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sional cone and continuous in the closure can be represented in terms of
the modified Poisson integral and an infinite sum of harmonic polynomials
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1. Introduction and Results

Let R and R be the set of all real numbers and the set of all positive real
numbers, respectively. We denote by R™(n > 2) the n-dimensional Euclidean
space. A point in R"™ is denoted by P = (X, z,), X = (z1,22,...,2,-1). The
Euclidean distance of two points P and @ in R™ is denoted by |P — Q|. Also
|P — O| with the origin O of R™ is simply denoted by |P|. The boundary and
the closure of a set S in R™ are denoted by S and S, respectively.

We introduce a system of spherical coordinates (r,0), © = (61,0s,...,
0,,—1), in R™ which are related to cartesian coordinates (X, z,) = (21, z2, ...,
Tp—1,2n) by &, = rcosb;.

For P € R"™ and r > 0, let B(P,r) denote the open ball with center at
P and radius r in R™. S, = 9B(O,r). The unit sphere and the upper half
unit sphere in R™ are denoted by S”~! and Sﬁfl, respectively. For simplicity,
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a point (1,0) on S"~! and the set {O;(1,0) € Q} for a set Q, Q C S"71,
are often identified with © and €, respectively. For two sets A C R, and
Q C S"7L the set {(r,0) € R";r € A, (1,0) € Q} in R" is simply denoted
by A x Q. In particular, the half space Ry x 87! = {(X,z,) € R";z,, > 0}
will be denoted by T,,.

By C,(9), we denote the set Ry x Q in R™ with the domain Q2 on S™~ 1.
We call it a cone. We denote the sets I x  and I x 02 with an interval on
R by C,(;I) and S, (25 I). By S, (€;7) we denote C,,(€2) NS,.. By S, (£2) we
denote S,,(€; (0,400)) which is C, () — {O}.

Furthermore, we denote by dog (resp. dS,) the (n — 1)-dimensional vol-
ume elements induced by the Euclidean metric on 9C, () (resp. S,.) and by
dw the elements of the Euclidean volume in R".

Let Q ¢ S"!, A be the Laplace operator in R"™ and A* be a Laplace—
Beltrami (spherical part of the Laplace) on the unit sphere. It is known (see,
e.g. [9, p. 41]) that

A*p(O) + Ap(®) =0 in Q,

©(©) =0 on 09, (L.1)
has the non-decreasing sequence of positive eigenvalues of (1.1) in the domain
Q, which is denoted by A; (¢ = 1,2,3,...). In this expression we write \; the
same number of times as the dimension of the corresponding eigenspace. When
the normalized eigenfunction corresponding A; is denoted by ¢;(©), the set of
sequential eigenfunctions corresponding to the same value of ); in the sequence
vi(©) (1 = 1,2,3,...) makes an orthonormal basis for the eigenspace of the
eigenvalue \;. Hence for each 2 C S"! there is a sequence {k;} of positive
integers such that k1 = 1, Ag; < Ap,o0s Ak; = A1 = Aja2 = 0 = A1
and {k,, Pk, 415+, Pk;4,—1} i an orthonormal basis for the eigenspace of
the eigenvalue A\, (j =1,2,3,...).

This paper is essentially based on some results in H. Yoshida and
I. Miyamoto (see [11,12]). Hence, in the subsequent consideration, we make
the same assumption on Q as in it: if n > 3, then Q is a C*®-domain
(0 < a < 1) on 8" ! surrounded by a finite number of mutually disjoint
closed hypersurfaces (see e.g. [5, pp. 88-89] for the definition of C*“-domain),
0; €C*(Q) (j=1,2,3,...) and % > 0 on 09 (here and below, 2 denotes
differentiation along the interior normal).

For the sequence {k;} mentioned above, by I, we denote the set of all
positive integers less than k; (I = 1,2,3,...). In spite of the fact I, = 0, the
summation over I, of a function S(k) of a variable k will be used by promising
Zkelkl S(k) =0.

We note that each function

M) (1=1,2,3,...)
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is harmonic in C,,(Q), belongs to the class C?(C,(2)\{O}) and vanishes on
Sn(€2), where

WME=—n4+2+/(n—2)2+4\ (i=1,23,...).
In the sequel, for the sake of brevity, we shall write ¢ instead of 1,
NE instead of RF and x instead of R~ R[. We use the standard notations
ut = max{u,0}, v~ = —min{u,0} and [a] is the integer part of a, where a is
a positive real number.
Let Go(P,Q) (P = (r,0),Q = (t,®) € C,(£2)) be the Green function of
C (). Then the ordinary Poisson kernel relative to C),(€2) is defined by

0

Pa(P.Q) = -5 Ga(P.Q)
ngQ
where
 fonm, if =2
en = (n—2)w,, if n>3

Q € 5,(9), wy, is the surface area 27"/2{I'(n/2)}~! of S"~! and 52 5 denotes
the differentiation at @ along the inward normal into C,, ().

Remark 1.1. Let Q = S’_“__l. Then
log |P — Q*| —log |P — Q], n=2
GS"_l(PaQ) = 9 £12—
* |P=QF " —[P—-Q[*™", n>3

where Q* = (Y, —y,), that is, @* is the mirror image of @ = (Y,y,) with
respect to OT,,. Hence, for the two points P = (X, z,) € T, and Q = (Y, y,) €
oT,,, we have

2|P — Q| %z, n=2
2(n —2)|P — Q| "z, n > 3.

0
CnPSZi*l (Pv Q) = %GS171 (P’ Q) - {

Let F(©) be a function on Q. The integral

[ Fe)aes.,
Q
is denoted by N;(F), when it exists.
For a non-negative integer m and two points P = (r,0) € C,(Q), Q =
(t,®) € S,(9), we put

~ 0, if 0<t<1
Kam(FQ) = {KQM(P, Q), fl<t<co
where
Kom(P,Q)= Y 2V IN(Po((1,0),(2,8))™ 7% " lp,(0).

ZEIkm-H
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To obtain the modified Poisson integral representation in a cone, as in
[11], we use the following modified kernel function defined by

Pom(P.Q) = Pa(P,Q) ~ Kam(P.Q),
where P € C,(Q2) and Q € S, ().

Remark 1.2. Suppose Q@ =S""', P = (r,0) = (X,2,) € T,, and Q = (t,®) =
(Y,0) € 0T, satisfying r < t. Then we have X} =i (i =1,2,3,...) and
Pgn-1(P,Q), if0<t<1
Pgn1(P,Q)— 2 Y0 wn i CF (cosm),  if 1<t<o0

(1.2)

n—1
+

PSi_l,m(Pv Q)_{

n—1
+

where Cﬁ() is the Gegenbauer polynomial of degree i and 7 is the angle
between M = (X,0) and N = (Y,0) defined by

(M, N)
| M]|N|

cosn =

(see [11, Remarks 1, 2 and 3]).
Write
UoulP) = [ Pa(P.Qu(@iog
Sn(22)

and

Ugma(P) = / Pom(P,Q)u(Q)dog,
Sn(92)

where u(@Q) is a continuous function on 9C,, ().
Firstly let us recall the Dirichlet problem in T,

Au(P) =0, for P e T,
u(P) = f(P), fora.e. P €oT,.

If the integral [, |f(Q)|(1+ |Q|)""dog converges, the solutions of the
problem (1.3) can be written as (absolutely convergent) Poisson integral

| P (PQ) (@ (1.4)
oT,

(1.3)

If the integral (1.4) diverges, a solution to the problem (1.3) can be
given as some regularization of this integral. In particular, Finkelstein and
Sheinberg (see [3]) have constructed a solution to the problem (1.3) with an
arbitrary continuous function f. This solution is the integral with a modified
Poisson kernel derived by subtracting of some special harmonic polynomials
from Psi—l (P, Q). This method, ascending to the Weierstrass’ theorem about

canonical representations of entire functions, has been used by several authors
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(see e.g. [3,4,10]). Using this modified Poisson kernel, Deng (see [2]) stud-
ied the integral representations of harmonic functions of finite order (see e.g.
[6, p. 141] for the definition of the order) in a half space.

Next we define three classes of functions as follows.

For real numbers o > 0, we denote A, the class of all measurable func-
tions f(t,®) (Q = (Y,yn) € T),) satisfying the following inequality

14+ tn+a+2
T

and the class B,, consists of all measurable functions g(t,®) (Q = (¢,®) =
(Y,0) € 0T,,) satistying

9(Y, 0)]|
L1 gt dY < oo.
Ty,
~ Weuse Cq to denote the class of all continuous functions u(t, ®) ((t,®) €
T,,) harmonic in T}, with u™ (¢, ®) € A, ((t,®) € T,,) and u™t (¢, ®) € B, ((t,P) €
oT,,).
For u € C,, Deng (see [2]) obtained the following.

m

Theorem 1.3. Ifu € C,, m is an integer such that m < o < m+1 and Psifl
is defined by (1.2), then the following properties hold:
(I) If a« = 0, then the integral

[ P (P.Qu(@io
oT,,
is absolutely convergent, it represents a harmonic function Usi—l’u(P) m
T, and can be continuously extended to T, such that u(P) = Usi—l’u(P)
for P = (r,0) = (X,0) € 9T,, and there exists a constant b such that
u(P) = bz, + Usi—l’u(P) for P=(r,0) = (X,z,) € T,.
(I1) If a« > 0, then the integral

[ Perr (P @u@dorg
Ty,

1s absolutely comvergent, it represents a harmonic function Usiflvmu

(P) in T, and can be continuously extended to T, such that u(P) =
Ug (P) for P=(r,0)=(X,0) € 9T,,

n—1
Lmau

Jim R_O‘_lsup{|xz_1UST1 (RP)|:P=(1,0)=(X,z,) € T,} =0

myu
and there exists a harmonic polynomial stlm(P) of degree not

greater than m which vanishes on the boundary 9T, such that u(P) =
Usi—l7m7u(P) + Qsi—l7m(P) for P=(r,0) = (X,z,) € T,.
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Motivated by G. T. Deng’s result, a natural question to ask is if we can
also obtain the integral representations for harmonic functions of infinite order
in C,(€2). In this paper, we give an affirmative answer to this question.

To do this, we define the function p(R) under consideration. Hereafter,
the function p(R) (> 1) is always supposed to be nondecreasing and continu-
ously differentiable on the interval [0, +00). We assume further that
(NZF[MR)]H)/RIHR

+
Elo(m))+1

€ = limsup <1 (1.5)

R—o0

For positive real numbers 3, we denote Aq g, the class of all measurable
functions f(t, ®) (Q = (t, ) € C,,(N2)) satisfying the following inequality

/ (D)l dw < 00 (1.6)

N -1
14 " ke TP

Crn(Q)

and the class Bg 3,5, consists of all measurable functions g(t, ®) (Q = (¢, ®) €
Sn(€)) satisfying
lg(t, )| Oy

s 8—ndaQ < 00. (1.7)

nJrNkJr
t)]+
$,(Q) 1+t lp(1)]

Similarly, we will also consider the class of all continuous functions u(t, @)

t
((t,®) € C,,(22)) harmonic in C,, () with u* (¢, ®) € Aq s, ((t,P) € C,(Q))
and u™ (t,®) € Bag, ((t,P) € S,(Q)) is denoted by Cq 3,,.
Now we state our results.

Theorem 1.4. If u € Co ., then u € Bag,,.

Theorem 1.5. If u € Cq g,,, then the following properties hold:
(1) Ua,ip),u(P) is a harmonic function on Cy(S2) and can be continuously
extended to Cy, () such that

Ua,[pt))u(P) = u(P)

for P=(r,0) € 5,(9Q).
(II) There exists a harmonic polynomial h(P) =Y .2, AirNjgoi(@) vanishing
continuously on 0Cy(§Y) such that

w(P) = U, [p(1)),u(P) + h(P)
for P = (r,0) € C,(), where A; (i=1,2,3,...) is a constant.

If we put p(t) = m and 8 = 1, as an application of Theorems 1.4 and 1.5,
we easily get the following Corollary 1.6.

Corollary 1.6. If u € Cq 1,m, then the following properties hold:
(I) we Baim
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(IT) The integral

/ PQ,m,u(P7Q)u(Q)dUQ7
Sn ()

is absolutely convergent, it represents a harmonic function Uq m (P) in
C, () and can be continuously extended to Cy,(Q) such that Ug,m. . (P) =
u(P) for P = (r,0) € S,().

(IIT) There exists a harmonic polynomial h(P) = Zfﬁ‘f’l_l Birwgpi(@) van-

ishing continuously on 0C, () such that u(P) = Ua,mu(P) + h(P) for
P =(r,0) € C,(Q), where B; (i =1,2,3,...,kmny1 — 1) is a constant.

Remark 1.7. (I) and (IT) in Corollary 1.6 follow readily from Theorems 1.4
and 1.5(T) respectively. By following the method of Yoshida and Miyamoto
(see [11, Theorem 3]), we can show that Corollary 1.6(IIT) holds. So we omit
the details of the proof here.

2. Lemmas

The following Lemma generalizes the Carleman’s formula (referring to the
holomorphic functions in the half space) (see [1]) to the harmonic functions
in a cone, which is due to A. Yu. Rashkovskii and L. I. Ronkin (see [7],
8, p. 224]).

Lemma 2.1. If u(t,®) is a harmonic function on a domain containing
Cu(Q: (1, R)), then

1 tNJr 8(p d2

ol R R B 2

my(R) + / U (t‘“ RX> BndaQ +di + T
)

Sn(25(1,R
_ 1 NN 9y
Sn(9:(1,R))
where
uto
my (R) =X WdSR,
Sn(QR)
0 0
di = / N up — @—udSl and do= / gp—u — R updsS;.
on on
S,(2;1) Sn (1)

Lemma 2.2 ([11, Lemma 3]). For a non-negative integer m, we have

N —n+1

+
Em+1

|PQ(P3Q) - [(QJn(P7 Q)‘ < Ml(Qr)Nz‘rnwl t

for any P = (r,0) € C,(Q) and any Q = (t,®) € S,,() satisfying 0 < ¥ < %,
where My is a constant independent of P, Q and m.
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Lemma 2.3 ([11, Lemma 5)). If u is a locally integrable and upper semi-contin-

uous function on 0C, (). For any fixred P € C,(22), V(P,Q) (Q € 9C,())

is a locally integrable function on OC, (). Put

Suppose that the following conditions (I) and (II) are satisfied:

(I) For any Q' € 0C, () and any €1 > 0, there exist a neighborhood B(Q')

of @ in R™ and a number R (0 < R < 00) such that

(W(P,Q)l|u(@)|dog < e
Sn (Q;[R,00))
for any P = (r,©) € C\,(2) N B(Q').
(II) For any Q' € 9C,, () and any number R (0 < R < 00),

sy [ V(RQ)u(@)dog =

P—)Q’,Pecn(ﬂ)sn(g;(&}%))

Then

sy [ W(PQu(@dog < u(@)
P_)Q/’PECH(Q)S (Q)

for any Q' € 0C,, ().

(2.1)

(2.2)

Lemma 2.4 ([12, Theorem 3.1]). If h(r,©) is a harmonic function in Cy,(2)

vanishing continuously on 0C,,(S2), then
h(’l", 6) = Z DZ’FNT(pl(@),
i=1

where D; (i = 1,2,3,...) is a constant satisfying Dir® =
every r (0 < r < o0).

3. Proof of Theorem 1.4

N;(h(r,®)) for

For any € (0 < € < 1 —¢p), there exists a sufficiently large positive number R,

such that R > R., by (1.5) we have

+ + €0te€
<N InR .
Elo(R)l+1 k[n(e>1+1( )

(3.1)
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Since u € Cq 3., We obtain by (1.6)

1 meF) g Y g
X RN*,’ —R++4 tn+N2’[ +8-1
1

k
[p(R)]+1 p(t)]+1
Cn(£23(1,00))

+
<2 / — v
n k —
Q) 1+t [p(t)]+1

< 0. (3-2)

From (1.7), we conclude that

o0

1 1 N\ ap
+
el B =i e
1 R *lo(m)]+1

Sn(€;(1,R))

o0
B Lot 1 1 Oy
e o (b e
S2(02:(1,00) ¢ ATl
X R’ Op

S, — 2% doq
~ (x+P)pB R RTHB-10n
OHOW o epy 1

/ ot

ofe
X—|—ﬂﬂ n-‘rN . +ﬁ 3 0n
s 14T o

< 0. (33)
Combining (3.1), (3.2) and (3.3), we obtain by Lemma 2.1

(oo}
1 1 .
- L doodR
/ N Ry / " (tN Rx) an e
1 R Fle(m+1 2SH(Q;(1)R))
o0
- : = ) 22 gopar
T RN TR “olee RX on 7@
! ’ Sn(Q3(1,R))
s [oe]
+/ di + di+— | dR
1 R N+ 1 R o N2 Rx
< o0.
Set

oo

. 1 1 1 1
H(ﬂ):tliglo N +N5+1/RN N4 (tX_RX) dR.

t Fleml+ f klp(R)]+1

0@
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By the L’Hospital’s rule and (3.1), we have

+ _wtap_ —dR
tNk[p<t>1+1 RT+A-1 ft NS -+ g
H — v 1 [p(R)]+1
() = x Jim ——— .
b0 Ry (g <f>1+1) it w1
[p(£)]+1 2l + 22 +1
()] +1 Elp(6)]+1
N —xt4yp—1 °°
X B AT +8 1
> +1thm o e N++5dR
€ — — B
0 > k[p(t)H»l + R k[P(R)]‘Fl 2
B
t2
N+ 2
__X im (g 1)
= N+ ‘tint
or bl e x - L B A
N I\ Int N
lo(£)]+1 Lo (6)]+1 lo(8)]+1
> X tt
1m
€0+ 1)2 t=oo (N 2
(co ) ( k[p<t>1+1)
B
- X5 . tz
im
(e +1)2(eo + )R, )2 t=o0 (Int)2(coto
ole
+o0, if 2(eg+e€) <1

xB? lim tg(lnt)z_Z(‘O'*'E)
8(eo+1)2 (eg-i—e)(N )2(2(eg+€)—1)’
= +oo,

if 2(eg+¢€) >1

Elp(e))+1

which yields that there exists a positive constant My such that for any ¢t > 1

o0 +
R 1 1 M,
NS xt1+2 \ix  Rx dR 2 nRT 18-3"
f R *lo(m)]+1 2 t Blo(t)]+1
ie.,
u” Op
M- R S
’ / tn+N"+'[p(t)]+1+ﬁ_3 on 47
S (2;(1,00))
T 1 P
1 ®
< / u—t“*/ . ﬁ< )dR dog
S RN"[ (e N Y RX on
n(Q;(l:OO)) t
< 0.

Then Theorem 1.4 is proved from |u| = u™ +u™.
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4. Proof of Theorem 1.5

Let 1 be any positive number such that [y
Crn(Q), take a number o satisfying o > o,

exp (l—lN+ 21+eote]n 2

2(3. For any fixed P = (r,0) €
max{[2r] + 1,9, }, where 9, =

v

Toeg—¢
B kipe)+1
By (3.1), we remark that there eXibtb a constant M (r) dependent only

on r such that M (r) > (2T) P<l+1>l+1z i from o >0,
By Lemma 2.2 and Theorem 1.4, we have

Sn (Q2;(0,00))

o0

N+
2r) Fle)l+1
<My / @) WO ®)dog

N +n—1
-~ -
1=org,, (Q-[i i+1)) ¢ el

27‘ p(1+1)]+1 |u(t’ (I))|
< M Z / n+R; +ﬁ—2dJQ
i=0 o t Rl
" Sn (2s]4,3+1))
t,®
< M, M(r) [u(t, )| S—dog
+Nk[ o T2

S (@sfor00)) 1T
< Q.

Hence Uq [y(+)),u(P) is absolutely convergent and finite for any P €
Cn(82). Thus Uq [5(4)),.(P) is harmonic on C,,(€2).

Next we prove that limpec, (o), p—q’ Ua,jpt)],u(P) = u(Q') for any Q" =
(', @) € 0C,(Q). Setting V(P,Q) = K—Q7[p(t)](P7 Q), which is locally integra-
ble on 9C,, () for any fixed P € C,,(€2). Then we apply Lemma 2.3 to u(Q)
and —u(Q).

For any ¢ > 0 and a positive number §, by the above inequality we can
choose a number o, 0 > max{[2(t'+0)]+ 1,V s} such that (2.1) holds, where
PeC,()nB(Q,9).

Since limg_e ¢;(©) = 0 (i = 1,2,3...) as P = (r,0) — Q' =
(t/,(I)/) S Sn(Q), limpecn(Q)JD_)Q/ KQ7[p(t)](P, Q) = 0, where Q S Sn(Q) and
Q' € 9C, (). Then (2.2) holds.

So (I) is proved. Finally (I) and Lemma 2.4 give the conclusion of (II).
Then we complete the proof of Theorem 1.5.
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