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1. Introduction

In this paper we study the existence of mild solutions to the Cauchy problem
of fractional evolution equation with nonlocal initial condition

°Dfu(t) = Au(t) + F(t,u(t)), te[0,T],
u(0) = H(u).

Here, °D{*,0 < o« < 1, is the Caputo fractional derivative of order «, the

operator (A, D(A)) is the infinitesimal generator of a compact semigroup of

strongly continuous operators {T'(¢)};>0 on a Banach space (E,| - ), and

H:C(0,T;E) - E,F : [0,T] x E — E are given functions to be specified

later. As can be seen, H constitutes a nonlocal condition.

(1.1)
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The motivation for this study is that evolution equations involve
fractional derivatives in time have, in some cases, better effects in applications
than traditional evolution equations of integer order in time (see [14,16,23]
and the references therein). Recently, there have been many papers concern-
ing this topic (cf., e.g. [1,2,5-7,9,10,13,22,25,26]). It is worth mentioning that
this class of equations can provide an excellent instrument for the description
of memory and hereditary properties of various materials and processes. What
it need to emphasize is that this is the main advantage of fractional mod-
els in comparison with integer-order models, in which such effects are in fact
neglected.

In particular, stimulated by the observation that nonlocal initial con-
ditions are more realistic than usual ones in treating physical problems (see
[3,4,8] for more detailed information about the importance of nonlocal initial
conditions in applications), the study of fractional evolution equations with
nonlocal initial conditions has been investigated to a large extent. One direc-
tion of the study is the existence of mild solutions to this class of equation,
among others, we refer to, e.g., [2,9,25,26] and the references therein. Other
contributions about the nonlocal problems, please see [3,11,17-20,24,25] and
the references therein.

However, much of the previous research on mild solutions was done under
the restriction that the nonlocal item is compact or Lipschitz continuous. This
condition turns out to be quite restrictive and is not satisfied usually in practi-
cal applications. Thus, there naturally arises a question: “whether there exists
a mild solution when the nonlocal item loses the compactness and Lipschitz
continuity”.

In this paper, among others, we will give an affirmative answer to this
question. New criterions, ensuring the existence and uniqueness of mild solu-
tions to (1.1), are established. More precisely, with the help of the compactness
of the semigroup generated by A, we will first prove an existence result of mild
solution to (1.1), which allows us to relax the compactness and Lipschitz con-
tinuity on the nonlocal item H. In fact, in the proof of the result we only need
to suppose the continuity and the growth condition on the nonlocal item and
do not impose any other conditions. Then, under a hypothesis on the nonlocal
item H which is more general than those in many previous publications, an
existence and uniqueness result of mild solutions to (1.1) is also established.

The rest of this paper is organized as follows. In Sect. 2, we present some
preliminaries. Section 3 is devoted to main results and their proofs. Finally,
in Sect. 4, two examples are given to illustrate the feasibility of our abstract
results.

2. Preliminaries

Throughout this paper, we denote by L(E) the Banach space of all lin-
ear and bounded operators on E, by C([0,T];E) the Banach space of all
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continuous functions from [0,7] into E with the uniform norm topology
llulloo = sup{|lu(?)]l,t € [0,7]}. The linear operator (A, D(A)) is the infini-
tesimal generator of a compact and uniformly bounded semigroup of strongly
continuous operators {T'(t)};>0 on E. Let M be a constant such that

M = sup{[|T'(t)| (). t € [0,00)}.
For the sake of convenience, we write
Q. ={ue (0, T;E); ||Ju(t)|]| <r, Vte[0,T]},

where r is any positive constant.

In the following we recall some definitions of fractional calculus (see, e.g.,
[15,22,23] for more details).

Definition 2.1. The Riemann—Liouville fractional integral operator of order
a > 0 of function f is defined as

t
1 (1) = O/ 97 f(s)ds

provided the right-hand side is pointwise defined on [0, 0c0), where T'(+) is the
gamma function.

Definition 2.2. The Caputo fractional derivative of order a > 0,m — 1 < a <
m,m € N, is defined as

t

D7) = I DR (D) = s [ =97 D2 F(s)ds
0

dam

mo.__
where D" : dt,,,

then

and f is an abstract function with value in E. If 0 < a < 1,

t

DS = 1—a/tfls

0

Throughout this paper, we let 0 < av < 1. Define two families {S,(t)}:>0
and {P,(t)}i>0 of linear operators by

oo

Sa(t)r = /\IIQ(S)T(stO‘)xds, = /as\Ila T(st%)xds, x€E,
0 0

U,(s) = % Z(—s)"‘lw sin(nma), s € (0,00)
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is the function of Wright type defined on (0, co) which satisfies

U,(s) >0, se€(0,00), U,(s)ds =1, and
/
/SV\IJQ(s)ds = m, ~v € 1[0,1]. (2.1)
0

Then, from [25, Lemma 3.2, Lemma 3.3] it follows that for all ¢ > 0,S,(¢) and
Pa(t) are linear and bounded operators on E, for every x € E, t — S, (t)z,t —
Pa(t)x are continuous functions from [0, c0) into E, and S, (¢) and P, (t) are
compact operators for ¢ > 0.

In fact, we also have the following result.

Lemma 2.1. Fort > 0,8,(t) and P, (t) are continuous in the uniform operator
topology.

Proof. First note that
alM
15O <L 1PoOler < ey

for 0 <t < co. Given € > 0, it follows from (2.1) that there exist d;, dy > 0
with §; < 0o such that for z € E,

< — < — .
2M/ )llds < Elel, 2M/ elds < Shall. (22

On the other hand, for t1, to > 0, since the compactness of T'(¢) for t > 0
implies the continuity in the uniform operator topology, there exists a dg > 0
such that

« (e} €
IT(st7) = T (st ey < 50 8 € [01,0]
when [t; — ta| < dg. This together with (2.2) yields that if [t — t2| < dp, then
for x € E,
X @u<—f Falds + - [ ooy
1)T 2)X S oM s)as
02
P

()| (T(st8) — T(st5)a) | ds
61
< elj=],
which implies that for ¢ > 0, S, (t) is continuous in the uniform operator topol-

ogy. A similar argument enables us to give the characterization of continuity
on P, (t). This completes the proof. O
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Based on the work in [25, Lemma 3.1 and Definition 3.1], in this paper
we adopt the following definition of mild solution to (1.1).

Definition 2.3. By a mild solution of (1.1), we mean a function u € C([0,T]; E)
satisfying
t

u(t) = So(t)H (u) + /(t — s)aflpa(t—s)F(s,u(s))ds, t€[0,T].
0

3. Main Results
Let m > 1 be fixed. First consider the nonlocal Cauchy problem in the form
¢ Dyu(t) = Au(t) + F(t,u(t)), tel0,T],
{u(O) =T (5) H(u).

We can prove the following result.

(3.1)

Lemma 3.1. Let the following hypotheses hold.

(H)) F:[0,T] xE — E is a Carathéodory function, and there exists a con-
stant B € [0,) and a function f.(-) € LYP(0,T;R*") such that for a.e.
t €10,7] and all uw € E satisfying ||ul| <,

|F(t )] < f(t), and liminfm =0 < o0.
(H,) H:C(|0,T];E) — E is continuous, there exists a nondecreasing function

® : Rt — RT such that for all u € Q,,

[H(u)|| < @(r), and liminf ()

r——4o00 T

= < 0Q.

Then for every m > 1, the Cauchy problem (3.1) has at least a mild solution
Uy, provided that

My + (3.2)

acMT* P (1-7 1-p <1

rl+a) \a—g '
Proof. Let m > 1 be fixed. It is clear that we will obtain the result if we show
that the mapping J* : C([0,T];E) — C([0,T]; E) defined by

U%MU=&MH(;>Hw%ﬁ/@—®QW%@—@ﬂ&%@ﬂs
0

has a fixed point.
To accomplish this goal, we first see that J¢ is well defined. Note also,
from (H,) and Hélder’s inequality, that

t - 15
Jumor s < (220) Tl 0 tE0TL (3)
0
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which together with (H,) yields that for any u € €.,

&JﬂT(é)

t
+/@—®“Wﬂﬁ—$MmMﬁwmﬁ
0

[1H ()]

L(E)

INWMUMS‘

1+a

aMT*=? (1—-p\'""
< Mo 1 .
< v»+Fu+a)(a5) TR

This implies that there exists a integer r9 > 0 such that J* maps €, into
itself. In fact, if this is not the case, then for each n > 0, there would exist
up € Qy, and ¢, € [0,T] such that ||(J*uy)(t,)]| > n. Thus, we obtain

t
M
< MO(r) + — /t—s“lf, s)ds
0

n < [[(J%un) ()]l < M®(n) +

aMT*8 (1-7
- Nl+a«) (a

1-8
_ﬁ) an||L1/ﬁ(07T)'

Dividing on both sides by n and taking the lower limit as n — +o00, we get

acMTe=B (1 - 5)”’

1< M
SMETTa e \a—5

which contradicts (3.2).

Next, we shall prove that J* is continuous on . Let {u,}52; C Qy,
be a sequence such that u, — u as n — oo in C([0,T]; E). Therefore, it fol-
lows from the continuity of F' with respect to the second variable that for
a.e. s € [0,T], F(s,un(s)) — F(s,u(s)) as n — oo. Hence, by (3.3) and the
continuity of operator H, the Lebesgue dominated convergence theorem gives
that for each t € [0, 77,

[(J%un)(t) = (J*u)(t)[| = 0 as n — oo,
which implies that
[T — J%Uljeo — 0 as n — oc.

That is to say that J* is continuous on €.
Let us decompose the operator J¢ as follows:

T = J8 e,
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where
(Jyu)(t) = Sa(t)T <;> H(u), 0,7]
/ Y P, (t — 5)F(s,u(s))ds, te€0,T).
0

Observe that

H

Jagypy < | T G) Hw) ift=0,
(Jyu)(t) = Sa®)T (L) H(u) if0<t<T.

Therefore, from (H,) and the compactness of T(-L) (m > 1) we deduce that J&
maps €, into C([0, T]; E) is compact. Also, in view of (H, ), the presentation of
operator P, (t), and the compactness of operator T'(¢) for ¢ > 0, the same idea
with that in [25, Theorem 3.1] (see also [2, Theorem 3.1]) can be used to prove
that for each ¢ € (0,77, the set {(J&u)(t);u € Qy,} is relatively compact in E
and the set {(J2u)(:);u € Q,} is equicontinuous on [0,77]. Hence, applying
the Arzela—Ascoli theorem we can conclude that J¢ is compact on €2,,.
Thus, we can make use of Schauder’s fixed point theorem to deduce that
for each m > 1,I'* has at least a fixed point u,, € ,,, which means that w,,
is a mild solution to (3.1). The proof is completed. O

We now return to the Cauchy problem (1.1). One of main results in this
paper is the following.

Theorem 3.1. Assume that the hypotheses in Lemma 3.1 are satisfied. Suppose
in addition that

(H,) There is a ¢ € (0,T) such that for any u,w € C([0,T);E) satisfying
u(t) = w(t) (¢ €[, T]), H(u) = H(w).
Then the Cauchy problem (1.1) has at least one mild solution.

Remark 3.1. Note that Assumption (H,) is the case when the values of the
solution u(t) for ¢ near zero do not affect H(u). A case in point was presented

in [8], where the operator H is given as follows:

p
= Culti),
i=1

where C; (i = 1,--- ,p) are given constants and 0 < t; < -+ < t,_1 < ¢, <
+o0o (p € N), which is used to describe the diffusion phenomenon of a small
amount of gas in a transparent tube.

Proof of Theorem 3.1. Inview of (H,) and (H,), Lemma 3.1 implies that there
exists a rg > 0 such that for every m > 1, the Cauchy problem (3.1) has at
least a mild solution w,, € €,,, i.e., u,, satisfies the integral equation
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U (t) = Sa +/t—sa P (t — 8)F (s, um(s))ds, tel0,T].
0

(3.4)

We first prove that the set {un,}5°_; is precompact in C([0,T];E). Let
¢ € (0,¢) be fixed, where < is the constant in (H,).
From the compactness of S, (t) for ¢t > 0 and (H,) it follows that for each

€ (0,77, the set
{Sa(t)T <7711) H(up);m > 1}

is relatively compact on E. Also, Lemma 2.1 together with (H,) gives that for
t1,to € [¢,T] with t1 < to,

’ Sa(ta)T (;) H(tp) — Salt)T (;) H(um)H

(5t = a0 () 0|
0, asty — 1,

uniformly for m > 1. Therefore, applying Arzela-Ascoli theorem one has that

the set
{sa@)T (1) H(up)im > 1}‘
m (¢, 7]

is precompact in C([¢,T]; E).
The same idea with the proof of [25, Theorem 3.1] can be used to prove
that the set

¢
/(t —8) T P, (t — 8)F (s, Uup(s))ds;m > 1
0 (0,77

is precompact in C([0,T]; E). Hence, we prove that the set {um,;m > 1} |i¢ 7

is precompact in C([¢,T];E), which implies that, without loss of generality,
we may assume that

Um — U a8 M — 00 (3.5)

in C([¢, T]; E).
To prove that the set {u,, }5°_; is precompact in C'([0, T]; E), it will suffice
to show that the set

{Sa(t)T (;) H(uy):m > 1}

[0,¢]
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is precompact in C([0,(];E). Write

- S um(t) if t €[5, T,
() = {um(g) if t € 0,¢].

Then, by (3.5) we may assume that
Uy, — U AS T — OO

in C([0,T]; E). Thus, from the continuity of operator H and the strong conti-
nuity of T'(t) we get

e () |
ey -7 (;L) H(%)H
<||H@) -T (;) H(u)|| + HT (ﬂll) (H(u) — H(ﬂm))H
<||H(u)-T (;) H(u)|| + M|[H(u) — H(@n)|

— 0 asm — oo,
which implies that the set {T" (1) H(uy,);m > 1} is relatively compact in E.
This together with the strong continuity of S, (¢) concludes that for t1,t2 €
[07 C]a tl S t?a

Sa(ta)T (7711) H(tp) — Su(t:)T (;) H(um)H
< 1Sata) = Sole) T (5 ) Hlwn)]

— 0 ast2—>t1,

uniformly for m > 1. Since for each t € [0, T], the set

{Sa(t)T (;) H(up);m > 1}

is relatively compact in E, again by Arzela-Ascoli theorem one has that the

set
{Sa(t)T (;) H(up);m > 1}

is precompact in C([0,¢]; E). Consequently, the result that the set {um,}5°_;
is precompact in C([0,T]; E) follows.
Now, without loss of generality, we let

[0,¢]

Um — U, as m — o0
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in C([0,T];E). Letting m — oo in (3.4), we find
u(t) = So(t)H (u) + /(t —8)* 7P (t — 8)F(s,u(s))ds, tel0,T],
0

which implies that u is a mild solution to the Cauchy problem (1.1). This
completes the proof. O

We start with the following theorem which assures the existence and
uniqueness of mild solution to (1.1). For the sake of convenience, we write
Mo — 2372202 M2 (20— 1)

0-= T2(1+a)

Theorem 3.2. Let % < a < 1. Assume that

(H,) F:[0,T] x E — E is continuous in t on [0,T] and there exists a function
L, such that
[F(tu) = F(t,v)|| < Ly |lu— ol
for all u,v € E.
(H,) H:C([0,T];E) — E and there exists a nonnegative function ¥ satisfying

V() <U(r), V71,712 € C([0,T];]0,00)) with 71(t) < 72(t), and
U(AT) < AU(7), VA>0, 7€ C([0,T];]0,00)), (3.6)
such that
[1H (u) = H()|| < ¥([lu—wvl]),
for all u,v € C([0,T];E).
(H,) MU (\/2e(M0Li+2)T) <1.
Then the Cauchy problem (1.1) has a unique mild solution.

Remark 3.2. Note that the conditions (H,) on nonlocal item H here are more
general than Lipschitz continuity. In fact, if H : C([0, T]; E) — E is Lipschitz
continuous with Lipschitz constant L, then we may take

U(w) =L max w(T).

(w) = L max w(r)

Proof of Theorem 3.2. We assume that u; € C([0,T]; E) is fixed and introduce
an equivalent norm ||ul|’, = sup{|le"%u(t)||,t € [0,T]} in C([0,T];E), where
0 is a positive constant yet to be determined. Define a operator on C([0,T]; E)
by

(J§u)(t) = +/ (t—8)* 1Py (t — s)F(s,u(s))ds, tel0,T].
0
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I 1I%) for all w e (C([0,TT; E), || - [|%)-

It is clear that J§u € (C([0,T]; E),
) |l - |5 ), then it follows from (H,) that

Furthermore, if u,v € (C([0,T7;
e " |(J5u) (t) = (Jgv) (@)
< [t Pl = 9l | (ssu(s)) — Pl o))
0

t
MalL,||u— vl / 1 _g(t—
< F o t o (t s)d .
- I(l+a) (t—s)""e s

Letting # > 0 be an appropriate constant such that

t

al,
v :i= sup /t—sal_e(t ds » <1,
t€[0,7] 1—|—a )

it follows that
76w = Jgv[le < vilu—v]l%,

which proves that J§ is a contractive operator on (C([0,T|;E),|| - ||%)- Thus,
we infer that J§ has a unique fixed point us € C([0,T]; E).

Now, by mathematical induction we can deduce that there exists a
sequence {uy o>, C C([0,T];E) such that

Un (t) =Sa (t)H (tn—_1) —l—/(t—s)o‘_lpa(t—s)F(s,un(s))ds, tel0,T], n>2.
0

By (H,), (H,) and Hélder’s inequality we have
[Jus(£) — u2 ()]

< MU([luz —wl) + 57—~ / )* " Hluz(s) — ua(s)llds

0

< MY ([lug — ual])
t 1/2 ¢ 1/2

2a—2 2s _ 2 —2s
1+a / e**ds /||u3(s) usz(s)||*e™*%ds
0
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for ¢ € [0,T], which together with % < a < 1 gives that
e us(t) — ua2(t)|”
< 2M%e™* U2 (||ua(-) — wr()]])

2a2M2L2 672:‘, A ¢
e /(t—s)2a_262sd5~/|\u3(8)—u2(8)||26_28d8
0 0

=202 W (fua() — (O + MoL?. [ ua(s) = ua(o)|eds

for t € [0, T]. By Bellman—Gronwall’s inequality,
Jua(t) = uz(®)” < 202 e D2 (luy() = wr ()]), ¢ € [0,7].

That is to say
lua(8) = uz(t)|] < MV 2eMEe DU (|lug() —ur (), ¢ € [0, T].
Applying (3.6) and mathematical induction, we have
[[un(t) — un—1(t)]
(MoL2 12)t oz 12\ )" °
< MV 2Moks MW (V2e 0% U(Jluz(-) = ur()])

for t € [0,7] and n > 3. This together with (H,) yields that for any n > m > 3,

n—1

lan(®) = wm ()] < D7 lug4a(2) = s (1)
< MV 2eM e TG (luy () — s (4)])
3" (v (Va0 ))

—0 (te]lo,T))
as m — oo, which implies that {u,}52 is a Cauchy sequence in C([0,T];E).
Therefore, there exists a function u € C([0,T]; E) such that
[tn = ulloc — 0,

Moreover, from (3.7) we deduce that w is a mild solution to (1.1).
In the sequel, we prove the uniqueness. Let v be also a mild solution to
(1.1). Then, for t € [0,T],

t

Jut) = o) < 9l = o) + sy [ (€= 97 ) = v(s) s
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Again applying Bellman-Gronwall’s inequality we obtain that for ¢ € [0,T],
n>1,

u(t) — v(t)|| < My 26 ML+ DT (M\I/ (\/ 2e<M°L2F“>T>>n_1 (flu(-) = v

Letting n — oo, one has u(t) = v(t) on [0, T], which implies that  is a unique
mild solution to (1.1). This completes the proof. O

4. Examples

In this section, we present two examples, which do not aim at generality but
indicate how our theorems can be applied to concrete problems.
Throughout this section we let E = L2[0, 7] and let the operators A =

88722 : D(A) C E — E be defined by

D(A)={u € E;u,u’ are absolutely continuous,u” € E, and u(0) = u(r) = 0}.
Then, A has a discrete spectrum and the eigenvalues are —n?,n € N, with
the corresponding normalized eigenvectors y, (x) = \/% sin(nx). Moreover, A

generates a compact, analytic semigroup {7'(t)};>0 on E :

tu = Z e (wyyn)yn, [ TA)||,m <e " forallt>0.

(see [12]). Denote by E, g the generalized Mittag-Leffler special function
defined by

oo

tk
Ea’ﬁ(t)—];)m a,ﬂ>0,t€R

(cf., e.g., [21]). Therefore, we have that for u € E,
U - ZE -n ta U y’n)ynu ||Sa(t)||L(E) S 1 fOI‘ 3,11 3 Z 03

— 2 0 (e}
Pa(t)u = Zea(—n ) (U Yn)Yn, ||7D04(t)HL(1E) < m for all t > 0,

n=1

where E,(t) := Ey1(t) and eq(t) := Eq.o(t).

Ezample 4.1. Consider the fractional partial differential equation with non-
local initial condition of form

1 a2 . X
O u(t, x) — 5} gig,x) _ sm:/ét,at)7 0<t<T, 0<z<m,

u(t,0) = u(t,m) =0, 0<t<T, (4.1)
u(0,z) = ug(z) + >0, Cius (t;,x), 0<z<m,
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in E, where 0 < t; < -+ < tp_1 <tp < T and C; (i =1,...,p) are given
constants. Define
u(t)z = u(t, x),
sin u(t, x)

Ft,u()(x) = ——,

t3

H(u)(x Z us (t;, ).

o)

Then (4.1) can be reformulated as the abstract problem (1.1) and hypotheses
(H,),(H,) and (H,) hold, where
1
2

p
7<5 L) =775 () = |lul| + 73 Y |G, o =0, p=0.

Hence, (4.1) has at least one mild solution due to Theorem 3.1.

Example 4.2. In E consider the fractional partial differential equation with
nonlocal initial condition in the form

“Opu(t,x) — TG = et WAL o<t <T 0<z <,
u(t,0) = u(t,m) =0, 0<t<T, (4.2)

= fsslz K(s)u(s,l')ds, 0<z<m,

where % < a < 1,s1,8 € [0,7T] with s7 < s9, and K : [s1,82] — RT is a
continuous function.

Define
u(t)r = u(t, ),
Fltu(t) (o) =t e
H(u)(z) = [ K(s)u(s,z)ds
and take

U(w) = ko(sa — sl)% /w2(s)ds )

S1

where kg = max,¢[s, s,] K (7). Then note that the assumptions (H,) and (H,)
hold with L, = 1. Furthermore, we obtain that when kg is small enough such
that the assumption (H,) is satisfied, (4.2) has a unique mild solution due to
Theorem 3.2.



Vol. 63 (2013) On the Cauchy Problems of Fractional... 29

Acknowledgements

We would like to thank the referees for their valuable comments and sugges-
tions.

References

[1] Agarwal, R.P., Lakshmikantham, V., Nieto, J.J.: On the concept of solution
for fractional differential equations with uncertainty. Nonlinear Anal. 72, 2859—
2862 (2010)

[2] Agarwal, R.P., Zhou, Y., He, Y.Y.: Existence of fractional neutral functional
differential equations. Comput. Math. Appl. 59, 1095-1100 (2010)

[3] Byszewski, L.: Theorems about the existence and uniqueness of solutions of a
semilinear evolution nonlocal Cauchy problem. J. Math. Anal. Appl. 162, 494—
505 (1991)

[4] Chen, P.J., Gurtin, M.E.: On a theory of heat conduction involving two temper-
atures. Z. Angew. Math. Phys. 19, 614-627 (1968)

[5] Cuevas, C., César de Souza, J.: S-asymptotically w-periodic solutions of semi-
linear fractional integro-differential equations. Appl. Math. Lett. 22, 865-870
(2009)

[6] Cuevas, C., César de Souza, J.: Existence of S-asymptotically w-periodic solu-
tions for fractional order functional integro-differential equations with infinite
delay. Nonlinear Anal. 72, 1683-1689 (2010)

[7] Cuevas, C., Lizama, C.: Almost automorphic solutions to a class of semilinear
fractional differential equations. Appl. Math. Lett. 21, 1315-1319 (2008)

[8] Deng, K.: Exponential decay of solutions of semilinear parabolic equations with
nonlocal initial conditions. J. Math. Anal. Appl. 179, 630-637 (1993)

[9] Diagana, T., Gisele, M., N’Guérékata, G.M.: On the existence of mild solutions
to some semilinear fractional integro-differential equations. E. J. Qual. Theory
Diff. Equ. 58, 1-17 (2010)

[10] Eidelman, S.D., Kochubei, A.N.: Cauchy problem for fractional diffusion equa-
tions. J. Diff. Equ. 199(2), 211-255 (2004)

[11] Ezzinbi, K., Fu, X., Hilal, K.: Existence and regularity in the a-norm for
some neutral partial differential equations with nonlocal conditions. Nonlinear
Anal. 67, 1613-1622 (2007)

[12] Henry, D.: Geometric theory of semilinear parabolic equations. Springer, Berlin
(1981)

[13] Hernéndez, E., O’'Regan, D., Balachandran, K.: On recent developments in the
theory of abstract differential equations with fractional derivatives. Nonlinear
Anal. 73, 3462-3471 (2010)

[14] Hilfer, H.: Applications of fractional calculus in physics. World Scientific Publ.
Co., Singapure (2000)

[15] Kilbas, A.A., Hari Srivastava, M., Juan Trujillo, J.: Theory and applications
of fractional differential equations. In: North-Holland Mathematics Studies,
vol. 204, Elsevier Science B.V, Amsterdam (2006)



30 R.-N. Wang and Y.-H. Yang Results. Math.

[16] Kolmanovskii, V., Myshkis, A.: Introduction to the theory and applications of
functional differential equations. Kluwer Academic, Dordrecht (1999)

[17] Liang, J., van Casteren, J., Xiao, T.J.: Nonlocal Cauchy problems for semilinear
evolution equations. Nonlinear Anal. 50, 173-189 (2002)

[18] Liang, J., Liu, J.H., Xiao, T.J.: Nonlocal Cauchy problems governed by compact
operator families. Nonlinear Anal. 57, 183-189 (2004)

[19] Liang, J., Liu, J.H., Xiao, T.J.: Nonlocal impulsive problems for nonlinear dif-
ferential equations in Banach spaces. Math. Comput. Model. 49, 798-804 (2009)

[20] Liang, J., Xiao, T.J.: Semilinear integrodifferential equations with nonlocal ini-
tial conditions. Comput. Math. Appl. 47, 863-875 (2004)

[21] Miller, K.S., Ross, B.: An introduction to the fractional calculus and differential
equations. John Wiley, New York (1993)

[22] Lakshmikantham, V., Vatsala, A.: Basic theory of fractional differential equa-
tions. Nonlinear Anal. 69(8), 2677-2682 (2008)

[23] Podlubny, 1., Petras, 1., Vinagre, B.M., O’Leary, P., Dor¢ak, L.: Analogue real-
izations of fractional-order controllers: Fractional order calculus and its applica-
tions. Nonlinear Dynam. 29, 281-296 (2002)

[24] Wang R.N., Wang Y., Chen D.H.: On the singular impulsive functional inte-
gral equations involving nonlocal conditions. Osaka Journal of Mathematics,
in press

[25] Zhou, Y., Jiao, F.: Existence of mild solutions for fractional neutral evolution
equations. Comput. Math. Appl. 59, 1063-1077 (2010)

[26] Zhou, Y., Jiao, F.: Nonlocal Cauchy problem for fractional evolution equations.
Nonlinear Analysis: Real World Applications, 11, 4465-4475 (2010)

Rong-Nian Wang and Yan-Hong Yang

Department of Mathematics

Nanchang University

Nanchang 330031

Jiangxi, People’s Republic of China

e-mail: rnwang@mail.ustc.edu.cn;
yhyangncu@163. com

Received: December 10, 2010.
Revised: May 5, 2011.
Accepted: May 9, 2011.



	On the Cauchy Problems of Fractional Evolution Equations with Nonlocal Initial Conditions
	Abstract
	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Examples
	Acknowledgements
	References


