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Abstract. In this paper we introduce and study a sequence of positive
linear operators acting on suitable spaces of measurable functions on
[0, +00], including L ([0, +o00[) spaces, 1 < p < 400, as well as continuous
function spaces with polynomial weights. These operators generalize the
Szasz—Mirakjan—Kantorovich operators and they allow to approximate
(or to reconstruct) suitable measurable functions by knowing their mean
values on a sequence of subintervals of [0, +oo[ that do not constitute a
subdivision of it. We also give some estimates of the rates of convergence
by means of suitable moduli of smoothness.
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1. Introduction

In the 1940s G. M. Mirakjan [16], J. Favard [13] and O. Szasz [19] indepen-
dently studied a sequence (S,,),>1 of positive linear operators, that nowadays
are called Szdsz—Mirakjan operators. These operators are defined by

> n k
Su(f)(@) = Ze’“%f <z) (n>1,2>0)
k=0 !

for all functions f : [0, +oco[— R for which the series at the right-hand side
is absolutely convergent. The space of such functions includes, in particular,
the space .Z([0,+o0|) of all functions f : [0,4+o00[— R such that |f(x)| <
M exp(ax) (z > 0), for some M >0 and « € R.
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Later on, in order to furnish an approximation process for spaces of locally
integrable functions on unbounded intervals, Butzer (8] introduced and studied
an integral modification of the operators S,,; they are defined by setting, for
every n > 1, f € ([0, +o0]) and z > 0,

(na)"
!

Kn(f)(@):=n) e -
k=0

where 7 (|0, +00[) is the space of all Borel measurable locally integrable func-
tions f : [0, +0o[— R such that the antiderivative F(z) := [ f(t) dt(z > 0)
belongs to ([0, +00[).

The operators (K,,),>1 were named in [20] as to Szasz—Mirakjan—Kant-
orovich operators by analogy with the Kantorovich operators that constitute a
similar integral modification of Bernstein operators (see, e.g. [2, pp. 333-335]).

In more recent years, Szasz—Mirakjan-Kantorovich operators and their
modifications have been object of investigation by several mathematicians. For
example, some saturation results were discussed by Totik in [21] (see also [20])
and further properties were studied in [11, Chapter 9]. More recent results may
be found in [12].

In this paper we deal with a further generalization of such operators,
that extends to the unbounded setting an idea first developed in [4], where
the authors introduced and studied a generalization of Kantorovich operators.
Namely, we will focus our attention on a sequence (Cy,),>1 of positive linear
operators defined by

~ . FEon
Cu(f)(x) := ﬁ e ("]j!) / fydt  (n>1, 2>0)
k=0 ktan

n

for every f € 7([0,+00]), where (a,)n>1 and (b,),>1 are two sequences of
the real numbers satisfying 0 < a,, < b, < 1 for every n > 1.

Of course, if a,, = 0 and b, = 1 for all n > 1, then the C,’s turn into
the Szasz—Mirakian—Kantorovich operators. A possible interest in the study of
C,,’s rests on the fact that, by means of them, it is possible to reconstruct a
continuous or an integrable function by knowing its mean values on subinter-
vals of [0, 4+o00[ which do not necessarily constitute a subdivision of [0, 4ol

We investigate the approximation properties of the sequence (C,)n>1
on several continuous and weighted continuous function spaces as well as on
Lebesgue spaces and we also establish some estimates of the rate of conver-
gence by means of suitable moduli of smoothness.

The paper is organized as follows. After some preliminaries, in Sect. 2 we
present our operators and their main properties.

Subsequently, in Sect. 3, we discuss their behavior on some continuous
function spaces and on weighted continuous function spaces with polynomial
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weights by proving that they are an approximation process with respect to the
uniform norm and to particular weighted norms. Moreover, we prove that our
operators are an approximation process also on LP ([0, +oo[)(1 < p < +00).

In the last section, we estimate the rate of convergence; in particular,
with a similarity technique, we prove that, up an isometric isomorphism, the
study of such questions is equivalent to the study of the rate of convergence
of suitable approximation processes acting on [0, 1]. Similar arguments can be
found in [7].

2. Generalizing Szasz—Mirakjan—Kantorovich Operators

Throughout this paper we shall denote by %([0, +00[) the space of all continu-
ous real valued functions on [0, +o00[. We shall also denote by ([0, +o00[) the
subspace of all functions in ([0, +oo[) that are bounded.

The space ([0, +00[), endowed with the sup-norm ||- || and the natural
pointwise ordering, is a Banach lattice. The space of all continuous functions
that converge at infinity will be denoted by %.([0,40c[); clearly, €. ([0, +o0o[)
is a Banach sublattice of ([0, +00[).

Further, €,([0, +00[) stands for the subspace of ([0, +oo[) consisting of
all continuous real valued functions on [0, +o0[ that vanish at infinity.

Moreover, for m > 1 we set w,,(z) := (1 +2™)~! (z > 0) and

B o= {1 € 90,00 | spun) )| < R

x>0
FE,, is a Banach lattice, provided that it is endowed with the pointwise ordering
and the weighted norm

fllm = supwm (@) f ()] (f € Em).
Further, we shall consi&er the spaces
Bri={f € Bl tim v, (0)f(0) € R}
and
£ = {re B i o) fia) <o},

that turn out to be Banach sublattices of E,,.

Note that, by Stone-Weierstrass theorem, %([0,4+00[) is dense in each
E% m>1.

As usual, if 1 < p < 400, we shall denote by LP([0,4o00][) the space of

all (equivalence classes of) Borel measurable functions on [0, 4o0o[ such that
1

Il fllp == ( 0+OO [f()P dt) " < 400. Moreover, L>([0, +00[) stands for the space

of all (equivalence classes of) Borel measurable functions on [0, +0o[ that are
Ar-a.e. bounded, \; being the Borel-Lebesgue measure on [0, +00[.
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Consider the sequence (S,,),>1 of Szasz-Mirakjan operators defined e.g.,
on the space . ([0, +o0[) of all functions f : [0, +oo[— R such that |f(z)]| <
M exp(ax) (z > 0), for some M > 0 and « € R, by setting

> nx k
0@ =Y (5) mziezo. @
k=0 ’

An integral modification of them was introduced by Butzer [8] in order
to furnish a positive approximation process for locally integrable functions on
[0,4+00[. These operators are defined on the space 7 ([0, +oo[) of all Borel
measurable locally integrable functions f : [0,4+00o[— R such that the anti-
derivative F(z) := [; f(t)dt(z > 0) belongs to .7([0, +00[), by setting

k+1

j fdt  (n>1,2>0).

k

L& )
K,.(f)(z): nZe
k=0

Note that 7 ([0, +o0[) contains .#([0,4oc[) N F([0, +o0[) (and hence
E.,m >0) as well as LP([0, +00]) spaces, 1 < p < +o0.

The operators K,,n > 1, were named in [20] as to Szdsz—Mirakjan—
Kantorovich operators. Thus, they can be used to approximate functions in
Z([0,4o0]) by having information about their mean values on the intervals
[ ] n>1k>1

In this paper, in the spirit of a similar idea developed in [4] for compact
intervals (see also [3]), we introduce a generalization of the operators K,, by
involving the mean values of the approximating functions on possibly smaller
subintervals of [%, %] ,n>1,k>1.

More precisely, consider two sequences of real numbers (a,),>1 and
(bp)n>1 such that 0 < a, < b, < 1 for every n > 1 and, for every
f€7(0,400]),x >0 and n > 1, set

Colf)(e) = - _kZ / 7t dt. (2.2)

Thus, C,(f) is defined throughout the mean values of f on the sets
[Etan Etba] (k> 0) that do not cover the whole [0, +00].

Of course, if a,, = 0 and b,, = 1 for every n > 1, then the C/ s turn into
the operators K.

For a given f € 7([0,400[), considering the antiderivative F(z) =

Jy f(t)dt(z > 0), we can also write
Cul(P@) = 5 g Sl () ()]
= S (on(F))(2), (2.3)

bn — Gp
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where S, is given by (2.1) and the mapping o, is defined as

on(F)(z) = F (x + IZ:) ~F (x + %") (z > 0). (2.4)

It will be also useful to represent C,,(f) as

“+oo
oD@ = [ e (02 1220) (2.5)
0
where
N e (na)f
bine 1= e D

k=0
and each p, 1, designates the Borel measure on [0, +oo[ having density the char-
acteristic function of [£tes E+bu] with respect to the Borel-Lebesgue measure
A1 on [0, 400

From now on, for every m > 0 the symbol e,, will denote the function
defined by setting e, (z) = 2™ (x > 0); in particular ey = 1, where 1 denotes
the constant function on [0, +00[ of constant value 1. Finally, for a fixed z > 0,
we shall set ¥, (y) :=y —x (y > 0).

It will be useful to recall the behavior of the Szasz—Mirakjan operators
(2.1) on the above mentioned functions; more precisely (see [6, Lemma 3]), for
every n > 1 and m > 0,

Splem) = Zamjnj*mej, (2.6)
3=0

for some positive coefficients ay, ; satisfying the following properties:

(i) aj,; =1forevery j=0,...,m and a;o = 0 for every j > 1;
(ii) aj1 =1forevery j=1,...,m;
(ili) ajj-1 =7 —1)/2forevery j=1,...,m;
(iV) Qjt2,41 — 205415 +ajj—1 =1forevery j=1,...,m— 2.

Hence, for every m > 1,5, (e,) is a polynomial of degree m with no
constant terms.
In particular,

Sp(1) =1, Sp(er) =e;1  and  Sp(ex) =es + %el. (2.7)
Moreover, for every x > 0,
Su(ths)(@) =0 and S, (¥2)(@) = . (2:8)
Finally, for a given A > 0, if we set
fala) =" (2> 0), (2.9)

we get
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Su(f2)(@) = exp (nm (e*% - 1)) (2.10)

(see, e.g., [2, pp. 339-340]).
For the sake of brevity we omit the details of the proof of the next result
that can be achieved by direct calculations on account also of the formula

Cn(f) = Kn(fn), (2.11)

where

fule) = / F(@ 4 (b — an)y + an)/m)dy (2.12)
0

for every f € 7(]0,+o0[),z > 0 and n > 1.

Proposition 2.1. For everyn > 1 and m > 0,
k

m m—Fk
1 m+1 b ok .

=0
1

= em + —Fp_1, (2.13)
n

where the coefficients ay,; are the same as in (2.6) and F,,_1 is a positive
polynomial of degree m — 1. In particular, e,, < Cp(en) for every m > 0.

Further, denoting by P, the space of (the restrictions to [0, +oo[) of) all
polynomials of degree mo grater than m,m > 1, then

C,(Py) C Py,
for every n,m > 1.
Moreover, for everym >1,n>1 and x > 0,

Wi (2)C (em) () < wp(x)em () + d%’ (2.14)

where

m—1 k
m .
dpy, = maxwm E am,]xj + (k) jio ag,;x’ (2.15)

k=0
and wy,(r) = (1 +2™)" Yz > O).
Hence, for every m >0,

lim ||Cn(€m) emum = 0. (2.16)

n—oo

Finally, for every n,m > 1 and x > 0,

Cai) =3 (%) W 3 ("t 1) ; ” iak,jnjej.

h=0 k=0
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In particular,
an + by

Cn(1) =1, Cyler) =1 + o

1, (2.18)

by +a, +1 a? + apby, + b3

Cn(eg) = €2 =+ n €1 + 377,2 n 1 (219)
and, for every x > 0,
an + by, r a2+ apb, + b2
Chr () (x) = 5 and Cp(Y?)(z) = - + B TR (2.20)

Another useful result is stated below.

Proposition 2.2. For every X\ > 0, let f\ be as in (2.9). Then,

Cu(fr) = m (e‘ki" —e “’") W(f) (n=1),  (2.21)

where Sy, (fx) is evaluated in (2.10) (see also (2.1)).
Moreover, for everyn > 1 and X > 0,

Cn(fa) < Su(fr) < Si(fr)- (2.22)

Proof. Formula (2.21) follows after a straightforward computation. As regards
(2.22), the first inequality is an easy consequence of the fact that

here we have used the well-known 1nequahty l—e* <z (x>0).

On the other hand, by the monotonicity of (S, (f))n>1 on convex func-
tions (see [9, p. 247]), we get the second inequality in (2.22). O

3. Approximation Properties

In this section we deal with some approximation properties of the sequence
(Cp)n>1 in several spaces of both continuous and integrable functions.
We begin with the following result.

Theorem 3.1. Consider the operators Cy,n > 1, defined by (2.2). Then, for
n>1and m>1 fized,
(a) Cy is a positive continuous linear operator from ([0, 4o0c[) into itself
and [|Cy ||, (0400 = 1;
(b) Cn(%o([0, +00()) C Go([0, +00);
(c) Cy is a positive continuous linear operator from E,, into itself and
NCullE,, <14 dm/n, dn being defined by (2.15); in particular,

sup ||Cn|lp,, <1+ dm; (3.1)
n>1

(d) C,(ES) C EY,.
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Proof. Statement (a) can be easily verified, since Cy,(1) = 1. To prove state-
ment (b), fix f € 6([0, +o0]) and € > 0; then, there exists x; > 0 such that
|f(z)] <¢/2 for any x > z7.

Moreover, consider xo > x1 such that, for every x > xo,

(nx)hefnm - €
ht 7 2l fleo(nlza] + 1)

for any h =0,...,n[z;1], where [21] denotes the integer part of ;.
Now, for z > xo,

nlin Etbp
_ nwk i
Cup@l < 3 e B [ )i
nk:O ktan
ktbn
o] k =
" o (12)
DY el WO
n k=n[z1]+1 ’ ktay

Statement (c) is a consequence of (2.14) because, for every f € E,, and
x>0,

W (@)|Ca(£) (@) < 1| llintm (@) (1 + ) (&) < [1 1] (1 - d?f) ‘

To prove statement (d), consider the subspace D generated by the fam-
ily (fa)aso defined by (2.9), that by Stone—Weierstrass theorem is dense in
%o([0,+00]) and hence in EY,. Since

CH(D) C %0([(); +OOD C Egm

we get inclusion (d). O

Remark 3.2. We point out that, since C,,(1) = 1, from Theorem 3.1, (b), it
also follows that Cy (6. ([0, +00])) C €, ([0, +00[) for alln > 1.

Moreover, (2.13) implies that C,,(1 + e,,) = 1 4+ Crlen) € B, ie.,
Chnlem) € EX,. Then, again by Theorem 3.1, (d), we also get that C,(Ef,) C
B

In order to state the next approximation results, we first notice that if
A>0,n>1and 0<a, <b, <1, then

n Aan Abn A
< e — n  — < —. .
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In fact, by using the inequalities 1 —e™* < z,1—e™% > 2 —2%/2 (z > 0),
we get

n Aan Abp
01— (e =)
=T N, —an) <e ‘

n Aan A(bn—an)
pr— 1 — ——————————— - n 1 — 7#
Abn —an)© ( ¢ )
n Aap b, —ap (bn - an)2
<1-— " 2
- A(by, — an) ‘ </\ n A 2n? )
Xag by, — an A )\
1—e n — < n
e A 5 o —(an +b,) <

As far as bounded continuous functions are concerned, the following
approximation result holds.

Theorem 3.3. If f € €.(]0,+0]), then lim, o Cn(f) = f uniformly on
[0, +-o00].

Moreover, if f € 6,(]0,+00[), then lim,— oo Cn(f) = f uniformly on
compacts subsets of [0, 400l

Proof. Tt suffices to show the first part of the statement for f € %,([0, +o00l)
or, in fact, for each function fy, A > 0, defined by (2.9), since the subspace
generated by them is dense in % ([0, +o0[) and the sequence (Cy,)n>1 is equi-
bounded on %,([0, +oco[). Now, by using (2.21) and (3.2), for every x > 0 and
n > 1, we get

|Cn(f2)(x) — fa(o)]

< s (% - “’“) 1]8,(0(a) + 15,()(0) £
< (1)\(bnn—an)(6 e )+||S (f2) = Aallso

2 1800 — e

IN

Since the sequence (Sp)n>1 of Szdsz—Mirakjan operators (see (2.1)) is
an approximation process on %,([0, +00[) (see [2, Sect. 5.3.9]), the result is
obviously achieved.

In order to prove the final statement, we notice that, from (2.18) and
(2.19), it follows that lim,, 1o Cp(h) = h uniformly on compact subsets of
[0+ oo for every h € {1,e1,e2}. Since {1,e1,e2} C E3, the result follows from
[1, Theorem 3.5]. O

The approximation properties of the operators C), on the weighted func-
tion spaces EO,, E* and E,, are shown below.
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Theorem 3.4. For a given m > 1, if f € EX, (and, in particular, if f € E9),
then

lm wn,(Cr(f)—f)=0 uniformly on [0, 4+o00] (3.3)

n—-+oo

i.e., limy,— oo Cp(f) = f with respect to || - ||m-
If f € E,,, then

lim 1w, (Cn(f) = f) =0 (3.4)

n—-+oo
uniformly on compact subsets of [0, +00].

Proof. Consider again the functions fy,A > 0, defined by (2.9). Then
limy, 4 oo Cr(fx) = fx with respect to || - [|s and hence with respect to || - || .-
Since the sequence (C),>1 is equibounded on EY, (see (3.1)) and the lin-
ear subspace generated by (fy)xso is dense in EO , (3.3) is certainly true for
f € EY. On the other hand, if f € E,, then f = g + am(1 + e,,), where
Qpy i= lim, oo i (2) f(z) € Rand g = f — am(l + e,) € EY,. Therefore
(3.3) follows for f too on account of (2.16).

The preceding result and the inclusion E,,, C EY,; imply formula (3.4)
because, if J is a compact subset of [0, +oo], then

W (2)|Cn(f) (@) = f(2)] < M||Co(f) = fllmta

W41 ()

for every z € J, where M := sup —2=(&)_ O
xzeJ

Finally, we show that, in some particular cases, the C)’s furnish an
approximation process in LP ([0, +o00o[) spaces (1 < p < +00).

Theorem 3.5. Let (Cp)n>1 be the sequence of operators defined by (2.2) and
fir 1 < p < +o0. Then, C,(LP([0,400[)) C LP([0, +o0[) and

1
||Cn||LP,LP < (bn—an) 7.
for everyn > 1.

Moreover, if there exists M > 0 such that ia < M for everyn > 1,
then, for every f € LP([0,400]),

lim C,(f)=f in LP([0,+o0]).

n—-+o0o

Proof. Consider n > 1 and f € L?([0,400]). A twofold application of Jensen’s
inequality (see, e.g., [5, Theorem 3.9]) yields
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k+bp p
= . (nx)k n [
AT IEOI S e Sy P
k=0 " " ktan
k+bp
. :
a2
< e h o [ a
k=0 ' " " ktan

for every = > 0.
By integrating with respect to x > 0 and by using the identities

we get
- k‘H’n nk +oo
Ch( )P de < Wdt | — / e "k dy
/| pasd |t — [ ol
=0 k+an 0

k+tbn
n

1
p p
SO dt | < 171

n

ktan
n

which shows the first part of the theorem.

Assume now that there exists M > 0 such tha
n > 1; then, the sequence (C},),>1 is equibounded in Lp ([O —|—oo[)

Moreover7 by [2, Proposition 4.2.5, (2)] (see also [1, Corollary 8.9]), the
subset {fx | A > 0} is a Korovkin set in LP([0, +oo[) (see (2.9)) (in fact,
any subset {fx;, fa., fag} with 0 < A; < Ao < A3 is a Korovkin subset in
L?([0,400[)). So, in order to prove the final claim, it is sufficient to ascertain
that C,,(fx) — fx in LP([0, +o0[) for every A > 0. By Theorem 3.3 we already
know that C,(fx) — f uniformly and, hence, pointwise on [0, +oo[. On the
other hand, by (2.10) and (2.22) we get

0 < [Ca(f)P < IS1(f2)IP € LH([0, +00]).
Then, by the dominated convergence theorem,

Jm Cu(fa) = fr in LP([0, +oof).
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4. Estimating the Rate of Convergence

We pass now to present several estimates of the rate of convergence of
(Cn(f))n>1 to f by means of suitable moduli of smoothness.

For the convenience of the reader we split up the discussion of the several
types of convergence into the following three subsections.

4.1. Pointwise and Uniform Estimates for the Rate of Convergence
In what follows, we state some estimates of the pointwise and uniform rate of
convergence involving the usual moduli of smoothness of the first and second
order w(f,d) and wa(f,d) (for the definitions of the above-mentioned moduli
of smoothness we refer, e.g., to [2, Sect. 5.1] or [10, Chapter 2, § 7]).

By using some results in [17], we start to provide for some estimates for
the rate of pointwise convergence.

Theorem 4.1. Consider f € €,([0,4+00[),n > 1 and x > 0. Then

an+bn 1
Calh) () = F)] < 5 w(f,ﬁ)

[1 1( a%—kanbn—i—bi)] ( 1 >
2 \" 3n ? n)
(4.1)

Proof. Since (2.5) holds, by means of [17, Theorem 2.2.1] and (2.20), we have
that, for every ¢ > 0,

Cal)(&) — f(2)
< 10 (V)(&) = TF @) + 51O () @)l f,6)

@) + cnwi)(z)] wa(1.5)

262
1la, +b, 1 x  a®+ apb, + b2
= - 4] 1+ (- +2—7——1T J).
F U a(f0) + |14 g (24 RS ()
If § = n=1/2, then we get (4.1). O

It is possible to present other estimates of the rate of convergence of the
Cy’s in 63,([0, +o0). In fact from (2.3) it follows that, for every f € 6, ([0, +o0)
and x > 0,

[Cn(f)(2) = f(2)]

n n

< [Sn(on (F))(2) — on(F)(x)] +

7bn_an

on(F)(x) — f(2)|,

bn_an

where o,, is given by (2.4) and F is the antiderivative of f.



Vol. 63 (2013) On a Generalization of Szdsz—Mirakjan—Kantorovich Operators 849

Therefore we can obtain some quantitative estimates for the rate of
pointwise convergence of (Cy,(f))n>1 by means of similar ones held by Szasz—
Mirakjan operators and by using the following lemma (see also [4, Theorem
3.3]).

Lemma 4.2. Let 0 < a, < b, <1 (n > 1), f € €([0,400[) and F(x) =
Jy f(t)dt (x>0). Then, for every x >0 and n > 1,

<w (f, b ) . (12)

n

n

on(F)(x) = f(2)

Moreover, for every é > 0,

bn_an

w(on(F),d) < bn;anw (fﬁ—i—bn;an). (4.3)

Proof. Fix x > 0 and n > 1; by applying Lagrange’s theorem to the function
F and the interval [z + %=,z + 2], there exists (. € [z + 2,2 + 2] such
that

n

bn — Qn
Then

" o) (0) (@) =1 (o) =S (@) S e ) <0 (1,220

n

bn_an

Now fix § > 0 and 2,y > 0 such that |[xt—y| < d; then, again by Lagrange’s
theorem,

|on (F) () =0 (F)(y)| = w(f, [Cna —.yl),

where (,, . is defined as above and 7, , is a suitable element of the interval
[y + fm oy + %], and hence the claim, since

bn_an bn_an

|f(<n,ac) _f(nn,y)| <

n n

bn_a'n

bn_an
|Cn,a:_77n,ylg‘x_y|+ n S6+ .

n

We are now in a position to state the following result.

Theorem 4.3. Consider f € €,([0,400]),n > 1 and x > 0. Then

Calf)e) = S < 2+ vD)w (£ ERE0)

Furthermore, if f is differentiable on [0,4+o00] and f' € € ([0, +o0]), then

R T (e e R
(4.5)
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Proof. From [2, Theorem 5.2.4], it follows that, for every 6 > 0,

5,00~ £ < (14 3/2) w0 m

From this and from (4.2) and (4.3), we obtain

|Cn(f)() = f(2)]

< T Su(EF)@) = a(F)(@)| + | o (F) @) — (@)
< 1+§ i) b w(on(F).0) +w p “")

oV n n
< <2+1\/E>w<f75+bn_a”>
oV n n

Setting § = n~'/2, we get (4.4).
As for (4.5), assume that f is differentiable on [0,+occo[ and f' €
([0, +00]); then

o (1,220 ) <, 2)

Moreover, from [2, Theorem 5.2.4], we obtam7 for § > 0,

5.0~ F@) <2 (1432 s ®)

We notice that, along with f, o, (F) is differentiable and its derivative is
continuous and bounded. Moreover, for every x > 0 and n > 1,

on(F) (z) = f <x + b:) —f (x + %") :

Pick now z,y > 0, such that |z — y| < J; then, arguing as in the
proof of Lemma 4.2, by applying Lagrange’s theorem, there exist (,, €
[;v—&— o r b;] and 7, € [y—i— G gy 4 "] such that

04(FY (2) ~ 0 (F) ()
f(:r—i-b:)—f(x%—a:) f<y+ >+f< n)’
= P G) = )] < P (104 ).

Hence,

oY) < B (g4 ) @)
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and by (2), (3) and (4),
Cn(f)() = £ ()]

|Sn(on(F)) (@) = on(F)(2)] + o
n x 1 /x , b, — an

e il G ECCE R Gy

S\/E(1+1\/;)w<f,75+bnan>+||f/||oobnan-
n (S n n n

In particular, for 6 = n=1/2, we get (4.5). O

We pass now to state some uniform estimates of the rate of convergence.
To this end, some preliminaries are needed.

Lemma 4.4. Let (Cy)n>1 be the sequence of operators defined by (2.2). Then
5A

|Cn(fr) (—logz) — 2| < ™ (4.6)

for every A > 0,n > 1 and 0 < xz < 1, where f is given by (2.9).

Proof. We note that, for every 0 < x < 1, there exists s > 0 such that z = e™*.
Therefore, using [15, Lemma 3.1],

_A
l,n(lfe n)—ZL’/\S A )

2ne
Then, on account of (2.21), (2.10) and (3.2) for every n > 1, A > 0 and
0<x <1 we get

|Ca(fa) (—logz) — a?| = = (e_MT" - 6_%) Zn=e ) _
n

n Aa Ab -2
< —otm s n(l—e " n) _ A
= Abn — an) (e ‘ ) (f” * )

< n _ap (1 ,Mbn—an)) A n A - 5\

—_— ¢ n —e n R — —_

~ Abn —ap) 2ne  n ~ 4n
O

In order to present some uniform estimates, we shall also use a similarity
technique. In other words, given an approximation process (L ),>1 on some
Banach space X, if ® : X — Y is an isometric isomorphism between X and
another Banach space Y, then it is possible to construct an approximation
process on Y by setting

L :=®0L,0d ! (n>1).
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In this case, we say that (L,)n>1 and (L), >1 are similar or isomorphic.
Clearly, for every u € X,

[ (u) = ullx = [[L5,(®(w) — 2(u)]ly, (4.7)

which transfers the problem of estimating the rate of convergence for (Ly,)n>1
in X to the (possibly easier to handle) sequence (L} ),>1 in Y.

As a first example of application of this technique, consider the isometric
isomorphism ® : G, ([0, +o00]) — €([0,1]) defined by setting

f(=logt) if0<t<1,
S(f)(t) =19 " 1im Flz) ift=0, for every f € €.([0, +00]).
T—+00
We observe that @1 : €([0,1]) — €.([0,+oc[) is defined as ®~1(g)(t) :=
g(e™t) for every g € ¢([0,1]) and ¢ > 0.
Moreover, for every n > 1 and g € €([0, 1]), set

Crlg) = 2(Cn(@(9)))- (4.8)
A simple computation shows that C}:(1) = 1,
CZ(%)@) — {gn(fl _xl)(_IOgt) g?iéé 17 (49)

and
_ 21)(— i <
O (2)(t) = Cn(fa —2xf1 + 2*1)(—logt) }f0_<t_1, (4.10)
0 ift =0,
(z € [0,1]), where fx, A\ = 1,2, is defined by (2.9).

Theorem 4.5. Let (Cy,),>1 be the sequence of operators defined by (2.2) and
acting on €, ([0,+o0|). Then, for everyn > 1 and f € €, ([0, +0[),

I6(7) = Flle = o (20 Iz ) + 3 (200 2 )

Proof. Thanks to the general equality (4.7) we pass to establish a uniform esti-
mate for ||C}(P(f)) — ®(f)||o- To this end we apply [17, Theorem 2.2.1] (see
also [14, Theorem 10]) from which, for every n > 1, f € %,([0, +o0[),0 <2 <1
and § > 0, we get

CH@()(@) ~ (@) £ 1C5(1)(@) ~ 1/|e(f)(@)]
H3ICH0 @ w(2(1),0) + (CHOE) + g @) wa(@(r).).
From (4.9) and from estimate (4.6) it follows that

CiW)@)] <

and, by (4.10),
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Cr(@2)(x) = Cn(f2)(=logx) — 2* — 22(Cp(f1)(—logz) — x) < % + %:%

—1/2

Setting 6 =n the claim is proved. O

4.2. Weighted Uniform Estimates of the Rate of Convergence

Now we present some estimates of the rate of convergence in (3.4). To this end
we have to introduce some preliminaries.
For every n > 1 and x > 0, consider the Borel measure on [0, +00[

o0 k
Ung 2= Wy, () i e " Z (nz) Un k

b, — anp Pt k!

where each v, designates the Borel measure on [0,+oo[ having density
the product of w;! and the characteristic function of [H%,%] with
respect to the Borel-Lebesgue measure on [0, +oo[. Clearly, Cy([0,+o0[) C
Ll(:un,wv [0, +00[).

Moreover, for every g € L'(piy 2, [0, +00[), set

+o0
V>(g)(z) := / gdvn, . € R.
0
Now, consider the isometric isomorphism ©,, : E, — %([0,+oc])
defined by setting ©,,(f) = w,f for every f € E,; we observe that
0,,} + ©([0,+00]) — E,, is defined as ©,'(g) = w,,lg for every g €
%»([0,+00]). Finally, for every n > 1, define the positive linear operator
L} - 65([0, +00]) — 65([0, +00[) by setting, for every g € ;,([0, +o0[),
Ly (9) = 0m(Cn(0'(9)))-
It is easy to prove that, for every n > 1,2 > 0 and g € %,(]0, +o0[),
400
L)) = Vi @)@ = [ gdvn (111)
0
Moreover, for every x > 0 and f € E,,,

Wi (2)|Cn (f) (@) = f(2)] = [Om (Cn () (x) = Om(f)(2)]
= Lo (Om()(@) = On(f) ()],

so that, in order to study the rate of convergence in (3.4), it is enough establish
the relevant result for the sequence (L (©,,(f))(x))n>1(x > 0).

Theorem 4.6. Consider the sequence (Cy,)n>1 of operators defined by (2.2) and
acting on E,,(m > 1). Then, for every f € E,,,n>1 and x > 0,

W (@Gl @)~ 1()] < M ()12

Ko, dm K’
o ) [ ).
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where dy, is defined by (2.15) and K,, and K, are suitable positive constants
depending on m, only.

Proof. Since (4.11) holds, by means of [17, Theorem 2.2.1], for every > 0, f €
E,,,n>1and § > 0, we obtain

1L (Om () (@) = Om(f)(2)|
<L (N)(@) = H[Om(f)(2)]

+§|L2(wm)(w)|w(®m(f)75)+ Ly (1) (z )+@L*(w )(x) | w2(Om(f), 6).

Since, by (2.14),

L)) = 0n(@)Ca(1+ em)(#) < 1 (2) + w0 (@em(0) + 22 = 14 2,

where d,,, is defined by (2.15), we get

L5 (1)) — 1] < 2. (1)

n
Moreover, from (2.13) and (2.20) it follows that

L, () (2) = win(2)Cn((1 + €m)¥a) ()
= W () (Cn(Y2) (@) + Crlemt1)(z) — 2Ch(em)(z))

m—+1

an +0 1 m + 2
= Wy, n_n pp gmH1—k—p
Wy () ( om + (m + 2)nm+1 kX:;) ( k ) Z nln

m—+1—k k m—1
D o mt1—k—p Iyl — I 1
X E b? a,, e Q51 T

therefore, there exists K,, > 0 such that, for every x > 0,
. K,
|7 (W) ()] <

s
Finally, we prove that for every m there exists a constant K/ > 0
such that
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(x+ K.)
n

Ly, (#3) (@) = win (@) Co($3(1 + em)) (@) <

foralln > 1 and 2 > 0.
In fact, since 2e,, = emio — 2T€m,41 + ¥2e,,, taking (2.6) and (2.13)
into account, we get

1 m+2 m+3 m+2—k k o
Cr(iiem)(z) = (m 1 32 > ( i ) > bhan TPy "ay na’
k=0 Jj=0

p=0

9 m+1 ’ITL+2 m+1—k k
p m+l—k—p 0 J d 1
e 2o (M) X e Y s
k=0 =0

p=0

m m—k k
1 m+1 p m—k—p 3, .+2
HCESIE < k ) D Mhan ™Y apn’
k=0 j=0

p=0

1 m4-2 1 m-+1 m43 m+2—k

— D m+2 k—p

ik a4 o 3 (") S e
Jj=0

2 jasy 2 = (m+2
E : E : Jo g+l }:
x a. g1’ @’ T opmtl Am+1,57°% (m + 2)nm+1 k=0 ( k )

7=0

(3)

m—+1—k

. 1
X } : bp m+1 k— p} :ahjn]xﬁrl 2 :am nJ J+2
nm (m+1)nm

m—+1 k— i 4o 1
X bLan "7P pd o dt2 L
( ) E i ak, ;1 T n

3

k

0
(m+1)(m+2) m+3 p 1-p
x(( 5 +m+3 1 Zb m(m + 1)
1

2 m+ 2 p 1-p , (Mm—1)m 1 m+1

m+2< m >;)bna" * 2 +m+1 m—1

1 1 2
X Zbﬁa};?) xm+1+Fm(a:)> ﬁ((” (an +bn)—(m+1)(an + bn)

p=0

+5an b)) @ 4 Fa(a)) = (@ 4 Fo(a),

where F,,,(x) is a polynomial of degree m.
Hence, from (2.20) it follows that

Wi (2)Cr (P2 (1 + €n) ) ()
= W (2)Cp (V2) () + win (2)Cy (Ve ) ()

= % (wm(x) (;v + ‘W) + W () (2™ + Fm(a:))>

1

n
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for a suitable K/, > 0 and, taking (1), (2) and (3) into account, we get (4.12)
when § = n=1/2, O

In order to estimate the rate of the convergence with respect to the
weighted norm | - ||,,, we introduce the isometric isomorphism ®,, : E} —

%([0,1]) defined by

wf)(—logt) if0<t<1,
(bm(f)(t):{(qﬁmf )(Evm;)g(l?) ift:<0, for every f € EX,. (4.13)
T— 400

We observe that @1 : €([0,1]) — Ef, is defined as @, (g)(t) := w,,} (t)g(e™")
for every g € €(]0,1]) and ¢t > 0.

Moreover, for every n > 1, we consider the similar positive linear operator
Wy €(]0,1]) — €([0,1]) defined by setting, for every g € €([0, 1]),

Wi(g) = @m(Cu(D,(9))). (4.14)

Theorem 4.7. Let (C,,),>1 be the sequence of operators defined by (2.2) and
acting on EY,. Then, for everyn > 1 and f € E7,,

ICa() = Tl < 2220 ()l

where d,y, is defined by (2.15) and Hy 1, Ho m, Hs m are suitable positive con-
stants which depend on m, only.

Proof. Thanks to (4.7) we establish a uniform estimate for |[W*(®,,(f)) —
D, (f)]lco- To this end by [17, Theorem 2.2.1] (see also [14, Theorem 10]), for
everyn>1,fe By 0<z<1andd >0, we get

Wi (D)e) ~ Pal 10 < W3 1)) Ll
W) @el@n(1):0) + (WD) (0) + WD) ) ea(®n(1).0).

242
From (4.14), (4.13) and Proposition 2.1 it follows that
(W Cn(14+em))(—loga) f0<a<1,
1 if x =0,
W*(46s) (W Cn (1 + em)(f1 —21)))(—logz) if0<ax<1,
v 0 ifx=0
and
N W Cr (1 + ey, —2zf1 +221)))(—logx) if0<a<1,
W) ) = {(() (Ut em) (o =221 +a 1) (~log) 60 < .

where fy, A = 1,2, is defined by (2.9).
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Now, fix 0 < z < 1; hence, thanks to (2.13),
1
|wm (—log 2)Cpn (1 + ep)(—logz) — 1| = Ewm(f log x)F,,—1(—log x),

where F,,,_1 is a positive polynomial of degree m — 1 (see Proposition 2.1);
hence, there exists Hi ,, > 0 such that

Hi
WH(1) — 1| < =22,

Moreover, for every 0 < z < 1, by using (4.10) and the Cauchy—Schwartz
inequality, we get

Wy (¢2)(2)] < win (= log )Cr (|(1 4 em)(f1 — )[)(—log z)
< win(—10g )/ Co((1 + €m)?) (= log 2)v/Cp((f1 — 2)?)(~log z)
= W (—10g )/ Co (1 + €m)?) (= log )/ (42) ().
Then, arguing as in the proof of Theorem 4.5 and since, by (2.13), L, :=

SUPp<z<1 Wy (—1og 2)\/Cr((1 + €1,)2)(— logz) € R, there exists Ha,, > 0
such that

H2,m
vn

Wy () ()| <
Finally, for every 0 < x < 1, we get
W;(?/Ji)(l’) = wm(f logx)cn((]- + em)(fQ - 21’f1 + x2))(*10g (E)
< wip(—logx)V/Cn((1 + €m)?) (= log )/ Co(fo — 22 f1 + 22)?)(~ log z)
< LoV G5 (43) (),

where, again, C is defined by (4.8).
Because of Lemma 4.4, there exists K3 > 0 such that

Cr(Wz)(@) = Cu(fa)(=logz) — a* — 42(Cp(f3)(~ logz) — 2?)
+62%(Co(f2)(—logz) — 2*) — 42°(Cu(f1) (= logz) — z) <

)

K3
n
so that
H3,m

Jn

for a suitable constant Hg ,,, > 0 depending on m, only.
Then,

(W5 (@ ()(@) = @i (f) ()] <
1 H2,m
+5Ww

In particular, for § :=n~

Wy (W3)(z) <

Hl,m

L% g, () ()

@n(9):0) + (145 + ZTo2 ) n(®(£).9),

2 /n

we get the required assertion. O

1/2
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4.3. LP-Estimates of the Rate of Convergence

Finally, we deal with the rate of convergence in Theorem 3.5 by means of the
second-order integral modulus of smoothness wy(f,d), in LP([0,1]) (for the
definition see, e.g., [10, Chapter 2, § 7]) by using again a similarity technique.
From now on we assume that the sequence (1/(b, — ay))n>1 is bounded.
First of all, consider the isometric isomorphism ®, : LP([0,+o0]) —
L?([0,1]) defined by setting, for every f € LP([0,+o0]),

1
t7rf(—logt) if0<t<1
® t) = ’
00 ={5 0™
S being the first Szdsz—Mirakjan operator (see (2.1)). We note that its inverse
@1 LP([0,1]) — LP([0, +00|) is defined as ®, ' (g)(t) := e~ rg(et) for every
g € LP([0,1]) and ¢t > 0.
Moreover, for every n > 1, define the similar positive linear operator
Pr: LP([0,1]) — L*(]0,1]) as follows
Py(g) = @,(Ca(®,(9))) (g€ LP([0,1])). (4.15)
Before stating the main result, some preliminary lemmas are needed.
Lemma 4.8. For everyn > 1,A > 0 and x €]0,1] we have
1

2 A2 2
0< xn(l*@ n)—A _ 1 < 7‘%7% log —. (416)
2n x

Moreover, the function gx(z) = o log L (z €]0,1]) belongs to LP([0,1])
provided that
Np < 2. (4.17)
Proof. Indeed, by means of the classical inequalities 1 — e~ > 2 — 22/2 and
e — 1 <ze®(z >0), we get
2 1 )\2

. 2 )\ 2 2 1
0<gnme =A< ednloer —1 < %x_% log — < %x‘% log

E.
O
Lemma 4.9. For every p € [1 + oo,z €]0,1],k > 1 and n > (% +k)?/k,
nli—ew ()1 S 2
- (1 ) P pn(l—e mP)— L4k < l (1 +k> log l
n \p T
Proof. First of all, notice that, for every k,n > 1 and p € [1,+o0]
n (1 — 67%(%+k)> . <n (1 — efn%) 1 + k.
p p
(2 + 02

Moreover, for n > pT, we have that

n (1 — 67%(%+k)) —

1
7207
p



Vol. 63 (2013) On a Generalization of Szdsz—Mirakjan—Kantorovich Operators 859

since
2
n(l—ei(;Jrk))—le—lQ(l—i—k) >0
p n  nt\p
Finally,
1
n(l—efnip)—f+k>0,
p
because
_1 1 1
n(l—e "P)—f+k2——2+k20.
p np

1 + k 2
Summing up, for every x €]0,1],k > 1 and n > -X——

k
_1(1, _ 1
n(l—e "(PJrk))—% n(l—e "P>—%+k
T — X

where, for the last inequality, we have used again the inequalities 1 —e % <
and 1 —e™® >z —2%/2 (z > 0). O

We are now in a position to get the desired LP-estimate.
Theorem 4.10. Let (Cy)n>1 be the sequence of positive linear operators

defined by (2.2) and acting on LP([0,4o00]),p € [1,400[. Then, for every
f e Lr([0,4+00]) and n > (1% +2)2/2,

_ _2p __pP
ICo8) = Tl < Ky (w500, +02 (1) 7) ).
where K, is a positive constant that depends on p, only.

Proof. By applying to the sequence (P}),>1 a result due to Swetits and Wood
(see [18, Theorem 1]), setting

_2p 1/2
oy = (max{nP;(l) 1l anlls 1Bal1E }) ,
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where a,,(z) := P (1) (x) and B, (z) := Pi(1¥2)(x)(0 < z < 1), it is enough
to show that

in order to obtain that, for every f € LP([0, 4+00]),

1Cw ()= Fllp =113 (2p(f)) = 2o (Nl < Kp (117 125 () lp+w2(Pp(f): b)) -

We start by evaluating P on 1,1, and ¢2. Taking (4.15), (2.7) and (2.8)
into account, we get

P:u)(t):{’i”cn (#3) (~1og) ;)féél

P (1he)(t) = {t_pc" (f%+1 *“"f%) (—logt) if0<t<1,

0 ift=0
and
7% - 2 o .
Py = 70 (f%+2 20f1p + f%)( logt) if0<t<1,
0 if t =0,
where fy, A = %,% + 1,% + 2, is defined by (2.9).
Thanks to (4.16), with A = %7 and (3.2) we get
_ 1
P 1) = [ (e e )0
TR
< np (6_% _ e—%‘)’) <xn(1—e P)—1 1)
a bn_an
an n 1 _ 1 1
41— P (e_Tpfe_pr> < x 27 log — + —;
by — an 2np? T np
hence
1 P 1 1 1\"
Pr(1)—1p <or! " log? — + | —
i -ap <2 (G ) o b s+ (o))
so that
. A
1P (1) =1, < = (1)

(for a suitable positive constant A,), since A = X satisfies (4.17).
P

In order to estimate ||ay,, fix 0 < z < 1 and n > p~?; taking Lemma
4.9 with £ = 1 and (3.2) into account, we have
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lon ()| = ‘ ( " <e—(i+1)%? _ e‘(ﬁ“)%’f‘) mn(l_e*%(%“))_%

L41) (b — an)

A\
/
—
|
A/~
=
S
7N
[
|
—
S =
*
N
i‘@
Sk
|
]
|
—
S =
Jr
=
N
‘v
N~~~
\_/
3
S
=
|
)
|
3=
—~
B
+
=
S—
S~——
|
-

+1) (bn—an)
+xn<1—e’% %“)>_i 3 xn(l—e_"%’)—i-‘rl

1
n _an __bn n(1—67 "P>—l+1
<1— p (e no—e nP))az v

by — an

IN

Then,

1 1 LS! 2p 1 1\?
o ()P < 220071 — (( + 1> + ( + 1) log? ~ + () )
np p p x p

and hence ther exists B, > 0 such that
B
lelly < =2. )

In order to evaluate P (12)(z), by means of Lemma 4.9, for k = 2, and
(3.2), we have that, for every z €]0,1] and n > (% +2)2/2,

P02 @)| = 27% |Cu (f142) (~loga)
~22Cy (f1) (—log ) =22 (Co (f111) (~log) = 2Cy (£ (—1ogx))‘

1
P P

a n —eii(lJrQ) _1
< (G ) ()
(£+2) (bn—an)
1
an n n(l—e 7P | =142
i (6“—6%)”&( )i +2|P () (2)]
b, — an,
n 787%(%+2) _1
B R S G E
)

_1(1 _ 1
n(l—e n(p“))_% n<1—e np>—%+2
+x -

+<1— = (e:z_e333))x"<l‘€_"’l”>‘?’”+2P:;<wx><x)|

by, —ap




862 F. Altomare et al. Results. Math.

171 1/1 211
§<+2>+<+2> log — + — + 2P (1) («)].
n\p n \p r np

Hence,

2p 2p
1Bnllp"™" < Cpn= =T, (3)
for a suitable C), > 0.

Collecting (1)—(3), there exists a constant M, that only depends on p,
such that

—_pP
Hn,p < Mpn R

for any n > (1% +2)2/2. Then j,, — 0 as n — +o0o and the claim easily
follows. O
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