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Abstract. In this paper, by using variational methods and critical point
theory, we shall mainly be concerned with the study of the existence of
infinitely many solutions for the following nonlinear Schrédinger—-Maxwell
equations

—Au+V(z)u+ du = f(z,u), inR3

—Ap =2, in R?,
where the potential V' is allowed to be sign-changing, under some more
assumptions on f, we get infinitely many solutions for the system.
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1. Introduction and Statement of the Main Result

In this paper, we study the Schrédinger-Maxwell equations
—Au+V(x)u+ ¢u= f(x,u), in R3, W)
—A¢ =u?, in R3. .
Such a system is also called Schrodinger—Poisson equations, which arise in an
interesting physical context. For a more physical background of system (1.1),
we refer the readers to [11,15] and the references therein.

Since it was first introduced by Benci and Fortunato in [11], system (1.1)
has been widely studied by many authors. The case V' = 1 or being radially
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symmetric, has been studied under various conditions on f in [2,13,15,25].
When V() is not a constant, the existence of infinitely many large solutions for
(1.1) has been considered in [4,12,22,28] via the fountain theorem (cf.[31,33].
For more results of system (1.1), we refer the reader to [17,20,21,23,26,34] and
the references therein, for more results about applying critical point theory to
second-order elliptic equations, we refer the reader to [3,6,7,9,10,14,18,19,24,
27,30] and the references therein.

In recent paper [22], the authors studied the existence of infinitely many
nontrivial solutions of (1.1) under the following assumptions on V' and f:

(V1) V € C(R3,R),infcps V(z) > a; > 0, where a; is positive constant.
Moreover, for any M > 0, meas{z € R* | V(z) < M} < cc.

(f1) f € C(R? x R.R), and there exist as > 0,p € (4,2%) such that
| f(z,u) |< ag(14 |u [P7Y) forall z€R3 wueR,

where 2* = 6 is the critical exponent for the Sobolev embedding (see in
[1]) in dimension 3. f(z,u)u > 0, for u > 0.
(f2) limyy, —o L) — o yniformly for = € R3.

u

(f3) Timyy|— oo f(gf;f)“ = oo uniformly for = € R3.

(f4) For a.e. x € R3, we have
G(z,s) < G(x,t), V(s,t) e RT x RT,s < ¢,
where G : R?® x RT — R is defined by G(x,s) = if(w,s)s — F(z,s), with
F(x,s) = [y f(z,t)dt.
(f5) f(x,—u) = —f(x,u) for any x € R? u € R.
Then the authors established the following theorem:

Theorem 1.1 [22]. Under the assumptions (V1),(f1)-(f5),system (1.1) has
infinitely many solutions {(ug, ¢r)} such that when k — oo, we have

1 1
5 [V +V@pdds - 5 [( Vo do
R3 R3
+%/¢kuidx - /F(x,u)dx — 0.
R3 R3

In the present paper, motivated by [29], we shall further study the exis-
tence of infinitely many nontrivial solutions of (1.1) under the following
assumptions.

(V) V € C(R3 R),inf,cps V(z) > —oo. Moreover, for any M > 0,
meas{z € R® | V(z) < M} < occ.
(fI') f € C(R? x R.R), and there exist c1,ca > 0,p € (4,2%) such that

| flz,u) [< e |u| +e |u Pt forall zeR3 weR,
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where 2* = 6 is the critical exponent for the Sobolev embedding in dimen-
sion 3. f(z,u)u > 0, for u > 0.
(f2') limWHOo % = oo uniformly for z € R3, here and subsequently
= [y f(z, t)dt.
(£3) Let ]—'(x u) = 4f(x u)u—F(x,u), there exist 7o > 0 such that if | u | > ro,
then F(x,u) > 0 uniformly for x € R?.
(f5) f(z,—u) = —f(z,u) for any z € R?, u € R.

Now, we are ready to state the main result of this paper.

Theorem 1.2. Assume that (V) and (fI')-(f3'),(f5) satisfy. Then system (1.1)

possesses infinitely many nontrivial solutions.

Remark 1.3. (i) It is obvious that condition (V) is weaker than (V1); (ii) There
are functions f satisfying the conditions in Theorem 1.2 but not satisfying
the assumptions(f2) and (f4), for example f(x,u) = f(u) = u + |u[P~%u where
€ (4,6). Then one can easily check that f satisfies assumptions (f1")—(f3'),(f5)
but not satisfy (f2) and (f4). Meanwhile, we should point out that assumption
(f2) is indispensable in many existing results, (see for instant in [12,22,21]).

2. Variational Setting and Proof of Theorem 1.2

Under the assumptions in Theorem 1.2, it is obvious that F'(z,u) > 0 for all
z € R3 and u € R. By (f1’) one can easily obtain that for all z € R® and
u e R:

C2

C
1u2+7
p

F(zx,u) < 5 [ul|P. (2.1)

This implies that: there exist some ag = a(rg) > 0 such that

| Fla,u) | <ao | ul? (2.2)
for all z € R? and u € R with | u |< r. Actually, for all z € R® and u € R
with | u |[< rg, by (2.1), (f2') and (£3’)

)l < 71wl + [F (e, w)

4( 2
1+201u2+p+402
4 4p

1+2 4 _
< < +4 a + pzpqrg 2) u?. (2.3)

Let ag = 1424 + p+§c2 re~“, then (2.2) holds.
Throughout this sectlon7 we make the following assumption instead of
(V):

1 c c
< J ) + St +

Jul?
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(V') V € C(R3 R),inf,cps V(x) > ag + 1, where ag is the same as in
(2.2). Moreover, for any M > 0, meas{z € R* | V(z) < M} < oc0.

Now, let’s introduce some notations. For any 1 < r < oo, L"(R?) is the
usual Lebesgue space with the norm

lull, = / " da
R3

H'(R3) is the usual Sobolev space with the norm

1

2

lullas = / (IVuf? + u?)dz
RS

Define the space (see for instance in [31])

DY ={ue L* (R | Vue L*R?%)}

%
lu]|pre = /|Vu\2 :
R3

Then D2 < L2, i.e. there exists some Cy > 0 such that

[ulle < Collullpre. (2.4)

with the norm

In the present paper, we work in the Hilbert space

E=<uec H'Y(R?) : / (IVul]* + V(2)u?) do < +00
R3

equipped with the inner product

(u,v) = /(Vu Vo4 V(z)uv)de, wu,veE,

]RS
the associated norm
1/2
ul| = / (VulP + V(@)p2)de b, uek.
]Rfi

Evidently, F is continuously embedded into H'(R?) and hence continuously
embedded into L" (R3) for 2 < r < 2% i.e., there exists S, > 0 such that

Jullr < Spllull, VueE. (2.5)

In fact we further have the following lemma due to [8].
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Lemma 2.1 [8]. Under assumptions (V') the embedding from E into L"(R?) is
compact for 2 <r < 2%,
Especially, by (V'), we obtain
1
ag+1

For every u € H'(R3), there exists a unique ¢, € DM2(R3) (see [16])
such that

lull < lul®, VueE. (2.6)

— Ny, = 1’ (2.7)

Moreover, ¢, has the following integral expression
1 u?
Ar ) |z —y|
R3

Thus ¢, > 0, from (2.4) and (2.7), for any u € F using Holder inequality we
have

[6ulfns = [ Gutdo < oulollull’s < Cllullprallul.
R3

Here and subsequently, C' denotes an universal positive constant. This implies
that

I$ullpre < Clluli:. (2.8)
By (2.5) and discussion above, we have
/¢uu2dx < Clfullty < Clull®. (2.9)
R3

Now we define a functional I on E x D2 by

Iu,0) = gll? — § [19oPde+ 5 [ondn— [F.we. (210)
R3 R3 R3

From the discussion above we know that I is well defined and I € CY(E x
DY2), it is well known that I’s critical points are the solutions of system (1.1).
Moreover, by discussion above, for every u € E we obtain

/|V¢u|2dx: /qbuqux.
R® R?

So, (2.9) can be reduced as the following form ® : E — R

1 1
o) = ol + [ Guids [ P, (211)
R3 R3
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Then ® € C'(E,R) and

(@' (u),v) = /(Vu Vo4 V(x)uw + dyuv — f(z,u)v)de, Yve E. (2.12)
R3
Moreover if u € E is a critical point of ®, then (u, ¢,,) is a solution of system
(1.1). To complete our proof, we have to cite a result in [29].
Lemma 2.2 [29]. Assume that p1,p2 > 1,7,¢ > 1 and Q C RN, Let g(x,t) be a
Carathéodory function on Q x R and satisfy
l9(2, 1) < ar[t| P07 4 aglt| P2V Y (2,1) e QX R, (2.13)

where ay,as > 0. If up — w in LPY(Q) N LP2(Q), and up, — u a.e. x© € ), then
for any v € LP*4(Q) N LP21(Q)),

lim [ |g(z,un) — g(z,u)|"|v|%dx = 0. (2.14)
Q
We remark that in the proof of Lemma 2.2, the following inequality (see
for instance in [1]) plays an important role: If 1 < p < oo and a,b > 0, then
(a+b)P < 2P 1 (aP +bP). (2.15)
We say that I € C'(X,R) satisfies the (C).-condition if any sequence {u,}
such that
I(un) = ;11 (un) (14 [Junl)) — O
has a convergent subsequence, where X is a Banach space.
Lemma 2.3. Assume that a sequence {u,} C E, u, = u in E as n — oo and
{l|lunl|} be a bounded sequence. Then

‘ /(¢unun - ¢uu>(un — U)d{E
R3

— 0, as n— oo.

Proof. Let {u,} be a sequence satisfying the assumptions u, — w in F as
n — oo and {||u,|} is bounded. Lemma 2.1 implies that u,, — u in L"(R?),
where 2 < r < 6, and u,, — u for a.e. z € R3. Hence sup,,cy |[un|» < oo and
|||, is finite. By Holder inequality, (2.15), (2.4) and (2.8)

2

N[

‘ /(¢unun - ¢uu)(un - u)dl' < /(¢u,,un - ¢uu)2 /(Un - U)2
R3 R3 R3
< |2 [ 60,00 +16,0P) | = ul
R3
< Clldu, I 11unll3 + lIullglull3) 2 lun — ull2
< C(fJunll* + lul*)2[Jun — ul2 — 0,  (2.16)

as n — o0. O
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Lemma 2.4. Under assumptions (V'), (f5) and (fI')-(f3’), any sequence
{un} C E satisfying

D(up) — >0, (D'(up),un) — 0,
is bounded in E. Moreover, {u,} contains a converge subsequence.
Proof. To prove the boundedness of {u,}, arguing by contradiction, suppose

that |lu,| — oo as n — oo. Let Q,(0,70) = {z € R? : |u,(x)| < ro}, by (2.2)
and (2.6) for sufficiently large n € N

ch 1> Duy) — i(@'(un)wn)

1
= {lunll + [ Flzunis
R3

1
“ s [ Fewas [ e

Q. (0,70) R3\Qy, (0,70)
1
>l = [ 1 w)lds
Qn(O,To)
> L2 = aollun2
— 4
1 ag
> —|Junl? = —— |un||?
>l = s
1 2
e mllunll — +00.

Thus sup,,cy ||un| < co. ie. {u,} is a bounded sequence.

Now we shall prove {u,} contains a subsequence, without loss of gener-
ality, by Eberlein—-Shmulyan theorem (see for instance in [32]), passing to a
subsequence if necessary, there exists a u € F such that w,, — v in F, again
by Lemma 2.1 , u,, — u in L"(R3) for 2 <r < 6 and u,, — u a.e. * € R®. By
Lemma 2.2

@y un) = F(@,w)lfun —uldz — 0, as 0 — oo.

]R3
And it is obvious that

(@' (up) — @' (u),up, —u) — 0 as n— oo.
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This together with Lemma 2.3 implies

i = w? = (8 (0) = @), = )= [ (Bt = ) — )

R3

+/U@mw—ﬂwWX W)z — 0,
RS

as n — oo. That is u,, — u. O

Lemma 2.5. Under assumptions (V'), (fI') and (2 ), for any finite dimensional
subspace B C E, there holds

D(u) — —o0, lu|| = oo, ue E. (2.17)

Proof. Arguing indirectly, assume that for some sequence {u,} C E with
|lun|| — oo, there is M > 0 such that ®(u,) > —M for all n € N. Set
U, = Up/||un||, then |Jv,|| = 1. Passing to a subsequence, we may assume that
v, — v in E. Since E is finite dimensional, then v, — v € F in E, v, —v
a.e. on RV, and so ||v|| = 1. Let Q = {z € R? : v(z) # 0}, then meas(Q) > 0
and for a.e. z € 2, we have lim,, o |u,(z)] — oco. Hence Q C R3*\Q,,(0,7¢)
for sufficiently large n € R, where €,,(0,r9) is the same as in Lemma 2.4. Tt
follows from (2.9), (2.11), that

Jim ‘W I fkﬁ ¢T|L|1Z$L — 40 (uy,)

<C. (2.18)

But by the non-negative of F, (f2) and Fadou’s Lemma, for large n we have

4 n)d 4
Jgs Fz,up)da ~ lim /4F(x,un)vndx

lim

4F )k
> liminf, / Mdm
un
Q
4F 4
> [timing, o g,
un
Q
4F (z, up,
= /liminfnﬂm%[xg(x)]vidx — 00
u
Q n
as n — oo. This contradicts to (2.18). O

Corollary 2.6. Under assumptions (V'), (f1') and (f2'), for any finite dimen-
sional subspace E C E, there is R = R(E) > 0 such that

d(u) <0, Yuek, |ul|>R. (2.19)
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Let {e;} is an orthonomormal basis of E and define X; = Re;,

V=@ X;, Zn=03,.,X;, keN (2.20)
Lemma 2.7. Under assumptions (V'), for 2 <r < 2%,
Br(r):= sup |lull, =0, k— occ. (2.21)
u€Z, |lull=1

Proof. Since the embedding from E into L"(R?) is compact, then Lemma 2.10
can be proved by a similar way as [31, Lemma 3.8].
By Lemma 2.7, we can choose an integer m > 1 such that

1 D
Jull3 < TCIIIUIIQ, [ullp < TCQIIUH”, Vu€ Zn. (2.22)

O

Lemma 2.8. Under assumptions (V') and (fI'), there exist constants p,« > 0
such that ®|pp,nz,, > .

Proof. By (2.1), (2.11) and (2.22), we have

b0) = [l + 5 [ 6u® - [ Plo,u)is
R3

R3

Y

1
sl = [ Fla,wds
R3

1 C1 C2
> Sl = S ullf = 2l

1
> <l = ).

Hence for any given 0 < p < 1, let o := %(p2 — pP), then ®[sp,nz, > a > 0.

m —

This complete the proof. O

By (V), there exists a constant Vy > 0 such that V(_a:) =V(z)+Vy > ap+
1 > 0 for all z € R3, where qg is the same as (2.2). Let f(z,u) = f(z,u)+ Vou.
Then it is easy to verify the following lemma.

Lemma 2.9. Problem (1.1) is equivalent to the following problem

{ ~Au+V(z)u+ ¢u= f(x,u), inR3,

—A¢ = u?, in R3. (2.23)

Lemma 2.10 [5]. Let X be an infinite dimensional Banach space, X =Y & Z,
where Y is finite dimensional. If I € C*(X,R) satisfies (C).-condition for all
c>0, and

(I1) 1(0) =0, I(—u) = I(u) for allu € X,
(I2) there exist constants p,a > 0 such that ®lap,nz > «;
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(I3) for any finite dimensional subspace X C X, there is R = R(X) > 0 such
that I(u) < 0 on X\Bg;
then I possesses an unbounded sequence of critical values.

Proof of Theorem 1.2. Let X = E|Y =Y,, and Z = Z,,. Obviously, f satisfies
(f1")—(f3') and (f5). By Lemmas 2.4, 2.8 and Corollary 2.6, all conditions of
Lemma 2.10 are satisfied. Thus, problem (2.23) possesses infinitely many non-
trivial solutions. By Lemma 2.9, problem (1.1) also possesses infinitely many
nontrivial solutions. g
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