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1. Introduction

The following problem was posed by the second author in the preprint [28]
and its formally published version [27].

Open Problem 1.1. Under what conditions does the inequality

/b[f(x)]”dw> /bf(w)dév . (L.1)

hold forp > 17

Since then, this problem has been stimulating much interest of many
mathematicians. In recent years, we have collected over forty articles devoted
to answering and generalizing this open problem and to applying inequalities of
this type. For potential availability to interested readers, we list the collection
as references of this paper.

Akkouchi [3, p. 124, Theorem C] proved the following result.
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Theorem 1.1. Let [a,b] be a closed interval of R and p > 1. If f(z) is a
continuous function on [a,b] such that f(a) >0 and f'(z) > p on (a,b), then

b

b p+1
Ju@raesg—s | [ f@as| (1.2

a

In [7, Proposition 3.5], the following g-analogue of the above Theorem 1.1
was obtained.

Theorem 1.2. Let p > 1 be a real number and f(x) be a function defined on
[a,b]q such that f(a) >0 and dg f(z) > p for all x € (a,bly. Then

b +1

b p
J i@ > g | [ fandga| (13)

a

The main aim of this paper is to generalize the above results on time
scales. As by-product, a unified form of Theorems 1.1 and 1.2 is demonstrated
when p > 2.

2. Notations and Lemmas

2.1. Notations

Throughout this paper, we adopt notations in the monograph [4].
A time scale T is a non-empty closed subset of the real numbers R. The
forward and backward jump operators o, p : T — T are respectively defined by

o(t)=inf{s € T:s>t} (2.1)
and
p(t) =sup{s € T: s < t}, (2.2)

where the supremum of the empty set is defined to be the infimum of T.

A point ¢t € T is said to be right-scattered if o(¢) > ¢ and to be right-dense
if o(t) = t; on the other hand, a point ¢ € T with ¢ > inf T is said to be
left-scattered if p(t) < t and to be left-dense if p(t) = ¢. A function g : T — R
is said to be rd-continuous provided that g is continuous at right-dense points
and has finite left-sided limits at left-dense points in T. In what follows, the
set of all rd-continuous functions from T to R is denoted by C,4(T,R). The
graininess function p for a time scales T is defined by wu(t) = o(t) — t. For
f: T — R, the notation f” means the composition f oo.

For a function f : T — R, the (delta) derivative f2(t) at t € T is defined
to be the number, if it exists, such that for all € > 0, there is a neighborhood
U of t with

[F(a(t) = f(s) = fA(O)(a(t) — )| <elo(t) — s (2.3)
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for all s € U. If the (delta) derivative f2(t) exits for all ¢ € T, then we say
that f is (delta) differentiable on T.

The (delta) derivatives of the product fg and the quotient 5 of two
(delta) differentiable functions f and g may be formulated respectively as

(f9)® = f2g+ f79% = fg™ + f2¢° (2.4)

and

(1) - Loztet 25

g 99°
where gg? # 0.

For b,c € T and a (delta) differentiable function f, Cauchy integral of
fA is defined by

JERCEFCRC (2.6)
b
and infinite integrals are defined as
/f(t)At = llm f)AL. (2.7)
b b

An integration by parts formula reads that

/f(t)gA(t)At = f(t)g(t)(i—/fA(t)g(U(t))At (2.8)
b

b

Note that in the case T = R, we have o(t) = p(t) = t, u(t) = 0, f2(t) = f'(1),
and

fAMAt= [ f(t)dt, (2.9)
o]

and that in the case T = ¢Z, we have o(t) =t + ¢, p(t) =t — q, u(t) = q, and

flt+a - ft)

N
[ = .

(2.10)

2.2. Lemmas

The following lemmas are useful and some of them can be found in the book [4].

Lemma 2.1. [4, p. 28, Theorem 1.76] If f2(x) > 0, then f(x) is non-decreasing.
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Lemma 2.2. ([4, p. 32, Theorem 1.90], Chain Rule) Let f : R — R be continu-
ously differentiable and let g : T — R be delta differentiable. Then fog: T — R
1s delta differentiable and

1

(fog)™(t) = / [t + hu()g®®] dn S A1), (@211

0

Lemma 2.3. ([4, p. 34, Theorem 1.93]) Assume that v : T — R is strictly
increasing, that T = v(T) is a time scale, and that w : T — R. If v2(t) and
w?(v(t)) exist fort € T, then

(wov)? = (wA o v) V2, (2.12)

Lemma 2.4. ([4, p. 259, Theorem 6.13], Holder inequality) Let a,b € T. If
fag € Crd(’]LR), then

b 1/p b 1/q

/ f@@lac < | [Ir@pas] | [lg@las| @)

a

wherep>1and%+%:1.

Lemma 2.5. Let a,b € T. If f,g € Crq(T,R) are positive, then

b b p
[f(2)]” i fa)aa]
a/ POz [ gwaa]”” o

where p > 1 orp <0 while%—i—%:l.
The equality in (2.14) holds if and only if f(x) = ag(x) for a > 0.

Proof. For p > 1, using the inequality (2.13) in Lemma 2.4 leads to

b % b 1/q
/f(m)Ax: J% Vg(r) Az < /%Am /g(x)Am

Further taking the p-th power on both sides of the above inequality yields
(2.14).

For p < 0, utilizing the inverse of Holder’s inequality and similar argu-
ment as a little time ago result in the required inequality. O

Lemma 2.6. Let a,b € T. If f, g € Crq(T,R) and

0<m< Q M < oo, (2.15)

g(x) ~
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then we have

/p b 1/q

/b fae| | [gwasl < (%>/ /b 77 (@)1 (@) A,

a

wherep>1and%+%:1.

Proof. From % < M, it follows that

gl/q(x) > M—l/qfl/q(x)
and
FUP(@)g" () = M) f1P () = MY f ().
Accordingly,
b 1/p 1/p

b
/ FUP()g @) A | > e / f(z)Ax

a

On the other hand, from % > m, it follows easily that

1/q b 1/q

b
/ FYP@)g (@) A = mb/ee / g(x)Ax

a

Multiplying (2.17) and (2.18) leads to (2.16).

375

(2.16)

(2.17)

(2.18)

O

Replacing f(x) and g(z) respectively by fP(x) and ¢9(z) in Lemma 2.6,

it is immediate to obtain the following conclusion.

Lemma 2.7. Let a,b € T. If f,g € Crq(T,R) and

0<m< /() <M < oo,
94(x)
then
b 1/p b 1/q v 1/paq b
/fp(x)Ax /gq@)m < (m) /f(ac)g(x)Ax, (2.19)

wherep>1and%—|—%:1.

Remark 2.1. When T = R, Lemma 2.7 becomes [31, Theorem 2.1].
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3. Main Results

Now we are in a position to state and prove our main results.
Theorem 3.1. Let a,b € T. If f € C,q(T,R) is positive and

b
JECIS (3.1)
then
b b p—1

Jl@ras= | [ f@ad| . (32)
where p > 1 or p < 0.
Proof. Using Lemma 2.5 and the condition (3.1), we obtain

b b b P b p=l
oa,_ fU@P @Al
[f ()P Ax = —— Az > - > f(z)Az
a a 1 |:f; 1Am:|p a

The proof of Theorem 3.1 is complete. O

Remark 3.1. Letting T =R and p > 1 in Theorem 3.1, we deduce [17, Theo-
rem A].

Theorem 3.2. Let a,b € T. If f(x) and o(x) are rd-continuous and positive on
[a,b], A-differentiable on (a,b), f(a) > p(a) > 0, and f2(x) > 1+ o®(x) for
all x € (a,b), then the inequality

b p+1

b
/[f(x)]p+2Ax Zm [/ f(z)Az

a

(3.3)

18 valid for p > 1.

Proof. By Lemma 2.5, we obtain
b

b
[irwpeae= [HEET A,

1 s@aa] ™ [rmas]™ p a
(rad)y™ b G

So it is enough to show f; f(x)Az > (b— a)?. For this, let

>

Plz) = /f(t)At— (@ — a),
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A simple computation yields
FAz)=f(z)— [t —a+o(x)—a] and F2(z) = f2(z) -1 - o0>(z).
Since FA2(z) > 0 and

F2(a) = f(a)  [o(a) — a] = f(a) - u(a) >0,

it follows that F2(x) > F?(a) > 0. Therefore, by Lemma 2.1, the function
F(zx) is increasing. From F'(a) = 0, it is easy to see that F(z) > F(a) = 0.
The proof is complete. O

Remark 3.2. If T = R and p > 2, then o(x) = z,0%(z) = 1, f(a) > 0, and
f2(z) > p > 2. Then Theorem 1.1 may be concluded from Theorem 3.2.

Remark 3.3. U'T = gZ and p > 2, then o(x) = x—l—q,crA(x) =1, f(a) >q>0,
and f2(z) > p > 2. Consequently, Theorem 3.2 becomes Theorem 1.2.

Remark 3.4. When p > 2, Theorem 3.2 unifies both of Theorems 1.1 and 1.2.

Theorem 3.3. Let a,b € T and p > 1 with % +% =1 If0<m< fP(z) <
M < oo on [a,b], then

/b 7 (z)Ax ws(b—a)‘(“”/q (M)Q/m /b fUr@)Az| . (34)

m
a

Proof. Putting g(x) = 1 into Lemma 2.7 yields
1/q

b p /oy A e b
/fp(x)m /mx g(m> /f(a:)Aa:,

a

1/p
/bfp(x)Ax < (M>1/pq(b—a)_1/q/bf(x)Ax. (3.5)

m

Substituting g(z) = 1 in Lemma 2.6 leads to

b 1/p 1/ 2 b
[s@ae|  <o-an(B)T [ prwas

/ f(@)Az < (b—a)~P/ (M>1/pq /b fYr(x)Az| . (3.6)

m
a

Combining (3.5) with (3.6), the inequality (3.4) follows. O
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Theorem 3.4. If f(z) is A-differentiable on the closed interval [a,b], f(a) =0,
and 0 < f2(z) < 1 for all € (a,b), then the inequality
b b

217pp/f2p71(x)Ax< /f(x)m

a a

p

(3.7)

holds for p > 1.

Proof. Let
; [ [ s

Applying Lemma 2.2 and differentiating F'(x) with respect to z give
1

F&(z) = pg™ () / [9(2) + u()hg™ (x)]" " dh — p2' 2 f2~1(x)

—21_pp/f2p_1(t)At, x € (a,b).

1
/ p 1 dh _p21—pf2p—1(x)
0
(z

= pf(@)lg(@)P~" —p2' 7P [ (2),

where g(z) = [7 f(t)At and g®(z) = f(z).
Slnce f(a) =0 and f2(x) > 0, it is easy to see that f(z) > f(a) =
It is clear that the inequality

Uf(t)m .

[/If(t)At . - [fz(x)

2
r 2
x) = /f(t)At — fT(JC)
Then, by Lemma 2.3, we have

A (@) = fla) — 5[@) + £ @) A ()

> f(z) = fx)f2(z) = f)[1 - f2(2)] >0.
Taking into account G(0) = 0, the inequality G(z) > 0 follows. Thus, the proof
of Theorem 3.4 is complete. O

— 2P 2 (g) > 0

is equivalent to

p—1
] , p>1.

Let
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Remark 3.5. If T = R, Theorem 3.4 reduces to [41, Lemma 3.5]. If T = R and
p = 2, Theorem 3.4 becomes [27, Proposition 1.1].

Remark 3.6. This manuscript is a slightly modified version of the preprint [43].
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