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Abstract. In this paper we study the structure of an immersed submani-
fold M™ in a Riemannian manifold with flat normal bundle in two ways.
Firstly, we prove that if M is compact and satisfies some pointwise pinch-
ing condition, and assume further that the ambient space has pure curva-
ture tensor and non-negative isotropic curvature, then the Betti numbers
Bp(M) =0 for 2 < p < n — 2. Secondly, suppose that M™ is a complete
non-compact submanifold in the Euclidean space with finite total cur-
vature in the sense that its traceless second fundament form has finite
L™-norm, then we show that the spaces of L? harmonic p-forms on M"
have finite dimensions for all 2 < p <n — 2.
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1. Introduction

The geometric structure and topological properties of submanifolds in various
ambient space have been studied extensively during past few years. In [2], Cao—
Shen—Zhu showed that a complete stable minimal immersed hypersurface M™
in R"*! with n > 3 must have only one end. The proof of Cao—Shen-Zhu
mainly use a Liouville theorem of Schoen—Yau [11] asserting that a complete
stable minimal hypersurface of R**! can not admit a non-constant harmonic
function with finite Dirichlet integral. This result was generalized by Li-Wang
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[10], they showed that if a complete minimal hypersurface M™ in R™*! has
finite index, then the dimension of the space of L? harmonic 1-forms on M is
finite, and M has finitely many ends. In [13], Yun proved that for a complete
oriented minimal hypersurface M" in R"*! with n > 3, if the L™-norm of
its second fundamental form is less than an explicit constant, then there are
no nontrivial L? harmonic 1-forms on M, and M has only one end. Fu-Xu
[6] obtained that if an oriented complete submanifold M™ (n > 3) in R"*F
has finite total mean curvature and finite total curvature, then Li—Wang’s
conclusion still holds. Recently, Cavalcante, Mirandola and Vitério [4] obtained
a generalization of the result of Fu—Xu without any additional hypothesis on
the mean curvature.

In general, one is interested in understanding relations between the topol-
ogy and geometry of a Riemanian manifold M and the spaces of harmonic
forms. When M is compact, by Hodge theory, the space of harmonic p-forms
on M is isomorphic to its p-th de Rham cohomology group. When M is non-
compact, the Hodge theory does not work anymore, and it is natural to con-
sider L? harmonic forms, as it is showed that L?-Hodge theory remains valid
in noncompact manifolds as classical Hodge theory work well in the compact
case.

We denote the space of all L? harmonic p-forms on M™ by HP(L?*(M)).
These spaces have a (reduced) L?-cohomology interpretation. For more results
concerning L? harmonic p-forms on complete non-compact manifolds, one can
consult a very nice survey of Carron [3].

In the case of harmonic p-forms of higher order, there is a little more
difficulty in computing the Laplacian of their squared norm because of the
Weitzenbock curvature operator, which is the zero order term involving curva-
ture tensor. However, if M is a submanifold with flat normal bundle and the
ambient space has pure curvature tensor, we can estimate the Weitzenbock
curvature operator in terms of the sectional curvature of the ambient space
and the second fundamental form of M by the Gauss equation.

Let M™ be a complete submanifold immersed in a Riemannian manifold
N"*tk_ Fix a point # € M and a local orthonormal frame {ei,..., e, %} of
N7™tF guch that {e1,...,e,} are tangent fields of M™. For each a, n+1 < a <
n + k, define a linear map A, : T, M — T, M by

(Ao X)Y) = (VxY, ea),

where X, Y are tangent fields and V is the Riemannian connection of N"**.
Denote by h{; = (Aae;, e;). The squared norm |AJ* of the second fundamental
form and the mean curvature vector H are defined respectively by

|A]? = za:tr(Ag) = za:;(hg;)? and  H= %:H“ea = izzi:h?;ea-

[e3
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For each «, define a linear map ¢, : T. M — T, M by
(0aX,Y) = (X, Y)H" = (A X,Y),
and a bilinear map ¢ : T, M x T,M — T, M=+ by
SX,Y) = (¢aX,Y)ea

@

It is easy to see that the tensor ¢ is traceless and
|0 =Y tr(¢2) = |A] —n|HP,
«@

which measures how much the immersion deviates from being totally umbilical.
We say that M™ has finite total curvature if

/ |p|"dv < +o0.
M

If N"** is a nonpositive curved manifolds, Hoffman and Spruck [7] proved
the following L' Sobolev inequality

(/Mgn"ldv> ! SD(n)/M(\Vg|+n|H\g)dv VgelCr(M) (1.1)

where D(n) > 0 is an explicit constant depending only on the dimension n.

Recall that a complete Riemannian manifold N®*™ has non-negative
(n — 1)-th Ricci curvature if for any € N and any n orthonormal vectors
{e;e1,...,en_1} C TN, the curvature tensor satisfies Z?;ll (R(e;,e)e, e;) > 0.
Let M™ be a complete submanifold in N"** of non-negative (n — 1)-th Ricci
curvature. Then we have the following inequality due to Leung [§]

-1 —1
Ricy > 2(n — 1)H? — (n — 2)y | ——|H|\/JA2 — n|HZ — “—=|A2. (1.2)
n

n

Our main results in this paper are stated as follows.
Theorem 1.1. Let M™ be a compact immersed submanifold in N™"* which has
non-negative (n — 1)-th Ricci curvature. Assume that
2| 17|12
n°|H
n—1

Then every harmonic 1-form on M is parallel. Furthermore, if the inequality
(1.3) is strict at some point, then the Betti numbers $1(M) = Bp—1(M) = 0.

(1.3)

Let us recall that a Riemannian manifold N is said to have nonnegative
isotropic curvature if

Ri313 + Ri414 + Raszos + Rosos — 2R1234 > 0

for every orthonormal 4-frame {ej,es,e3,e4} of TN. For harmonic forms of
higher order, we have the following result.
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Theorem 1.2. Let M™ be a compact immersed submanifold in N™T* with flat
normal bundle. Assume that N % has pure curvature tensor and non-negative
1sotropic curvature, and

2 2
|A|2< n|H|

= m (1.4)

for2 < p <n-—2. Then every harmonic p-form on M is parallel. Furthermore,
if the inequality (1.4) is strict at some point, then the Betti numbers B,(M) =0
for2<p<n-—2.

Finally, we shall generalize Cavalcante, Mirandola and Vitério’s [4] finite-
ness theorem for L? harmonic 1-forms to L? harmonic p-forms of higher order.

Theorem 1.3. Let M™ (n > 3) be a complete non-compact immersed sub-
manifold in R™* with flat normal bundle and finite total curvature. Then
dimHP(L?(M)) < oo for all2 <p <n — 2.

2. An Estimate for the Weitzenbock Curvature Operator

Let M™ be an n-dimensional complete submanifold, and let A be the Hodge
Laplace-Beltrami operator of M™ acting on the space of differential p-forms.
Denote by R;;; and Rijkl the curvature tensors of M™ and N"*¥, respectively.
Given two p-forms w and 6 on M, we define a pointwise inner product

n

<w50> = Z w(eila"'veip)e(eila'"aeip)'

Observe that we are omitting the normalizing factor 1/p!. The Weitzenbock
formula ([12]) gives

A=V*-TR,, (2.1)
where V? is the Bochner Laplacian and ‘R, is the Weitzenbock curvature oper-
ator, which is an endomorphism depending upon the curvature tensor of M™.

Using an orthonormal basis {#',...,0"} dual to {e1,...,e,}, one may express
the curvature term R, as

(Rp(w),w) = < Z 0% A iejR(ek,ej)w,w>

jik=1

for any p-form w. In particular, if w is a 1-form and w# denotes the vector field
dual to w, then

(Ri(w),w) = Ric(wk,wh).
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By (2.1), we have

1 S ‘
iA\w\z =|Vw|® + < Z AN zejR(ek,ej)w,w>

jk=1
= |Vw|? + pF(w) (2.2)
where
F _ iig..ip, J p—1 ijis...ip, ki
(W) = Rijw Wity — g ikt Wiy iy

Here, repeated indices are contracted and summed. The Gauss equation implies
that

o a Lo ar o
Rijki = Rijri + hihG — hihiy,

and
Rij =Y Rikjk +nHhg — h§,hs,.
k=1
Thus,
F(w) = Fi(w) + F>(w)
where

n
_ L —1 _ L
_ IR 2 SR S | o p o ijis...0p, Kl
Fi(w) = § § Rikjrw PWi, i D) E :kalw PWis. iy

k=1i,j,iz,0.,ip

(2.3)
and
Fy(w) = (nH*h7; — hg), ?k)wiiZ”'ipwgz...ip
— P gy — hgh el
= nHO‘h%w“Q“'i”wémip — hf‘khfkwm'”i?wf}“%
= (p = DA hG 7wl . (2.4)

To estimate F} (w), we need to put some assumption on the curvature
tensor of N"**. Let us recall that a Riemannian manifold N"** is said to
have pure curvature tensor if for every x € N there is an orthonormal basis
{e1,...,ensr} of the tangent space T, N such that (R(e;, ej)er,er) = 0 when-
ever the set {i, j, k,l} contains more than two elements. It is obvious that all
3-manifolds and conformally flat manifolds have pure curvature tensor.
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We assume that N"T* has pure curvature tensor and the indices 1 <
i1,%2,...,i, < n are distinct with each other in the following discussion. De-
note by Kij = Rijij = <R(6i, ej)ej, €i>. Then

n
w) :E E Rigipw™™ " wy, i

k=1i,ig,...,ip

N o ytItsetp )Y gl tp (I
5 (Rijijw Wiy.i, T Rijjiw Wz'g..‘ip)

n
— iz ijis...i
= g Kipw"? "wii, 4, — (p—1) § Kijw " " wijig.

n
ivin...i
= E K " " wiy i,
k=1

E . 119203.00p 5
1112 1113 + + Kzlzp)w Wiyigis...ip

E L R Y
Kzlzhw Wiyig...ip

:p+1
- 72 Z Kulh “Z2 prllw
t 1lh= p+1
>1(“}“f Z Z 1r<1,zh)|w|2 (2.5)

t=1h=p+1

On the other hand, to estimate the three terms at the right hand side of
(2.4) in the case 2 < p < n—2, we assume that M has flat normal bundle. Work
at a point « € M, we can choose an orthonormal frame {e;}? ; diagonalizing
(hg;) for all a.. Hence
FQ(U)) _ nHahio;wiig...ipw;'Qmi _ hf;hf;wm“’wi i _(p_l)hlalh]a]wzgzgzpwzj

5.

P

= nHah?iwiiz"'ipwfp,' — KRS W Z”a.;l2 +hja~j ?‘jwiji3"'ipw:z

— (B + hS5 + hfiy + -+ B ST Wl

nH¢® o
= p (R 4 hiyi, + hiyiy + -+ hi i Jw ““”mz?gmip

p(hié+h Ry o hE )Wl

1 S
— p[nHa(hZa”l +hzo;1p) (h;x”l +h?pzp) ] 11Z2...pr1112...’w

1 o

= SO R )G gy 4 Bl

1

- lIlf {(h?lll +h1p p)(hZ;Jrﬂerl : 2 ln)}|w‘ (26)

T P,
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for 2 < p < n —2. To estimate the term at the right side of (2.6), we have the
following lemma.

Lemma 2.1. Let M™ be a complete immersed submanifold with flat normal
bundle. Choose an orthonormal frame such that hi; = d;;hg;. Then

(W&, 4+ 0o, )RS, R

1191 iplp zp+1zp+1 znzn)

n— n —
> 2p(n )| H? - %W ~J2p —nly/ "2 ) T

Proof. Using the Cauchy—Schwarz inequality, we have

p n

[Aal® =D (0 )P+ Y (B,

s=1 t=p+1

» 2 . n 2
<Zh71> + n_p ( Z h?iz‘t)

t=p+1

« ’ 2n a ¢ « TL2 2
hisis - H Zhisis n—p | .

n=p s=1

Thus,

p 2 p
(Zh% ) —apH Y g, bl PP <o,
s=1 s=1

which implies that

a_ 22D |2—n|Ha|2<Zhl .
< pH® + @\/MQP —n[He]?, (2.7)

and also
L « « p{n p) a2 « u [eY
Zhisis —nH th i S 7|A | —np|H*|" + (2p —n)H Zhisis-
s=1 s=1
(2.8)

Substituting (2.7) into (2.8) yields
(Zh ) - nH“Zhl L < MMQP — np|H? + p(2p — n)|H[?

—
+2p— n|\/]¥|H“|\/|Aa|2 —n[HOP.
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Hence using the Cauchy—Schwarz inequality again yields

(W sy + 4 B V(RS - R )

4111 Tp+1lp+1 Intn

2
=y nHO‘ZhZ (Zhl )
« s=1

> 2p(n — pZ|H“|2 pln pZm k

|2p—n|\/ ZIH”‘I [Aal? = n|H[?

n —
> opn — )~ PP pop gy [P A

O

We first assume that 2p < n. From Lemma 2.1, by the Cauchy—Schwarz
inequality, we obtain

(hllll T+ h%)i}l)(hil+li[)+l +ooe Tt h?nin,)

n — n — 2p)? sp(n —
22p(n_p)|H|2_p( - p)|A|2_( 4Sp) |H|2_ p(n p)(\A|2—n|H|2)

= [+ ot -y - 20 g (o)
(n—2p)*
— (s |CF s)p(”l_fi_ = | ’L‘n_ 2412, (2.9)

for all s > 0. Denote by

n—2p)?
(2+ s)p(n—p) — %

£ls) = ——

A straightforward computation shows that

n—2p

maxf(s) = f(=5,=) = -
Hence from (2.9), we get
(h?l,“ + hZ,’Lp)(h’Lap+1Zp+1 + h(llnzn)

> <1+”;—;”>[ nplH[? - (”n 2)|ap

= 2 [W?IHP ~ (0 p)|AP]. (2.10)
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If 2p > n, then 2(n — p) < n. Thus replacing p by n — p in (2.9) and
(2.10), we have

(h$; -+ R,

2121 ZPZP

) R

1
’Lp+1lp+1 ann) 5

(n?[H|* = plAP).  (2.11)
Combining (2.10) and (2.11), we have

(h$; -+ R,

2121 Zplp

)(h, +et b, 2

Ipt1ipt1 inin

(n®|H|? — max{p,n — p}|A|*)
(2.12)

for all 2 < p < n — 2. Combining (2.2), (2.5), (2.6) and (2.12), we conclude
that

N | =

1
§A|w|2 >|Vwl*+ | 1nf Z Z Kii, | |wl?
e =1

1
+ 3 (n?[H|? — max{p,n — p}|A|*) |w|*. (2.13)

3. Proof of the Main Results

Theorem 3.1. Let M™ be a compact immersed submanifold in N™"t* which has
non-negative (n — 1)-th Ricci curvature. Assume that

n?H?
—1°

Then every harmonic 1-form on M 1is parallel. Furthermore, if the inequality

(8.1) is strict at some point, then the Betti numbers $1(M) = Bp_1(M) = 0.

Proof. Given w € H*(L?*(M)), it follows from (1.2) and (3.1) that
F(w) = Ric(w?, w¥)

2n— H? = (n—2)1/ = L H|VIAP —nH? - DA | f?

n—1 n—1 n2
2(n —1) - H?|w|?
[(n (n \/ \/n—l n n—l] ol

=0.

A* < 3.1

Y

Y

Combining with (2.2), we conclude that
A|w|2 [Vw|? + F(w) > 0.

By the compactness of M and the maximum principle, |w| = constant. Hence
|Vw| =0 = F(w). The first equality means that w is parallel. If (3.1) is strict
at some point zyg € M, then the Ricci curvature of M™ is positive at xg.
Hence F(w) = Ric(w*,w?) = 0 implies that w?(zo) = 0, which is equivalent to
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w(xp) = 0. Since w is parallel, w = 0 on M. Hence (1(M) = 0. By duality,

Bn-1(M) = (M) = 0. O

Theorem 3.2. Let M™ be a compact immersed submanifold in N™* with flat

normal bundle. Assume that N" % has pure curvature tensor and non-negative
isotropic curvature, and

2772

ap < "H

max{p, n— p}

for2 < p <n-—2. Then every harmonic p-form on M is parallel. Furthermore,

if the inequality (3.2) is strict at some point, then the Betti numbers B,(M) = 0
for2<p<n-—2.

Proof. Let w € HP(L?(M)) for 2 < p < n — 2. Since N"** has non-negative
isotropic curvature, by Lemma 2.2 of [5], we have

Z Z Ki,i, >0, (3.3)

t=1h=p+1

(3.2)

7/1; "Ln
which, combining with (2.13) and the hypothesis, implies that
1
SO 2|V + (07 HP — max{p.n —p}AP) [ 2 0. (3.4)
The remaining argument is similar to the proof of Theorem 3.1. g

Remark 3.1. It is well known that non-negative sectional curvature implies
non-negative isotropic curvature.

To obtain finiteness theorems for L? harmonic p-forms under L,-norm

curvature of M™, we need the following L? Sobolev inequality. Putting g =
2(n—

fn= 2’ with f€CHM) in (1.1), using the Holder inequality yields

(/M|f|f—”2dv)wsml/ £V o+ nD(n) [V
<2 (f |f|n’""2dv) (/MIVf|2dv)2
wont ([ 1912 gdv) ( /M|H|zfzdv)3

which implies the following L? Sobolev inequality

( Il d) " e | Vs + PPy vrecion (33

for some ¢(n) > 0 depending only on the dimension n.

N

Theorem 3.3. Let M™ (n > 3) be a complete non-compact immersed sub-
manifold of R™* with flat normal bundle and finite total curvature. Then
dimHP(L?(M)) < oo for all2 <p <n — 2.
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Proof. Let w € HP(L*(M)) for 2 < p < n — 2. Since w satisfies the refined
Kato’s inequality ([1])

Vw]? > (1+ K,)|Vwl[?,

where

L if2<p<n/2,
K,={""
ifn/2<p<n-2

we get from (2.13) that
SAWP > (14 KVl + 3 (7~ max{p,n — p}|AP) ol (36)
On the other hand, we have
LAl = Wl + VI
which, combining with (3.6), implies that
[0l Al > Kyl D1l P 4 1 (n2HP — max{p,n — p} A1) |

= K, [Vl? — (AP~ nlHP)wl? + & (n — max{p, n — p})| AP
= Ky VIl = S1g7lwf? + 5 min{p, n — p} Ao (37)

Fix a point ¢ € M and denote by p(x) the geodesic distance on M from
xo to x. Let us choose n € C§° (M) satistying

0 on By, (ro) U (M\B,(2r)),
2y — 3 P@20) =70 on Buy(ro + 1)\Buy(ro),
() 1 on By, (r)\ Bz, (ro + 1), (38)

Zree@zo) — on B, (2r)\Bay (1)

T

where r > ro + 1 and ry will be determined later. Multiplying (3.7) by 7% and
integrating by parts over M, and using the Cauchy—Schwarz inequality, we get

0 [ GPlelalel — Ky VllP)do+ 5 [ 1oPePlufao
—fmin{p,n—p}/ |A|*n?|w|*dv
2 M
S / DIl (V. Viwl)do — (1 + K,) / Vw2
M
/ (0P wf?dv — J min{p, n — p) / APPlwld (3.9)
M
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1
<O-1-£K) [ #VlPdo+ g [ oPIvakas
/ (6P wfdy — £ minfp,n — p) / AP wPdo (3.10)

for all b > 0. On the other hand, it follows from (3.5) and the Holder inequality
that

2 2 2d nd "2d ;
/M|¢\nlw| s(/ 19 ) (/ il )

< c(n) ( /. |¢"dv) [ (G + 1P ) do

= B(0) [ GRIVIIP + [ Val? + [H PPl

2

+ 28 )/ 0l (Y, Vo) do (3.11)

where E(n) = c(n)(fsupp(n) |¢|"dv) = . Substituting (3.11) into (3.10) and using
the Cauchy—Schwarz inequality, we have
S0 [ renitan

0§<b—1—K,,+”EQ(”)>/ 72|V w2 dv+(

+ nE(n) / el (V. Veolydo + ) / PP w2y

1 .
~ puin{pon—p} [ AP |w|2dv
M

<(p-1- K+”E2“+”Eg>)/ 2|V|w||dv

1 E(
+<b+”2” )/ wf? |V do + "2 / |H > w[*dv

1
~ S win{p.n _p}/ |A[2n2|w[2do
M

for any v > 0. Thus,

C/ 7% V|w||?dv <D/ |lw|?|Vn|2dv + / |H|?n?|w|?dv

1
— —min{p,n —p}/ \A|2n2|w| dv (3.12)
2 M
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where
C=1+K,—b— 7(H7§”E(”),
p- LtnE@) 1
2y b

Since M has finite total curvature, we can fix r; large enough such that

" K
/ ordv | < —2_.
M\Bg, (r1) ne(n)

Take ro > ri1, thus supp(n) C M\By,(r1), and E(n) < % Let v = b =1,
then C = K, —nE(n) > 0and D = nE(n) +1 > 0. It follows from (3.5) and
the Cauchy-Schwarz inequality that

(-

n—2

"nzd”> =) /M(‘V(nlwl)P H PR ) do

< e(n)(1 + s) /M | V]w|[*dv + c(n) <1 + i)

x/ |w|2|V17|2dv+c(n)/ |H|?n?|w|?dv  (3.13)
M M

for all s > 0. Substituting (3.12) into (3.13) yields

+ [ Bmen) (1 + )07 +c(n)] /M |H Pl Pdo

1
— S min{p,n— phe(n)(1 +5)C" / |A[2n2 o |2dv.
M
(3.14)

By a direct computation, we have

[SB@e(n)(1+5)C +e(n)] |H]? - % min{p,n — p}e(n)(1 + )0~ |A?

<) |E@Q+ 50 + & = Fmin{pn—p) 1+ )07 14P
< ¢(n) %(E(n) -D(1+s)C" + H 1A
<) [552 - D+ 2
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Hence (3.14) reduces to

n—2

([ eli®=ar) ™ < [ opionta (3.15)
M M

for some constant C; = Cy(n) > 0.
It follow from (3.8) and (3.15) that

n—2
Bz (1)\ Bz (ro+1)

=r < Cl/ |w|?dv
Bwo(ro""l)\Bro(TO)
C
+%/ |w|?dv.
72 By 20\ Bug (1)

Since |w| € L?*(M), taking r — oo, we have

n—2

/ w| 722 dv <0y / |w|2dv. (3.16)
M\ Bg, (ro+1) Bay (ro+1)\Bay (0)

It follows from the Holder inequality that

/ |w|?dv
Bag (ro+2)\Bag (ro+1)

n—2

< vol(By, (ro +2))* / w| 727 dv
Bay (104+2)\ Bz (ro+1)

Combining with (3.16), we conclude that there exists a constant Cy > 0 de-
pending on vol(By, (1o + 2)) such that

/ w|?dv < 02/ w|2dv. (3.17)
By (ro+2) By (ro+1)

From (3.7), we get
W Alw| > Kp|V|wl[* — Flw|? (3.18)
where F': M — [0, 00) is the function given by

n 1 .
F = S[g* — 5 min{p,n — p}[ A"

Fix 2 € M and take ¢ € C}(B,(1)). Multiplying (3.18) by ¢?|w|172, ¢ > 2,
and integrating by parts, we obtain

K, / |72 V|| P / Flw|dv
Bz (1) )

x

< (g1 / 2Ll 2V | v — 2 / (ol ¥, ol oIVl

= (1 By

S(l—q+Kp)/

B (1)

1
Pl Vel Pdo+ = [l Do
Kp Jp.1)
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which implies that

_ 1
@1 [ ST [P Vel el (319)
p

On the other hand, using the Cauchy-Schwarz inequality, we have

[ et (14 L) [ ol9eld
B.(1) 2e B.(1)

+2(2 +e)/ 210|772 |V || 2w

for any € > 0. Combining with (3.19) and taking € = %, we conclude that

/ IV (oll )2
B.(1

(1)
q(1+q) 2 q(1+q) 5 .
< / { ( _ 1)F80 + [1 +q+ WMV(M } |w| dv. (3.20)

Applying (3.5) to p|w|? and using (3.20), we have

n—2

/ (elwl?) d) < ¢(n) / IV (lo] )2
B. Ba(1)

+e(n) /B H2(plu]f)2dv

x

< / (Ap? + BIVg|?)|w|du
B.(1)

where
_ qlg+1)c(n) 2 2
A= WF‘F c(n)[H|* < ge(n)(F + [H[7)
and
B =c(n) [q +1+ 4(qq(q_—i)1[)(1)] < gne(n).
Thus,

n—2

(/ (<p|w|g)n2n2dv> < qu/ (0% + |Vo|?)|w|?dv (3.21)
B (1) B (1)

for a constant C3 > 0 depending only on n, vol(B;(1)), supg, 1)F and
su |H |2
PB.(1)

Given an integer k > 0, we set ¢ = (n Q)k and rp = %—F srer- Lake
a function ¢y, € C§°(B,(ry)) satisfying pr > 0, ¢ = 1 on By(rg4+1) and

|V| < 283, Replacing ¢ and ¢ in (3.21) by qx and ¢y, respectively, we get
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1

1 1
dgt1 ) ay
( / w|qk+1dv> < (quCstt+) 7 ( / |w|%dv> L (3.2
B (Tk+1) B (rk)

Applying the Moser iteration to (3.22), we conclude that
W (@) < w7 g, 1) < Ca /B N |w|?dv (3.23)

for a constant C4y > 0 depending only on n, vol(B;(1)), supg, ) and
supp, ()| H|?. Take x € By, (ro + 1) such that

wl(@) = sup |wf?,
BzO(TO+1)
then (3.23) implies that
sup  |w]? < C4/ |w|?dv.
Bz (ro+1) Bug (ro+2)
Combining with (3.17), we have
sup  |w|? < 05/ |w|dv (3.24)
Buy (ro+1) Buy (ro+1)

where C5 > 0 depends only on n, vol(By,(ro + 2)), supp, (r,42)F and

SUPR, (rg+2) |H 2.
Finally, let V be any finite dimensional subspace of H?(L?(M)). Accord-
ing to Lemma 11 of [9], there exists an w € V such that

dimV/ |w?dv < vol(By, (1o + 1)) (min{n, dimV}) sup |w/|*.
Buy (ro+1) Buy (ro+1)
Combining with (3.24) we conclude that

where Cg > 0 depends only on n, vol(By,(ro + 2)), supp, (r,4+2)f" and
sumeo(T0+2)|H|2. This implies that HP(L?(M)) has finite dimension, which
complete the proof of Theorem 3.3. O

Remark 3.2. Cavalcante, Mirandola and Vitério’s [4] proved a finiteness the-
orem for L? harmonic 1-forms on complete submanifolds with finite total cur-
vature in Euclidean space.
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