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On Legendre Curves in 3-Dimensional Normal
Almost Paracontact Metric Manifolds
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Abstract. The present paper is devoted to study the curvature and torsion
of Frenet Legendre curves in 3-dimensional normal almost paracontact met-
ric manifolds. Moreover, in this class of manifolds, properties of non-Frenet
Legendre curves (with null tangents or null normals or null binormals) are
obtained. Many examples of Legendre curves are constructed.

Some of the present results are analogous to those obtained by the au-
thor in [10] for Frenet Legendre curves in 3-dimensional normal almost contact
manifolds.
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1. Preliminaries

Let M be a (2n + 1)-dimensional differentiable manifold. Let ¢ be a (1, 1)-tensor
field, ¢ a vector field and 7 a 1-form on M. Then (¢,&,n) is called an almost
paracontac structure on M if
(i) n€) =1, ¢*=Id-na¢,
(ii) the tensor field ¢ induces an almost paracomplex structure on the distribu-
tion D = kern, that is, the eigendistributions D+, D~ corresponding to the
eigenvalues 1, —1 of ¢, respectively, have equal dimension n.

M is said to be almost paracontact manifold if it is endowed with an almost
paracontact structure (cf. [3,6,9,11]).

Let M be an almost paracontact manifold. M will be called an almost para-
contact metric manifold if it is additionally endowed with a pseudo-Riemannian
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metric g of signature (n + 1,n) such that

9(@X,9Y) = —g(X,Y) +n(X)n(Y).
For such a manifold, we additionally have n(X) = ¢g(X,¢), ¢ = 0, nop = 0.
Moreover, we can define a skew-symmetric 2-form @ by &(X,Y) = ¢(X, ¢Y),
which is called the fundamental form corresponding to the structure. Note that
n A ® is, up to a constant factor, the Riemannian volume element of M.
On an almost paracontact manifold, one defines the (2, 1)-tensor filed N") by

where [, ¢] is the Nijenhuis torsion of ¢ given by
[0, Pl(X,Y) = @*[X, Y] + [pX, Y] — [ X, Y] — p[X, pY].

If N vanishes identically, then the almost paracontact manifold (structure) is
said to be normal (cf. [9] and recent papers [3,11]). The normality condition says
that the almost paracomplex structure J defined on M x R by

d d
(1) = (e =262

is integrable (paracomplex).

Similarly as in the class of almost contact metric manifolds [1], a normal
almost paracontact metric manifold will be called para-Sasakian if & = dn [6] and
quasi-para-Sasakian if d® = 0. Obviously, the class of para-Sasakian manifolds is
contained in the class of quasi-para-Sasakian manifolds. The converse does not
hold in general.

2. Normal almost paracontact metric manifolds
In the sequel, we need the following characterization of normality.

Proposition 2.1. A (2n + 1)-dimensional almost paracontact metric manifold is
normal if and only if

e(Vxp)Y = (Vox@)Y + (Vxn)(Y)§ =0, (2.1)
V being the Levi—Clivita connection.

Proof. Rewrite the normality condition (1.1) with the help of the Levi-Civita
connection as
e(Vxp)Y = (Voxe)Y + (Vxn)(Y)E
— (e(Vy )X = (Voy o) X + (Vyn)(X)E) = 0. (22)
Let us define an auxiliary (0, 3)-tensor field A by
AX,Y, Z) = g(p(Vx @)Y — (Vox@)Y + (Vxn)(Y)E, Z) .

Obviously, if A = 0, then the structure is normal.
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We are going to show that if the structure is normal, then A = 0. First,
by (2.2), we see that

AX,Y,Z)=AY,X,Z). (2.3)
Next a simply calculation shows that

—9(¢Y,(Vx¢)Z)
+1(V)9(Vx& Z2) +n(Z2)g(VxEY).
By the compatibility condition g(pY,pZ) = —g(Y,Z) + n(Y)n(Z) we have
9(Vx@)Y,0Z) +g(Y, (Vx9)Z) =n(Y)g(VxE Z) +1(Z)g(VxE,Y),

which applied to (2.4) gives A(X,Y,Z) = —A(X,Z,Y). But this together with
(2.3) implies the following

AX)Y,Z)=-A(X,Z,Y)=-A(Z,X,Y)=A(Z,Y, X)
=AY,Z,X)=-AY,X,Z)=-A(X,Y,Z).
Hence it follows that A = 0, completing the proof. O
In the sequel, we are mainly interested in dimension 3-dimensional manifolds.

Proposition 2.2. For a 3-dimensional almost paracontact metric manifold M it
holds

(Vx)Y = g(eVxEY)E—n(Y)pVxE. (2.5)

Proof. The 3-form n A @ is equal to the volume element of M up to a constant
factor. Therefore Vx(n A @) =0, and hence

(Vxn)(Y)2(Z, W) +n(Y)(VxP)(Z,W)
+ (Vxn)(2)2(W,Y) +n(Z)(Vx2)(W,Y)
+ (Vxn)W)2(Y, Z) +n(W)(VxP)(Y,Z) = 0.
Substituting W = £ in the above equality, we derive
(Vx®)(Z2,Y) = —n(Z)(VxP)(Y,§) + n(Y)(Vx2)(Z,§)
= 9(Z,9(pVx&Y)E = n(Y)eVx¢E),
which gives (2.5). O

Proposition 2.3. For a 3-dimensional almost paracontact metric manifold M the
following three conditions are mutually equivalent

(a) M is normal,
(b) there exist functions o, 3 on M such that

(Vx@)Y = B(g(X,Y)E = n(Y)X) + ag(pX, Y)§ —n(Y)eX), (2.6)
(c) there exist functions o, 3 on M such that
Vxé= a(X — n(X)E) + BpX . (2.7)
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Proof. Using (2.5), we note that for our manifold the normality condition (2.1) is
equivalent to

Vex€=pVxE. (2.8)
It is clear that (2.7) implies (2.8). To prove that (2.8) implies (2.7), we choose an
adapted frame (Ey, E1, E»), i.e. a frame such that
Eo=§, pE1=E;, ¢Ey=E1, g(E,E1)=-1, g(Eo, Eo)=g(E2 Ez)=1
Taking (2.8) into consideration, we have
Ve, £ =0, Vg l=abk +pE, Vg{=pE +ak;

for certain «, 8. Hence, we can deduce (2.7).
Applying (2.5), one claims that (2.7) implies (2.6). Conversely, assume that
(2.6) is fulfilled. Then from (2.6) with Y = & we derive (2.7). O

Corollary 2.4. The functions «, 5 realizing (2.6) as well as (2.7) are given by

2a = Trace {X — Vx¢&}, 20 =Trace{X — ¢pVx&}. (2.9)
Proposition 2.5. For a 3-dimensional almost paracontact metric manifold M, the
following three conditions are mutually equivalent

(a) M is quasi-para-Sasakian,
(b) there exists a function 8 on M such that

(Vxp)Y = B(g(X, V) —n(Y)X), (2.10)
(c) there exists a function 3 on M such that
Vx§=ppX. (2.11)

Especially, such a manifold is para-Sasakian if and only if the condition (2.11) or,
equivalently, (2.10) is fulfilled with 6 = —1.

Proof. By virtue of Proposition 2.3, to prove the first assertion, we should only
show that, for a 3-dimensional normal almost paracontact metric manifold, d® = 0
if and only if & = 0. To do it, apply (2.6):

3dD(X,Y, Z) = (Vx®)(Y, Z) + (Vy®)(Z, X) + (V28)(X,Y)
=9(Y,(Vx9)Z) +9(Z,(Vyp)X) + g(X, (Vz9)Y)
= 2a(g(X,¢Y)n (Z) 9(Y,9Z)n(X) + 9(Z, @X) (Y))
:2&( YIN(Z2)+ (Y, Z)n(X)+P(Z, X )n )
= 6a(D A 7)(X,Y, Z) .

Since @ A ) is non-zero at any point of our manifold, we claim that d® = 0 if and
only if a = 0.

To have the second assertion completed, we should guarantee the condition
dn = @. Note that, by (2.11),

2dn(X,Y) = (Vxn)(Y) = (Vyn)(X) = 9(Vx&,Y) — g(Vy§, X)
= —28¢g(X,pY) = —288(X,Y).
Hence, dn = @ if and only if g = —1. O
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3. Frenet Legendre curves

Let (M, g) be an 3-dimensional pseudo-Riemannian manifold. Let v: I — M, I
being an interval, be a curve in M such that g(§,9) = €1, e1 = %1, and let V,
denote the covariant differentiation along v. We say that + is a Frenet curve if one
of the following three cases hold

(a) = is of osculating order 1, i.e., V474 = 0 (geodesics);

(b) v is of osculating order 2, i.e., there exist two orthonormal vector fields E (=
4), Eq, (9(E2, E2) = €5 = £1) and a positive function « (the curvature) along
~ such that

VﬁEl = I€€2E2 s V’YEQ = —:‘<L€1E1 y

(¢) v is of osculating order 3, i.e., there exist three orthonormal vector fields
El(: 7)7 E27 E37 (g(EQaEQ) = &2 = :tla g(E37E3) = &3 = :tl) and two
positive functions & (the curvature) and 7 (the torsion) along v such that

V;YEl = kegly | V;YEQ = — rke1 By +T1e3F3, V;yEg = —TeoF5.

In contact geometry, a curve is called Legendre if it is an integral curve of the
contact distribution, see e.g. [1].

By analogy, a curve « in an almost paracontact metric manifold M will be
called Legendre if it is an integral curve of the paracontact distribution D, that is,

() =0.

Theorem 3.1. Let M be a 3-dimensional normal almost paracontact metric man-
ifold. If a Frenet Legendre curve ~v: I — M 1is not a geodesic, then its curvature
and torsion are given by

Kk =1/]a? —e16?|, (3.1)
ad —ad

e’ 3.2)

T:‘ﬁ—i—

where § is the function defined by 6 = g(V47,¢7), and for simplicity we write o, 3
instead of the composed functions ooy, 3o~ with «, 3 being the same as in (2.9).

Proof. Let v be a Frenet Legendre curve in a 3-dimensional normal almost para-
contact metric manifold. Note that 7, ¢, £ are orthonormal vector fields along .
Differentiating g(¥,§) = 0 along « and using (2.7), we see that g(V+7,§) = —e1a.
Moreover, let § = g(V47, ¢¥). Then we have

ViEy =V = —eraf — 1097 . (3.3)
Therefore,
e2r” = 9(V44, V4d) = o — 182 (3.4)
so that the curvature is given by (3.1), e = sgn(a? — £,62) = £1 and
1
Eg _ 7V:),E1 _ _ <€1<€2()é5 _ 51525

€9k K K
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Differentiating Eo along v and next applying (2.7), (2.6) and (3.3), we obtain
e @
V;YEQ = —&1&82y (E) f — €1€2Ev;y§ (35)
(0 . ) . .
—aie2d ( — ) ¥ —eie2— ((Vaw)d +9V59)
= — E1/€’.}/ — 81820{ — Elt’igb(p’.)/,
where .
. 5155+dﬂ—ak7 b:aiﬁ_’_é/@—é/%.
K K2 K K2
With the help of (3.4), the functions a,b can be transformed into

5 )
227 b=2 with C:ﬂ+82¥.
K K K
The signature of our metric g is (1,2), and therefore e3 = —e1£9. Using (3.4),
one checks that a? — g;b? = —g162¢? = e3¢%. On the other hand, having (3.5), we

obtain

esTEs = Vi Ey + e1kE1 = e3(al + byy) .
Consequently, using also (3.1), we derive e372 = a? —1b? = e3¢2. This gives (3.2),
completing the proof. O

As an immediate consequence of the above theorem, we obtain

Theorem 3.2. Let M be a 3-dimensional quasi-para-Sasakian manifold. If a Frenet
Legendre curve v: I — M 1is not a geodesic, then its torsion is strictly related to
the structure function 8 of M by the formula T = |0|.

4. Non-Frenet Legendre curves

At first, we study the case when a Legendre curve v has null tangent (is a null
curve), that is, g(¥,%) = 0.

Theorem 4.1. Let M be a 3-dimensional normal almost paracontact metric mani-
fold. If yv: I — M 1is a Legendre curve with null tangent, then Vi = 97, ¥ being
a function, and consequently, v is a geodesic after a reparametrization.

Proof. Let v be a Legendre curve with null tangent in a 3-dimensional normal
almost paracontact metric manifold. Then we can locally choose vector fields
{#¥, V,W} along the curve « such that (cf. [4,5])

9(1,%) =9(V,V) =0,
gW W) =g(3.V) =1,9(3,W) = g(V,W) =0, (4.1)
In view of (4.1), we can write

Vi = ¢y + dW (4.2)
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for certain functions ¢, d. Differentiating g(£,+) = 0 along v and using (2.7) and
(4.2), we obtain dg(W,§) = 0. Let us assume that d # 0. Then g(W,¢) = 0.
Therefore and by (4.1), we must have £ = a¥ + bV along the curve, for some
functions a, b. Hence, using (4.1) again, we obtain

which gives a contradiction. Therefore, d = 0 and by (4.2), V+§ = ¢, which
completes the proof. O

Next, we investigate curves with null normals (for such curves in Minkowski
spaces E3, see among others [2,7,8]). We say v: I — M is a curve with null normal
if

93 A) =er= %1, Vi3 £0, (Vi3 Vi) =0. (4.3)
Theorem 4.2. Let M be a 3-dimensional normal almost paracontact metric mani-
fold. v: I — M is a Legendre curve with null normal if and only if g(y,%) =e1 =1
and Vv = —a(§ £ o), where « is a function defined in (2.9), and it is non-zero
along .

Proof. Let v be a Legendre curve in a 3-dimensional normal almost paracontact
metric manifold. In analogy to the proof of Theorem 3.1, we can write
VyEl = qu’}/ = — 810[5 — 815@"}/,
where 6 = g(V+%, ¢¥). Hence, it follows that
g(Vm'/ Vw) = 042 - 61(52 .
In view of (4.3), 7y is a curve with null normal if and only if &1 = 1 and o = 46 # 0.
This completes the proof. O

As an immediate consequence of Proposition 2.5 and Theorem 4.2, we obtain

Corollary 4.3. In a 3-dimensional quasi-para-Sasakian manifold, there are no Le-
gendre curves with null normals.

Finally, we consider curves with null binormal. We say ~v: I — M is a curve
with null binormal if g(%,7) = €1 = £1 and there exist two orthonormal vector
fields FE1(=4), Fa, (9(E2, F2) = €3 = £1) and a positive function x (the curvature)
along ~ for which

VJYEl = KSQEQ 5 V»YEQ -+ HElEl # 0,

4.4
g(VyEQ + re1 By, Vi Ey +K381E1) =0. (4.4)

Theorem 4.4. In a 3-dimensional normal almost paracontact metric manifold,
there are no Legendre curves with null binormals.

Proof. Let v be a Legendre curve in M and ¢(7,%) = &1 = £1. In analogy to the
proof of Theorem 3.1, we can get
VA/E1 = Vﬁ"}/ = — €1OZ§ — 81550’7 = KEQEQ,

4.5
Vi By +e1kEr = —e162(ag + bp?) )
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where

0=9(Vs7,97), k=+]a?—¢e10%, e2= sign(oz2 — 51(52) =41, (4.6)

g10c ac ad — &b
== b= e=fta——.

(4.7)

Suppose additionally that 7 is a curve with null binormal. By (4.5), we find
g(VﬁEg + e1kFEq, V:YEQ + 81I€E1> =a?® - 51b2 =0.

If e, = —1, then a = b = 0. This together with (4.5) contradicts to (4.4).
If &1 = 1, then @ = +b. This by (4.7) is equivalent to o« = £4. Then by (4.6),
% = 0, which contradicts to (4.4). O

5. Examples illustrating theorems

Ezample. Let R? be the Cartesian space and (z, v, 2) be the Cartesian coordinates
in it. Define the standard almost paracontact structure (p, &, n) on R? by

P01 = Oy — 2203, @Oy =01, @d3=0, &£=05, n=2xdy+dz, (51)
where 0; = 8%7 Oy = 8% and 03 = 8%' By direct calculations one verifies that

so that (1.1) is satisfied and the structure is normal.

Suppose that M = R? x R, C R? and consider a normal almost paracontact
metric structure on M defined in the following way: (v, &, n) is the structure (5.1)
restricted to M and g is the Lorentz metric given by

-2z 0 0
(9(0:,0;)] = 0 4% +22 2z
0 2z 1

For the Levi-Civita connection, we have

272 272
valalzfg ag+<1+j> s, valagzv3281:§aQ+ (1j> s,

1 1
Valag = Va381 = V3283 = V,9382 = 272 o+ sz
222

2
V3282::31+j82—<1+z>837 V8383:0»

82—§837
z

Using the above and (2.7), we find a = 3 = (2z)~!. In view of Proposition 2.5,
the structure (p, &, n, g) is not quasi-para-Sasakian.
Below we give a list of curves in M possessing various properties:

~(t) = (07 at, —2;) CaA0, (a)
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is a Frenet Legendre curve with ey = —1 and k = 7 = a? (this is a helix since &
and T are constant);
1
'yt:<cx/£7—20\/75,202t)7 t>0, c=—, b
® 7 (b)
is a Frenet Legendre curve with ey =1, k = g and 7 = 473 (this is a generalized
helix since £ is constant);

~(t) = (t, d, c), 6> 0, (0)

is a Frenet Legendre curve with ey = —1, k = ¥ “‘228‘5"‘2 and 7 = %,
(1) = (=t:1,¢%) (d)

is a Legendre curve with null tangent;

’y(t):(\/z,fa tat), t>0, a=V1-b+V1+b, b:“;(;’ (e)

is a Legendre curve with null normal and ¢; = 1.

Example. Suppose that M = R, x R? and consider a normal almost paracontact
metric structure on M defined in the following way: (p, &, n) is the structure (5.1)
restricted to M and g is the Lorentz metric given by

-2 0 0
(9(9;,0;)] = 0 522 2z
0 20 1

For the Levi-Civita connection, we have

1
Vodi = O, Vo, = Vo0 = ; Dy — 50y,
1 2
v8183 = Va3al = 2 82 - 837
o X

5 1
Vo, 02 = p O1, Va,03 =Vp,00 = —

501, Vo0 =0.

Using the above and (2.7), we find o = 0 and 8 = 2~2. By Proposition 2.5,
the almost paracontact metric structure (¢, &, 7, g) is quasi-para-Sasakian and not
para-Sasakian.

The following curves v in M are Frenet Legendre:

() = (i t, 2t> . >0, (a)

- a helix withe; = 1, k = 7 = ¢%;

V() = (\/tQ +1, —t, V2 + 1+ 1n (t+ V2 + 1)) , >0, (b)
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-acurvee, =1, k = t§+1 andT:ﬁ;
W) = (VE=1,t, /B T+ (t+VE-1)), t>1, (o)
- acurve with e; = -1, k = t2271 and 7 = ﬁ

Example. Suppose that M = R? x R,.. Define a normal almost paracontact struc-
ture (¢,&,m) on M by

@81 :82, gp@g :01, <p83 :0, 5283, n:dz, (52)
and, compatible with this structure, a Lorentz metric
-2z 0 0
[g(ai, 8J)] = 0 2z 0
0 0 1

The quadruple (p,&,n,g) becomes a normal almost paracontact metric structure
on M. For the Levi-Civita connection, we find

1
Vo0 =03, Vg, 02 =Vp,00 =0, Vp03=Vp,01 = % o1,

1
Vo,00 = =03, V03 =Vp,0p = % 02, Vo,03=0.

Using the above and (2.7), we get a = (2z)~! and 3 = 0. By Proposition 2.5, the
structure (¢, &,7,¢g) is not quasi-para-Sasakian.
The curve

1
~(t) = (cosht, sinh ¢, 2)

is a Legendre curve with €1 = 1 and null normal in M.
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