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Abstract. We continue the studies on the so—called genuine Bernstein—Durr-
meyer operators U, by establishing a recurrence formula for the moments
and by investigating the semigroup T'(¢) approximated by U,. Moreover, for
sufficiently smooth functions the degree of this convergence is estimated. We
also determine the eigenstructure of U,, compute the moments of T'(t) and
establish asymptotic formulas.
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1. Introduction

The present note continues and supplements previous research on the so-called gen-
uine Bernstein—Durrmeyer operators which — according to our present knowledge —
were first considered by W. Chen [2] and T.N.T. Goodman and A. Sharma [4]
around 1987. They constitute an approximation process for functions f € C[0, 1]
which produces algebraic polynomials and is related to the well-known Bernstein
operators B,, as follows. The latter are given by (f € C[0,1],z € [0,1],n € N)

n

Batsie) =305 () Joust)

= knof (2) (Z) 2k (1 —z)n k.
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Furthermore, in 1972 A. Lupag [8] investigated a Beta-type operator B,, de-
fined by

f(), for z € {0, 1}
Bn(f;2) = L el S i f(dt, for @ € (0,1)
0

B(nz,n—nx)
with B(a,b) = f(lJ ta=Y(1 — t)>~'dt, a,b > —1. Both B, and B, are positive
linear operators reproducing linear functions and thus interpolating every function
f € C[0,1] at 0 and 1. Hence these properties are shared by their composition
U, := B, oB,,, the genuine Bernstein—Durrmeyer operators, given explicity by

n—1 1
Un(f:2) = F0)- prola) + F1) - pen(@) + 3 pas(@) - [ pucasca(F @)
k=1

Here p_14 =0and poy = 1.

Among the many articles written on the U,,, we mention here only the ones
by P. Parvanov and B. Popov [11], by T. Sauer [15], by S. Waldron [16], and
the book of R. Paltanea [12]. The reader’s attention is drawn to the fact that
the U,, are sometimes also called “the modified Bernstein—Durrmeyer operators”,
“modified Bernstein—Schoenberg operators”, “Bernstein-type operators”, “limit
case of Bernstein’s operators with Jacobi weights”, etc. We prefer to use Sauer’s
genuine naming.

In the present note Section 2 is devoted to the computation of the moments
of U,, and the images of the monomials under U,,. In Section 3 we investigate the
semigroup approximated by U,, and include a statement for the degree of approx-
imation of sufficiently smooth functions. Section 4 deals with the eigenstructure
of U,,, and Section 5 describes the moments of the semigroup approximated by the
Bernstein operators (and thus those of the semigroup associated to the U,,). The
final Section 6 provides information concerning the asymptotic behavior of Us,
and some consequences of it.

2. The moments of U,

First we describe a method to compute recursively the moments of U,, and the
images of the monomials under U,,. Then we establish a recurrence formula for
the moments.

Let Hy .k (t) == Upn(er — zeg)k (1), with e;(t) := t'.

Theorem 2.1. (i) Hy, 20(t) =1, Hy g 1(t) =t —z, and for k > 2,
t(L—t)H), o+ k(k — 1) Hy o = k(k —1)[(1 — 22)Hp o k1
+2(1—2)Hp g 2] - (2.1)
(i) Givenn > 1,z € [0,1],k > 2, we have
Hyz1(t) = apt® + -+ ait+ag (2.2)
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where
m—1)n-2)...(n—k+1)
m+1)n+2)...(n+k-1)

and, if the right-hand side member of (2.1) is represented as cj,—1t* =14 - -+cit+co,
then

ap = (2.3)

1
= _i—(k—7+1 = =1,...,k. 2.4
Af—j ](2]6—]—1) [Ck 7 (k .]+ )(k ])ak j+1}7 J P 7k ( )
Proof. Applying Lemma 4.2 of [11] to the function (e; — zeg)* we get
d2
t(1—1) g2 Un(er — xeo)k(t) =U, [(el —e2)k(k —1)(e1 — xeo)k_z] (t)

=k(k — 1)U, [(1 — 2z)(e1 — zeg)t !
+a(l—x)(er — weg)* % = (e1 — weo)"] (1)
This yields (2.1). Now recall the recurrence formula

(n —p)t+2p pp—1)(1-1)
n+p (n+p)n+p-—1)

established in [7]; using it, we derive (2.3) Finally, (2.4) is a consequence of (2.1).

O

Unep1(t) = Unep(t) — Unep-1(t), (2.5)

Consider the moments T, x(z) := U,(er — zeo)®(x); clearly T, x(x) =
Hp z1(x). By using Theorem 2.1 it is possible to compute recursively
Hy 20, Hpw1, Hyz2, ... and then T}, 0, T, 1, Ty 2, . . .. In particular,

Too(x) =1, Tpi(z)=0, Tha(z)= 2x751+—196) ,
_ (1 —2)(1 - 22) _ 2(n=7)a*(1 - 2)” + 242(1 - x)
Toal®) = gy 0 Tl = (n+1)(n+2)(n +3)

(2.6)

These moments have been determined also in [7].
Now suppose that the function H,, . 1 () has been determined for some given n
and k; let us represent it as
k
Hy o k(t) = bia*, for suitable b; .
i=0

Then Y5 bzt = S8 (1) (%) Uner—i(t)'. It follows that

Une;(t) = (—1)*7 (I;) i be—j, J=0,...,k. (2.7)

In conclusion, after determining the function H, ; x(t) we get the moment of
order k of U, and all the images U,e;,j =0,...,k.
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Theorem 2.2 (Recurrence formula for the moments).
(n+k)Tn g1 (x) = x(1—2)T,, () +k(1=22) T, k() +2k2(1—2) Ty k-1 (2) . (2.8)
Proof. Let T} ™(x) := (1 — 2)"(—x)* + 2™ (1 — )* and

1
0

n—1
T (x) o= (n = 1) > pni(x) / P21 ()t —x)Fdt.
=1

Using the method of [3], Prop. II. 3, we find that Tgfjc" satisfies (2.8). Then,
by a direct computation, we see that Tf;f,:” satisfies the same equation (2.8). It
follows that T,, x = T}5™ + T,24"™" satisfies (2.8). O

Theorem 2.2 can be also used in order to determine the moments (2.6). We
have

Corollary 2.3. Let X := x(1 — x). Then, for j > 1,

_ Pj_1,j(n, X)
Tn2il® = o Yt 2). . (n 42— 1) (29)
Tpoj (@) = @j-1,(n, X) (1-22), (2.10)

(n+1)(n+2)...(n+2j)

where Pj_1; and Qj_1; are polynomials in n and X of degree j — 1 with respect
to n and j with respect to X.

3. The semigroup approximated by U,

Let B, be the classical Bernstein operators. Consider the differential operators
2

z(l—a) & o s . .
A= 9 dp and B :=2A =z(l — x) 2 with common domain
D(A)= D(B):= {UEC[O, 11N C%0,1): lin}J r(1—x)u” (z)= 1im1 r(1—z)u’ (x)= O} .
Theorem 3.1 (see [1]). (i) For all f € C?[0,1],
lim n(B,f —f)=Af. (3.1)

(ii) (A, D(A)) is the infinitesimal generator of a positive contractive semigroup
(T(t))t=0 on C[0,1], and

T(t)f = lim B"f, feclo,1]. (3.2)
For the operators U, the corresponding result is
Theorem 3.2 (see also [14, p. 63]). (i) For all f € C?[0,1],
lim n(U,f — f)=Bf. (3.3)
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(ii) (B,D(B)) is the infinitesimal generator of a positive contractive semigroup
(S(t)i>0 on C[0,1], and

Sit)f = lim UMy, feco,1]. (3.4)
Moreover, S(t) =T(2t),t > 0.

Proof. The Voronovskaja-type formula (3.3) can be proved — as (3.1) — by using
the properties of the moments; see also [5]. The proof of (3.4) is similar to that
of (3.2); one applies (3.3) and Trotter’s approximation Theorem (see [1]). Since
the infinitesimal generators satisfy B = 2A, we have S(t) =T(2t),t > 0. O

Proposition 3.3 (see also [14]). For allt >0 and m > 1,
S U = UpS(t). (3.5)
Proof. Let f € C[0,1]. According to [5], we have U,U,, = U,U,, m,n > 1, so
that
Un (S(t)f) = Un( lim UZf) = lim U (UL f)

n—oo

= lim UPMI(Unf) = SOUnf). -

The rate of approximation of 7'(t) by iterates of Bernstein operators was
investigated in [6]; here the following estimate can be found:

1828 =T < 5y (3] =t + 5,0 Y21+ o 1N 0)

— 24 n—1 n—1)

for all m,n > 1,t > 0, and f € C*[0,1]. Estimates involving functions in C?[0, 1]
can be found in [10].
By using the approach of [6], D. Kacsé [7] obtained

R Tl (e R | Vo PPN T B CY)

The next theorem contains an estimate comparable with (3.7); the proof is based
on Proposition 3.3.

Theorem 3.4. For all m,n > 1,t >0, and f € C*[0,1],

1/1m 6m 5m
mye < _ (2) @ )
oz s<t>f||_4(\n t\+n2)||f R TR (3.8)

Proof. Due to (3.5) we have
m o m _
Ui’ =S ( n ) B

(vt vupss () wovens (M) 0 ("0) (-5 (1))
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Ung_S<1>g
n

NCISIES TRl

But [|Un|| = [|S()]| =1, so that

|

Let f € C*[0,1]. As in [6] we get

. geCo]. (3.10)

ra-s(2)al <]

1S f—f—tBf| < ||B2f||

Setting ¢t = 1/n leads to

- 32

s (1) 7=7= 181 < gy (1204811 150) . @)

By using Lemma 5.1 of [11] we obtain

Unf(e) ~ ()~ Bf ()| <

2elo1]
gz 1095 [£(1 = ) 9(@) + 2(1 = 20) /O @) — 2P (a)|
so that
Ud = = 2 BI| < g (SFONBIFON 10T @a12)

From (3.11) and (3.12) we infer

Uit =5 () 1] < e (BN +SIEOT+1701). 13
Now (3.10) and (3.13) yield
|oms=s (") 1| < s (SIFPU+8IFD T+ 1591 (3.14)

Let us remark that [S(7)f = SO < |7 — ¢ [BIl < ™ —t]- 1] com-
bined with (3.14) this gives

U f =S U,Tf—S(m) fH+HS (m)f—S(t)fH
< G P 700) =] 1

By Landau’s inequality, |\f(3 | <2 f@ + 2 f@], so that |UTf — S@®)f|| <
(o 4+ 41m = DI+ S llF @ O

IN

Remark 3.5. Theorem 3.4 can be used as in [6] in order to obtain estimates for
f € C0,1] in terms of moduli of smoothness.
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4. The eigenstructure of U,

Theorem 4.1. For each n > 1 the operator U, : m,, — m, has the eigenvalues

(n—1)In!

(n—k)!(n+k—-1)"" kE=0,1,...n. (4.1)

Wnk =
The corresponding eigenpolynomials are po(x) = 1, pi(x) = =z, pe(x) =
z(1 — x)],ﬁ;)(a:), k = 2,...,n, where jk(izl)(x) are the Jacobi polynomials on
[0,1].

Proof. The above result was established in [5], with a proof based on the known
eigenstructure of the Durrmeyer operators; see also [13]. Here we sketch a different
proof, based on Proposition 3.3 and some properties of U,, established in [11].

The eigenvalues of B : 7, — m, are —(k — 1)k, k = 0,1,...,n, with corre-
sponding eigenpolynomials py. As a consequence, the eigenvalues of S(t) : m,, — m,
are e~ (F~ Dk with corresponding eigenpolynomials py, k =0,1,...,n.

By virtue of Proposition 3.3 we have
S(t)(Unpr) = Uy, (S(t)pk) = e~ (kDR Dy
We infer that there exists w,i € R such that
Unpr = wnkpk, k=0,1,...,n. (4.2)

(A second proof of (4.2) reads as follows. Let ¢(x) = z(1 — ). Since Bpy =
—(k — 1)kpk, we get pp) = —(k — 1)kpy, and so Uy (pp)) + (k — 1)kU,pr = 0.
According to Lemma 4.3 in [11], this yields o(U,pi)” + (k — 1)kUppr = 0, i.e.,
Unpk is a polynomial solution of the equation z(1 — z)y"(z) + (k — 1)ky(x) = 0;
this entails (4.2).)

Furthermore, it is easy to see that

wn():wnlzl, TLZI

For n > 2 we have, according to Lemma 4.1 in [11],

Un—1pk — Uppr = 4 (Unpr)" .
n(n —

1)
By using again Lemma 4.2 of [11] we get
n(n —1)(Un—1pr — Unpr) = Un(opi) = Un(— (k — 1kpy) .
This leads to n(n — 1)(wn—1,k — Wnk) = —(k — 1)kwpg, ie.,
m=—k)(n+k—1wp=n—-1nwy—1%, k=0,...,n—1. (4.3)
Using (4.3) we obtain

(n—1)n! (2k — 1)!

(= B+ k1) (= Dy Wk E=Leom=1lo (44)

Wnk =
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On the other hand, e~ *=Dkp, = S(1)py = nlLH;o Urpr = (nan;o Wi Dk, 1ee.,

— 1! — 1\ n
e*(k*l)k: hm <(n_(n 1)n ] (2]€ 1) -wkk) .

n—00 Eln+k—-1)! (k—1)k!
Since lim ((n,ggqﬂzll).) = e~ =Dk it follows that ((551)1!;!! -wigr = 1, and
o (4.4) implies (4.1). O

Theorem 4.2. For each p € m we have

lim n? <S (i) - Un) p(z) =

22(1 — )2 x
uniformly on [0, 1].

Proof. 1t is a matter of calculus to show that
(k —1)%k?

_(k=1)k

lim n?’(e n —wnk) = 6 , k=0,1,.... (4.6)
It follows that
1 k—1)%k2
lim nB(S(n)—Un>pk:( 6) pr, k=0,1,.... (4.7)

On the other hand, Bpy = —(k — 1)kps, so that B%p, = (k — 1)?k?py,; together
with (4.7), this gives

nhlEO”S(S (i) —Un>pk: észk, E=0,1,.... (4.8)

Since {py : k =0,1,...} is a basis of 7, we get
nlirl;ong(S (;) —Un>p= éBZp, peT. (4.9)
Recalling that B = (1 — z) dd;z, from (4.9) we deduce (4.5). O

5. The moments of 7'(t)

Consider again the semigroup (T'(t)):>0 generated by A (see Section 3). Given
t>0,z€[0,1],k > 0, we define

Gran(2) =T(t)(e1 — ze0)f(2), z€]0,1]. (5.1)
Theorem 5.1. (i) Gt z0(2) =1,Gtz1(2) =z — x, and for k > 2,
2(1-2)GY 4+ k(k—1)Gr o = k(k—1)[(1-22) Gt 2 k-1 +2(1—2)Gr o p—2] . (5.2)
(ii) Given t >0,z € [0,1],k > 2, we have

Gion(2) = apz® + -+ a1z + ag
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where ap = e *F=V2 and, if the right-hand side of (5.2) is represented as
Ch_12"" V- 4 ¢, then

1

= i@k —j—1) lehej — (k—j+1)(k = jax—j+1], j=1,....k. (5.3)

Af—j

Proof. From the general theory of semigroups we know that AT (¢t)f = T(t)Af
for all f € D(A). Taking f := (e; — zeg)F we get (5.2); see also the proof of
Theorem 2.1. Concerning the value of ay, see, e.g., [9] and the references therein.
(5.3) is a consequence of (5.2). O

Having determined the functions Gz x, the moments of T'(t) are
T(t)(er — weo)*(x) = Gyop(zx), x€[0,1], k>0. (5.4)
In particular,

T(t)(e1 — xeo)2(x) =1 —-eHr(l—z);

T(t)(e1 — weo)?(x) = ;(1 e 224 e (1 — 2)(1 — 21)
T(t)(er — weo) (2) = — é (- Pl — o) (e + 2 4 37 —3), 55
(1=5a(l—a)) — e —2].
"
Remark 5.2. Writing Gy 1(2) = »_ biz’ we get, as in Section 2,
=
T(t)ej(z) = (—1)*J <j> _1bk_j , j=0,...,k. (5.6)

Other results concerning the images of the monomials under 7'(¢) can be found
in [9] and the references therein.

6. Asymptotic formulas

Let M, x(z) := Bn(e1 — wep)*(x) be the moments of the Bernstein operators. As
a consequence of the well-known recurrence formula

nM, p1(x) = XMA,C(QJ) + kXM p—1(x), (X =z(l — x)) (6.1)
we get for j > 1:

Cj-1,;(n, X) .

D‘f . n7X
n2i—1 ’ Mn,2j+1($) = J—Lj ( )

M 25(x) = n2i

(1—2z) (6.2)
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where Cj_1,; and D;_; ; are polynomials in n and X of degree j — 1 with respect
to n and j with respect to X. In particular,

X
Mn)o(x) = 1, Mn)l(l’) = 0, Mn,g(l‘) = n s

(6.3)
X 3(n—2)X%+ X
M, 1-2 M, = .
s@)= T, (1=22), Mya(a) s
Theorem 6.1. For all p € ,
X X
lim 7 (Usn — Bup(a) = 1, (1~ 20 (@) — *, p (@), (6.9
uniformly on [0,1].
Proof. Let p € s and z € [0,1]. Then
S p@(x .
p= ; b z'( )(61 —zeg)" . (6.5)
It follows that
(1
(UQn - n Z P T2n % ) - Mn,l(x)) . (66)
According to (2.6) and (6.3),
. X
nlLH;on2(T2n2 — M, 2()) =,
X
lim n?(Ton3(7) — My 3(7)) = 5 (1—22)
lim n?(Ton,a(z) — Mpa(z)) =0

uniformly on [0, 1]. From Corollary 2.3 and (6.2) we deduce that lim n?(Tb, ;(z)—

n—oo

M, i(x)) =0,i>5. O

Corollary 6.2. For all p € ,

lim 2 <T (i) _ Bn> p(z) = f; (1 = 22)p® () — )4( p®(2), (6.7)

uniformly on [0,1].

Proof. One has

lim n? (T (i) - Bn> p(z) = lim n? (S <21n) - U2n> p(z)

+ lim n*(Us, — Bn)p(z) .

n—oo

Now (6.7) is a consequence of (6.4) and (4.5). O
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By using (6.5) with p := (e1 —zeg)*, and (6.2), it can be proved that for m, n,
J=1
_ Vajz(n,m; X)
T 21,21
_ Waj1i5(n,m; X)

n2im?2J

BBy (e1 — xeg)? (x) ) (6.8)

B, B,(e1 — xeo)2j+1(x) (1-2x), (6.9)

where V3;_2.;(n,m; X) is a polynomial in n,m, Xof degree j with respect to X
and global degree 3j — 2 with respect to n,m; W3;_1,; has a similar meaning. In
particular,

n+m-—1

BBy (e1 — zeo)?(x) = ;"mz X, (6.10)
BuBum(er — weo)?(x) = " T 3’;7?”; BTSN oy, (6.11)
By Bnii(e1 — zeg)’(z) = n—2|— X (6.12)
By Buyi(er — weo)?(z) = né’:; 11)2)((1 —~2z), (6.13)

B Buss(es = aea)t () = 20700

2
157?2(;37;; ’x. (6.14)
Corollary 6.3. For all p € ,

T (U = BaBualple) = e, (619)
nhjr;O n? (T <Z> — Ban+1> p(x) = X(1 6_ 2x)p(3)(x) , (6.16)

uniformly on [0, 1].

Proof. (6.15) is a consequence of (6.5), (2.6), (6.12)—(6.14), (2.9), (2.10), (6.8)
and (6.9). Since

T(2) — BpBny1 = <S<1> —Un> + (Up = BpBny1)

n n
(6.16) follows from (6.15) and (4.5). O
We conclude with the following
Congecture. Let f € C3[0,1]. The following are equivalent:

() F@@) >0, Qe-1)fO@) >0, zel0,1];
(b) BpBniif 2 Unf > Buf 2 Usnf > f, n>1.
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