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Abstract. In this paper, we discuss the dual of a von Neumann—Schatten
p-frames in separable Banach spaces and obtain some of their charac-
terizations. Moreover, we present a classical perturbation result to von
Neumann—Schatten p-frames.
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1. Introduction and Preliminaries

The concept of a frame in Hilbert space has been introduced by Duffin and
Schaeffer [12] in nonharmonic Fourier series. Since then various generaliza-
tion of frames such as frame of subspaces [4,6], pseudo-frames [15], oblique
frames [9], continuous frames [1,3,13], generalized frames [18], time-frequency
localization operators [11], 2-frames [2] have been developed by several math-
ematicians. The concept of a frames in Banach space has been introduced by
Christensen and Stoeva [8], Casazza, Han and Larson [7] and Grochenig [14].

The p-frame and g-frame are two important generalizations of frames in
Banach spaces and Hilbert spaces. In [17] the authors unify these two concepts.
By utilizing von Neumann—Schatten frames many basic properties of frames
can be derived in a more general setting. Throughout this paper, H and K are
Hilbert spaces and {; : i € N} C K denotes a sequence of Hilbert spaces.
Note that for any sequence {K; : i € N} of Hilbert spaces, we can always find
a larger space K containing all the Hilbert space K; by setting K = €D, K.

A sequence {A; € B(H,K;) : ¢ € N} is called a generalized frame, or
simply a g-frame for H with respect to {K; : i € N} if there are two positive
constants A and B such that
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AlIFIP <D IAFIP < BIFIP (f € H). (L.1)

i€l

Let (X,]|.]]) be a separable Banach space with dual X*, 1 < p < oo and ¢ be
the conjugate exponent to p, i.e., %—4—% = 1. A sequence {g;}32; € X* is called
a p-frame (1 < p < oo) if the norm ||.|| of X is equivalent to the ¢P-norm of
the sequence {g;(.)} or there exist constants A and B such that

Allfl < (ZI%(J’)”) <B[fll  (fe) (1.2)

Christensen and Stoeva [8] studied p-frames in Banach spaces and obtained
that every element g € X* to be represented as an unconditionally series
g =Y o, a;g; for coefficients {a;} € £4.

n [17] the authors introduce the notion of a von Neumann—Schatten
p-frame and show that every p-frame for a separable Banach space X is a von
Neumann—Schatten p-frame with respect to C. Also, they give a characteriza-
tion of von Neumann—Schatten q-Riesz bases for X*.

In the sequel, we introduce some necessary definitions and notations and
refer the reader to [10,16]. Suppose {X; : i € T} is a collection of normed
spaces. Then TI{X; : ¢ € Z} is a vector space if the linear operations are
defined coordinatewise. For 1 < p < oo, define

1
@Xi ={z el : [jz| = (Z xi”p) < oo}
P i

It is known that @p AX; is a Banach space if and only if so is each Xj.

Let B(H) denote the C*-algebra of all bounded linear operators on a
complex separable Hilbert space H. For a compact operator A € B(H), let
s1(A) > s2(A) > --- > 0 denote the singular values of A, i.e., the eigenval-
ues of the positive operator |A| = (A*A)z, arranged in a decreasing order
and repeated according to multiplicity. For 1 < p < oo, the von Neumann—
Schatten p-class C, is defined to be the set all compact operators A for which
D1 st (A) < oo

For A € Cp, the von Neumann Schatten p-norm of A is defined by

1A, = (Zs ) (r]A[P)> (1.3)

where 7 is the usual trace functional which is defined as 7(A) = >~ . (A(e), €),
where &£ is any orthonormal basis of H. It is convenient to let C., denote
the class of compact operators, and in this case || Al = s1(A) is the usual
operator norm.
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If x,y are elements of a Hilbert space H we define the operator x ® y on
‘H by

(z®y)(2) = (z,y)z.
Tt is obvious that ||z ® y|| = ||z]/|]y]| and the rank of  ® y is one if 2 and y are
non-zero. If x1,x2,y2,y2 € H, then the following equalities are easily verified:

(21 ®@22) (11 @ y2) = (Y1, 22)(T1 ® Y2)
(z1®@y1)" =y1 Q@ x1.

Note that if z,y € H, then [z @y, = lz@yllq = [lz[[[ly[l and 7(z@y) = (z,y)
so x ®y is in C, for all p > 1. We recall that C, is a Banach space with respect
to the norm ||.|[,. It is known that the space Cy with the inner product

<~A’ B>‘r = T<B*~A)

is a Hilbert space. If {n;}52, and {¢;}$2, are orthonormal bases in H and
vij =1 @ (5, then {v; ;}75_; is an orthonormal basis of Ca.

A countable family {G;}$2; of bounded linear operators from X to C, C
B(H) is said to be a von Neumann—Schatten p-frame for X with respect to H
if there exist constants A, B > 0 such that

1

Allfl < (Z 1G:(f ”> <B|fl (fe) (1.4)

The sequence {G; }$2, is a von Neumann—Schatten p-Bessel sequence if at least
the upper von Neumann—Schatten p-frame condition is satisfied. In the other
words, a countable family {G;}$2, of bounded linear operators from X to C,
is a von Neumann—Schatten p-frame for X with respect to H if the norm ||.||
of X is equivalent to ¢P-norm of the sequence {G;(.)}2;.

Now we define von Neumann—Schatten p-frame operators as follows. Let
{G:}$2, be a von Neumann—Schatten p-frame for X with respect to H. Define

Ug: X — Pcp (1.5)

Ug(f) ={Gi(f)}
and

Tg: PC, — x* (1.6)

To({Ai}2 ZA@

The operator Ug is frequently called the analy51s operator and Tg is the
synthesis operator. It is clear that if {G;}?°; is a von Neumann-Schatten
p-Bessel sequence then Ug is bounded. Moreover, Ug has closed range, and
X is reflexive when {G;}$2; is a von Neumann—Schatten p-frame. A sequence
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{Gi}2, € B(X,Cp) is a von Neumann-Schatten p-Bessel sequence with re-
spect to H with a bound B if and only if the operator defined by (1.6) is a well
defined bounded operator with ||T'|| < B. In addition, if X is reflexive, then
Ug = Tg and {G;}2, € B(X,Cp) is a von Neumann-Schatten p-frame for &'
if and only if the operator T is well-defined and onto, see [17] for more details.

If H =C, then B(H) =C, =Cq =C, ,Cp = ¥ and also p,C, = ¢9.
Hence, a p-frame for X’ can be considered as a von Neumann—Schatten p-frame
for X with respect to C.

2. Dual of von Neumann—-Schatten Frames

In this section, we discuss the dual of a von Neumann—Schatten p-frame in
separable Banach spaces and obtain some of their characterizations. Moreover,
we get a classical perturbation result to von Neumann—Schatten p-frames.

Definition 2.1. Let {G;}72; be a von Neumann—-Schatten p-Bessel sequence. A
von Neumann—-Schatten ¢-Bessel sequence {F;}2; C B(X*,C,) where % + % =
1, is called a dual for {G;}°, if

D_FimGi=n, (neXx). 2.1)

The above equation, which is equivalent to the identity TgTF = Ix-,
implies that {G;}2; and {F;};2, are in fact von Neumann-Schatten p-frame.
Indeed, if B is an upper bound of {G;}3°,, then for each n € X* we have

Inll = ||>_ Fi(m)Gi
=1

~  sw {fon)gi(f)}

FeX \fIST 5=
1 1
oo q oo y4
< sup |7 ()1l 1G: (NI
fGX,|f|<1{ZZ_; e ; s

Q=

<B <Z ||fi<n>||g>

The argument to obtain the lower bound of {G;}52, is similar. Notice that the
existence of a dual p-frame and therefore von Neumann—Schatten p-frame is
not guaranteed in general [8].

In the following proposition, we present a well-known characterization of

dual of discrete frames to von Neumann—Schatten p-frames.

Proposition 2.2. Let {G;}2, be a von Neumann—Schatten p-frame. There exists
an one-to-one correspondence between duals of {Gi}52, and left inverse of Tj.
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Proof. Let W : @, C, — X be a left inverse of 7. Define
Fi: X' = Cq,  Fi(n) =m(Wrn) (2.2)

where m; : @ C,; — C, is the standard projection on the i-th component. Then

oo oo

YO IFEIE =Y Im(W )l

i=1 i=1

= [{W=nilg < IWII*lInll*.

Hence, {F;}52, is a von Neumann—Schatten p-Bessel. Moreover,
ToT30) = (1)

Z (W n)Gi = TgW™n = 1.
=1

Conversely, assume that {F;}52, is a dual for {G;}32,. Obviously T’ is a left
inverses of T¢. O

In the next theorem, we give a perturbation result on von Neumann—
Schatten p-frames.

Theorem 2.3. Let {G,;}°, be a von Neumann—Schatten p-frame with bounds
A, B and let {V;}52, be a sequence in B(X,C,). Assume that there exist con-
stants Ao € [0,1) and Ay, > 0 such that

> AiGi -V

ZAigi ZAiVi tu (Z ||~Ai|g> (2.3)
i=1 i=1 i=1 i=

for each finite sequence {A;}1y C ®4,Cq. Then {V;}2, is a von Neumann—
Schatten p-Bessel for X with bound

(I+XM)B+p

I—=Xx

Moreover, if there exists a dual {F;}72, C B(X*,®Cy) for {G;}32, with upper
bound D such that max{\1 + uD, X2} < 1, then {V} ©, s a von Neumann—
Schatten p-frame with the lower bound

)

D (14 X2)

n

<X\ + A2

Proof. The synthesis operator Tg is bounded and ||Tg|| < B since {G;}2, is a
von Neumann-Schatten p-frame. Moreover, condition (2.3) implies that

S AG; 2 ™ (Z ||Ai|g> (2.4)
i=1 =1

14+ XM
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for each finite sequence {A;}7 ;. It terms of the synthesis operators, (2.4)

states that
% G
I
+ - (Z IAi|Z>

i=1

Ty {Ai}|

IN

< 1+ )\1) B +u
- 1-
So, {V;}72, is a von Neumann— Schatten p-Bessel with the desired upper bound.

Now assume that {F;}32, is a dual of {G;}5°,, then (2.3) can be expressed in
terms of operators as

[TgAi = TvAll < M (| TgAill + A [TV Ail| + o [[{AG] - (25)
Using (2.5) on the sequence {A;} = T we obtain that
In = TvTenll = [TgTrn — TyTr|
< Al 4+ A2 [TVl + | T5n)
= (A4 D) Inll + A2 (|1 TV Tzn| -
It follows from [5, Lemma 1], that 73,75 is invertible and

1+ X\ +puD 1) < 1+ A
1—X ~1—(\ +uD)’

Hence, for any n € X* we have

{HAG ({Ai} € ©Cy).

[TVTE| < |(TvT5)

D(1+ \2)

Inl| = HTVT;:(TvT]: 77” < |ITv|| m

]l -

Therefore

1— (Al —|—/.LD) > P %
m”f” < <Z|Vi(f)|p> '

i=1

3. Hilbert—Schmidt Frames and their Duals

Hilbert-Schmidt frames as a class of von Neumann—Schatten p-frames were
introduced in [17]. In this section, we show that such frames have a dual and
try to characterize their duals.

A sequence {G;}3°, of bounded linear operators from H into Co C B(K)
is said to be a Hilbert—Schmidt frame, or simply a HS-frame for H with respect
to K, if there exist two positive numbers A and B such that

AllIfIIP < Z IG:(HI3 < BIFI,  (F €M) 3.1
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In particular, every g-frame can be considered as a Hilbert—Schmidt frame.
More precisely, let {A; : i € N} be a g-frame for H with respect to {ICZ- i € N}
Then {A; : i € N} is HS-frame for H with respect K = @, K;

Let {G;}52, be a HS-frame for H with respect to K. Deﬁne the HS-frame
operator Sg as follows,

Sof =Y _GiGi(f) (feM), (3.2)

i=1
where G is the adjoint operator of G;. In [17], it is shown that HS-frame
operator is bounded, invertible and self-adjoint, and therefore we have the
following reconstruction formulas

D GGST f=f=) 5"GGf (feH) (3.3)
=1 =1

Here, the synthesis operator Tg : ©Cy — H is given by

To({A;}) = ZAgZ

where (D2, AiGi) f = > 2, AiGi(f) defines an element of H.
According to (2.1) a HS-frame {F;} is called a dual of {G;}$2, if T#T§ =
I3, or equivalently,

N GFE(f)=f (feMN). (3.4)

Due to (3.3) the sequence {G;S; "}, which is a HS-frame, is a dual of {G;}32;;
so called the canonical dual. We now present a characterization of dual HS-
frames.

Theorem 3.1. Let {G;}22, be a HS-frame with an upper bound B. There exists
a one-to-one correspondence between the duals of {G;}32, and the bounded
operators U € B(H,®Cs) such that Tg¥ =0

Proof. Let {F;} be a dual of HS-frame {G,}22,. Define ¥ : H — &Cs by

Vf={Ff-GSg'f}, (feH) (35)
Obviously, ¥ is bounded and

ToWf =Y (Fi(f)—G:iSg'f) G
i=1

=D 0 (Fif) ~ GiSg 1)
=1

= ToTrf =) GiG:iSg"f =0.
i=1 =1
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Conversely, let TgW = 0 for some ¥ € B(H, ®Cs). Letting F; : H — Ca by
Fif =GiSg' f+m(Vf), (f€eH). (3.6)
Then

DIFLIP <D NGSG NP+ D Ima(WHI® +2D 11GiSg f Il (w £l
i=1 i=1 i=1 i=1

< <B||Sg_1|| +[1e)* + 2 BIISg_lll‘I’II) 11

ie. {F;} is a HS-Bessel. Moreover,
S GFSf =) GG [+ Gim(Tf)
i=1 i=1 i=1

=[+Tg¥f =/
The proof is complete. O

The largest lower frame bound and the smallest upper frame bound in
(3.1) are called the optimal frame bounds. Let {G;}°, be a HS-frame with
the optimal frame bounds A and B. It is not difficult to see that B = [|Sg||
and A = ||S§1||’1, moreover, + and % are the optimal frame bounds of
1GiSg 119¢ . The relation between optimal bounds of a frame and its duals is

discussed in the following theorem.

Theorem 3.2. Let {G,;}32, be a HS-frame with the optimal frame bounds A
and B, and {F;}52, be its dual with the optimal frame bounds C and D. Then
AD > 1 and BC > 1. Furthermore, the following are equivalent:

1. D=7

2. C= 3,

3. {Fi}2, is the canonical dual.

)

=

Proof. By using Theorem 3.1 there exists a bounded operator ¥ such that
TV =0 and

Fi = Qisgl +m V. (3.7
Hence,

o0

(Sxf. f) :Z<]:z’f7-7:z‘f>

=1

=> (GiSg" £.G:Sg f) +(GiSg £, mVf)

1=1

+(mVf,GiSg ) + |lm U f|?
= (951 ) +(T5SG 1,0 f) + (Wf,TES5 f) + (U f, U f)
= (£,Sg ) + 1w s>
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for each f € H. On the other hand, since D is the optimal upper bound of
{Fi}22, we obtain

D =|Sz|| = sup {{S#f, )}

Ifl=1
= |SF + [¥)?
1 1
= +|U|?2> =.
il [ > 1

In particular, D = % if and only if ¥ = 0 or equivalently {F;}2; is the
canonical dual. Now (3.7) immediately shows (1) and (3) are equivalent. If we
interchange HS-frames {G;}52, and {F;}32,, we obtain C' > . Similarly one
can show that (2) and (3) are equivalent. O

Let {G;}$2, be a HS-frame for H with respect to K and {v; ; : 4, j € N} be
a orthonormal basis of Cs. Define a bounded linear functional on H as follows

= {(Gif.vij)r (f€H).

By Riesz representation theorem, there exists g;; 1 € H such that

(Gifivig)e = ([, 9506) (f €H).
Hence
Gif = (fgi6)vk (f€H).
Ik

The sequence {g;,:,1} is a Bessel sequence since

Y Wfogiam P =GP < IGIPIFIP (f € H).
I,k

Now, for any f € H and A € Ca, we get

(f,GFA) = (Gif, A)r = <Z<f, 9j,l,k>l/l,k7-/4> = <f7Z<A, Vl,k>7—gj,l,k>-

1k - 1Lk

Therefore
GrA=Y (Avip)rgie (AEC).
1,k
In particular, if A = v, ,, =€, ® e,,, then
gt*(en by em) = 9jnm- (3.8)
Based on the above discussion, we get a characterization of HS-frames, Riesz

bases, and orthonormal bases.

Theorem 3.3. Let {G;}5°, be a HS-frame and g, 1 be defined as in (3.8). The
sequence {G;}2, is a HS-frame (resp. HS-Bessel sequence, tight HS-frame,
HS-Riesz basts, HS-rthonormal basis) for H if and only if {gj1r : j,k,l € N}
is a frame (resp. Bessel sequence, tight frame, Riesz basis orthonormal basis)

for H.
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