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Introduction

Relative differential geometry is a general theory of the affine geometry of
hypersurfaces in an affine space. It contains equiaffine and centroaffine geom-
etry as special cases. For details of relative differential geometry, one refers to
[18,28].

Affine spheres are the most simple but very important objects in equiaffine
differential geometry. Many authors contribute their efforts to this subject.
Some properties and more references about affine spheres can be found in
[18,25,28]. In a series of papers [3,8-13,20-22], symmetric affine spheres were
intensively studied by F. Dillen, Z. Hu, C. Li, H. Li, X. Li, U. Simon, L.
Vrancken, etc.

Wang [30] introduced the concepts of a Tchebychev operator and of
Tchebychev hypersurfaces in centroaffine geometry. The conformal classifi-
cation of Tchebychev hypersurfaces is given in [23]. For some results about
Tchebychev hypersurfaces we refer to [14,17,19,23,24,29].

The authors of the paper [17] introduced the concept of a relative Tcheby-
chev hypersurface (in relative geometry) which includes the concepts of an
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affine sphere in equiaffine geometry and of a Tchebychev hypersurface in cen-
troaffine geometry as special cases. They also stated some local and global
Ricci-pinching theorems for relative T'chebychev hypersurfaces.

In the past two decades, the studies of affine hypersurfaces and of La-
grangian submanifolds interacted each other. Recently, [20] gives a direct cor-
responding between symmetric equiaffine spheres and symmetric minimal La-
grangian submanifolds in certain complex space forms. Inspired by the work
on rigidity theorems of minimal submanifolds and Lagrangian submanifolds,
such as [5,6,16], we are going to study rigidity problems about cubic forms for
relative Tchebychev hypersurfaces.

This paper is organized as follows. In Sect. 1, we review some basic facts in
relative geometry. In Sect. 2, first we review some basic facts about cubic Simon
forms and relative Tchebychev operators. Then we give a detailed calculation of
the Laplacian of the norm of the cubic Simon form. In Sect. 3, we obtain some
local and global rigidity results about the cubic form for relative Tchebychev
hypersurfaces.

1. Preliminaries

In this section, we would like to review the fundamental equations of an affine
hypersurface with a relative normalization. For details of the contents, one
refers to [18,28].

1.1. Relative Normalization of a Nondegenerate Hypersurface

Let A be an affine space which is modelled on a real vector space V' of dimension
n+ 1. Let V* be the dual space of V, and (, ) : V x V* — R the canonical
pairing. A has a smooth manifold structure. Moreover T,A = V and T; A = V*
for each point p € M. Let V be a flat affine connection on T'A, and V* the
dual connection on T*A.

Let  : M — A be an immersed connected oriented smooth manifold M
of dimension n. Then for each point p € M, dz(T,M) is an n dimensional
subspace of T,(,)A, and defines a one dimensional subspace C,M = {v, €
V*|kerv, = dx(T,M)} C T;A. The trivial line bundle CM = |J,C,M is
called the conormal line bundle of x.

Let Y be a nowhere vanishing section of CM. If rank(dY,Y) = n + 1,
then z is called a nondegenerate hypersurface. The nondegeneracy is inde-
pendent of the choice of the conormal field Y. In this paper, we will only
discuss nondegenerate hypersurfaces. Let y : M — V be a vector field with
rank(y,dz) = n+ 1. If (Y, dy) = 0, then y is called a relative normal field. Fur-
thermore, if (Y, y) = 1, then the pair {Y, y} is called a relative normalization of
2. From now on , all normalizations considered are relative normalizations. A
nondegenerate hypersurface x with a given relative normalization {Y,y} will
be denoted by a triple {x,Y, y}.
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We state the structure equations of such a triple {z,Y,y} as follows:

Voy = dy(v) = —dz(S(v)),

Vpdr(w) = dz(V,w) + h(v, w)y,

VidY (w) = dY (Viw) — S(v,w)Y,
where S is the affine shape operator, h is a nondegenerate symmetric (0, 2)-
tensor, V and V* are torsion free affine connections on 7'M respectively, and S
is a symmetric (0,2)-tensor. h is definite if and only if 2(M) is locally strongly
convex; in this case, choosing an appropriate orientation of the normalization,
h is positive definite and thus a Riemannian metric (In the case that h is

nondegenerate one can consider h as a semi-Riemannian metric).
These geometric quantities satisfy the relations

S(v,w) = h(S(v),w) = h(v, S(w)),

dh(v1,v2) = h(Vv1,v2) + h(v1, Viva). (1.1)
V and V* are torsion free affine connections on the tangent bundle TM of the
manifold M. If the triple {V, h, V*} satisfies (1.1), then V and V* are called
conjugate connections.
1.2. Consequences of Conjugate Connections
For a triple of conjugate connections {V,h, V*}, one can define C = %(V —
V*) € Q' (M, End(TM)). By (1.1), the (0, 3)-tensor C := ho C is totally sym-
metric and called the cubic form of {V, h, V*}. For {V, h, V*}, the Tchebychev
form T is defined as the normalized trace of C,

- 1
T = —trC.
n

The Tchebychev field T is the dual of 7" with respect to h.
For conjugate connections {V,h, V*}, the curvature tensors R, R* and
R" of V, V* and V", respectively, are related as follows

R=R'4+[V".Cl+CAC, (1.2)
R*=R"— V" C]+CAC, (1.3)

where V" is the Levi-Civita connection of the semi-Riemannian metric h. The
Ricci tensors have the relations

Ric = Ric" 4 div"C — nV"T 4+ (T, C) — a, (1.4)
Ric* = Ric" — div"C + nV"T 4+ (T, C) — a, (1.5)

where a denotes the following symmetric (0,2)-tensor
a(U,V) = tr{w — C(C(w)U)V}. (1.6)

For the conjugate connections {V, h, V*}, induced by an affine hypersur-
face (M) with a relative normalization {Y,y}, one can prove that V and V*
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are Ricci symmetric, and that the Tchebychev form is closed dT = 0; see e.g.
[28].

1.3. Integrability Conditions

We have the following equations from the integrability of an affine hypersurface
(M) with a relative normalization {Y,y},

(VuS)(V) = (Vv S)(U), (1.7)
R(U, VYW = —(h(U,W)S(V) — h(V, W)S(U)), (1.8)
and
(VES)(V, W) = (Vi.9)(U, W), (1.9)
R*(U, VYW = —(S(U,W)V = S(V,W)U). (1.10)

Using (1.2) and (1.3), it is clear that (1.7)—(1.10) imply the following
complete integrability conditions in terms of V",

RMU, V)W = —% [h(U, W)S(V) — h(V,W)S(U) + S(U, W)V — S(V, W)U}
+CC@W)V — C(C(V)W)U], (1.11)

(VEC) (V)W = (Vi.C) (U)W
- —% [h(U, W)S(V) — h(V,W)S(U) — 8(U, W)V + (V. W)U} . (1.12)
and
(VES)V — (Vi.S)U = C(SU)V — C(SV)U. (1.13)

We list here two formulas about the Ricci curvature and scalar curvature
as they will be used soon after,

Ric" = a — n(T,C) + %((trS)h +(n—2)8), (1.14)
and
n(n — 1)k =: trRic" = (n — DtrS + ||C||? — n?||T||%; (1.15)

k is called the normalized scalar curvature.
Note that (1.14) and (1.15) follow directly from the integrability condition
(1.11).

2. Some Properties of Cubic Forms

2.1. Cubic Simon Forms, Quadrics and Relative Tchebychev Hypersurfaces

Let x : M — A be a nondegenerate n-dimensional hypersurface immersed into
an (n+ 1)-dimensional affine space A. For any relative normalization {Y,y} of
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x(M), the cubic Simon form C' as a (1,2)-tensor field is defined as the traceless
part of the cubic form C":

CU,V) = CU,V) - nLH (WU V)T + h(U,T)V +h(V,T)U}. (2.1)

It is proved that C is independent of the choice of the relative normal-
ization. Moreover, the equation C' = 0 characterizes quadrics (cf. [28]).
The following (1,1)-tensor fields

n
n+2
are defined in [17]. Following [17], a hypersurface x(M) is called a relative
Tchebychev hypersurfaceNWith respect to a relative normalization {Y,y}, if

L = \id, or equivalently L = 0. One should note that the concept of a relative
Tchebychev hypersurface depends on the choice of the normalization.

1 - 1
L= 55 — VT and L:=L- =trL id
n

Lemma 1 [17]. Let (M) be a nondegenerate hypersurface with a relative nor-
malization {Y,y}. Then the following equation holds

(V) (V. W) = (VO (U, W)
=~ [MUW)LV) = hV,W)LU) = W(LU), W)V + h(L(V), W)U |
(2.2)
It implies that div'C = —nho L. As consequences, the following condi-

tions are equivalent

(i) x(M) is a relative Tchebychev hypersurface;

(ii) (VEC)(V,W) = (V.C)(U,W) for any vector fields U,V,W € T(TM);
(i) div"C = 0.
2.2. Estimates of X||C||?
Let z : M — A be a nondegenerate immersed hypersurface of dim M = n. Let
{Y,y} be a relative normalization of x(M). A local frame field ey, ..., e,, ent1
is called an adapted relative affine frame field if e,,;1 = y and eq,..., e, are

local orthonormal tangent vector fields with respect to h. Their dual frame
fields are @',...,0™,0"t! =Y. In this paper we adopt the index range

1 S Z”j7k’l7p’q,s7t g n.
Then from (1.11) and (2.1), we have

Riy=-3 (60i87 = 0uSt + Sud] — Sud]) + (ChCh - ChCl) . (23)

and
n

n+2

=C}, — B, (2.4)

Cck=cl - (T*6;5 + T30 + T754)
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where Rijkl =h (Rh(ek, 61)61‘, ej) ack

= h(C(ei)ej, ex), T* = h(T,ex) and

B = — 2 (T%6i5 + T0jk + T761;) -

Theorem 1. Let x:(M) be an affine hypersurface with a given relative normal-
ization {Y,y}. Then the Laplacian of ||C||* with respect to the metric h has
the following expression:

1 ~ ~ n+2 . 1 ~
SXNCIP = V"I — (n+2) Y CELY; + =5~ > a;Sjp + 5trSI|C)?
ijk Jp

(e _cv'éi) +lla)?
ij

2

n ~

—n > CEChCRT — Z CHCRHT'T? — —— |ICIP |,
Jkst ljk}bp

(2.5)

where the notation N(A) == trA'A =3, (a;7)? is used for a matriz A = (a;j)

as usual (cf. [5,6,16]), C* denotes the matriz (C},) and &;j :== 3, C’}Cté’it

Proof. By definition, one has
h 2 h A2 kA Ak
AIICII IV"C|I? + ) CEACE,
ijk
where NC’Z’“J =, C’fj’tt; using the local calculus, the comma “” indicates

covariant differentiation in terms of V".
We reformulate (2.2) under the adapted frame field as

Clk,—Ch = (5@? — 5Lk — Luidk + Eﬁaf) . (2.6)

it,J
The Ricci identity reads
Ck o~ Ck  =CERY +CERP, —CUR),,. (2.7)

zts ipT vy ts

By (2.6) and (2.7), we have
Z Cl oy = Z - (5m — L6k + iﬁ,t(sf)
- Zc{; o+ Z (ChR7.+CLRY, — CHRE,)
- Z <5tiL_j,t — 85iLy, — Lyi b6F + Eji,tfsf)
=> Ciris =D (&Jﬁj = 0it Ly = Lt j0F + Lir ;07 )

t t
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k k
+ > (ChR D+ ClLRY, — CLR )
t
- Z (5til~4§,t - @ﬂif)t - iti,t(ﬁ? + ffji,téf) . (2.8)
t

Since C' is traceless, by (2.3) and (2.8), we get

S CEXCE =Y "CECE

ijk ijkt
~(n+2)Y ChLE + Y ¢ (Ck R7, +CLR, cg';Rpkjt)
ijk ijktp
- n+2)ZCZ]€JLfJ
ijk

17 ' pt Ju st ti ' sj

+ Y CEC [— (070SF — 6155 +5:0F — S136%) +(C5,.Ch,— cscp)]

ijkstp

+ Y ChCE [— 87457 —61S? + Sje6F — St ) + (C5,CY, — O;;OP)]

ijkstp
— Z c{gcg [— (8;p5F —0epSF + Sjp0y —Sipo7 )+ (C5,Cl — c;pcfj)]
ijkstp
S ekih 4+ PEIN erek g 4 Ligiee
_(n+ )Z ij 7,] 2 Z ij ' pi +§I‘ || H
ijk ijkp
+ Y CECH (C3CE = CrCP )+ > CECE (C5,CY — C3CE))
ijkstp ijkstp
1 11
o Z CZkJClI; ijcﬁt C,prfJ)
ijkstp
111

The three terms I, II, III have the following expressions,

1= Y ChCl (Gt - Cren)

13 ' pt ti ' sj
ijkstp
+ Y ke (CS BY, + B;,C", — C3,BY, Bflcfj)
ijkstp

+ Y ChCy (B:BY, — BjBY))
ijkstp

= Y ke (¢sen - ey

ijkstp
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2n Ak Ak s s 2n* Ak Ak i
) > CECHCTe — nto)ye Y CheyTiTr

n
ijkst ijksp
n ~
_ C 2 T 2
o IOPITIP,
=Y ckck (é;tég’t — éftéfj)
ijkstp
+ 7 OOk (CouBh + B3Ol — C4BL, — BiCT)
ijkstp
+ > C5CL, (B3,BL — BiBY)
ijkstp
Ak Ak 1S A n(n —2) Ak Ak AP s
= Y CLCLCCL, — i Y CheLonT
ijkstp ijksp
nz(n_ 2) Sk Ak g
T mr2? > CLCLTIT?
ijksp
3
n ~
- C)*IT)?
O
M= 3 CLCE (C5,Ch - Ci,Ch)
ijkstp
Sk Ao (s pk s Ak As pk s Ak
+ 3 ChCh (G, B + By, Cl - G5, BY, - Bi,CY)
ijkstp
+ Z C'zkaéﬁ (B;prt - Btsprj)
ijkstp
= 7 ClCn (G5, Ch - Ci )
ijkstp
L2 NS GG s 2 NS Gl i i
n—l—QZ ij it~ st (n+2)22 ij it
ijkst ijkt
2
n ~
— 1P
+ o IOPIT

Combining the above formulae about I, IT and III, we have
1 N - _ -
5&”0”2 = |V"C|?+ ) _ChACk
ijk

- - 12 - 1 -
= [V"CI2 — (n+2)> CkLE, + " > ClCLSy + teS|CIP

] 2 ij ' pi
ijk ijkp

+ 3l (Crln - Gt ) + 0 ChekCser,

ijkstp ijkstp
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- Y O (65,05 - G,

ijkstp

2 2
Sk Ak Fis s n Ak Ak i n A2 2

— E k ) _75 k Ok p_ %
n CrChCuT > CrOr T - 2||C|| 1Tl

1j 7t 177 PJ
jkst ijksp
h A2 ik, M2 ~ 1 12
=[V'C|IF = (n+2) ZcijLi,j T Zajpsjp + 5trS||C’||
ijk jp
n’ = 2 2
- 2G|
+ 3N (C'CT - CICT) + all? - n Y CECH T
ij jhst
n’ Ak Ak ip
i Ci;Cp TVT?.
ijksp

O

From Theorem 1, we have some estimates of A'[|C||?. For locally strongly
convex hypersurfaces, the following theorem holds.

Theorem 2. Let (M) be a locally strongly convex hypersurface with a relative
normalization {Y,y}. Then

1 . i
FXNCI* 2 ~(n+2) ) CHLE;
ijk
n?(n + 10)
4(n+2)
where Amin(S) denotes the minimal eigenvalue of S. Moreover, if x(M) is a
locally strongly convex relative Tchebychev hypersurface, then L =0 and
n?(n + 10)
4(n+2)
Proof. On the set where T' is not zero, we can choose an adapted local frame
such that e; = T/||T||. Then

- 1. -
+ I [0+ DAwin(S) - I + LI

1 ~ ~ 1 -
SRICIE 2 11 |0+ DAuin(S) - I+ 2101 @9

1 ~ ~ S~ n—+2 . 1 ~
SAUCI = IVMCI2 = (n+2) Y CELE, + “2= 3 Sy + 5tSICP°
ijk Jjp

"GP + SN (¢'ev - coc)
n+2 7

2
~ ~ ~ n ~
+ Zafj - nzaijcileT” D) (CH2ITI
. O O, 1 -
= [V"CI? = (n+2) Y CELE; + == D a8y + S|
ijk Jp
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+2p¢@@_@@)

+Z:@m— HH) fﬁj?%}@pﬂﬂﬁ

—(n+2) ZC’“L’“ 1)>\min(S)Hé||2
ijk
1, ~4 n*(n+10) on AN
— - —— T .
+ Lo - P ITIEe
We have used the following inequalities
e 1 -
I _ It > = 4 )
ZN(CC cc)_nncn, (2.10)
ij
and
> a8 = tr(@S) > tr(@)Amin () = [|C)* Amin(S), (2.11)

Jp
as @& is semi-positive for locally strongly convex hypersurfaces, and S is sym-
metric.
On the set where T' = 0, one easily has the required inequalities. U

For nondegenerate relative spheres, i.e., S = X id for some constant A,
we have the following estimate.

Theorem 3. Let x(M) be a nondegenerate relative sphere with respect to a
normalization {Y,y}, thus S = X id. If (M) is also a relative Tchebychev
hypersurface then
n?(n + 10)
4(n+2)
The proof of Theorem 3 is similar to that of Theorem 2, except (2.11).
In this case, (2.11) is an equation

> a8 = AIC|P.
Jjp

1 ~ ~ 1 -~
5Ah|\0||22HCII2 [(n+1)A IITH2+5HCII2 . (2.12)

More specifically, if we consider nondegenerate equiaffine spheres then
the following inequalities hold as a corollary of Theorem 3.

Corollary 1. Let (M) be a nondegenerate equiaffine sphere, thus S = X id.
As T = 0 here, M is automatically a relative Tchebychev hypersurface, and
then (2.12) has a simpler form

1 1
FZNCI = NICIP |(n+ DA+ —[[C17| - (2.13)
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Remark 1. We compare our results with classical results about the Pick in-
variant [15,18,25-27],

1.4 9 9 n+1 9
— > _ .
S&cP = el [<n+1>x+n(n_1)ncn : (2.14)

we observe that our estimates are not optimal for equiaffine spheres; in this
case one needs more careful estimates.

In the case n > 2, the following expression of A'[|C||? was obtained in
the paper [17] for the purpose of Ricci-pinching theory,

1 - N I
§Ah||C||2 = |V"CI? = (n+2)>  CELE, + W2

ij 0,5
ijk

n—+2 - 2n
+ n_o29 izjaij (R” — Mﬁaij> 5 (2.15)

where W is the Weyl conformal curvature tensor,

1
Wijki := Riji — - (Rir0j1 + Rj10it, — Rit0jx — R;rir)
nK
-2

Comparing the formulae (2.5) and (2.15), one gets a formula about the
norm of the Weyl tensor.

+n (5ik6jl - 5il5jk) .

Corollary 2. The norm of the Weyl tensor can be expressed in terms ofé and
h only, namely:

2 . S 4
2 4 % i ~2
e TN (o o0) Lty
W= Gy I+ NG - ) =g 2%
L2 N Ckeh T + "I (2.16)
n—+2 “ Eae n+2 ' '
ijksp
Proof. First one notes that
n . n(n—2) . - 2n?
= — 7.0\ — ——2T®T+ —|T|h. 2.17
G=a- S0 - T et 2 (2.17)

Using a local adapted frame field, one combines (1.14), (2.4) and (2.17)
to get

n+2 -
D> aiiRig
ij

n—2

n+ 2 - 1 4 112 4 9
= izjaijsij+2(l+n_2>tr5||0|| +<1+n_2)2%
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e~ 3In2 S )
—n Y CECLOHT — = 7 CHOLT'TY
jkst ijksp
n? 2 ~
- 2+ —— ) ICI*IT>. 2.18
5 (24 25 1PIT) (2.18)

By (2.4), (2.18) and (1.15), we have

2 "H25 s (R 2 s
HWH +n_2%:alj (RU n+2f£513>

Wi+

n+2 - 2n =19 9
n72zainij—n72mHCH = |[W]* +
ij

n+2 5
ij

2||C~'H2 2 n—1 oy 2
— B - DS+ [|C)2 - 2T
D) | DS H IO T
F2 1 - i o
_n DSy + FteSICIP + Y ak + >N (C”OJ - CJC”)
17 17 17
~ ~ ~ 2 ~ ~ . 2 ~
—n Y CECRCT — 5 37 CEORT'T? — 2 |CIP TP
jkst ijksp

4 ) 2 -
: n_QZa?j—m_UM||C|4—%;N(c ele)

ij

2 ke e - Y jeRiE] + e
n+2 4 R n+ 2 '
ijksp
Then the corollary follows form (2.5) and (2.15). O

Remark 2. If one uses the expression (2.15), by (1.14), (1.15), (2.4) and (2.17),
there is also a formula similar to (2.5). But the derived estimates will not be
better than Theorems 2 and 3.

3. Rigidity Theorems for Relative Tchebychev Hypersurfaces

As applications of Theorems 2 and 3, in this section we are going to prove
some rigidity theorems for relative Tchebychev hypersurfaces.

Theorem 4. Let x(M) be a locally strongly convex relative Tchebychev hyper-
surface with respect to the relative normalization {Y,y}. Assume that x(M)
satisfies

(i) ||C||* = constant,

4(n +2) _ 1o
) <(n+ 1)Amin(S) + n||C\| ) .

.. T 2
@) 1T < 5oy
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Then x(M) is a quadric.
Proof. The assumptions (i) and (2.9) imply that

2
. +10) 1~
S 1612 L+ sy = 100 e Ly ane) S
0> CI | (0 + DAwin(S) = SEZ T + 11T > 0
By the above formula and (ii), one gets ||C||> = 0 on (M). So x(M) is
a quadric. O

The classification of locally strongly convex equiaffine hypersurfaces with
parallel cubic form shows that there exist many non-quadratic hypersurfaces
in this class, they are hyperbolic affine spheres (cf. [12,13,20]). For such hy-
persurfaces, we have an upper bound of the norm of the cubic form.

Corollary 3. Let x(M) be a locally strongly hypersurface with equiaffine nor-
malization. Let V"C = 0 and C # 0. It is well known that M is a hyperbolic
affine sphere and S = X\ id. Then

IC1* < n(n+ DAL

Proof. The apolarity condition for the equiaffine normalization states that
T = 0, and this implies C = C. As already stated V"C = 0 implies that
M is a hyperbolic affine sphere (cf. [3,8]); moreover V*C = 0 also gives that
|C||? = constant. Finally we get that (n+ 1)A + 1{|C||? < 0. O

For a hyperovaloid, we have the following gap theorem.

Theorem 5. Let x(M) be a hyperovaloid and additionally a relative Tchebychev
hypersurface with respect to a relative normalization {Y,y}. Assume that (M)
satisfies

4(n +2)
n?(n + 10)
Then x(M) is an ellipsoid.

1 =
)2 < (4 D) + 107)

Proof. Since M is closed, we have
1 ~ ~ n?(n + 10)
oz/ Lao 022/ 02[n+umins i+
[ SR 2 [ ICI? |-+ V() - "R
By the assumption, ||C H~2 must be zero everywhere. As z(M) is locally
strongly convex this implies C' = 0, and thus (M) is an ellipsoid. g

1 -
I + ||c|ﬂ .
n

Remark 3. In the paper [24], Liu and Wang proved that relative Tchebychev
ovaloids in A% must be ellipsoids. So Theorem 5 gives new information only
for dimension n > 3.

When the normalization of the closed manifold M is centroaffine, then
z(M) is always a relative sphere and satisfies S = id. In this case, we have the
following theorem of Blaschke-Deicke [1,2,4,7,25] as a corollary of Theorem 5.
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Corollary 4 (Blaschke—Deicke). Let (M) be a hyperovaloid with centroaffine
normalization {Y,—x}. If the centroafine Tchebychev field satisfies T = 0 then
C =0 and (M) is an ellipsoid.

Proof. T =0 implies that (M) is a centroaffine Tchebychev hypersurface. In
this case C' = C, and the following inequality holds

4(n+2) 1
= |72 < =22 D+ =c|?).
0= 171 < 2 (4 1) + 1)
Then Theorem 5 implies that C' =0 and z(M) is an ellipsoid. O
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