)+1 − xpn,s−1

2n(k+1) + βn,s−1
2n(k+1)p

n,s−1
2n(k+1)−1

)

,

which is again equal to zero since every row equals zero.
Now we should check the following equality

̂T 2
n = pn,s−1

2n +
(2s − 2)(2s − 1)

22n(s − 1)s
. (2.4)

Notice that for the monic Chebyshev polynomial of the first kind ̂Tn we have
̂T 2
n = 1/22n−1 + ̂T2n. Using the recurrence relation for Chebyshev polynomials

̂Tn+1 = x ̂Tn − ̂Tn−1/4 and the fact that

βn,s
n =

1 + 2s

4(1 + s)
=

1
4

+
s

4(1 + s)
,

we get

pn,s
n+1 = xpn,s

n − βn,s
n pn,s

n−1 = ̂Tn+1 − s

4(s + 1)
̂Tn−1,

pn,s
n+2 = xpn,s

n+1 − βn,s
n+1p

n,s
n = ̂Tn+2 − sx

4(s + 1)
̂Tn−1 +

s

4(s + 1)
̂Tn.

If we denote by

u0 = − s

4(s + 1)
̂Tn−1, u1 = − sx

4(s + 1)
̂Tn−1 +

s

4(s + 1)
̂Tn,
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we can write

pn,s
n+k = ̂Tn+k + uk−1

where sequence of the polynomials uk, k = 0, . . . , n − 1, satisfy the relation

uk+1 = xuk − 1
4
uk−1.

We can prove easily that

uk = − s

4(s + 1)
(̂Uk

̂Tn−1 − ̂Uk−1
̂Tn),

using induction, where ̂Uk is the kth-degree monic Chebyshev polynomial of
the second kind.

Now we have

pn,s
2n = ̂T2n + un−1 = ̂T2n − s

4(s + 1)
(̂Un−1

̂Tn−1 − ̂Un−2
̂Tn)

= ̂T2n − s

4(s + 1)
1

22n−3
,

wherefrom it follows

pn,s
2n = ̂T 2

n − 1
22n−1

− s

s + 1
1

22n−1
= ̂T 2

n − 1
22n−1

2s + 1
s + 1

,

which is exactly (2.4) for s := s + 1.
It remains to show that ̂T 2

npn,s
1 = q1. Thus, we have

q1 = pn,s−1
2n+1 +

1
2(s + 1)

pn,s−1
2n−1 +

2s − 1
22n−1s

pn,s−1
1

= xpn,s−1
2n − βn,s−1

2n pn,s−1
2n−1 +

1
2(s + 1)

pn,s−1
2n−1 +

2s − 1
22n−1s

x

= xpn,s−1
2n − 1

2(s + 1)
pn,s−1
2n−1 +

1
2(s + 1)

pn,s−1
2n−1 +

2s − 1
22n−1s

x

=
(

pn,s−1
2n +

2s − 1
22n−1s

)

x = ̂T 2
npn,s

1 .

Having established (2.3) we now turn to verifying orthogonality of the
sequences {pn,s

k }k∈N0 for n, s ∈ N, n ≥ 2.

Here we use an induction on s. The case s = 1 is just Theorem 1.1.
If we suppose that n, s ∈ N, n ≥ 2, are such that {pn,s−1

k }k∈N0 is a
sequence of monic polynomials orthogonal with respect to the weight function
wn,s−1, then the orthogonality of the sequence {pn,s

k }k∈N0 easily follows from
the relation wn,s = ̂T 2

nwn,s−1. After multiplying (2.3) by an appropriate pn,s−1
j

and taking the integral of the both sides we get
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∫ 1

−1

pn,s
m pn,s−1

j wn,s dx =
∫ 1

−1

̂T 2
npn,s

m pn,s−1
j wn,s−1 dx = 0.

Thus, the proof is finished. �

We used symbolic computations in Mathematica, with the software
package OrthogonalPolynomials, described in [2], in order to verify all given
formulas.
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[2] Cvetković, A.S., Milovanović, G.V.: The Mathematica Package “OrthogonalPoly-
nomials”. Facta Univ. Ser. Math. Inform. 19, 17–36 (2004)

[3] Gautschi, W., Li, S.: A set of orthogonal polynomials induced by a given orthog-
onal polynomial. Aeq. Math. 46, 174–198 (1993)

[4] Ghizzetti, A., Ossicini, A.: Quadrature Formulae. Akademie Verlag, Berlin
(1970)
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