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Abstract. In this paper, we introduce a certain class of linear positive
operators via a generating function, which includes the non-tensor MKZ
operators and their non-trivial extension. In investigating the approxima-
tion properties, we prove a new Korovkin type approximation theorem by
using appropriate test functions. We compute the rate of convergence of
these operators by means of the modulus of continuity and the elements
of modified Lipschitz class functions. Furthermore, we give functional
partial differential equations for this class. Using the corresponding equa-
tions, we calculate the first few moments of the non-tensor MKZ operators
and investigate their approximation properties. Finally, we state the mul-
tivariate versions of the results and obtain the convergence properties of
the multivariate Meyer–König and Zeller operators.
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1. Introduction

It was Korovkin who introduced the idea of approximation to a function by
means of positive linear operators [18]. Different variants of the Korovkin’s
theorems can be found in [7]. Especially in the last two decades, many math-
ematicians studied and improved this theory by defining positive linear oper-
ators on various function spaces (see [12–14,21]). In the present paper, we are
concerned with the celebrated Meyer–König and Zeller operators which were
defined in [20] by

Mn(f ;x) =
∞∑

k=0

f

(
k

n + k + 1

)(
n + k

k

)
xk(1 − x)n+1, x ∈ [0, 1) .

http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-015-0472-0&domain=pdf
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Different variants of these operators and their approximation properties have
been an area of intensive research during the last five decades (see [2,3,11,15,
23]). The slightly modified form of these operators were given by Cheney and
Sharma [9], where they replaced the nodes k

n+k+1 by k
n+k and introduced the

modified operators, which they called Bernstein power series. In 2005, Altın
et al. [6] considered a generating function extension of the Bernstein power
series and proved a Korovkin type approximation theorem by using the test

functions
∼
f i(t) = ( t

1−t )
i (i = 0, 1, 2). It should be noticed that, if one uses the

usual Korovkin’s theorem (where the test functions are fi(t) = ti (i = 0, 1, 2))
in investigating the approximation properties of the operators Mn(f ;x), it is
not easy to calculate the second moment. Alkemade [5] solved this problem,
but the result was not sufficiently useful. For the estimation of the higher order
moments, we refer [1,8,16]. Another generalization of Bernstein power series

was given in [10], where the author used the test functions
∼
f i(t) to prove a

Voronovskaja type asymptotic formula. The uniform approximation properties
of the Bernstein power series were obtained very recently in [17].

Taşdelen and Erençin [22] introduced the bivariate tensor type generaliza-
tion of the Bernstein power series by means of the generating functions. They
proved a Korovkin type approximation theorem by introducing the test func-
tions f0(s, t) = 1, f1(s, t) = s

1−s , f2(s, t) = t
1−t and f3(s, t) = ( s

1−s )2 +( t
1−t )

2.
Recently, the multivariable version of the above mentioned Korovkin theorem
involving the matrix summability methods was given in [4].

Let

SA := {x = (x, y) : 0 ≤ x ≤ A < 1, 0 ≤ y ≤ A − x} .

In the present paper, we introduce the following non-tensor two variable op-
erators:

Ln(f ;x, y) =
1

Ωn(u, v;x, y)

∞∑

k,l=0

f

(
ak,l,n

ak,l,n + ck,l,n + bn
,

ck,l,n

ak,l,n + ck,l,n + bn

)

×Pn
k,l(u, v)xkyl (1)

where
ak,l,n

ak,l,n + ck,l,n + bn
,

ck,l,n

ak,l,n + ck,l,n + bn
∈ SA, (0 < A < 1)

Pn
k,l(u, v) ≥ 0 for all SA ⊂ R

2 and {Ωn(s, t;x, y)}n∈N is the generating function
for the double indexed function sequence {Pn

k,l(u, v)}k,l∈N0 given in the form

Ωn(u, v;x, y) =
∞∑

k,l=0

Pn
k,l(u, v)xkyl. (2)

(x, y) ∈ SA

It is clear that Ln(f ;x, y) is linear and positive and therefore monotone.
Throughout the paper, we assume that the following conditions hold:
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(i) Ωn(u, v;x, y) = (1 − x − y)Ωn+1(u, v;x, y),
(ii) ak+1,l,nPn

k+1,l(u, v) = bn+1P
n+1
k,l (u, v), ck,l+1,nPn

k,l+1(u, v) = bn+1P
n+1
k,l

(u, v),
(iii) ak+1,l,n = ak,l,n+1 + dn, a0,l,n = 0, |dn| ≤ K1 < ∞ (∀n ∈ N),
(iv) ck,l+1,n = ck,l,n+1 + en, ck,0,n = 0, |en| ≤ K2 < ∞ (∀n ∈ N)
(v) limn→∞ bn = ∞, limn→∞

bn+1
bn

= 1 and bn �= 0 (∀n ∈ N).

Note that, choosing Ωn(u, v;x, y) = 1
(1−x−y)n+1 , we see from (2) that

Pn
k,l(u, v) = (n+k+l)!

n!k!l! . Further, taking ak,l,n = k, ck,l,n = l and bn = n in (1),
we obtain the non-tensor bivariate Meyer–König and Zeller operators (see [19])

Mn(f ;x, y) = (1 − x − y)n+1
∞∑

k,l=0

(n + k + l)!
n!k!l!

xkylf

(
k

k + l + n
,

l

k + l + n

)
.

Letting u, v ≥ 0 to be fixed, and taking Ωn(u, v;x, y) = 1
(1−x−y)u+v+n+1

then Pn
k,l(u, v) will be

Pn
k,l(u, v) =

(
n + u + v + k + l

k, l

)
=

Γ(n + u + v + k + l + 1)
Γ(n + u + v + 1)k!l!

.

Choosing, ak,l,n = k, ck,l,n = l and bn = n + u + v, we define the generalized
form of non-tensor bivariate Meyer–König and Zeller operators:

A
(u,v)
n (f ;x, y) : = (1 − x − y)n+u+v+1

∞∑

k,l=0

(
n + u + v + k + l

k, l

)
xkylf

×
(

k

k + l + n + u + v
,

l

k + l + n + u + v

)
. (3)

Clearly, Mn(f ;x, y) = A
(0,0)
n (f ;x, y).

2. Korovkin Type Theorem

Throughout the paper, we consider the following test functions

ϕ0(s, t) = 1, ϕ1(s, t) =
s

1 − s − t
, ϕ2(s, t) =

t

1 − s − t
,

ϕ3(s, t) =
(

s

1 − s − t

)2

+
(

t

1 − s − t

)2

.

Clearly, for

s =
ak1,k2,n

ak1,k2,n + ck1,k2,n + bn
, t =

ck1,k2,n

ak1,k2,n + ck1,k2,n + bn
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we have

ϕ1

(
ak1,k2,n

ak1,k2,n + ck1,k2,n + bn
,

ck1,k2,n

ak1,k2,n + ck1,k2,n + bn

)
=

ak1,k2,n

bn
, (4)

ϕ2

(
ak1,k2,n

ak1,k2,n + ck1,k2,n + bn
,

ck1,k2,n

ak1,k2,n + ck1,k2,n + bn

)
=

ck1,k2,n

bn
, (5)

ϕ3

(
ak1,k2,n

ak1,k2,n + ck1,k2,n + bn
,

ck1,k2,n

ak1,k2,n + ck1,k2,n + bn

)

=
(

ak1,k2,n

bn

)2

+
(

ck1,k2,n

bn

)2

. (6)

In this paper, we consider the following function space

Hω(SA) : = {f ∈ C(SA) : |f(s, t) − f(x, y)| ≤ ω (f, |(ϕ1(s, t), ϕ2(s, t))
− (ϕ1(x, y), ϕ2(x, y))|)} (7)

where C(SA) denotes the space of continuous functions defined on SA,

|(ϕ1(s, t), ϕ2(s, t)) − (ϕ1(x, y), ϕ2(x, y))|
=
√

(ϕ1(s, t) − ϕ1(x, y))2 + (ϕ2(s, t) − ϕ2(x, y))2

and

ω(f, δ) = sup
{

|f(s, t) − f(x, y)| : (s, t), (x, y) ∈ SA,

√
(s − x)2 + (t − y)2 ≤ δ

}

is the modulus of continuity of f satisfying the following properties:

(a) ω is non-negative and increasing function of δ,
(b) ω(f, δ1 + δ2) ≤ ω(f, δ1) + ω(f, δ2),
(c) limδ→0+ω(f, δ) = 0.

Clearly, for each (s, t), (x, y) ∈ SA and for all f ∈ Hω(SA), we have

|f(s, t) − f(x, y)| ≤ ω(f, δ)
(

1 +
|(ϕ1(s, t), ϕ2(s, t)) − (ϕ1(x, y), ϕ2(x, y))|

δ

)
.

(8)
In the following theorem, we prove one of the main result of the paper.

Theorem 1. Let Tn : Hω(SA) → C(SA) be a sequence of linear positive opera-
tors satisfying

lim
n→∞ ‖Tn (ϕi; ·, ·) − ϕi‖C(SA) = 0, (i = 0, 1, 2, 3) (9)

where ‖ · ‖C(SA) denotes the usual supremum norm on C(SA). Then for all
f ∈ Hω(SA), we have

lim
n→∞ ‖Tn (f ; ·, ·) − f‖C(SA) = 0.
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Proof. Let f ∈ Hω(SA) be given. For all ε > 0, we have from property (c) that

|f(s, t) − f(x, y)| < ε

for (s, t), (x, y) ∈ SA, satisfying
√(

s

1 − s − t
− x

1 − x − y

)2

+
(

t

1 − s − t
− y

1 − x − y

)2

< δ

with some δ > 0. On the other hand, since f ∈ C(SA), for (s, t), (x, y) ∈ SA

with
√(

s

1 − s − t
− x

1 − x − y

)2

+
(

t

1 − s − t
− y

1 − x − y

)2

≥ δ,

we have

|f(s, t) − f(x, y)| <
2M

δ2

{(
s

1 − s − t
− x

1 − x − y

)2

+
(

t

1 − s − t
− y

1 − x − y

)2
}

,

where M is the bound of f. Combining the above inequalities, we get for all
(s, t), (x, y) ∈ SA and f ∈ Hω(SA) that

|f(s, t) − f(x, y)| < ε +
2M

δ2

{(
s

1 − s − t
− x

1 − x − y

)2

+
(

t

1 − s − t
− y

1 − x − y

)2
}

. (10)

By linearity and positivity of the operators Tn, we can write

|Tn (f ;x, y) − f(x, y)| ≤ Tn (|f(s, t) − f(x, y)| ;x, y)
+ |f(x, y)| |Tn(ϕ0;x, y) − ϕ0(x, y)| .

Using the inequality (10), we get

|Tn (f ;x, y) − f(x, y)| < ε +
(

ε + M +
2M

δ2
B(A)

)
|Tn(ϕ0;x, y) − ϕ0(x, y)|

+
4M

δ2
B(A) {|Tn(ϕ1;x, y) − ϕ1(x, y)|

+ |Tn(ϕ2;x, y) − ϕ2(x, y)|}
+

2M

δ2
|Tn(ϕ3;x, y) − ϕ3(x, y)|

where

B(A) = max
(x,y)∈SA

{
x2 + y2

(1 − x − y)2
,

x

1 − x − y
,

y

1 − x − y

}
.
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Taking into account (9), the proof is completed. �

3. Approximation of Ln(f ;x, y) in Hω(SA)

In this section, we prove the convergence of the operators Ln(f ;x, y) in the
space Hω(SA). It is obvious from (1) and (2) that Ln(1;x, y) = 1. For the
other moments, we need the following Lemma.

Lemma 2. Assume that the conditions (i)–(iv) are satisfied. Then, for the op-
erators Ln defined by (1) and (2), we have

(a) Ln(ϕ1;x, y) = bn+1
bn

ϕ1(x, y),

(b) Ln(ϕ2;x, y) = bn+1
bn

ϕ2(x, y),

(c) Ln(ϕ3;x, y) = bn+1bn+2
b2n

ϕ3(x, y) + bn+1dn

b2n
ϕ1(x, y) + bn+1en

b2n
ϕ2(x, y).

Proof. Using (4), we get

Ln(ϕ1;x, y) =
1

Ωn(u, v;x, y)

∞∑

k,l=0

ak,l,n

bn
Pn

k,l(u, v)xkyl.

Considering the conditions (i) and (ii), we have

Ln(ϕ1;x, y) =
1

(1 − x − y)Ωn+1(u, v;x, y)

∞∑

k=1,l=0

ak,l,n

bn
Pn

k,l(u, v)xkyl

=
bn+1x

bn(1 − x − y)Ωn+1(u, v;x, y)

∞∑

k,l=0

Pn+1
k,l (u, v)xkyl.

By (1), we get (a) at once. In a similar manner, using (5), then considering
the conditions (i) and the second part of (ii), we get (b).

Finally, by (6),

Ln(ϕ3;x, y) =
1

Ωn(u, v;x, y)

∞∑

k,l=0

(ak,l,n)2 + (ck,l,n)2

b2n
Pn

k,l(u, v)xkyl.

By the conditions (i)–(iv), we obtain

Ln(ϕ3;x, y) =
x

b2nΩn(u, v;x, y)

∞∑

k=1,l=0

(ak,l,n)2 Pn
k,l(u, v)xk−1yl

+
y

b2nΩn(u, v;x, y)

∞∑

k=0,l=1

(ck,l,n)2 Pn
k,l(u, v)xkyl−1

=
x

b2nΩn(u, v;x, y)

∞∑

k,l=0

(ak+1,l,n)2 Pn
k+1,l(u, v)xkyl
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+
y

b2nΩn(u, v;x, y)

∞∑

k,l=0

(ck,l+1,n)2 Pn
k,l+1(u, v)xkyl

=
bn+1x

b2nΩn(u, v;x, y)

∞∑

k,l=0

ak+1,l,nPn+1
k,l (u, v)xkyl

+
bn+1y

b2nΩn(u, v;x, y)

∞∑

k,l=0

ck,l+1,nPn+1
k,l (u, v)xkyl

=
bn+1x

b2nΩn(u, v;x, y)

∞∑

k=1,l=0

ak,l,n+1P
n+1
k,l (u, v)xkyl

+
bn+1y

b2nΩn(u, v;x, y)

∞∑

k=0,l=1

ck,l,n+1P
n+1
k,l (u, v)xkyl

+
xdnbn+1

b2nΩn(u, v;x, y)

∞∑

k,l=0

Pn+1
k,l (u, v)xkyl

+
yenbn+1

b2nΩn(u, v;x, y)

∞∑

k,l=0

Pn+1
k,l (u, v)xkyl

=
bn+1x

2

b2nΩn(u, v;x, y)

∞∑

k,l=0

ak+1,l,n+1P
n+1
k+1,l(u, v)xkyl

+
bn+1y

2

b2nΩn(u, v;x, y)

∞∑

k,l=0

ck,l+1,n+1P
n+1
k,l+1(u, v)xkyl

+
bn+1dn

b2n
ϕ1(x, y) +

bn+1en

b2n
ϕ2(x, y)

=
x2bn+1bn+2

b2nΩn(u, v;x, y)

∞∑

k,l=0

Pn+2
k,l (u, v)xkyl

+
y2bn+1bn+2

b2nΩn(u, v;x, y)

∞∑

k,l=0

Pn+2
k,l (u, v)xkyl

+
bn+1dn

b2n
ϕ1(x, y) +

bn+1en

b2n
ϕ2(x, y)

=
bn+1bn+2

b2n
ϕ3(x, y) +

bn+1dn

b2n
ϕ1(x, y) +

bn+1en

b2n
ϕ2(x, y).

Therefore we get (c). �

By Theorem 1 and Lemma 2, we have the following approximation the-
orem.
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Theorem 3. Let Ln : Hω(SA) → C(SA) be a sequence of linear positive oper-
ators defined by (1) and (2). Assume that the conditions (i)–(v) are satisfied.
Then for all f ∈ Hω(SA), we have

lim
n→∞ ‖Ln (f ; ·, ·) − f‖C(SA) = 0.

Proof. According to Theorem 1, we should prove that

lim
n→∞ ‖Ln (ϕi; ·, ·) − ϕi‖C(SA) = 0, (i = 0, 1, 2, 3) .

By (1) and (2), Ln(ϕ0;x, y) = ϕ0(x, y).
Now let B(A) = sup(x,y)∈SA

{ϕ1(x, y), ϕ2(x, y), ϕ3(x, y)}. From Lemma 2
(a) and (b), we have

‖Ln (ϕ1; ·, ·) − ϕ1‖C(SA) ≤
∣∣∣∣
bn+1

bn
− 1
∣∣∣∣B(A)

and

‖Ln (ϕ2; ·, ·) − ϕ2‖C(SA) ≤
∣∣∣∣
bn+1

bn
− 1
∣∣∣∣B(A).

Therefore, from (v) we obtain

lim
n→∞ ‖Ln (ϕi; ·, ·) − ϕi‖C(SA) = 0, (i = 1, 2) .

Finally, by Lemma 2 (c) and (iii)–(iv), we get

Ln (ϕ3;x, y) − ϕ3(x, y) =
[
bn+1bn+2

b2n
− 1
]

ϕ3(x, y)

+
bn+1dn

b2n
ϕ1(x, y) +

bn+1en

b2n
ϕ2(x, y)

and hence

|Ln (ϕ3;x, y) − ϕ3(x, y)| ≤
∣∣∣∣
bn+1bn+2

b2n
− 1
∣∣∣∣ϕ3(x, y)

+
bn+1dn

b2n
ϕ1(x, y) +

bn+1en

b2n
ϕ2(x, y)

≤
∣∣∣∣
bn+1bn+2

b2n
− 1
∣∣∣∣ϕ3(x, y)

+
bn+1K1

b2n
ϕ1(x, y) +

bn+1K2

b2n
ϕ2(x, y).

Taking supremum over SA and letting B(A) = sup{ϕ1(x, y), ϕ2(x, y), ϕ3(x, y)},
we get

|Ln (ϕ3;x, y) − ϕ3(x, y)| ≤ B(A)
[∣∣∣∣

bn+1bn+2

b2n
− 1
∣∣∣∣+ (K1 + K2)

bn+1

b2n

]
.

Passing to limit as n → ∞ and using (v), the proof is completed. �
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4. The Order of Approximation

In this section, we compute the order of approximation of Ln(f ;x, y) to f(x, y)
in terms of the modulus of continuity and the modified Lipschitz class func-
tionals. We start with the following lemma.

Lemma 4. Let Ln be a sequence of linear positive operators defined by (1) and
(2). Then the following estimate

Ln

(√
(ϕ1(s, t) − ϕ1(x, y))2 + (ϕ2(s, t) − ϕ2(x, y))2;x, y

)

≤
√

B(A)
[∣∣∣∣

bn+1bn+2

b2n
− 1
∣∣∣∣+ 4

∣∣∣∣
bn+1

bn
− 1
∣∣∣∣+ (K1 + K2)

bn+1

b2n

]
,

holds true, where

B(A) = sup
(x,y)∈SA

{ϕ1(x, y), ϕ2(x, y), ϕ3(x, y)}

and K1,K2 are the positive constants given in (iii) and (iv).

Proof. Using Cauchy–Schwarz inequality and noting that Ln(1;x, y) = 1, we
get

Ln

(√
(ϕ1(s, t) − ϕ1(x, y))2 + (ϕ2(s, t) − ϕ2(x, y))2;x, y

)

≤
√

Ln

(
(ϕ1(s, t) − ϕ1(x, y))2 + (ϕ2(s, t) − ϕ2(x, y))2 ;x, y

)
.

On the other hand by Lemma 2, we can write

Ln

(
(ϕ1(s, t) − ϕ1(x, y))2 + (ϕ2(s, t) − ϕ2(x, y))2 ;x, y

)

≤ |Ln (ϕ3;x, y) − ϕ3(x, y)| +
2y

1 − x − y
|Ln (ϕ2;x, y) − ϕ2(x, y)|

+
2x

1 − x − y
|Ln (ϕ1;x, y) − ϕ1(x, y)|

≤ B(A)
[∣∣∣∣

bn+1bn+2

b2n
− 1
∣∣∣∣+ 4

∣∣∣∣
bn+1

bn
− 1
∣∣∣∣+ (K1 + K2)

bn+1

b2n

]
.

Whence the result. �

Theorem 5. Let Ln be a sequence of linear positive operators defined by (1)
and (2). Then for all f ∈ Hω(SA), we have

‖Ln (f ; ·, ·) − f‖C(SA)

≤ 2ω

(
f,

√

B(A)
[∣∣∣∣

bn+1bn+2

b2n
− 1
∣∣∣∣+ 4

∣∣∣∣
bn+1

bn
− 1
∣∣∣∣+ (K1 + K2)

bn+1

b2n

])
,

where B(A),K1 and K2 are the same as in Lemma 4.
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Proof. Because of linearity and monotonicity of the operators Ln, we get by
(7) and (8) that

|Ln(f ;x, y) − f(x, y)| ≤ Ln (|f(s, t) − f(x, y)| ;x, y)

≤ Ln

(
ω

(
f,

√
(ϕ1(s, t) − ϕ1(x, y))2 + (ϕ2(s, t) − ϕ2(x, y))2

)
;x, y

)

≤ ω(f, δn)

⎡

⎢⎢⎣1+
Ln

(√
(ϕ1(s, t)−ϕ1(x, y))2+(ϕ2(s, t)−ϕ2(x, y))2;x, y

)

δn

⎤

⎥⎥⎦ .

Now using Lemma 4 and choosing

δn =

√

B(A)
[∣∣∣∣

bn+1bn+2

b2n
− 1
∣∣∣∣+ 4

∣∣∣∣
bn+1

bn
− 1
∣∣∣∣+ (K1 + K2)

bn+1

b2n

]
,

we get the result after taking supremum over SA on both sides of the inequality.
�

Now, we are aimed to compute the order of convergence of the operators
in terms of the modified Lipschitz class functionals. We introduce the modified
Lipschitz class functions by

Lip∗
M (α) :=

⎧
⎨

⎩f ∈ C (SA) : |f(s, t) − f(x, y)|

≤ M

[(
s

1 − s − t
− x

1 − x − y

)2

+
(

t

1 − s − t
− y

1 − x − y

)2
]α/2

; (t, s) , (x, y) ∈ SA

⎫
⎬

⎭ ,

where M is positive constant depending on f and α ∈ (0, 1].

Theorem 6. Let Ln be a sequence of linear positive operators defined by (1)
and (2). Then for all f ∈ Lip∗

M (α), we have

‖Ln (f ; ·, ·) − f‖C(SA) ≤ M

[
B(A)

[∣∣∣∣
bn+1bn+2

b2n
− 1
∣∣∣∣

+4
∣∣∣∣
bn+1

bn
− 1
∣∣∣∣+ (K1 + K2)

bn+1

b2n

]]α/2

,

where B(A),K1 and K2 be the same as in Lemma 4.
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Proof. Using linearity and monotonicity properties of the operators Ln and
considering that f ∈ Lip∗

M (α), we get

|Ln(f ;x, y) − f(x, y)| ≤ Ln (|f(s, t) − f(x, y)| ;x, y)

≤ MLn

([(
s

1 − s − t
− x

1 − x − y

)2

+
(

t

1 − s − t
− y

1 − x − y

)2
]α/2

;x, y

⎞

⎠ .

Applying Hölder inequality with p = 1
α and q = 1

1−α and taking into account
that Ln(1;x, y) = 1, we obtain

|Ln(f ;x, y) − f(x, y)|
≤ M

{
Ln

(√
(ϕ1(s, t) − ϕ1(x, y))2 + (ϕ2(s, t) − ϕ2(x, y))2;x, y

)}α

.

Taking supremum over SA on both sides of the above inequality and consid-
ering Lemma 4, the proof is completed. �

5. Functional Partial Differential Equations and Their
Consequences

In this section, we obtain a functional partial differential equation satisfied by
the particular case of the operators Ln(f ;x, y). We consider the operators

L∗
n(f ;x, y) =

1
Ωn(u, v;x, y)

∞∑

k,l=0

f

(
k

k + l + bn
,

l

k + l + bn

)
Pn

k,l(u, v)xkyl,

(11)
where Ωn(u, v;x, y) is given by (2).

Theorem 7. Let (x, y) ∈ SA, f ∈ C(SA), L∗
n(f ;x, y) be defined by (11) and

(2). Assume that

∂

∂x
(Ωn(u, v;x, y)) = An(x, y)Ωn(u, v;x, y), (12)

∂

∂y
(Ωn(u, v;x, y)) = Bn(x, y)Ωn(u, v;x, y). (13)

Then L∗
n(f ;x, y) satisfy the following functional partial differential equations

x
∂

∂x
L∗

n(f ;x, y) = −xAn(x, y)L∗
n(f ;x, y) + bnL∗

n(ϕ1f ;x, y), (14)

y
∂

∂y
L∗

n(f ;x, y) = −yBn(x, y)L∗
n(f ;x, y) + bnL∗

n(ϕ2f ;x, y) (15)
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(
x

∂

∂x
+ y

∂

∂y

)
L∗

n(f ;x, y) = (−xAn(x, y) − yBn(x, y)) L∗
n(f ;x, y)

+bnL∗
n(hf ;x, y), (16)

where h(s, t) = s
1−s−t + t

1−s−t .

Proof. Since f ∈ C(SA), it is clear by (2) that the series in (11) converges uni-
formly for all (x, y) ∈ SA. Therefore, term by term differentiation is permissible
in SA. Differentiating both sides of (11) with respect to x and considering (12),
we get

∂

∂x
L∗

n(f ;x, y) = −An(x, y)L∗
n(f ;x, y)

+
1

Ωn(u, v;x, y)

∞∑

k=1,l=0

kf

(
k

k + l + bn
,

l

k + l + bn

)
Pn

k,l(u, v)xk−1yl.

Multiplying both sides by x, we have

x
∂

∂x
L∗

n(f ;x, y) = −xAn(x, y)L∗
n(f ;x, y)

+
bn

Ωn(u, v;x, y)

∞∑

k,l=0

k

bn
f

(
k

k + l + bn
,

l

k + l + bn

)
Pn

k,l(u, v)xkyl

= −xAn(x, y)L∗
n(f ;x, y) + bnL∗

n(ϕ1f ;x, y),

which gives (14). Now, differentiating both sides of (11) with respect to y and
taking into account (13), we get

∂

∂y
L∗

n(f ;x, y) = −Bn(x, y)L∗
n(f ;x, y)

+
1

Ωn(u, v;x, y)

∞∑

k=0,l=1

l f

(
k

k + l + bn
,

l

k + l + bn

)
Pn

k,l(u, v)xkyl−1.

Multiplying both sides by y, we obtain

y
∂

∂y
L∗

n(f ;x, y) = −xBn(x, y)L∗
n(f ;x, y)

+
bn

Ωn(u, v;x, y)

∞∑

k,l=0

l

bn
f

(
k

k + l + bn
,

l

k + l + bn

)
Pn

k,l(u, v)xkyl

= −yBn(x, y)L∗
n(f ;x, y) + bnL∗

n(ϕ2f ;x, y).

This proves (15). Adding (14) and (15), then taking into account that L∗
n is

linear, we get (16) �
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Obviously, letting Ωn(u, v;x, y) = 1
(1−x−y)n+1 and bn = n in (11), we get

the non-tensor bivariate Meyer–König and Zeller operators

Mn(f ;x, y) = (1 − x − y)n+1
∞∑

k,l=0

(n + k + l)!
n!k!l!

xkylf

(
k

k + l + n
,

l

k + l + n

)
.

Hence we have the following Corollary at once.

Corollary 8. Let (x, y) ∈ SA, f ∈ C(SA). Then Mn(f ;x, y) satisfy the follow-
ing functional partial differential equations

x
∂

∂x
Mn(f ;x, y) =

−x(n + 1)
1 − x − y

Mn(f ;x, y) + nMn(ϕ1f ;x, y), (17)

y
∂

∂y
Mn(f ;x, y) =

−y(n + 1)
1 − x − y

Mn(f ;x, y) + nMn(ϕ2f ;x, y) (18)
(

x
∂

∂x
+ y

∂

∂y

)
Mn(f ;x, y) =

−(n + 1)
1 − x − y

(x + y)Mn(f ;x, y) + nMn(hf ;x, y),

where h(s, t) = s
1−s−t + t

1−s−t .

Although, one can write the first few moments of the operators Mn(f ;x, y)
directly from Lemma 2, we saw in the proof of this lemma that the computa-
tions are rigorous. The above corollary is very useful in computing the moments
easily. For instance taking f = ϕ0 = 1 in (17), we get

Mn(ϕ1;x, y) =
n + 1

n
ϕ1(x, y).

Under the same choice in (18), we obtain

Mn(ϕ2;x, y) =
n + 1

n
ϕ2(x, y).

Now set h1(x, y) = ( x
1−x−y )2 and h2(x, y) = ( y

1−x−y )2. Choosing f = ϕ1, in
(17) and f = ϕ2 in (18), we have

Mn(h1;x, y) =
(n + 1) (n + 2)

n2
h1(x, y) +

(n + 1)
n2

ϕ1(x, y)

and

Mn(h2;x, y) =
(n + 1) (n + 2)

n2
h2(x, y) +

(n + 1)
n2

ϕ2(x, y),

respectively. Adding both sides of the above equalities, we get

Mn(ϕ3;x, y) =
(n + 1) (n + 2)

n2
ϕ3(x, y) +

(n + 1)
n2

(ϕ1(x, y) + ϕ2(x, y)) .

We should note that, the formulae for the moments Mn(ϕi;x, y), i = 1, 2, 3,
agrees with the corresponding formulae from Lemma 2. As a consequence of
Theorem 1, we can state the following corollary.
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Corollary 9. For all f ∈ Hω(SA), we have

lim
n→∞ ‖Mn (f ; ·, ·) − f‖C(SA) = 0.

Following the similar procedures as in the proofs of Theorems 5 and 6, we
can state the following corollaries, which gives the order of approximation by
the non-tensor bivariate Meyer–König and Zeller operators in terms of modulus
of continuity and Lipschitz class functions, respectively.

Corollary 10. For all f ∈ Hω(SA), we have

‖Mn (f ; ·, ·) − f‖C(SA) ≤ 2ω

(
f,

√

B(A)
[
9n + 4

n2

])
,

where B(A) = sup(x,y)∈SA
{ϕ1(x, y), ϕ2(x, y), ϕ3(x, y)}.

Corollary 11. Let α ∈ (0, 1]. For all f ∈ Lip∗
M (α), we have

‖Mn (f ; ·, ·) − f‖C(SA) ≤ M

[
B(A)

[
9n + 4

n2

]]α/2

,

where B(A) = sup(x,y)∈SA
{ϕ1(x, y), ϕ2(x, y), ϕ3(x, y)}.

6. Multivariate Korovkin Type Theorem

In this section we consider the domain

SA :=

{
x = (x1, . . . , xm) ∈ R

m : xi ≥ 0 (i = 1, . . . ,m),
m∑

i=1

xi ≤ A < 1

}
,

and introduce the space of functions

Hω(SA) : = {f ∈ C(SA) : |f(s) − f(x)|
≤ ω (f, |(ϕ1(s), . . . , ϕm(s)) − (ϕ1(x), . . . , ϕm(x))|)}

where x = (x1, . . . , xm), s = (s1, . . . , sm), ϕi(s) = si

1−|s| (i = 1, . . . , m), |s| :=∑m
i=1 si and

|(ϕ1(s), . . . , ϕm(s)) − (ϕ1(x), . . . , ϕm(x))| =

√√√√
m∑

i=1

(ϕi(s) − ϕi(x))2.

In a similar manner as in Theorem 1, we can give the m−dimensional version
of our Korovkin type theorem as follows:

Theorem 12. Let Tn : Hω(SA) → C(SA) be a sequence of linear positive oper-
ators satisfying

lim
n→∞ ‖Tn (ϕi; ·, ·) − ϕi‖C(SA) = 0, i = 0, 1, 2, . . . ,m + 1
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where

ϕ0(s) = 1,

ϕi(s) =
si

1 − |s| (i = 1, . . . ,m),

ϕm+1(s) =
m∑

i=1

(
si

1 − |s|
)2

,

and ‖ · ‖C(SA) denotes the usual supremum norm on C(SA). Then for all f ∈
Hω(SA), we have

lim
n→∞ ‖Tn (f ; ·, ·) − f‖C(SA) = 0.

Now, lets consider the multivariate Meyer–König and Zeller operators
(see [19])

Mn(f ;x) =
1

(1 − |x|)n+1

∞∑

k=0

(
n + |k|

k

)
xk, (n ∈ N,x ∈ SA)

where x = (x1, . . . , xm), k = (k1, . . . , km), 0 = (0, . . . , 0m−th), xk = xk1
1 · · ·

xkm
m , |x| = x1 + · · · + xm and

(
n + |k|

k

)
=

(n + k1 + · · · + km)!
n!k1! · · · km!

.

Theorem 13. Let x ∈ SA, f ∈ C(SA). Then Mn(f ;x) satisfy the following
functional partial differential equations

xi
∂

∂xi
Mn(f ;x) = − (n + 1)xi

1 − |x| Mn(f ;x) + nMn(ϕif ;x), (i = 1, . . . , m),
(

m∑

i=1

xi
∂

∂xi

)
Mn(f ;x) = −(n + 1)

|x|
1 − |x|Mn(f ;x) + nMn(hf ;x),

where h(s) = |s|
1−|s| .

Using the above theorem, the moments are computed in the following
lemma.

Lemma 14. For the multivariate Meyer–König and Zeller operators, we have

Mn(ϕ0;x) = 1,

Mn (ϕi,x) =
n + 1

n
ϕi(x), (i = 1, . . . , m),

Mn (ϕm+1,x) =
(n + 1) (n + 2)

n2
ϕm+1(x) +

(n + 1)
n2

m∑

i=1

ϕi(x).

Therefore, as a consequence of Theorem 12 and Lemma 14, we can state
the following approximation theorem.
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Theorem 15. For all f ∈ Hω(SA), we have

lim
n→∞ ‖Mn (f ; ·, ·) − f‖C(SA) = 0.

References

[1] Abel, U.: The moments for Meyer–König and Zeller operators. J. Approx. The-
ory 82, 352–361 (1995)

[2] Abel, U., Gupta, V., Ivan, M.: The complete asymptotic expansion for a general
Durrmeyer variant of the Meyer–König and Zeller operators. Math. Comput.
Model. 40, 867–875 (2004)

[3] Agratini, O.: Korovkin type error estimates for Meyer–König and Zeller opera-
tors. Math. Inequal. Appl. 4, 119–126 (2001)
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[19] López-Moreno, A.-J., Muňoz-Delgado, F.-J.: Asymptotic expansion of multi-
variate conservative linear operators. J. Comput. Appl. Math. 150(2), 219–
251 (2003)

[20] Meyer–König, W., Zeller, K.: Bernsteinsche potenzreihen. Studia Math. 19, 89–
94 (1960)
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Eastern Mediterranean University
Mersin 10, Gazimagusa, TRNC, Turkey
e-mail: mehmetali.ozarslan@emu.edu.tr

Received: January 5, 2015.

Accepted: June 9, 2015.


	New Korovkin Type Theorem for Non-Tensor Meyer--König and Zeller Operators
	Abstract
	1. Introduction
	2. Korovkin Type Theorem
	3. Approximation of Ln (f;x,y) in mathcalHω(SA)
	4. The Order of Approximation
	5. Functional Partial Differential Equations and Their Consequences
	6. Multivariate Korovkin Type Theorem
	References




