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1. Introduction

We recall that the classical Euler’s gamma function may be defined by

I'(z) = /0OO t*~ltemtdt (1)

for R(z) > 0, that the logarithmic derivative of I'(x) is called the psi or di-
gamma function and denoted by

V) = - Te) = @)

for > 0, that the derivatives ¢’ (x) and ¢” () for > 0 are respectively called
the tri-gamma and tetra-gamma functions, and that the derivatives 1)) (x) for
i € N and z > 0 are called the polygamma functions.
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We also recall from [3, Chapter XIII] and [17, Chapter IV] that a function
f(x) is said to be completely monotonic on an interval I if it has derivatives of
all orders on I and satisfies 0 < (—=1)"f(")(z) < oo for « € I and all integers
n > 0. The class of completely monotonic functions may be characterized by
the celebrated Bernstein-Widder Theorem [17, p. 160, Theorem 12a] which
reads that a necessary and sufficient condition that f(z) should be completely
monotonic in 0 < z < oo is that

f(x) = / T et dalt), (3)

where «(t) is bounded and non-decreasing and the integral converges for 0 <
z < 0o.
In [16, Theorem 2.1}, it was proved that the function

1 1 1
Fo(z)=InT(z+1) —zlnzx +x — ilnx— 5111(271') - ﬁw’(x+a) (4)

is completely monotonic on (0, c0) if and only if o > % and that the function
—F,(z) is completely monotonic on (0, c0) if and only if & = 0. Consequently,
the double inequality

x® 1, 1 z” 1,

e 2rx eXp<121/) (x + 2>> <Ix+1)< = V2rx exp(121/) (x)) (5)
was derived in [16, Corollary 2.1]. These results were also established in the
preprint [10] independently from a different origin and by a different motiva-
tion. For some more information on bounding the gamma function I', please
refer to the newly published papers [4-8,14], the survey articles [11-13], and
plenty of references collected therein.

The goal of this paper is to discover best asymptotic formulas and double
inequalities for the factorial n! = I'(n + 1) and the gamma function I'(x) in
terms of the tri-gamma function 1)’ (x + %) These results have something to
do with the function F,(x) and the double inequality (5).

2. An Asymptotic Formula and a Double Inequality for n!

In this section, we establish a best asymptotic formula and a double inequality
for the factorial n! = I'(n + 1) in terms of the tri-gamma function ¢/ (z + 3).

Theorem 1. As n — oo, the asymptotic formula
n" 1 1
I~ —V2 —) = 6
nl~ oV 77nexp(12z/J (n+2>) (6)

18 the most accurate one among all approximations of the form

n

n! ~ :—nv 21 exp<112wl(n + a)), (7)

where a € R.
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Proof. For n > 1, define a sequence w,, by

1
n! =T(n+1) = V2rn"tt/2en exp(ni//(n + a)) exp Wy,
Taking into account
k!
(k) _ (k) Nk
PP+ 1) =9 () + (1) g (8)

for k =1, see [1, p. 260, 6.4.6], yields

3
Wpt1 — Wy, =1+In(n+1) — <n+2>ln(n+1)

1 1
)1 I
+(n+ 2) nn + 12(n + a)?

Wit —wn = (—sat+ =) 24 (2= 2) L2 o2
T A6 T 12 )3 T\ 40 ) nt ns )

and

Hence, we have
. . 1 1
nlin;o{n5 [wn_H — wn]} =5~ ga.
Lemma 1.1 in [4,15] states that if the sequence {w, : n € N} converges to 0

and

lim n*(w, —wni1) =L €R (9)
for k > 1, then
L
lim n*tw, = ——. 10
AT = (10)
Consequently, the sequence w,, converges fastest only if a = % O

Theorem 2. For every integer n > 1, we have

1 11 - e"n! - 1 (11)
€ — € .
P\ 2400® T 672005 ) S nRmnexp(Ler(nt 1)) T 24003

Proof. The double inequality (11) may be rewritten as

1 1 1, 1 1
fn)=InT(n+1)— (n—|— 2) Inn+n— 51n(27r) — Eqp (n—|— 2) i
=0 (12)

and

g(n) =InT'(n+1)— <n+ ;) Inn+n-— %11’1(271’)

s ) S LR 13)
27\""3) " 21003 " 672005 —
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Employing the recurrence formula (8) applied to k = 1 and straightforwardly
computing reveal that f(n+ 1) — f(n) = u(n) and g(n + 1) — g(n) = v(n),
where
3 1
u(lz)=1+In(z+1) — x—|—§ In(z+1)+ x—|—§ Inx
1 1 1

+ 12(:5 + %)2 a 240(x + 1)3 + 240z
and
3 1 1
vE)=1+@@+1)-(z+ |)hE+)+ {2+ | Dot ——73
2 2 12(z+3)
1 n 1 n 11 11
240(x + 1) 24023 6720(x +1)> 67202
It is not difficult to verify that
y 13z + 7422 + 2322% + 3912* + 3302° + 11025 + 1
u'(z) = = — >0
2025 (x + 1)° (22 4+ 1)4
and
wey Q(z)
V@) = e e 1
where

Q(x) = 825z + 549922 4 213252 4 525892
+ 8386725 4 8388125 + 4793627 + 119842° + 55.

This shows that u(x) is strictly convex and v(x) is strictly concave on (0, 00).
Further considering lim,_, o u(z) = lim,_,o v(x) = 0, we obtain that u(z) > 0
and v(z) < 0 on (0, 00). Consequently, the sequence f(n) is strictly increasing
and g(n) is strictly decreasing while they both converge to 0. As a result, we
conclude that f(n) < 0 and g(n) > 0 for every integer n > 1. The proof of
Theorem 2 is complete. g

3. An Asymptotic Series and a Double Inequality for I’

We now discover an asymptotic series and a double inequality for the gamma
function I'(z) in terms of the tri-gamma function ¢’ (z + 3).

Theorem 3. As x — oo, we have
1 1
T(z+1) ~ V2ra®1/2 exp(uw’ (m + 2) -z
1 1 11 1 + 107 1 2911 1
240 3 6720x° 80640 7 1520640 x?

+> (14)
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Proof. Motivated by the inequality (11), we now consider a new function h(x)
defined by

M(z+1) = V2 ¥t 26 exp<112¢ (m + ;)) exp h(x),

that is,

1 1 1
h(z) = [lnf‘(z +1)— <x—|— 2> Inx+z— ln\/27r] - ﬁi/}/ <JU—|— 2).
Using the formulas

1 Bom,
lnF(m—&—l)—(x—i—Q)lnx—l—x—lnv Z

2m(2m — 1)xz2m—1

and
1 = B > Bim_1
/ mo m
Y'(z) = *+ﬁ+m221$2m+1—mz::1‘xm )

see [1, p. 257, 6.1.40] and [1, p. 260, 6.4.11], figures out

> B2m - Bmfl

h(z) = - > 1 (15)

m=1 2m(2m o 1)3;2"7/ ! m=1 12(‘T + %)
where By, for k > 0 denote the Bernoulli numbers which may be generated by

o0 k

z z
= B _— = 2 .
e 1 ;0 E +Z 2k" J2] < 2
Making use of
m m —k
ar 1 1
kT Z Ok (1 + ) o
k=1 (93 + %) k=1 2z r
m (oo} m [ee]
—k 1 1 ai (—k 1
Sl (o h - T ()
k=1 i=0 k=1i=0

n (15), where ay, is any sequence and

(7)- k-0,

we obtain that

h(z) 11 1 1 n 107 1 2911 1 1
r)=—— — —_— —_— —_— —_—

240z 6720 2®> 80640 27 1520640 x fAR
The proof of Theorem 3 is complete. O

By truncation of the series (14), under- and upper- approximations can be
obtained. The method for proving this fact is illustrated in the next theorem.
For sake of simplicity, we choose to prove (11).
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Theorem 4. Inequality (11) holds true, for every real number n > 1.

Proof. Let f(x) and g(z) for x € [1,00) be defined by (12) and (13) respec-
tively. Making use of inequalities

RO B
12¢ 36003 ' 126025

1 1 1
~ 168007 <InT'(z+1)— <x+2) Ine+z— 3 In(2m)
1 1 1

< 122 3602° T 12602
and

11 1 L e by L 1o,
TS T o2 T 63 T 3000 | 4227

x+2w2+@_30x5

which may be deduced from [2, Theorem 2 and Corollary 1], finds that f(z) <
a(z) and g(x) > b(z), where

= L L, [,
a(xr) = — — - - =
120 36025 ' 126005 12|24 1 2(zt 1)
Lo 1 1
6(z+3)° 30(x+1)°] 24028
_ Al-1
~ 504025(2x + 1)5
<0,
RV B B L[
Y7 1207 36007 T 126007 168027 12|24 L a(ct 1)
Lo Lo L,
6(r+3)" 30(e+3)" d2(x+4)7] 24027 672007
B Bz —1)
2016027 (22 + 1)7
>0,

A(x) = 3760x + 65652 4 53102 + 19802* + 2642° + 785,
B(z) = 93268z + 26317922 + 3828303
+ 3153362 + 1475042° + 3595220 + 342427 + 12547.

The proof of Theorem 4 is thus complete. O

Remark 1. This paper is a slightly revised version of the preprint [9].
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