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On Nonlocal Boundary Value Problems
for Nonlinear Integro-differential Equations
of Arbitrary Fractional Order

Bashir Ahmad

Abstract. In this paper, we prove the existence of solutions of a nonlocal
boundary value problem for nonlinear integro-differential equations of
fractional order given by

‘Dix(t) = ft, (1), () (1), (Pz)(1), 0<t<1,
2(0) = Bx(n),z'(0) = 0,2”(0) = 0,..., 2 "2(0) = 0, 2(1) = az(n),
where ¢ € (m — 1,m],m € Nym > 2,0 < n < 1, and ¢z and ¢z are
integral operators. The existence results are established by means of the

contraction mapping principle and Krasnoselskii’s fixed point theorem.
An illustrative example is also presented.
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1. Introduction

Multi-point nonlinear boundary value problems, which refer to a different fam-
ily of boundary conditions in the study of disconjugacy theory [1] and take into
account the boundary data at intermediate points of the interval under consid-
eration, have been addressed by many authors, for example, see [2-9] and the
references therein. Multi-point boundary conditions are important in various
physical problems of applied science when the controllers at the end points
of the interval (under consideration) dissipate or add energy according to the
censors located at intermediate points.
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Fractional differential equations appear naturally in various fields of sci-
ence and engineering such as physics, polymer rheology, regular variation in
thermodynamics, biophysics, blood flow phenomena, aerodynamics, electro-
dynamics of complex medium, viscoelasticity, electrical circuits, electron-ana-
lytical chemistry, biology, control theory, fitting of experimental data, etc.
In consequence, differential equations of fractional order have been addressed
by several researchers with the sphere of study ranging from the theoretical
aspects of existence and uniqueness of solutions to the analytic and numer-
ical methods for finding solutions. For some recent work on this branch of
differential equations, see [10-30] and the references therein. Recently, Ahmad
and Nieto [10] studied a nonlocal boundary value problem for higher order
nonlinear differential equations of fractional order.

In this paper, motivated by [10], we discuss the existence of solutions of
a nonlocal boundary value problem for nonlinear integro-differential equations
of fractional order ¢:

DA(t) = £(t, (1), (92)(1), ) (B), g€ (m—1,m],meN,m>2,0<t <1,
2(0) = Ba(n),2'(0) = 0,2”(0) = 0,..., 2™ =2)(0) = 0,z(1) = az(n),
O<77<17 (a_ﬁ)nnl_l#l_ﬁ7 B,QGR,

(1.1)
where “D is the Caputo fractional derivative, f : [0,1] x X x X x X — X is
continuous, and for v, : [0,1] x [0,1] — [0, o),

¢ ¢
@a)(t) = [t 9alo)ds, o)) = [ o(t.)a(s)ds.
0 0

Here, (X, ].||) is a Banach space and C = C([0,1],X) denotes the Banach
space of all continuous functions from [0,1] — X endowed with a topology of
uniform convergence with the norm denoted by ||.|.

By a solution of (1.1), we mean a function = € C of class C"™[0, 1] which
satisfies the nonlocal fractional boundary value problem (1.1).

2. Preliminaries
Let us recall some basic definitions [11,12,14] on fractional calculus.

Definition 2.1. For a continuous function g : [0, 00) — R, the Caputo derivative
of fractional order ¢ is defined as
t
1
‘Dig(t :7/ t—s "_q_lg(") s)ds, n—1<qg<mn, n=|q+1,
=g ¢ (5) 4

where [¢] denotes the integer part of the real number q.
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Definition 2.2. The Riemann—Liouville fractional integral of order ¢ is defined
as

190 = g [ s 00
0

provided the integral exists.

Definition 2.3. The Riemann-Liouville fractional derivative of order ¢ for a
continuous function ¢(t) is defined by

t

q _
Dg(t) = F /t—sq n+1 ds, n=lg+1,
0

provided the right hand side is pointwise defined on (0, c0).

To study the nonlinear problem (1.1), we first consider the associated
linear problem and obtain its solution.

Lemma 2.4. For a given o € C[0, 1], the unique solution of the boundary value
problem

Diz(t)y=o0(t), 0<t<l, ge(m-—-1m], meN, m>2,
2(0)=pz(n), 2'(0)=0, 2"(0)=0,...,2""2(0)=0, z(1)=az(n),
O<T}<13 (a_ﬂ)nm_l#l_ﬂa ﬂ7aER7

(2.1)
18 given by
: ( ya-1 Bym—1 1 p
t—s)i™ N+ s)tm— /
= | —— d d
[ e 8+(ﬂ—1+(a— 7
0 0
B+la—pem
— ds. 2.2
(ﬁ—1+(o¢— / o(s)ds (2.2)
0
Proof. As argued in [10], the general solution of (2.1) can be written as
[ (=)
t—s
= 0/ e (s)ds —co — cit — cot® — -+~ —cpp1t™ 1, (2.3)
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where cg, c1,¢C2,...,cm—1 € R are arbitrary constants. In view of the relations
¢ D% (t) = z(t) and [11Px(t) = [97Px(t) for ¢,p > 0,2 € L(0, 1), we obtain

:L”(t)/(ts)q2 (s)ds —c1 — 2cot — -+ — (m — 1)y t™ 2
- F(q—l) o 1 2 m—1 )
[ (5
t—s)
I/t: A A d72 . 71 72 ’m’_tm73.'.
(1) / g ls) ds = 2ea — - = (m = 1)(m = 2)e 117
Applying the boundary conditions for (2.1), we find that
n
n—28)
CO_(571+ o / o(s)ds
0
By 1(1 !
(Bt m—l)/Lasds
(ﬁ—1+<a—ﬁ>” | T T
c1=0,...,¢m_2 =0, and
n
m—1 = d
Cm-1 (ﬁ—l—i—aﬁml/ o(s)ds
0
1 (1 syt
—9)
d
+(6—1+ (a—p ml)/ o(s) ds,
0
Substituting the values of ¢g, ¢1, ..., ¢m—1 in (2.3), we obtain (2.2). This com-
pletes the proof. O

3. Main Results

To prove the main results, we need the following assumptions:
(A1) There exist positive functions L (t), La(t), L3(t) such that
1£ (¢, 2(t), (px)(2), (V) (t)) — f(E,y(t), (dy)(¢), (Yy) (1))l
< Li(t)||lz — yll + L2(t)ll¢z — ¢yl + La(t) |z — 2yl
vt e [0,1],z,y € X.
We set

fyozsup‘/ (t,s)ds|, 7sup’/ tsds
te[0,1 te[0,1]

I, = sup {Iqul()\,lquz( )] [ Ls( )\}
te(0,1]

TL(1) = max{[I1Ly ()], [T Lo (V)] [T L3 (1)},
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and
T9L(n) = max{|[1Ly(n)|, [T*La(n)|, [I*L3(n)[}-
(A2) There exists a number x such that A < x < 1, where
(18n™ = + 11 = BDITL(L) + (18] + o = BPI?L(n) }
16 =14 (o= B)nm |

(As) [If(t,2(t), (92)(t), (Ya) D)) < u(t), V(¢ 2, dz,9z) € [0,1] x X x X x
X, e LY([0,1], R*).

A= (1490 +80){ I} +

Theorem 3.1. Assume that (A1) and (Az) hold. Then the boundary value prob-
lem (1.1) has a unique solution.

Proof. Define G : C — C by

t . a—1
@o)(0) = [ el (s (o), (92 (s). () o) ds
0

1
ﬁnm—l + (1 _ ﬂ)tm_l (1 _ S)q_1
T ) / T (s (s), (60, (v (5) ds

—1+(a—p)ymt (9)
€ [0,1]. Let us set sup,¢o 1) [ f(2,0,0,0)| = M, and choose

M m—1 1— _ q

r> {H(Iﬁn |+ 6\)+(I5I+\1a Bln )}7
(1-MI(g+1) B—1+(a—pB)nm 1

where A is such that A < A\ < 1. Now we show that GB,. C B,., where B, =

{z €C:||z|| < r}. For x € B,, we have

(eI ) [ s o) (0 (5), () () s,
0

@i < [ (”q)q 1 (s,2(s). (62)(s), ($)(s)) ds]|
0

m—1 — B)ym—1 —g)a 1
H S LD [ (s (), (60) 0 () ) s

— 1+ (a_ﬁ)nm 1

- gt ’ (n—s)7"

e (s, 2(5), (62)(s), () () s

tw s, x(s z)(s 2)(s))— f(s s 5
go/ T M (52(), (92)(s), (We)(s)) = £(5,0,0,0)[+1£(5,0,0,0) ) d
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B4+ (1-4 tm 1‘/ (1—s)at

ey T(g)

(£ (s, z(s), (92)(s), (¥z)(s))

—f(5,0,0,0)[ +[f(s,0,0, 0 ) ds

Hplre e y/ 15,2060, (62)(5) ()(5)

t

—f(5,0,0,0)[ +[f(s,0,0, O)II)dS
-1

(t—s)?
<0/ T(q) (Ly(s)||x(s)|| + La(s) || (pz) (8)]| + Ls(s)||(vx)(s)|| + M) ds

1

ﬁnm 1+ 1_ tm 1
+6_1_|_ a_ m 1‘/ HiC()”
+La(s)[[(dz)(s)]| + Ls(s)|| (v) (s )||+M)
tm 1 77(
+M—1+a— !Z‘ Nzl + La(s)l1(62)(s)]

+Ls(s)|[(¢z)(s)]| + M) ds

< /“ — Ly () (5 40 L (8) [(5)l|+00 Lis ()| (5)]| -+ M) ds

I'(q)
HE o= e )] + raa3)e()]
0
+00Ls(s)||z(s)[| + M) ds
ﬂﬁ_1+a_ﬂn = $)#(s)]| +v0La(s) 2(5)]
0
+0o0Ls(s)llx(s)l| + M) ds
< (I7L(t) + 0l La(t) + 019 L3(t))r + %
Byt (1= gt q q q M
N T e g ‘((I L (1) 430 La(1) 4T Lo (D)t g 1))
B+ (a=Bpemt oo, . : Myt
H oty (s gt | (T T+l o)+ 80T L) + 555 )

<TH1+v +do}r+

M
I'(g+1)
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(IBn™ '+ 1 = Bl)
1B =1+ (a— )™
(18] + e = B])

BT (e =gy (LoD +30 + 80} +

(185 + 11 - B)
= (0 0 {IE + 5 ey 2O
181+ lo -

)y,
i@ e E0)

M (B +1=8)  (8l+la— B
U ot a1 s s i)
<A+1-=-XNr<nr

+

(@2 + 30 + o+ )

Mnd
F(qzl)>

Now, for z,y € C and for each t € [0, 1], we obtain

1G2)(®) - (@)
[ (=)
SO/ o)

1
ﬂnm 1_|_ 1_ tm ’/
B—14(a—B)npm—

0

1£ (s, 2(s), (d2)(s), (V) (s) — f(s,y(s), (dy)(s), (Vy)(s))l| ds

+| s, 2(9), (2)(5), ()9

—1(s,9(s), (¢9)(s), (Yy)( ))Hds

+’ﬁ€Y+aa ﬂﬂtm 1 /(n

—f(s,y(s), (dy)(s), (Yy)(s ))Hds

||f 8, 2(s), (92)(s), (V) (s)

t

< [ (Ll =l + )l = ol + Lo — val) s

0 Byt + (1= )t /

L L Mz — gl + Lo(s) 6z — ]
0

+La(s) 6w — vyl ds

_ m—1 n

L e e e~y + La(s) 6z — oyl

0

+L(s)llww — vy ) ds

< (Iqu(t) +v0l9La(t) + 6OIQL3(t)) |z —yll
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e € )
5— 1 + (04 — Bt
B)tm_l )
+‘ = 1 + o= By ‘ (qul(n) + 701" La(n) + 6011L3(77)) [l =yl
(8™ M + 11— BNIIL() + (18] + |a — BT L(n) }
8 —1+ (a—=B)nm1

_|_

] (I”Ll(l) FyolLa(1) + 501%3(1)) llz — y|

< (1470 + 50){Ig T

x|z —yll
< llz =yl
where we have used the assumption (A4s) in the last inequality. Clearly G is a

contraction. Thus, by the contraction mapping principle, we obtain the con-
clusion of the theorem. This completes the proof. O

Now, we state Krasnoselskii’s fixed point theorem [31] which is needed to
prove our next existence result.

Theorem 3.2. Let M be a closed convexr and nonempty subset of a Banach space
X. Let A, B be operators such that (i) Ax + By € M whenever x,y € M; (ii)
A is compact and continuous; (iii) B is a contraction mapping. Then there
exists z € M such that z = Az + Bz.

Theorem 3.3. Suppose that f:[0,1] x X x X x X — X is jointly continuous
and maps bounded subsets of [0,1] x X x X x X into relatively compact subsets
of X and the assumptions (A1) and (As) hold with

(UL 1 AL + (81 o= BDIE)
|6 =1+ (= B)nm|

Then there exists at least one solution of the boundary value problem (1.1) on
[0,1].

Proof. Let us fix

m—1 _ _ q—1
> ez {1 L B+ 1= B + (18] + Iivl Bln )}7
I'(q) 16 =1+ (o= By~

and consider B, = {x € C: ||z|| < r}. We define the operators ©; and O3 on
B, by

Ay = (1+90+do

(t—s)at

(©12)(t) = / i F(s.a(s), (6)(0). (o) () ds
0

1

m— 1 m—1 — 8
Bl (1— ﬁt / 1F ,z(s), (62)(s), (V)(s)) ds

0
_(ﬂ ﬁ+( tmml 1)/ nrs )a- 1 (s,2(5), (¢2)(s), (Vz)(s)) ds
0
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For x,y € B,., we find that

m—1 _ o qg—1
WMU{1+O&7 |+]1 5D+05Hﬂﬁ Bln )}Sr
I'(q) |8 =1+ (a—=B)nm™1

Thus, ©12 + O3y € B,.. It follows from the assumption (4;) that © is a

contraction mapping for A; < 1. Continuity of f implies that the operator ©
is continuous. Also, © is uniformly bounded on B, as

@12 + Ogy]| <

[l 2
I'(q)
To show that the operator ©4 is compact, we use the classical Arzela—Ascoli’s

Theorem. Let A be a bounded subset of C. We have to show that ®(A) is
equicontinuous and for each ¢, the set ®(A)(t) is relatively compact in X. In
view of (A1)7 (AS)v we define Sup(t,z,¢z,wm)€[0,1]><BT><BT><BT Hf(t7x7 QS.’E,?Z)[IJ)” =
fmax < 00, and consequently we have

1(©12)(t1) — (©12)(t2) ||

t1

- Hﬁ/ ((tg — )17 = (t - S)q_l)f(sam(s)a‘W(S)’wm(s)) ds

[©12] <

to

+/(t2 —8)17 1V f(s,2(s), px(s), Yx(s)) dsH

ty

fmax
< T 19(fy — tq)9 + 19 — ¢4,
—F(q+1)|(2 1) 1 2|

which is independent of x. Thus, ©; is equicontinuous. Using the fact that f
maps bounded subsets into relatively compact subsets, we have that ©1(A)(¢)
is relatively compact in X for every t. Therefore, ©; is relatively compact on
B,.. Hence, by the Arzela—Ascoli’s Theorem, ©; is compact on B,.. Thus all the
assumptions of Theorem 3.2 are satisfied and so the boundary value problem
(1.1) has at least one solution on [0, 1]. O

Example. Consider the following boundary value problem

5 z e—(sft) 8*(5*0/2
Dix(t) = St + L [y —als)ds + L [ —s—a(s)ds, te[0,1],
x(0) = %l‘(%), 2'(0)=0, =z(1)= x(%)

o (a—t) o= (s=1)/2

Here, m = 3,q = 5,9(t,s) = “=—,0 = = 6:%,04:1,77:%. With
Yo = egl,(So = 2(\/?_1), we find that

Ao 2(e+2(/e+1))
N 125y/7
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Thus, by Theorem 3.1, the boundary value problem (3.1) has a unique solution
on [0, 1].

4. Conclusions

It is worth-mentioning that the nonlocal problem (1.1) is a generalized form
of the problem considered in [10] in the sense that it contains a nonlinearity
of the form f(t, z(t), (¢x)(t), (vx)(t)) in contrast to f(¢, z(t)) and involves the
boundary condition z(0) = fz(n) instead of x(0) = 0.

Our main results are based on a generalized variant of a Lipschitz condi-
tion, that is, there exist positive functions L (¢), L (t), L (t) such that

1 (t, 2(2), (92) (1), (V) (t) — F(t,y(t), (dy) (@), (Yy)(1))]

< L)z = yll + La(t)ll gz — dyll + La(t) vz — ¢yll, ¥t €[0,1],z,y € X.
On the other hand, the results of [10] are proved by requiring a Lipschitz con-
dition. In case L (t), Lo(t), and L3(t) are constant functions, that is Li(t) =
Ly,Lo(t) = Lo, and L3(t) = Ls (Lq, L2, L3 are positive real numbers), then
the assumption (A;) reduces to a Lipschitz condition and A given by (As)
takes the form

(L1 +70L2 + doL3) {1 n (UBn™ M + 11 =B + (18] + | — ﬂ\nq)}
I'(q+1) 18— 1+ (= B
Furthermore, the solution for an m — th order linear nonlocal boundary

value problem [32] can be obtained by fixing ¢ = m in (2.2). Thus, our results
are new and generalize some earlier ones.
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