Results. Math. 68 (2015), 117-142
(© 2014 Springer Basel
1422-6383/15/010117-26

published online December 18, 2014 . A
DOI 10.1007/s00025-014-0426-y I Results in Mathematics

@ CrossMark

On the Equiaffine Symmetric Hyperspheres

Xingxiao Li and Guosong Zhao

Abstract. We introduce and study the equiaffine symmetric hyperspheres.
For the first step we consider the locally strongly convex ones. In fact, by
the idea used by H. Naitoh, we provide in this paper a direct proof of the
complete classification for those affine symmetric hyperspheres. Then, via
an earlier result of the first author, we are able to provide an alternative
proof for the classification theorem of the affine hypersurface with parallel
Fubini—Pick forms, which has already been established by Z. J. Hu et al.
in a totally different way.

Mathematics Subject Classification. Primary 53A15; Secondary 53B25.

Keywords. Equiaffine hypersphere, affine metric, Fubini—Pick form,
symmetric space, affine symmetric hypersurface.

Contents
1. Introduction 118
2. Preliminaries 119
2.1.  The Equiaffine Geometry of Hypersurfaces 119
2.2.  The Multiple Calabi Product of Hyperbolic Affine Hyperspheres122
3. Some Typical Examples 124
4. Proof of the Main Theorem with an Application 136
Acknowledgements 140
References 140

Research supported by NSFC (Nos. 11171091, 11371018) and partially supported by NSF
of Henan Province (No. 132300410141).

W Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-014-0426-y&domain=pdf

118 X. Li and G. Zhao Results. Math.

1. Introduction

As we know, affine hyperspheres are very special in the equiaffine differential
geometry of hypersurfaces. In particular, if an affine hypersurface is of parallel
Fubini-Pick form, then it must be an affine hypersphere [4]. If we only take
account of the definition, affine hyperspheres seem very simple but in fact they
do form a very large class of hypersurfaces. Consequently it is a great chal-
lenge to find explicitly all the affine hyperspheres and now it still remains a
very hard job. Although this, the study of affine hyperspheres has been made
a lot of great achievement by many authors. For example, the proof of the Cal-
abi’s conjecture (see for example, [17,18]), the classification of hyperspheres
of constant sectional affine curvatures [27,28] and [15], the generalizations of
Calabi’s composition of affine hyperbolic hyperspheres (with multiple factors,
[20]; for more general cases, [5]), the characterization of the Calabi’s composi-
tion of hyperbolic hyperspheres ([9]; also [22] and [23] in a different manner),
and the classification of locally strongly convex hypersurfaces with parallel
Fubini-Pick forms ([6] and [13] for some special cases; [14] for general case).
As for the general nondegenerate case, there also have been some interesting
partial classification results, see for example the series of published papers by
Z. J. Hu et al: [10,11] and [12]. In this direction, a very recent development is
the preprint article [8] in which the author aimed at a complete classification
of nondegenerate centroaffine hypersurfaces with parallel Fubini—Pick form.

In this paper, on the basis of a recent characterization of Calabi compo-
sition of hyperbolic hypersphere [22,23], we make use of the idea by H. Naitoh
in [24] for classification of totally real parallel submanifolds in the complex
projective space, to provide a direct proof of the complete classification of
symmetric affine hyperspheres. Then, via an earlier result of the author, we
easily give an alternative and simpler proof for the classification theorem (The-
orem 4.6) for the affine hypersurface with parallel Fubini-Pick forms, which
has already been established by Z. J. Hu et al. in a totally different way (see
[14] for the detail).

Our main theorem is stated as follows:

Theorem 1.1. (The main theorem) Let x : M™ — R"! (n > 2) be a locally
strongly convex affine hypersphere. If x is locally affine symmetric, then either
of the following two cases holds:

1. With the affine metric g, the Riemannian manifold (M™,g) is irreducible
and x is locally affine equivalent to
(a) one of the three kinds of quadric affine hyperspheres: Ellipsoid, elliptic
paraboloid and hyperboloid; or
(b) the standard embedding of the Riemannian symmetric space SL(m,R)/
SO(m) into R™*! with n = im(m +1) — 1, m > 3; or
(c) the standard embedding of the Riemannian symmetric space SL(m,C)/

SU(m) into R* ™t with n = m? — 1, m > 3; or
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(d) the standard embedding of the Riemannian symmetric space SU*(2m)/
Sp(m) into R"™! with n = 2m* —m — 1, m > 3; or
(e) the standard embedding of the Riemannian symmetric space Eg(_o)/F4
into R?7.
2. (M™,g) is reducible and x is locally affine equivalent to the Calabi product
of r points and s of the above irreducible hyperbolic affine hyperspheres of
lower dimensions, where r, s are nonnegative integers and r + s > 2.

Examples (b), (¢), (d) and (e) are explicitly presented in Sect. 3, while
examples in (a) can be found in the most text books, see for example [19].

2. Preliminaries

2.1. The Equiaffine Geometry of Hypersurfaces

In this subsection, we brief some basic facts in the equiaffine geometry of
hypersurfaces. For details the readers are referred to some text books, say, [19]
and [25].

Let x : M™ — R""! be a locally strongly convex hypersurface. Then
there are several basic equiaffine invariants of x among which are: the affine
metric (Berwald-Blaschke metric) g, the affine normal £ := %Agl', the Fubini—
Pick 3-form (the so called cubic form) A € (O T*M™ and the affine second
fundamental 2-form B € 02 T*M". By using the index lifting by the metric
g, we can identify A and B with the linear maps A : TM™ — End(T'M™) or
A:TM"OTM"™ - TM™ and B : TM™ — TM™", respectively, by

JAX)Y, Z) = AX,Y,Z) or g(AX,Y),Z) = A(X,Y, Z),
(2.1)
9(B(X),Y) = B(X,Y),

for all X,Y,Z € TM™. Sometimes we call the corresponding B € End(T'M™)
the affine shape operator of x. In this sense, the affine Gauss equation can be
written as follows:

R(X,Y)Z = %(g(Y, Z)B(X)+ B(Y,Z2)X — g(X,Z)B(Y)
—B(X,2)Y) — [A(X), A(Y)|(Z), (2.2)
where, for any linear transformations 7', S € End(TM™),
[T,S]=ToS—SoT. (2.3)

Each of the eigenvalues By,..., B, of the affine shape operator B : TM" —
TM™ is called the affine principal curvature of . Define

1 1
Ly:=—trB=— B;. 2.4
1 n I nzl: i ( )

Then L, is referred to as the affine mean curvature of x. The hypersurface z
is called an (elliptic, parabolic, or hyperbolic) affine hypersphere, if all of its
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affine principal curvatures are equal to one (positive, 0, or negative) constant.
In this case we have

B(X)=L.X, forall X eTM". (2.5)

It follows that the affine Gauss equation (2.2) of an affine hypersphere assumes
the following form:

R(X,Y)Z = L(9(Y, 2)X — g(X, 2)Y) — [A(X), AV)](2),  (2:6)

Furthermore, all the affine lines of an elliptic affine hypersphere or a
hyperbolic affine hypersphere = : M™ — R™*! pass through a fix point o which
is refer to as the affine center of x; Both the elliptic affine hyperspheres and
the hyperbolic affine hyperspheres are called proper affine hyperspheres, while
the parabolic affine hyperspheres are called improper affine hyperspheres.

For each vector field 7 transversal to the tangent space of z, we have the
following direct decomposition of vector spaces

TR =2 (TM) +R - 1.

This decomposition and the canonical differentiation D° on R"*! define a
nondegenerate bilinear form h € @2 T*M"™ and a connection D7 on TM™ as
follows:

DYY =z.(D%VY)+h(X,Y)n, VXY e TM™ (2.7)

(2.7) can be referred as to the affine Gauss formula of the hypersurface x.
In what follows we make the following convention for the range of indices:

1<4,5,k,1<n.

Let {e;,en+1} be a local unimodular frame field along x, and {w?, w" 1}
its dual coframe. Then 7 := e,11 is transversal to the tangent space z.(TM).
Write h = Y hjjw'w? with h;; = h(e;,e;) and H = | det(h;;)|. Then the locally
defined nondegenerate metric g := H “wih s independent of the choice of the
unimodular frame field {e;,e,+1} and thus is in fact a globally well-defined
metric on M"™ which is called the affine (or Berwald-Blaschke) metric. By
taking = as an R""'-valued smooth function on M™, we call the vector function
€ := Ltr 4(z) the affine normal vector.

If, in particular, n is chosen to be parallel to the affine normal &, Then the
induced connection V := D" is independent of the choice of n and is referred
to as the affine connection of z. If V is the Levi-Civita connection of the affine
metric g, then the Fubini—Pick form (as a symmetric (1,2) tensor) is defined
by

AX,Y)=VxY - VxY, VXY eTM, (2.8)

which is identified via the affine metric ¢ with a symmetric cubic form
AX,Y,Z) = g(A(X,Y),Z). This cubic form A is also referred to as the
Fubini—Pick form.
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From now on we assume that the transversal vector e, above is par-
1
allel to the normal vector . Then it holds that { = H"+2e,4; and we have
connection forms wg, 1< A, B <n+1, defined by

n+1
A_ B A A _ c A n+l
dw” = w” Awj, dwéfzwé/\wé, w =0.
C=1
Furthermore, the local expressions of g, A and B:
A= Z Aijkwiijk7 B = Z Bijwiwj, (29)
is subject to the following basic formulas:
Zgiinjk = 0 (the apolarity), (2.10)
4,J
1
Aijeg — Aijie = §(gikle + 91Bik — 9uBjr — 91 Bi), (2.11)
n
ZAéj,l = §(L19ij — Bij), (2.12)

l

where A;ji,; are the covariant derivatives of A;;, with respect to the Levi-
Civita connection of g.
Define

Z hijkwk = dhw + h”wﬁﬁ — Z hkjwf — Z hikwf. (213)
k
Then the Fubini—Pick form A can be determined by the following formula:
1 1
Aijk = —§H n+t2 hzgk (2.14)
Define the normalized scalar curvature xy and the Pick invariant J by

1 il jk 1 ip jq k
—_— R;; J=——Y AiA,urgPg?"".
o) > "¢ Riju, ") > AijApgrg® g9

Then the affine Gauss equation can be written in terms of the metric and the
Fubini-Pick form as follows

X:

Rijrr = (Aiji,y — Aijie) + (x = J)(9agix — gigjt)
2
- z'A"mm* iA',mm, Am 'm,*Am ikm )- 2.1
JFnE(gkjl‘, Gil ka)+§m(“€ 3l i Ajrm). (2.15)

We shall use the following affine existence and uniqueness theorems later:

Theorem 2.1. [19] (The existence) Let (M™,g) be a simply connected Rie-
mannian manifold of dimension n, and A be a symmetric 3-form on M™ sat-
isfying the affine Gauss equation (2.15) (or equivalently (2.2)) and the apo-
larity condition (2.10). Then there exists a locally strongly conver immersion
x: M™ — R" such that g and A are the affine metric and the Fubini—Pick
form for x, respectively.
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Theorem 2.2. [19] (The uniqueness) Let x : M™ — R" 1 7 : M™ — R pe
two locally strongly convex hypersurfaces of dimension n with respectively the
affine metrics g, g and the Fubini-Pick forms A, A, and ¢ : (M™, g) — (M™, g)
be an isometry between Riemannian manifolds. Then p*A = A if and only if
there exists a unimodular affine transformation ® : R" ™1 — R+l such that

Top=>®ouwx, or equivalently, T = ®ox oL

Remark 2.1. For the sufficient part of Theorem 2.2, see also [23].

Given a constant L; € R and a Riemannian manifold (M",g), denote
by Scar g)(c) the set of all TM"-valued symmetric bilinear forms A € IN(O}
(T*M™) Q(TM™)), satisfying the following conditions:

1. Under the metric g, the corresponding 3-form A€ D(Q*(T*M™) Q(T*M™))
is totally symmetric, that is, AeT(Q*(T*M™));
2. Affine Gauss equation, that is, for any X,Y,Z € X(M")

R(X,Y)Z = L. (g(Y, 2)X = g(X, 2)Y) — [A(X), AYV)](2).  (2.16)
3. trg(A) =0,

From Theorem 2.1 and Theorem 2.2, we have

Corollary 2.3. For each A € S(prn g)(L1), there uniquely exists one affine hy-
persphere & : M™ — R with affine metric g, Fubini-Pick form A and affine
mean curvature L.

Motivated by Theorem 2.2, we introduce the following concept of affine
equivalence relation between nondegenerate hypersurfaces:

Definition 2.1. Let z : M™ — R™*! be a nondegenerate hypersurface with the
affine metric g. A hypersurface Z : M™ — R"*! is called affine equivalent to
if there exists a unimodular transformation ® : R*** — R™*+! and an isometry
@ of (M™,g) such that # = ® oz ot

To end this section, we would like to recall the following concept:

Definition 2.2. [22] A nondegenerate hypersurface x : M™ — R"*! is called
affine symmetric (resp. locally affine symmetric) if

1. the pseudo-Riemannian manifold (M™, g) is symmetric (resp. locally sym-
metric) and therefore (M™, g) can be written (resp. locally written) as G/K
for some connected Lie group G of isometries with K one of its closed sub-
groups;

2. the Fubini-Pick form A is invariant under the action of G.

2.2. The Multiple Calabi Product of Hyperbolic Affine Hyperspheres

For later use we make a brief review of the Calabi composition of multiple
factors of hyperbolic affine hypersurfaces. Detailed proofs of the facts listed in
this subsection has been given in the articles [21] and [23].
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Let r, s be two nonnegative integers with K :=r+s > 2 and z,, : M2} —
R7e+1 1 < o < s, be hyperbolic affine hyperspheres of dimension n, > 0 with
(@)
affine mean curvatures [, ; and with the origin their common affine center.
For convenience we make the following convention:
1<a,byc--- <K, 1<ANuyv<K-1, 1<a,pf8,v7<s,

a=a+r, pB=p0+r, =7+

Furthermore, for each a = 1,...,s, set iq = iq + K — 1 + Zﬁ<a ng with
1 <oy < ng.
Define

. a, 1<a<r
“ Zﬁ<an5—|—d, r+l<a=a<r-+s,
and

ta_l ta ta+1 tK—l)
€q ' =€exp | — + —+ + -+ , 1<a<K=r+s
‘ ( na+1  fao  farr K1

In particular,
t ot tK1> ( tr—1 >
eg=exp| —+——+--+ exg =exp| — .
<f1 f2 fr1)’ nk +1

Putnzijana—l—K—landM":RK_1 X M{"™ x -+ x M. For any
K positive numbers c1, ..., ck, define a smooth map z : M™ — R by

'r(tlﬂ s 7tK_17p17 s 7ps) = (6161, R C7-87-,C7-+1€7-+1$1(p1), ceey CKers(ps));
V(B ps) € M. (2.17)

Proposition 2.4. [21] The map x : M™ — R"*! defined above is a new hyper-
bolic affine hypersphere with the affine mean curvature

1
=)
1 1 I s 02(na+1)
Lh=—7-— (C:= . rta ,
YTy 1) n—|—1H 211 (@)
a=1 a=1 (na + 1)na+1(_ L 1)na+2
(2.18)
Moreover, for given positive numbers cy,...,cx, there exits some ¢ > 0 and
¢ > 0 such that the following three hyperbolic affine hyperspheres
= (C1€1,. ., Crlpry Crp1€r 4121, .., CKCsTys),
Ti=cle1,...,er €rp1T1,...,E5Ts),
Ti=(e1,. . €m €101, ...,CETs)

are equiaffine equivalent to each other.

Definition 2.3. [21] The hyperbolic affine hypersphere x is called the Calabi
composition of r points and s hyperbolic affine hyperspheres.
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Then we have

Corollary 2.5. [21] The Calabi composition x : M"™ — R"TL of r points and
s hyperbolic affine hyperspheres T, : M™ — Rt 1 < o < s, is affine
symmetric if and only if each positive dimensional factor x is symmetric.

Note that for a given locally strongly convex hypersurface z : M™ — R™+1
with the affine metric g, (M™, g) is a Riemannian manifold. Then we have the
following characterization of Calabi composition of symmetric factors which is
important in the proof of Theorem 1.1:

Theorem 2.6. ([23]; cf. [22]) A locally strongly conver and affine symmetric
hypersphere z : M™ — R"*! is locally affine equivalent to the Calabi compo-
sition of some hyperbolic affine hyperspheres possibly including point factors
if and only if M™ is reducible as a Riemannian manifold with respect to the
affine metric.

3. Some Typical Examples

To make the main theorem more understandable, we provide in this section a
systematic and unified treatment of some typical examples of affine symmet-
ric hyperspheres in R”*! giving, for the first time, the necessary computation
details. These examples have partly appeared in [3,5,19,22,25,26] and par-
ticularly in the important classification theorem by Z.J. Hu, H.Z. Li and L.
Vrancken ([14], see also Theorem 4.6 in the next section).

Ezample 3.1. [19,25] Quadric Hypersurfaces
There are three kinds of quadric hypersurfaces in R**! and they are given
by the following quadric equations

(1) Ellipsoid: ()2 + -+ (2™)? + (2"T1)2 =%, ¢ > 0; (3.1)
(2) Paraboloid: (z')? +--- + (z™)? = 22", (3.2)
(3) Hyperboloid:  (z')% 4 -+ + (2™)? — (2"T1)? = —¢?, 2""' >0, ¢>0.

(3.3)

It is well known that the above three hypersurfaces are (resp. elliptic,
hyperbolic and parabolic) affine hyperspheres (with resp. positive, negative
and zero affine principal curvatures) and have vanishing Fubini-Pick forms. It
then follows that, with respect to the affine metrics, they have constant (resp.
positive, negative and zero) affine sectional curvatures. In particular, they are
affine symmetric hyperspheres. Also we have

Proposition 3.1. [19] A locally strongly convex hypersurface x : M — R"*!
has vanishing Fubini—Pick form if and only if it is one of the above quadric
hypersurfaces.
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Ezample 3.2. [19] The standard flat hypersurfaces with nonzero Fubini—Pick
form

Given a positive number C, let z : R” — R"*! be the well known flat
hyperbolic affine hypersphere of dimension n which is defined by

gttt =0, 2t >0, 2" > 0.
Then it is not hard to see that x is the Calabi composition of n + 1 points and
thus is affine flat. In fact, we can write for example
x=(e1,.-.,en, Céni).

It follows from Corollary 2.5 that x is affine symmetric. In particular, = has a
positive constant Pick invariant.

Note that by a theorem of L. Vrancken, A-M. Li and U. Simon in [27]
(also see [16]), Example 3.2 is, up to equiaffine equivalence, the only one with
flat affine metric and positive Pick invariant.

Ezample 3.3. [5,13,25] The standard embedding
1
z: M = SL(m,R)/SO(m) — R" ™' n= gmm+1) =1, m=>3.

Let sl(m,R), sa(m) be the Lie algebras of SL(m,R), SO(m) respectively,
and R""! = s(m) the vector space of real symmetric matrices of order m. Then
the canonical decomposition of sl(m,R) with respective to so(m) is sl{(m,R) =
so(m,R) + s9(m) where

so(m) :={X €s(m); tr X =0}
and is naturally identified with the tangent space T,M at the origin o =

SO(m) € M, the coset of the identity matrix.
There is a representation ¢ of SL(m,R) on R™"! defined by

#(a)X :=aXa', fora e SL(m,R), X € R"*.
Then we have

Lemma 3.2. [25] ¢(SL(m,R)) C SL(n+ 1,R). So ¢(SL(m,R)) can be taken to
be a subgroup of the unimodular group UA(n + 1) on R"*1.

For a given constant L; < 0, put
n+2

- (wrm)

and define a map z : SL(m,R)/SO(m) — R"*! as follows:
2(,50(m)) = Caa’, for a € SL(m,R).

Then it is clear that z is equivariant with respect to the representation ¢ :
SL(m,R) — UA(n + 1) (see Lemma 3.2) and x(M) coincides with the subset
of all positive-definite matrices in s(m) with constant determinant C™, and
z(0) = CI,, where I, is the identity matrix of order m.
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Furthermore, z is an equiaffine symmetric hypersphere of affine mean
curvature Lj. In fact, this last conclusion follows by the following computation:

Now for each X € so(m) = T,M, a(t) := exptxSO(m) is a geodesic curve
on M. Then it holds that

d d

OB
This shows that x is an immersion at o and thus is an immersion globally
since z is equivariant. Clearly, x is injective and is thus an imbedding of M
into R™*1.

Moreover, the standard inner product (-, -) on R**! = s(m) is defined by
(X,Y) =tr (XY), X,Y € s(m). Since

(z.4(X),z(0)) = (20X, CI,,) = 20%tr (X I,,,) = 2C*tr X =0,
X € T,M = so(m),

2. (X) ((exptX)(exptX)') = 2CX.

t=0

x(0) is a transversal vector of = at o and thus is transversal everywhere by the
equivariance.

On the other hand, if we denote by Y* the Killing vector field on M
induced by Y € so(m), then the value of Y* at a(t)

d d

Y*|a(t) = % _0 (expsYa(t)SO(m)) = % ~ (expsYexthSO(m))-

Therefore

((expsY exptX)(exp sY exptX)').
s=0

. d
a:*(Y ‘a(t)) = C %

It follows that
82

X(eu(Y") = C 5

(expsY exptX expsX'exptY?)
t=s=0

—20(YX + XY) =2C (YX +xy - L (XY)Im>
m

+%C’(X, Y, (3.4)

implying that x is locally strongly convex since (X,Y’) is positive definite.
Moreover the affine metric (Blaschke metric) of « at the origin o is by definition

XY 4¢ o X, Y 1 XY XY
X, 0) = (2)7T ) = - ), XY € salm)
Clearly g, is positive definite and invariant by SO(m) and it induced a invariant
Riemannian metric g. On the other hand, the involution map o : sl(m,R) —
sl(m,R) defined by o(X) = —X! is isometric with respect to g,, thus the
invariant metric g is symmetric; Note that = is equivariant, thus g is nothing
but the affine metric of x.
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Let A, be the (1,2) tensor on s¢(m) defined by
2
Al X, Y)=XY +YX — —tr (XY)I,,, VX,Y €s4(m),
m
which gives a linear map for any X € so(m): Ao(X) : so(m) — so(m) by
Ay(X)Y = Ay(X,Y), Y € s59(m).
To find the affine normal vector at o, we should first prove the following
lemma:
Lemma 3.3. Define Ao(X,Y,Z) = g,(4.(X,Y), Z), for X, Y, Z € sq(m). Then
1. the (0,3)-tensor A,(X,Y, Z) is totally symmetric;
2. for each X € so(m), the linear map A,(X) is traceless.

Proof. Conclusion (1) is direct. To prove (2), we denote by e/ the m x m
matrix with the (i, 5)- th element being 1 and all other elements zero, that is,
its (k,1)-th element (eJ)F = 6¥67, 1 < k,1 < m. Then {e/, 1 < i,j < m} is
the standard basis for the real hnear space M (m,R) of m x m real matrices.
Define

fa=¢€x—ern forl<a<m-—1; fZ] (e +e) for1<i<j<m.

1
2
Then {fa, f/} is a basis for so(m). For X = (X
computation
2 2
Ao(X) o = JaX + X fu = —t0 (JaX) I = —((m — DX + X2 a4+
(3.5)

AV = FX 4 Xf = Zor (P X0 = (X3 + XD P 4 (36)

1) € so(m), we find by direct

where we have omitted those terms not containing f,, in (3.5), and those not
containing f7 in (3.6), respectively. It then follows that

trAO(X):—Z m— DX+ X+ > (X] + X))
1<j
m— i, 1 i j i _
:TZXﬁ—i;(Xi—l—Xj)—Zi:Xi_O (3.7)
since tr X = >, X! = 0. O

Since Y* is chosen to be the Killing vector field on M corresponding to
Y, we have VxY* = 0 where V is the Levi-Civita connection of the affine
metric g. Therefore by taking the trace of (3.4) with respect to g, and using
Lemma 3.3, we find that, at o, the affine normal vector

1 40\ 4
§o = EAQ:E = (ﬁ) p— -z(0) = —=L1z(0).
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& is clearly invariant by ¢(SO(m)) and for any X € sl(m,R), ¢.(X)& €
2 (To(M)). Then the equivariant transversal vector field £ induced by &, co-
incides with the affine normal vector (see Lemma 4.4 in [25]). Since x is also
equivariant, £ = —Ljx holds identically. Therefore, = is a hyperbolic affine
sphere with affine mean curvature L.

Now the equivariance of  implies that its Fubini-Pick form A is SL(m, R)-
invariant which indicates that z is affine symmetric, and the invariant Fubini—
Pick form A is uniquely determined by the cubic form A, given in Lemma 3.3
(see also definition (2.8)):

2
AN(X,Y, Z) = g ((XY LYX - St (XY)Im) , Z), X,Y, Z € so(m).
m

(3.8)
Ezample 3.4. ([14], cf. [3] for m = 3) The standard embedding
z: M =SL(m,C)/SU(m) — R"™™ n=m?—-1, m>3.

Let sl(m, C), su(m) be the Lie algebras of SL(m, C), SU(m) respectively,
and R"1 = p(m) the vector space of complex Hermitian matrices of order
m. Then the canonical decomposition of sl(m,C) with respective to su(m) is
sl(m, C) = su(m) + ho(m) where

ho(m) :=={X € h(m); tr X =0},
which can be identified with the tangent space T, M at the origin o = SU(m) €

M.
There is a representation ¢ of SL(m,C) on R"*! by

#(a)X :=aXa', foraeSL(m,C), X € R".
Lemma 3.4. ¢(SL(m,C)) C SL(n + 1,R) and thus ¢(SL(m,C)) can be viewed
as a subgroup of the unimodular group UA(n + 1) on R™+1.

Proof. Let e{ and fZJ be as in Example 3.3. Then {e{, 1 <1i,7 <m} can also
be taken as the standard basis for the complex linear space M (m,C) of m x m
complex matrices, with its complex dual basis denoted by {w}, 1<4,j <m}.
Define

1 ) .
fl = 5\/—1(63 — e;-) for 1 <i<j<m.

Then {e‘ 57 f7} is a basis for the real linear space h(m) with the dual basis
{6;, 0, 9;} where
Oj:zwf for 1 <i<m;
0 = (w; +wj), 0, =V~ 1(w7—w)f0r1<z<]<m
It follows that for i < 7,
01 (ch) = wi(eh) +wl(eh) = o4} + ool (3.9)
(el) = VTl (eh) — wi(el) = VoT(60! — djal).  (310)
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For each X € sl(m,C), write X = (X[ )pmxm = > ; XFel. Then tr X =
> X} =0 and, for each pair of 7,5, we have

Xel = Z Xk5pc5j Jel = ZXkek, Xt = Z(éfdg)q,)eﬁc = ZX';“@?.
e

k,lp k,lp
(3.11)

Since, by definition, ¢.(X)(4) = XA+ AX! (X € sl(m,C), A € R"*1) it
follows by (3.9)—(3.11) and tr X = 0 that

SO0 (X) () = Yo wilKel +elXT) = D (xhwi(eh) + Xhwi(eh)

ik

Z(X? + X =0, (3.12)

D06 (X)() = 5 Zel (el +¢i) + (e + )X

1<J z<]
= Z (XF 91 Xf@;(efc)+Xf9;(ef)+)_(ft9;(ef))
z<]k
1 ) . _ . 1 ) _
= §Z(X§+XJJ-+XJJ-+X}): 5Z(XHX})
i<j i#£]
-1 . _.
- mTZ(Xj + X =0, (3.13)
0t £ 1 z j i\ Y
> (@ (X)) = 5V=1) 05X (el =€) + (e] —e))XT)
i<j 1<j
1 kpi kpi/ i v ki kpi
= oV=1 D0 (XF0(ed) — XJ05(eh) + X705 (e]) — XF05(e}))
i<j,k
1 ) . . _. 1 ) _.
= §Z(X;+X;+Xj.+xg)= 5Z(nguxg)
i<J i#£]
-1 . _.
- mTZ(X; + X9 =0. (3.14)

Taking the sum of (3.12)—(3.14), we find
) =D 0i(6- (X)) + D050 (X)UD) + D 05(6.(X)(F) =
% 1<j i<j

completing the proof of Lemma 3.4. g

For a given constant L; < 0, put

n+2

- (wrm)
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and define a map z : SL(m, C)/SU(m) — R"*! as follows:
z(,SU(m)) = Caa’, for a € SL(m,C).

Then, by Lemma 3.4, the x is equivariant with respect to the representation
¢ : SL(m,C) — UA(n+1).
Now for each X € ho(m), define a(t) = exprxSO(m). Then

d d
=% z(a(t)) =C p
Thus z is an immersion at o and thus everywhere. Moreover, = is also an
imbedding of M into R"*!.

For X,Y € h(m), define (X,Y) = tr (XY). Then (-,-) is the standard
inner product on R*"*1 = h(m). In particular, it is positive definite. As in
Example 3.3, x is equivariant and transversal everywhere on M.

For any Y € Bho(m), the corresponding Killing vector field Y* on M
satisfies

24 (X) ((exptX)(exptX)') = 20X,

t=0 t=0

_d
ds s=0

It then follows that

d

(cxp sYa(t)SU(m)) = 5 (exp sY exp tXSU(m))

Y*
lat) as| .

(Y o) =C 4 ((expsY exptX)(expsY exptX)).

ds|,_,
Therefore
N 02 —t —t
Xz (Y"))=C (expsY exptX expsX exptY )
0t0s |,_,_,

= 20(XY +YX) =2C <YX XY - L (XY)Im>
m

4
+—C(X. V), (3.15)

implying that x is locally strongly convex as (X,Y") is positive definite. Thus,
at the origin o, the invariant affine metric g, is defined by:

9o(X,Y) = (\4/%

Since g, is positive definite and invariant by SU(m), the invariant Riemann-
ian metric g determined by g, is exactly the affine metric of x. Similar to
Example 3.3, we can prove that, for any X € ho(m), the real linear map

i 1
) (X.Y) =~ 7=(XY), XY € bom).

Yepho(m)— XY +YX — ztr(XY)Im
m

is also traceless. So, by making use of (3.15), we find that £ = —L;x holds
identically, implying that x is a hyperbolic affine sphere with affine mean
curvature L.
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Note that the involution map o : sl(m,C) — sl(m, C) is given by o(X) =
—X* and isometric with respect to g¢,, thus the invariant affine metric ¢ is
symmetric; Furthermore, the Killing vector field Y* on M given by Y € ho(m)
subject to VxY* = 0 for all X € ho(m) with V the Levi-Civita connection.
It follows from (3.4) and definition (2.8) that the Fubini-Pick form A of z is
invariant and is determined by its value A, at the origin o:

A(X,Y,Z) = go ((XY +YX - %tr (XY)Im> : Z), X,Y, Z € ho(m).
(3.16)
This shows that z is an affine symmetric hypersphere.
Ezample 3.5. ([14], cf. [3] for m = 3) The standard embedding
x: M =SU*(2m)/Sp(m) — R"™ n=2m?> —m—1, m >3,

where SU*(2m) = SL(2m, C) N U*(2m) with U*(2m) the usual U-star group
of order 2m.

0 —I,,
I, O
general quaternion linear group has an expression in terms of complex matrices
as

Define J = ( ) Then the U-star group, or in other words, the

U*(2m) = {T € GL(2m,C); T.J = JT}

_ {T - (AB ﬁ) € GL(2m,C); A, B € M(m, (C)}. (3.17)

Consequently, the Lie algebra of U*(2m) is written as
u*(2m) = {X e M(2m,C); XJ = JX}

_ {X _ (_AB f;) € M(2m,C); A,B e M(m,(C)} (3.18)

It follows that the special U-star group or the special quaternion linear group
SU*(2m) is given by
SU*(2m) = SL(2m,C) N U*(2m) = {T € U*(2m); detT =1}
of which the Lie algebra is
su'(2m) = {X e u"(2m), tr X =0.}
Moreover, the quaternion unitary group or the symplectic group is defined by
Sp(m) = U(2m) N SU*(2m) = {T € SU*(2m); TT" = I>,,}
with the Lie algebra
sp(m) = {X e su*(2m); X + X' =0.}.
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Let R™*! = gh(m) be the real vector space of quaternion Hermitian
matrices of order m. Then we have

an(on) = (m) & 30(m. €)= { ( 7 §) € MC2m. €05 4 € him). Beso(m. )

there is a representation ¢ of SU*(2m) on R"*! by
#(a)X :=aXa', foracSU*(2m), X € R*M

Suitably choose a basis for the real vector space R"*! together with its dual
basis, and then by a similar computation as in Example 3.4 we are able to
obtain

Lemma 3.5. ¢(SU*(2m)) C SL(n + 1,R), that is, ¢(SU*(2m)) can be viewed
as a subgroup of the unimodular group UA(n + 1) on R"T1,

Define qho(m) = {X € qh(m); tr X = 0}. Then the canonical decompo-
sition of su*(2m) with respect to sp(m) is as follows:

su”(2m) = sp(m) + qbo(m)
where the subspace qho(m) can be identified with the tangent space T,M at
the origin o = Sp(m) € M.
For a given constant L; < 0, put
oo ()
4 m(—Ll)

and define a map x : SU*(2m)/Sp(m) — R"*! as follows:
z(.Sp(m)) = Caa’, for a € SU*(m).

Then, by Lemma 3.5, the x is equivariant with respect to the representation
¢ :SU*(2m) — UA(n + 1).
Now for each X € qho(m), define a(t) = exptxSp(m). Then

= 4 z(a(t)) =C 4 ((exptX)(exptX)') = 20X,

dt|,_, dt|,_,
Thus x is an immersion at o and thus everywhere. Moreover, = is also an
imbedding of M into R**+1.

For X,Y € qh(m), define (X,Y) = tr (XY'). Then (-,-) is the standard
inner product on R"*! = gh(m). In particular, it is positive definite. As in
Example 3.3, x is invariant and transversal everywhere on M.

For any Y € qho(m), the corresponding Killing vector field Y* on M
satisfies

24 (X)

N d
Yoy = +—

ds
It then follows that

d
(exp sYa(t)Sp(m)) = % (cxp sY exp tXSp(m))'
=0 s=0

((expsY exptX)(expsY exptX)").
s=0

. d
m*(Y ‘a(t)) =C %
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Therefore
82
Otos

(exp sY exptX exp sX' exp t?t)
t=5s=0

X(z (Y")=C

—20(XY +YX) =2C (YX XY - L (XY)12m>
m

2
+=O(XY ) o (3.19)

implying that z is locally strongly convex since (X,Y’) is positive definite.
Thus, at the origin o, the invariant affine metric g, is defined by:

wx. V) = (=) ) = - 2y XY € ()

Since g, is positive definite and invariant by Sp(m), the invariant Riemannian
metric g induced by g, is exactly the affine metric of x. Once again we can
prove that the real linear map

Y € ho(2m) o XY + VX — —(XY) Lo
m

has a vanishing trace for each X € ho(2m). With this fact we use (3.19) to find
that £ = — L1z holds identically, implying that x is a hyperbolic affine sphere
with affine mean curvature L.

Moreover, the involution map o : su*(2m,C) — su*(2m,C) given by
o(X) = —X* is isometric with respect to g,, thus the invariant affine metric g
is symmetric, and the Fubini-Pick form A, of x at the origin o is (definition

(2.8))
AX)Y, Z) = go ((XY+YX — %tr (XY)Igm>,Z), X,Y,Z € gqhp(m)

(3.20)

which is invariant by the adjoint action Sp(m) and thus the SU*(2m,C)-
invariant 3-form A induced by A, is exactly the Fubini—Pick form of the
hypersurface  : M — R™+!. This shows that x is an affine symmetric hy-
persphere.

Ezample 3.6. [3,22] The standard embedding
r: M= EG(—QG)/F4 — R27,

where Eg(_g) is the noncompact real group of type e with the compact real
form Fy4 of type f4 as its maximal compact subgroup.

Let O be the space of octonions and J be the set of 3 x 3 Hermitian
matrices with entries in O, that is

& w3 Xo ~
J=<X=1|23 & 1 GM(37@); Xt=X s
To J_Jl fg
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where M(3, Q) is the real vector space of all octonian square matrices of order
3. Clearly J is a 27-dimensional real vector space and thus can be identified
with R27. On J, the symmetric Jordan multiplication o and the standard inner
product (-,-) on J are defined as follows:

XoY = %(XY—}—YX), (X,)Y)=tr(XoY).
Furthermore, the cross product x and the determinant function det are given
by
XxY = %(2X oY —tr (X)Y —tr (V)X + (tr (X)tr (V) —tr (X o Y))I35)
(3.21)
det(X) = é(X x X, X). (3.22)
The noncompact group Eg(_26) is defined as the set of all determinant-
preserving real linear automorphism on g, that is
Eg(—26) = {A € GLr(J); det(AX) = det(X), VX € J}. (3.23)
The maximal compact subgroup of Eg(_2) is given by
Fys ={A € Eg_25); A(X0Y)=(AX)o(AY),VX,Y €3} (3.24)
= {A € Eg(—26); A(I3) = I3}. (3.25)
For each matrix T € J, there associated an element T € Eg(—26) defined
by
T(X):=ToX, VXeJ.
Define
m={T; T €Jo}, whereJo={Te€3J; trT =0},
and denote by f4 the Lie algebra of Fy. Then by [29], the Lie algebra eg(_og)
has a canonical direct decomposition as
e6(—26) = fa +m (3.26)

satisfying [f4, m] C m, [m,m] C f4. Note that we have a natural identification
m =T,M where o := ,,F4 with Iz7 the identity element in Eg(_26).

Similar to the above, one can perform a computation which shows that
the trace of an arbitrary element of eg(_o6) must vanish (for the detail, see
[22]). Thus we have

Proposition 3.6. [22] Eg(_26) is a subgroup of the special linear group SL(27,R).
For any given constant L; < 0, set
C=V3(-3L) " >0

and then define a smooth map f : Eg_26) — J by f(L) = C - L(I3) for all
L € Eg(—g6). Clearly, for any Ly, Ly € Eg_s6), f(L1) = f(Le2) if and only if
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(Ly'oLy)(I3) = I3. By the definition of Fy, f naturally induces a smooth map
xZ EG(—QG)/F4 — R27 = 31

3?([,F4) =C- L(I3), VL € EG(*QG)' (327)

By Proposition 3.6, we can choose a volume element on R?7, say, the
canonical volume element with respect to the inner product (-,-) on J, so that
Eg(_26) can be identified with a subgroup of the group UA(27) of unimodular
affine transformation on R?7. Therefore, the induced map z is equivariant as
an affine hypersurface in R?7. Consequently all the equiaffine invariants of z
such as the affine metric, the Fubini—Pick form and the fundamental form are
Eg(—26)-invariant.

Now for each X e m = T,M, X € Jo, a(t) := exptx T4 18 a geodesic curve
on M. It holds clearly that
- d d . .
o (X)=— z(a(t)=C — (exptX(I3))=CX(I3)=C(X o I3)=C- X.
dt|,_q dt|,_q

This shows that x is an immersion at o and thus is an immersion globally since
x is equivariant. Clearly, z is injective and is thus an imbedding of M into R?7.
Moreover, since for each X € Jo,

(X,I;)=tr(Xol3)=trX =0,

z(0) is a transversal vector of x at o and thus is transversal everywhere. Fur-
thermore, for an arbitrary Y € Jo, denote by Y* the Killing vector field on M
induced by Y, then the value of Y* at a(t)

* d d
Y |a(t) = % S:O(expsf/a(t)F‘l) = % B (expsYexthF‘l)'
Therefore
* d ¥ v
2. (Y q) = C T (exp sY exptX(I3)).
s=0

It follows that

0? - -
=C s, (exps-YexptX(I3))

=C(Yo(Xol3)=C(YoX)

X(z.(Y")

1 1
=C <X oY — gtr (Xo Y)Ig) + §C<X’ Y)I; (3.28)

implying that z is locally strongly convex since (X,Y) = tr (X oY) is positive
definite.

Note that the inner product (-,-) on Jo is f4-invariant and that the cor-
respondence ~ : Jo — m is fg-equivariant. It follows that the affine metric g of
x is the invariant metric on Eg(_26) /F4 induced by
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1
- 1\ 1
JX, V)= —=C) (X,Y)=-——(X,Y), VX,Y €.
X7y = (550) " (0Y) = =g x) :
Clearly, g is symmetric since g, is invariant by the involution o(X) = —Yt,

X € 30.
A direct computation shows once more that for each X with X € Jo, the
real linear map

- 1 -
1/|—>()(O}/—?)tl'()(O}/)Ig>7 VY €Jo

is traceless. Taking the trace of (3.28) respect to the metric g and using
@Xf/* =0, X,Y € Jo, with V the Levi-Civita connection of g and Y* the
Killing vector field induced by Y, we find that the affine normal £ = —L; -z at
o and thus at everywhere. It follows that x is a hyperbolic affine hypersphere
with the affine mean curvature being the given number L.

On the other hand, the invariant Fubini—Pick form A of z is induced by
the following f4-invariant form A, (see (2.8) and (3.28))

AJX,Y,Z) =g, <<X0Y — ;tr(XoY).&) Z) . VXY, Z € Jo,

where once again we have used the fact that \Y ¢ Y* = 0. In particular, z is an
affine symmetric hypersphere in R27.

4. Proof of the Main Theorem with an Application

In this section we are going to prove the main theorem of this paper. After
this we shall prove a proposition which makes it clear that our classification is
essentially equivalent to a previous important one given by Z.J. Hu, H.Z. Li
and L. Vrancken in [14]. Thus in a sense we in fact provide a direct way with
shorter argument of proving the complete classification of the locally strongly
convex hypersurfaces with parallel Fubini—Pick form. The main idea here has
been used by H. Naitoh in [24] to classify the irreducible totally real parallel
submanifolds in the projective space.

Let 2 : M™ — R"*! be a locally strongly convex hypersphere with affine
metric g and Fubini—Pick form A, and suppose that z is locally affine symmet-
ric. Then by Definition 2.2, (M™, g) is locally isometric to a simply connected
symmetric space G/K which is necessarily complete. Without loss of general-
ity, we can put M™ = G/K. Furthermore, the Fubini-Pick form A of x must
be an element of the set Sy 4)(L1) defined in Sect. 2.

Denote by g, €, respectively, the Lie algebras of G and K, and g =¢+m
the canonical decomposition of the symmetric Lie algebra pair (g, £). Denote



Vol. 68 (2015) On the Equiaffine Symmetric Hyperspheres 137

by A, the value of an element A of S(j/n 4y(L1) at the origin point 0o = K,
where e is the unit element of the Lie group G. Define

Styn gy (L) = {0 = As; A € Supn g (L1), t-0 =0} (4.1)

Then the Fubini—Pick form A, at the origin o of an affine symmetric hy-
persphere z : M"™ — R"! with affine mean curvature L; is contained in
S?Mn’g) (Ly).

Since locally strongly convex affine hypersurface with vanishing Fubini—-
Pick form A must be equiaffine equivalent to one of the quadric hypersurfaces
given in Example 3.1 (see Proposition 3.1), we can assume that A # 0 thus, by
the completeness and Theorems in [19], 2 is a hyperbolic affine hypersphere
where (M™, g) is a symmetric space of noncompact type.

If (M™,g) is reducible as a Riemannian manifold, then by Theorem 2.6
x is a Calabi composition of r points and s irreducible hyperbolic affine hy-
perspheres. In what follows we consider the case that (M™,g) is irreducible.

The following Lemma is crucial in our proof of Theorem 1.1:

Lemma 4.1. Let M™ be a simply connected irreducible symmetric space of
noncompact type and set dy; = dim{o € S3(m); €0 = 0}. Then dpy = 1 if
M™ is one of the following spaces and dp; = 0 otherwise:

SL(m,R)/SO(m), m > 3; SL(m,C)/SU(m), m > 3;
SL(m, (C)/SU(m), m > 37 E6(—26) /F4

Proof. The argument in proving Lemma 4.1 is the same as the one used by
H. Naitoh in [24] (cf. the proof of Lemma 4.2 in [24]). Let a be a maximal
abelian subspace in m and W the Weyl group of M™ relative to a. Denote by
S$3(m) and S3(a) the vector space of all symmetric trilinear forms on m and a,
respectively. Then it is known that the vector subspace {o € S3(m); €-0 =0}
is isomorphic to the vector subspace {7 € S*(a); w-& =, Vw € W} by the
restriction to the subspace a. Since the Weyl group acts on a irreducibly, all
the W-invariant polynomials of degree 3 are irreducible. Hence a basis of this
vector subspace is given by all the fundamental W-invariant polynomials of
degree 3. The Weyl group W for M™ is of types A;, By, C;, Dy, E;, F4, G or
B;C; by the Araki’s table [1]. Then by N. Bourbaki [2], only the Weyl groups
of type A; (I > 2) have one fundamental W-invariant polynomial of degree 3
and the other Weyl groups have nothing. Thus the lemma follows easily. [

By our previous assumption, the Fubini—Pick form A of x is non-vanishing,
we have

0< dimS?Mn7g)(L1) <dp-

It follows that in our case dp; = 1. Thus by Lemma 4.1, (M™,g) can not be
of constant sectional curvature.
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Proposition 4.2. Let M™ be one of the symmetric spaces listed in Lemma 4.1
with symmetric metric g. If S?Mn g)(Ll) # (), then the symmetric Riemannian

metric g is uniquely determined by the constant Ly and S?Mw, 9) (Ly) contains

only two elements Ay, ¢+ A, == (¢~ 1)* A, where ¢ is the symmetry of (M™, g)
at the origin o.

Proof. Suppose g is another symmetric Riemannian metric on M™. Let A €
S?Mn’g)(Ll) and A € S(OMn’g)(Ll)' Then by (2.16) we have

R(X,Y)Z = Li(g(Y,2)X —g(X, 2)Y) - [A(X), AY)](2)  (4.2)
R(X,Y)Z = L:1(9(Y,2)X - 9(X, 2)Y) — [A(X),A(Y)](Z2).  (43)
Since M™ is irreducible, g = A2g for some positive constant A implying that
R(X,Y)Z = R(X,Y)Z for all X|Y,Z € TM". Moreover, A # 0 and A # 0
because both g and ¢ are not of constant sectional curvatures. On the other
hand, since S?Mn’g) (Ly), S?Mnyg)(Ll) are both SubSQtSNOf {o € $3(m); 0 =0}
and dp; = 1, there is a nonzero number u such that A = p - A. Therefore (4.3)
can be written as

R(X,Y)Z = L (g, 2)X — g(X, 2)Y) — g2 [A(X), AYV)|(2).  (4.4)
Comparing (4.2) and (4.4) we find
(12— DR(X,Y)Z = Li(4 - N)(g(Y, 2)X — (X, 2)Y).

Note again that the metric g is not of constant sectional curvature, hence
p? = 1and p? = A2 since Ly # 0. It follows that § = g (implying S?Mn g)(Ll) =
S?Mn,g) (L)) and A = £A, it is easy to see that ¢ - A = —A. O

Corollary 4.3. Let M™ be one of the symmetric spaces listed in Lemma 4.1.
Then the symmetric affine hypersphere x : M™ — R™" ! is unique up to affine
equivalences.

Proof. If ,% : M™ — R"! are two affine symmetric hyperspheres with a
same affine mean curvature L; and with Fubini-Pick forms A, A, respectively.
Then by Proposition 4.2, the affine metrics of =, Z coincide and denoted as g.
Therefore both A,, A,, the values of A, A at o respectively, are elements of
S?Mn’g) (L1). So A, = ¢ - A,, or equivalently, A, = (¢~ 1)*A,. Consider the
composition Z := x o0 ¢~ . Then the sufficient part of Theorem 2.2 tells that
the Fubini-Pick form A of Z is subject to A = (¢~1)*A. In particular, at o, we
have A, = (¢~ 1)* 4, = A,. Since A, A are invariant, A = A globally on M™.
Thus an application of the necessary part of Theorem 2.2 shows that z and =
are equiaffine equivalent, implying that  and x are affine equivalent. O

By summing up the foregoing discussions, we arrive at the completion of
proving the main theorem (Theorem 1.1):

Let 2 : M™ — R™*! be a locally strongly convex and affine symmetric
hypersphere with affine metric g and affine mean curvature L.
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1. If the Fubini-Pick form A of z vanishes identically, then by Proposi-
tion 3.1, x must be one of the quadric hypersurfaces in Example 3.1;

2. If the Riemannian manifold (M™,g) is irreducible and A # 0, then by
Lemma 4.1 and Corollary 4.3, z is affine equivalent to one of Exam-
ples 3.3-3.6 in Sect. 3;

3. If (M™, g) is reducible, then by Theorem 2.6, x is affine equivalent to the
Calabi composition of some 7 points and s hyperbolic affine hyperspheres
listed in Examples 3.1 and 3.3-3.6, where r + s > 2.

Thus Theorem 1.1 is proved.

Finally, to make an end of this article, we remark an alternate and simpler
proof of a classification theorem originally proved by Hu et al. in [14]. For doing
this, we need the following results:

Proposition 4.4. [22] A nondegenerate hypersurface x : M™ — R" is of
parallel Fubini—Pick form A if and only if x is locally affine symmetric.

Proof. First we suppose that the Fubini—Pick form A of z is parallel. Then by
[4],  must be an affine hypersphere. It then follows from (2.6) that the affine
metric g must be locally symmetric. Thus locally we can write M = G/K and
the canonical decomposition of the corresponding orthogonal symmetric pair
(g,8) is written as g = €+ m where the vector space m is identified with T, M.
Here 0 € M™ is the base point given by o = eK with e the identity of G. Note
that, for all X,Y; € m = T,M, i = 1,2, 3, the vector field Y;(t) := Lexpx)«(Yi)
is the parallel translation of Y; along the geodesic y(t) :=cxpex) K (see, for
example, [7]). Consequently we have

d

a((L:xp(tX)A)(Ylv Y2,Y3))
d

= & (Aexp(tX)K(Lexp(tX)* (Yl )v Lexp(tX)* (Y2)7 Lexp(tX)* (Y3)))

= (VA (Vi (), Yalt), Ya(t)) = 0, (4.5)
where V is the Levi-Civita connection of the metric g. It follows that
Aexp(tX)K(Lexp(tX)*(Y1)7 Lexp(tX)* (YQ)a Lexp(tX)* (1/3)) (46)

is constant with respect to the parameter ¢ and thus A is G-invariant.

Conversely, we suppose that M"™ = G/K locally for some symmetric pair
(G, K) and that A is G-invariant. Then for any X,Y; e m=T,M, i = 1,2,3,
the function (4.6) is again a constant along the geodesic «y(t). Therefore,

N d
(VxA)(Y1,Ys,Y3) = T

where we have once again used the fact that each Y;(t) is parallel along the
geodesic (t). O

Ay (Yi(t), Ya(t), Ya(t)) = 0,

t=0

Proposition 4.5. [4] A nondegenerate affine hypersurface with parallel Fubini—
Pick form is necessarily an affine hypersphere.
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Now the following classification theorem comes readily from Theorem 1.1,
Propositions 4.4 and 4.5:

Theorem 4.6. (cf. [14]) Let x : M™ — R"! (n > 2) be a locally strongly
conver affine hypersurface with parallel Fubini—Pick form A. Then either of
the following two cases holds:

1. With the affine metric g, the Riemannian manifold (M™,g) is irreducible
and x is locally equiaffine equivalent to
(a) one of the three kinds of quadric affine hyperspheres: Ellipsoid, elliptic
paraboloid and hyperboloid; or
(b) the standard embedding of the Riemannian symmetric space SL(m,R)/
SO(m) into R™*! withn = im(m+1)—1, m > 3; or
(c) the standard embedding of the Riemannian symmetric space SL(m,C)/
SU(m) into R* ! with n =m? — 1, m > 3; or
(d) the standard embedding of the Riemannian symmetric space SU*(2m)/
Sp(m) into R™ with n = 2m? —m — 1, m > 3; or
(e) the standard embedding of the Riemannian symmetric space Eg(_og)/F4
into R?7,
2. (M™,g) is reducible and x is locally affine equivalent to the Calabi product
of r points and s of the above irreducible hyperbolic affine spheres of lower
dimensions, where r, s are nonnegative integers and r + s > 2.
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