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Abstract—Based on a spherically symmetric, self-gravitating

viscoelastic Earth model, we derive a complete set of Green’s

functions for the post-seismic surface strain changes for four

independent dislocation sources: strike-slip, dip-slip, and horizontal

and vertical tensile point sources. The post-seismic surface strain

changes caused by an arbitrary earthquake can be obtained by a

combination of the above Green’s functions. The post-seismic

surface strain changes in the near field agree well with the results

calculated by the method in a half-space Earth model (Wang et al.

in Comupt Geosci 32:527–541, 2006), which verifies our Green’s

functions. With an increase in the epicentral distance, the effect of

the curvature on both the co- and post-seismic strain changes

clearly increases, revealing the importance of our spherical theory

for far-field calculations. Next, we use our Green’s functions to

simulate the post-seismic surface strain changes that were caused

by the viscoelastic relaxation of the mantle over the 6-year period

after the Tohoku-Oki Mw 9.0 earthquake. Based on continuous

Global Positioning System (GPS) observations around Honshu

Island of Japan, Northeastern China, South Korea and the Russian

Far East, we also deduce the post-seismic strain changes caused by

the Tohoku-Oki Mw 9.0 earthquake. Overall, the distributions of

the calculated and GPS-derived strain changes agree well each

other. Finally, we compare the relative error between the observed

and simulated strain changes over the 3.0–4.5-year period after the

earthquake in both the near and far field. We find that the relative

errors decrease as the epicentral distance increases, which validates

our Green’s functions for research in the far field.

Key words: Post-seismic strain changes, spherical dislocation

theory, Green’s functions, preliminary reference Earth model

(PREM), Tohoku-Oki Mw 9.0 earthquake.

1. Introduction

Because of developments in modern geodetic

techniques, post-seismic deformations caused by

large earthquakes can be detected by Global Posi-

tioning System (GPS), interferometric synthetic-

aperture radar (InSAR) and other measurements.

Such data make it possible to study the Earth’s

internal structure and seismogenic mechanisms. In

particular, the GPS provides efficient, stable and

accurate results for monitoring of large-scale crustal

movements, plays an important role in inversion of

fault slip distributions (Ozawa et al. 2011; Zhou et al.

2014) and supplements detection of stress and strain

changes (Savage et al. 1986, 2001; Tape et al. 2009).

Using geodetic data, the strain changes induced by

earthquakes can be continuously monitored (Araya

et al. 2010, 2017; Ohzono et al. 2012). Strain is a

more direct indicator than displacements to represent

deformation (Takahashi 2011). To explain these

strain data, theoretical calculations of co- and post-

seismic strain changes are necessary.

Scientists have developed dislocation theories to

compute co- and post-seismic deformations. Based

on a half-space Earth model, Steketee (1958) first

introduced dislocation theory into the field of seis-

mology. Since then, many researchers have studied

co-seismic deformations caused by earthquakes

(Chinnery 1961, 1963; Maruyama 1964). Okada

(1985) and Okubo (1991, 1992) presented several sets

of concise formulae to calculate co-seismic defor-

mations (gravity, geoid, displacement and strain),

which have been widely applied in seismology and

geodesy. Fukahata and Matsu’ura (2005, 2006),

Hashima et al. (2008, 2014) and Wang et al.

(2003, 2006) provided dislocation theories to
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compute the co- and post-seismic strain changes in a

multilayered half-space model. Their theories ignore

the effect of the curvature of the Earth (Sun and

Okubo 2002; Dong et al. 2014, 2016), and the

validity of their theories is limited to the near field.

Taking the curvature of the Earth into account, Sun

et al. (2006, 2009) presented a complete theory to

calculate the co-seismic strain changes in a layered

spherical model. Takagi and Okubo (2017) and Tang

and Sun (2017) presented asymptotic expressions for

the co-seismic surface strain changes in a homoge-

neous Earth model, which improves the efficiency of

spherical dislocation theories greatly. However, their

methods can only be used to study co-seismic strain

changes. They ignore the viscosity structure of the

Earth.

Using the normal mode method, Piersanti et al.

(1995) solved the post-seismic deformation equations

in a spherically symmetrical Earth model. They

considered the curvature and the viscosity structure of

the Earth but not the issue of compressibility. Pollitz

(1997) took into account the compressibility of the

Earth, whereas his model consists of limited layers, in

which the allowable radial structure of density and

gravity in the unperturbed state is limited, viz.

q(r)g(r) = const/r). To bypass this difficulty follow-

ing the normal mode method, Tanaka et al.

(2006, 2007) used numerical inverse Laplace inte-

gration along a rectangular path to obtain the post-

seismic gravity, geoid and displacement changes.

However, they did not consider the strain changes

following an earthquake.

In this paper, we present a new method to calcu-

late the post-seismic surface strain changes in a self-

gravitating, compressible and realistically stratified

Earth model. In the following section, we explain the

theory of displacements provided by Tanaka et al.

(2006, 2007), on which our work is based. In Sect. 3,

we derive the expressions for the Green’s functions

for the post-seismic surface strain changes for four

independent point sources. In Sect. 4, we verify our

method by comparing the surface strain changes

induced by particular dislocation sources using our

methods and previous theory (Sun et al. 2006; Wang

et al. 2006) to confirm the validity of our method. In

Sect. 5, we simulate the post-seismic strain changes

induced by the Tohoku-Oki Mw 9.0 earthquake. By

comparing the simulated strain changes with those

derived from GPS observations, we further show the

importance of our Green’s functions.

2. Basic Theory of Post-seismic Displacements

In this section, we give an outline of the numer-

ical inverse Laplace integration along a rectangular

path presented by Tanaka et al. (2006, 2007), a

technique that will be further considered when we

discuss the post-seismic strain changes. We assume a

dislocation model as shown in Fig. 1. Here, n and

v are a unit vector normal to the infinitesimal fault

surface dS and a unit slip vector, respectively. Axes 1

and 2 are within the horizontal surface, and axis 3 is

the vertical axis.

The viscoelastic global deformations caused by an

earthquake can be expressed in the same form as the

elastic ones provided by Sun et al. (1996). Specifi-

cally, we can get the solution for the equivalent

elastic medium in the Laplace domain and then

obtain the viscoelastic solution by taking the inverse

Laplace transform (Lee 1955; Radok 1957). The

displacement u, stress tensor s and potential w are

expanded using the vector spherical harmonics in

spherical coordinates (r, h, u) as follows (Tanaka

et al. 2007):

uðr; h;u; tÞ ¼
X

n;m

y1ðr; t; n;mÞRm
n ðh;uÞ þ y3ðr; t; n;mÞSm

n ðh;uÞ
�

þ yT
1 ðr; t; n;mÞTm

n ðh;uÞ�; sðr; h;u; tÞ � er

¼
X

n;m

y2ðr; t; n;mÞRm
n ðh;uÞ þ y4ðr; t; n;mÞSm

n ðh;uÞ
�

þ yT
2 ðr; t; n;mÞTm

n ðh;uÞ
�
;

wðr; h;u; tÞ ¼
X

n;m

y5ðr; t; n;mÞYm
n ðh;uÞ;

ð1Þ

where

Rm
n h;uð Þ ¼ erY

m
n h;uð Þ; ð2Þ

Sm
n h;uð Þ ¼ eh

o

oh
þ eu

1

sin h
o

ou

� �
Ym

n h;uð Þ; ð3Þ

Tm
n h;uð Þ ¼ eh

1

sin h
o

ou
� eu

o

oh

� �
Ym

n h;uð Þ; ð4Þ

Ym
n h;uð Þ ¼ Pm

n cos hð Þeimu: ð5Þ
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Herein, (r, h, u) and ei are the conventional polar

coordinates and unit base vectors, respectively.

Pn
m(cosh) is the unnormalized Legendre’s function

and Pn
-|m|(cosh) = (-1)mPn

|m|(cosh). y1(r, t; n, m) and

y3(r, t; n, m) are the radial functions representing the

vertical and horizontal displacement, respectively.

y1
T(r, t; n, m) denotes the displacement for the tor-

oidal mode. y5(r, t; n, m) denotes the potential

change. y2(r, t; n, m) and y4(r, t; n, m) are the radial

functions corresponding to the vertical and horizontal

stress, respectively. y2
T(r, t; n, m) denotes the stress

for the toroidal mode. An additional

y6(r, t; n, m) function is introduced for mathematical

convenience.

The solution for a Maxwell solid in the Laplace

domain in an equivalent elastic medium can be found

in Peltier (1974), and the apparent elastic deformation

with a Laplace variable s satisfies the following dif-

ferential equations:

d~yiðr; s; n;mÞ
dr

¼
X

j

Ai;jðr; s; nÞ~yjðr; s; n;mÞ

þ ~Siðs; n;mÞ; ð6Þ

d~yT
i ðr; s; n;mÞ

dr
¼

X

j

Bi;jðr; s; nÞ~yT
j ðr; s; n;mÞ

þ ~ST
i ðs; n;mÞ; ð7Þ

where explicit expressions for the homogeneous

terms are given by Takeuchi and Saito (1972) and are

listed in Appendix 1. The inhomogeneous terms

~Si ¼ ~yiðrs þ 0; s; n;mÞ � ~yiðrs � 0; s; n;mÞ; ð8Þ

~ST
i ¼ ~yT

i ðrs þ 0; s; n;mÞ � ~yT
i ðrs � 0; s; n;mÞ ð9Þ

are the source functions with a point dislocation at

r = rs (Saito 1967; Takeuchi and Saito 1972), and the

boundary condition on the free surface is

~y2ðaÞ ¼ ~y4ðaÞ ¼ ~y6ðaÞ ¼ ~yT
2 ðaÞ ¼ 0: ð10Þ

We can obtain the solutions ~yiðr; s; n;mÞ and

~yT
i ðr; s; n;mÞ for the equivalent elastic problem by

solving Eqs. (6) and (7). The viscoelastic solution in

the time domain can be obtained by taking the inverse

Laplace transform of these equations. However, it is

not feasible to obtain the solutions directly when

innumerable layers and compressibility are consid-

ered simultaneously (Fang and Hager 1994; Piersanti

et al. 1995; Vermeersen and Sabadini 1997; Wang

1999). It is extremely difficult to obtain the solutions

for the y-variables by summing the normal modes of

all the poles in the Laplace domain. This is because

the normal mode method cannot evaluate an infinite

set of poles when compressibility and continuous

radial structures are considered. Tanaka et al.

1

3

2

(rs, 0, 0)

(r, θ, ϕ)

a
3(ver�cal)

2

1(horizontal)

n ν=U/|U|

dS

(a) (b)

Figure 1
Diagram of the seismic source. Axes 1 and 2 are the two horizontal axes, and axis 3 is the vertical axis. (rS, 0, 0) is the location of the source.

(r, h, u) is an arbitrary point. a is the radius of the Earth. dS denotes the fault surface with a normal vector n. v is a unit slip vector parallel to

U
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(2006, 2007) carried out the numerical inverse

Laplace integration on a closed path to include all

poles, which evaluates the contributions from all the

eigenmodes and avoids the intrinsic numerical diffi-

culties of previous theories. Inverting the Laplace

integration in Eqs. (11, 12), we obtain expressions for

the y-variables yi(r, t; n, m) and yi
T(r, t; n, m)

(Eqs. 13–20).

yiðr; t; n;mÞ ¼ 1

2pi

I
~yiðr; s; n;mÞ est

s
ds; ð11Þ

yT
i ðr; t; n;mÞ ¼ 1

2pi

I
~yT

i ðr; s; n;mÞ est

s
ds; ð12Þ

Finally, we obtain the expressions for the post-

seismic displacements by substituting Eqs. (13–20)

into Eq. (1):

y1 a; t; n; 0ð Þ ¼ n1v1 þ n2v2ð ÞF1
uðt; nÞ

�

þn3v3F2
uðt; nÞ

�
U dS; ð13Þ

y1 a; t; n;�1ð Þ ¼ � n3v1 þ n1v3ð Þ½
�iðn2v3 þ n3v2Þ�F3

uðt; nÞU dS;

ð14Þ

y1 a; t; n;�2ð Þ ¼ �n1v1 þ n2v2ð Þ½
�iðn1v2 þ n2v1Þ�F4

uðt; nÞU dS;

ð15Þ

y3ða; t; n; 0Þ ¼ n1v1 þ n2v2ð ÞF1
vðt; nÞ

�

þn3v3F2
v ðt; nÞ

�
U dS;

ð16Þ

y3ða; t; n;�1Þ ¼ �ðn3v1 þ n1v3Þ½
�iðn2v3 þ n3v2Þ�F3

v ðt; nÞU dS;

ð17Þ

y3ða; t; n;�2Þ ¼ �n1v1 þ n2v2ð Þ½
�iðn1v2 þ n2v1Þ�F4

v t; nð ÞU dS;

ð18Þ

yT
1 ða; t; n;�1Þ ¼ �ðn2v3 þ n3v2Þ½

�iðn3v1 þ n1v3Þ�F1
t ðt; nÞU dS;

ð19Þ

yT
1 ða; t; n;�2Þ ¼ n1v2 þ n2v1ð Þ½
�iðn1v1 � n2v2Þ�F2

t t; nð ÞU dS:
ð20Þ

The expressions for Fi
v (i = 1,…,4), Fi

u

(i = 1,…,4) and Fi
t (i = 1, 2) can be found in

Appendix 2.

3. Green’s Functions for Post-seismic Strain

Changes

Sun et al. (2006) presented a set of Green’s

functions for co-seismic strain changes in a spheri-

cally symmetric Earth model. Here, we derive a set of

Green’s functions for the post-seismic strain changes

based on the same Earth model. According to the

conventional theory of elasticity, we express the

components of the strain tensor in terms of the dis-

placements as follows (Takeuchi and Saito 1972):

err ¼
our

or
;

ehh ¼
1

r

ouh

oh
þ 1

r
ur;

euu ¼ 1

r sin h
ouu

ou
þ 1

r
uh cot hþ 1

r
ur;

ehu ¼ 1

r

ouu

oh
� 1

r
uu cot hþ 1

r sin h
ouh

ou
;

erh ¼
ouh

or
� 1

r
uh þ

1

r

our

oh
;

eru ¼ 1

r sin h
our

ou
þ ouu

or
� 1

r
uu:

ð21Þ

After inserting the displacement components that

were defined in Sect. 2 into Eq. (21), we obtain the

strain components in Eqs. (22–45). Because the last

two components erh and eru vanish on the Earth’s free

surface, the total strain change on the Earth’s surface

can be completely represented by the remaining four

strain components.

The strain changes in vertical direction err can be

expressed as

err a;h;u; tð Þ ¼ n1v1 þ n2v2ð Þf G1
rr h; tð Þþ n3v3G2

rr h; tð Þ
þ
�

n1v3 þ n3v1ð Þcosu

þ n2v3 þ n3v2ð Þ sinu
�
G3

rr h; tð Þ
þ
�

n1v1 � n2v2ð Þcos2u

þ n1v2 þ n2v1ð Þ sin2u�G4
rr h; tð ÞgUdS

a3:

ð22Þ
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Herein, Gi
rr h; tð Þ (i = 1,…,4) denotes the Green’s

function for strain changes in vertical direction.

a = 6371 km, U is the magnitude of the dislocation.

dS denotes the area of the dislocation.

G1
rr h; tð Þ ¼ k

kþ 2l

X1

n¼0

�2a2F1
u t; nð Þ

�

þn n þ 1ð Þa2F1
v t; nð Þ

�
P0

n cos hð Þ; ð23Þ

G2
rr h; tð Þ ¼ k

kþ 2l

X1

n¼0

�2a2F2
u t; nð Þ

�

þn n þ 1ð Þa2F2
v t; nð Þ

�
P0

n cos hð Þ; ð24Þ

G3
rr h; tð Þ ¼ k

kþ 2l

X1

n¼1

�4a2F3
u t; nð Þ

�

þn n þ 1ð Þa2F3
v t; nð Þ

�
P1

n cos hð Þ;
ð25Þ

G4
rr h; tð Þ ¼ k

kþ 2l

X1

n¼2

�4a2F4
u t; nð Þ

�

þn n þ 1ð Þa2F4
v t; nð Þ

�
P2

n cos hð Þ:
ð26Þ

The expressions for Fi
v (i = 1,…,4) and Fi

u

(i = 1,…,4) can be found in Appendix 2.

Similarly, the Green’s functions for strain changes

in horizontal direction, viz. Gi
hh h; tð Þ;Gi

uu h; tð Þ;
Gi

hu h; tð Þ, (i = 1,…,4), can be expressed as follows:

ehh a;h;u; tð Þ ¼ n1v1 þ n2v2ð Þf G1
hh h; tð Þþ n3v3G2

hh h; tð Þ
þ
�

n1v3 þ n3v1ð Þcosu

þ n2v3 þ n3v2ð Þ sinu
�
G3

hh h; tð Þ
þ
�

n1v1 � n2v2ð Þcos2u

þ n1v2 þ n2v1ð Þ sin2u
�
G4

hh h; tð Þ
þ
�
� n2v3 þ n3v2ð Þ sinu

þ n1v3 þ n3v1ð Þcosu�Gt1
hh h; tð Þ

þ
�

n1v2 þ n2v1ð Þ sin2u

þ n1v1 þ n2v2ð Þcos2u�Gt2
hh h; tð ÞgUdS

a3
:

ð27Þ

Herein,

G1
hh h; tð Þ ¼

X1

n¼0

a2F1
u t; nð ÞP0

n cos hð Þ þ a2F1
v t; nð Þ d2P0

n cos hð Þ
dh2

� �
;

ð28Þ

G2
hh h; tð Þ ¼

X1

n¼0

a2F2
u t; nð ÞP0

n cos hð Þ þ a2F2
v t; nð Þ d2P0

n cos hð Þ
dh2

� �
;

ð29Þ

G3
hh h; tð Þ ¼

X1

n¼1

2a2F3
u t; nð ÞP0

n cos hð Þ þ 2a2F3
v t; nð Þ d2P1

n cos hð Þ
dh2

� �
;

ð30Þ

G4
hh h; tð Þ ¼

X1

n¼2

2a2F4
u t; nð ÞP0

n cos hð Þ þ 2a2F4
v t; nð Þ d2P2

n cos hð Þ
dh2

� �
;

ð31Þ

Gt1
hh h; tð Þ ¼

X1

n¼1

2a2F1
t t; nð Þ 1

sin h
dP1

n cos hð Þ
dh

� cos h

sin2 h
P1

n cos hð Þ
� �

;

ð32Þ

Gt2
hh h; tð Þ ¼

X1

n¼2

4a2F2
t t; nð Þ 1

sin h
dP2

n cos hð Þ
dh

� cos h

sin2 h
P2

n cos hð Þ
� �

:

ð33Þ

The expressions for Fi
t (i = 1, 2) can be found in

Appendix 2.

Again,

euu a; h;u; tð Þ ¼
�

n1v1 þ n2v2ð Þ:G1
uu h; tð Þ þ n3v3G2

uu h; tð Þ
þ
�

n1v3 þ n3v1ð Þ cosu

þ n2v3 þ n3v2ð Þ sinu
�
G3

uu h; tð Þ
þ
�

n1v1 � n2v2ð Þ cos 2u

þ n1v2 þ n2v1ð Þ sin 2u
�
G4

uu h; tð Þ
þ
�
� n2v3 þ n3v2ð Þ sinu

þ n3v1 þ n1v3ð Þ cosu
�
Gt1

uu h; tð Þ
þ
�

n1v2 þ n2v1ð Þ sin 2u

þ n1v1 þ n2v2ð Þ cos 2u�Gt2
uu h; tð ÞgUdS

a3
:

ð34Þ

Herein,

G1
uu h; tð Þ ¼

X1

n¼0

a2F1
u t; nð ÞP0

n cos hð Þ
�

þa2F1
v t; nð Þ cot h

dP0
n cos hð Þ

dh

�
; ð35Þ

G2
uu h; tð Þ ¼

X1

n¼0

a2F2
u t; nð ÞP0

n cos hð Þ
�

þa2F2
v t; nð Þ cot h

dP0
n cos hð Þ

dh

�
; ð36Þ
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G3
uu h; tð Þ ¼

X1

n¼1

2a2F3
u t; nð ÞP1

n cos hð Þ
�

þ2a2F3
v t; nð Þ cot h

dP1
n cos hð Þ

dh

�
;

ð37Þ

G4
uu h; tð Þ ¼

X1

n¼2

2a2F4
u t; nð ÞP2

n cos hð Þ
�

þ2a2F4
v t; nð Þ cot h

dP2
n cos hð Þ

dh

�
;

ð38Þ

Gt1
uu h; tð Þ ¼

X1

n¼1

2a2F1
t t; nð Þ

sin h
cot hP1

n cos hð Þ � dP1
n cos hð Þ

dh

� �
;

ð39Þ

Gt2
uu h; tð Þ ¼

X1

n¼2

4a2F2
t t; nð Þ

sin h
cot hP2

n cos hð Þ � dP2
n cos hð Þ

dh

� �
;

ð40Þ

and

ehu a; h;u; tð Þ
¼ � n1v3 þ n3v1ð Þ sinuþ n2v3 þ n3v2ð Þ cosu½ �f G1

hu h; tð Þ
þ � n1v1 þ n2v2ð Þ sin 2uþ n1v2 þ n2v1ð Þ cos 2u½ �G2

hu h; tð Þ
� n2v3 þ n3v2ð Þ cosuþ n3v1 � n1v3ð Þ sinu½ �Gt1

hu h; tð Þ

þ n1v2 þ n2v1ð Þ cos 2u� n1v1 � n2v2ð Þ sin 2u½ �Gt2
hu h; tð Þ

o

� UdS

a3
:

ð41Þ

Herein,

G1
hu h; tð Þ ¼

X1

n¼1

4a2F3
v t; nð Þ

sin h
dP1

n cos hð Þ
dh

� cot hP1
n cos hð Þ

� �
;

ð42Þ

G2
hu h; tð Þ ¼

X1

n¼2

8a2F4
v t; nð Þ

sin h
dP2

n cos hð Þ
dh

� cot hP2
n cos hð Þ

� �
;

ð43Þ

Gt1
hu h; tð Þ ¼

X1

n¼1

2a2F1
t t; nð Þ P1

n cos hð Þ
sin2 h

�

� cot h
dP1

n cos hð Þ
dh

þ d2P1
n cos hð Þ
dh2

�
; ð44Þ

Gt2
hu h; tð Þ ¼

X1

n¼2

2a2F2
t t; nð Þ P2

n cos hð Þ
sin2 h

�

� cot h
dP2

n cos hð Þ
dh

þ d2P2
n cos hð Þ
dh2

�
: ð45Þ

In the equations above, the expressions for Fi
v

(i = 1,…,4), Fi
u (i = 1,…,4) and Fi

t (i = 1,2) are given

in Appendix 2 and can also be found in Tanaka et al.

(2006, 2007). We can calculate the four components

of the strain changes excited by an arbitrary shear and

tensile dislocation using the above Eqs. (22–45). The

physical meaning of Gi
rr;hh;uu;hu (i = 1,…,4) is related

to the geometry of the four independent point sources

(ni, vi) that are shown in Table 1. In particular, for the

vertical tensile case, the expressions for strain have

both phi-independent (isotropic) and phi-dependent

terms. The phi-dependent term can be expressed by a

vertical strike-slip source (Tanaka et al. 2006; 2007),

but we display only the isotropic component of the

vertical tensile source in Table 1 to avoid redundant

definitions.

4. Characteristics of the Green’s Functions for Post-

seismic Strain Changes

4.1. Behaviour of the Green’s Functions for Post-

seismic Strain Changes

The Green’s functions for the strain change are a

function of source depth, source distance and the time

passed since the earthquake. In this section, we

compute the strain Green’s functions for the strain

change for the four independent sources in Table 1.

We use the PREM (Dziewonski and Anderson 1981)

as an Earth model for the density and the elastic

constants (Fig. 2). We assume the thickness of the

elastic lithosphere and the viscosity of the mantle to

be 40 km and 1 9 1019 Pa s, respectively. Figure 3

shows the time variation in the strain Green’s

functions component Guu(h, t) for a source depth

(Ds) of 32 km, at t = 0? year (immediately after an

event), 2, 4, 6, 8 and 10 years. The magnitude of the

deformations is normalized using UdS = a2, which is

the same operation as carried out by Sun et al.

(2006).
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Table 1

Relationship between Green’s functions (err, ehh, euu, ehu) of strain changes and geometry of point sources

Green’s function (n1, n2, n3) (v1, v2, v3) Dislocation type

G1
rrðh; tÞ (1, 0, 0) (1, 0, 0) Isotropic component of vertical tensile

G1
hhðh; tÞ

G1
uuðh; tÞ

0

G2
rrðh; tÞ (1, 0, 0) (1, 0, 0) Horizontal tensile

G2
hhðh; tÞ

G2
uuðh; tÞ

0

G3
rrðh; tÞ cosu (1, 0, 0) (1, 0, 0) Vertical dip-slip

G3
hhðh; tÞ þ Gt1

hhðh; tÞ
� �

cosu

G3
uuðh; tÞ þ Gt1

uuðh; tÞ
h i

cosu

� G1
huðh; tÞ þ Gt1

huðh; tÞ
h i

sinu

G4
rrðh; tÞ sin 2u (1, 0, 0) (0, 1, 0) Vertical strike-slip

G4
hhðh; tÞ þ Gt2

hhðh; tÞ
� �

sin 2u

G4
uuðh; tÞ þ Gt2

uuðh; tÞ
h i

sin 2u

� G2
huðh; tÞ þ Gt2

huðh; tÞ
h i

cos 2u
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Figure 2
Viscoelastic Earth model used to compute the strain Green’s functions. Density q and P- and S-wave velocities are shown in a and b,

respectively. The viscosity profiles are shown in c, d. The viscosity is infinite at a depth of 0–40 km and in the inner core. The shallower part

of the profile is magnified and shown in b, d

Vol. 176, (2019) Green’s Functions for Post-seismic Strain Changes 3935



The strain Green’s functions in Fig. 3 show a

similar tendency in the time domain to those of the

displacements in Tanaka et al. (2006, 2007). The

shorter the time since earthquake occurrence, the

closer the post-seismic Green’s function is to the co-

seismic Green’s function. As the time elapsed after

the earthquake increases, the Green’s functions

increase with the same trend of convergence. This

reflects the consistency and gradual change of the co-

and post-seismic Green’s functions (Gao et al. 2017).

Assembling the strain Green’s functions for the four

independent seismic sources mentioned above, we

can calculate the post-seismic strain changes raised

by an arbitrary point source.

4.2. Verification of the Green’s Functions for Post-

seismic Strain Changes

To prove the validity of our results, we compare

our results with those of Sun et al. (2006) and Wang

et al. (2006), which are based on the same layered

Earth model (Fig. 2). For simplicity, we study the co-

and post-seismic strain changes caused by a point

event with a dip-slip angle of 45� and a seismic depth

of 10 km. In this case, n and v are

� 1ffiffi
2

p ; 0; 1ffiffi
2

p
� 	

1ffiffi
2

p ; 0; 1ffiffi
2

p
� 	

, respectively, and the strain

components euu(h, t) in Eq. (34) can be written as

� 1
2

G1
uu h; tð Þ þ 1

2
G2

uu h; tð Þ � 1
2

G4
uu h; tð Þ cosð2uÞ. As

an example, we calculate the co-seismic strain

changes in the euu direction (u = 0�) caused by a

simple point event using the above three methods
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Figure 3
Strain component of euu for four sources in Table 1. a Isotropic component of vertical tensile, b horizontal tensile, c vertical dip-slip,

d vertical strike-slip. The results are normalized using Uds = a2
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(Fig. 4), using the same layered Earth model as that

shown in Fig. 2. The magnitude of the deformations

is normalized using UdS = 1 m 9 (1 km)2. The

blue, green and red lines denote the co-seismic strain

change results obtained from the half-space disloca-

tion theory of Wang et al. (2006), the spherical

dislocation theory of Sun et al. (2006) and the

method presented in this study. We find excellent

agreement between the results of Sun et al. (2006)

and our method in both the near and far fields, which

verifies the validity of our results for the co-seismic

responses. However, the agreement between the

results of Wang et al. (2006) and ours is limited to

the near field. The differences between our results

and theirs reach 17.8% for epicentral distance larger

than 15�. This reflects the curvature effect.

Next, we examine the viscoelastic responses of our

method with the same operation. We calculate the post-

seismic strain changes a period of 100 years after a dip-

slip event using the method of Wang et al. (2006) and

our method. To show the overall trend in the two sets of

results, we display the time-dependent variation in the

post-seismic strain changes at four epicentral distances

(5�, 15�, 25� and 35�) in Fig. 5. We find that the results

have similar relaxation characteristics, and the differ-

ences between the post-seismic strain change results in

the far field are more obvious than those in the near

field, which indicates the necessity of using spherical

dislocation theory for studying the viscoelastic relax-

ation in the far field. The relaxation characteristics of

the two sets of results are similar, especially in the near

field (Fig. 5a), which again verifies our method.

Next, we display the effect of the curvature at

each of the epicentral distances shown in Fig. 6,

which was calculated using the following equation:

e ¼ es � ehj j
esj j : ð46Þ

Herein, es denotes the strain change corresponding

to a spherical model (in this study), and eh denotes the

strain change corresponding to the half-space model

used by Wang et al. (2006). Figure 6 shows the rapid
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Figure 4
Comparison of our co-seismic strain changes in euu direction (u = 0�) caused by a point event (a dip-slip angle of 45� and a depth of 10 km)

with those calculated by Sun et al. (2006) and Wang et al. (2006). a–d the results in the four epicentral intervals: 0–5�, 5–15�, 15–25� and

25–35�, respectively
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increase in the curvature effect at an epicentral distance

larger than 15�, while the effect is less than 5% as a

whole for distance smaller than 15�.

Assuming an epicentral distance of 15�, we study

the effect of curvature over the first 10,000 years after

the seismic event and show the results in Fig. 7. The

effect of curvature is approximately 6.9% about

1 year after the event, and then it becomes as small

as 2.0% about 10 years after the event. As a whole, the

effect of the viscoelastic relaxation becomes steady

after 1000 years following the event. As time goes on,

the effect of curvature decreases to 0.5% eventually.

5. Application to the Tohoku-Oki Mw 9.0 Earthquake

5.1. GPS Data around the Tohoku-Oki Mw 9.0

Earthquake

As an actual example, we estimate the post-

seismic strain changes due to the Tohoku-Oki Mw 9.0

earthquake using our new Green’s functions. The

earthquake occurred near the east coast of Honshu

Island on 11 March 2011, generated a huge tsunami,

and caused huge loss of property and lives. The GPS
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Figure 5
Comparison of our post-seismic strain changes caused by a point event (a dip-slip angle of 45� and a seismic depth of 10 km) with those

obtained using the half-space theory of Wang et al. (2006). The post-seismic strain changes from 1 to 100 years after the seismic event. a–
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network in Japan is of high quality and spatial

resolution and provides valuable data to study the

post-seismic processes that were associated with this

earthquake (Fig. 8). We select the data of 298 contin-

uous GPS stations in Fig. 8 that are evenly distributed

around Honshu Island, with a date range between 11

March 2009 and 11 March 2017. The GPS data were

processed by the Nevada Geodetic Laboratory (http://

geodesy.unr.edu/) using GIPSY software in the global

reference frame of IGS08. We remove the pre-earth-

quake velocities, and the annual and semiannual trends

from the GPS data, using data from the 2 years before

the event. The detailed process of GPS processing can

be found in our previous study (Liu et al. 2017). We

then divide the GPS data from the first 6 years after the

earthquake into four periods (0–1.5, 1.5–3, 3–4.5 and

4.5–6 years after the earthquake). We show the

velocities recorded by the GPS in Fig. 9.

5.2. Post-seismic Strain Changes on Honshu Island

Deduced from the GPS Data

It is possible to calculate strain changes using

GPS data. Some researchers approximate the surface

of the Earth by a flat surface and use rectangular

coordinates to calculate the strain changes; this

approximation neglects the curvature of the Earth.

Based on the above GPS data, in this study, we use

the expressions in spherical coordinates developed by

Savage et al. (2001) to calculate the strain changes

induced by the Tohoku-Oki earthquake.

uh ¼ �xhr0 cos h0Duþ x/r0 þ ehur0 sin h0Du
þ r0ehhDh� xrr0 sin h0Du;

ð47Þ

uu ¼ �xhr0 � xur0 cos h0Duþ euur0 sin h0Dh
þ r0ehuDhþ r0xrDh:

ð48Þ

Herein, h corresponds to colatitude, u to longi-

tude, and r0 to radial distance from the centre of the

Earth. uu and uh represent the GPS-derived displace-

ments in the east–west and south–north directions,

respectively. Du, Dh and Dr represent the distances

of the GPS stations to the points that are chosen to

calculate the strain changes. Given the displacements

uu and uh at several stations, one can use the least-

squares method to solve Eqs. (47, 48) and obtain the

three components of the strain changes

(euu; ehh; ehu). Based on the three components of

the strain, we can calculate the principal angle (a), the

surface strain (earea) and the maximum and minimum

principal strains (e1,2) using Eqs. (49–51).

e1;2 ¼ ehh þ euu

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ehh � euu

2

� 	2

þ ehu

2

� 	2
r

; ð49Þ

tan 2a ¼ ehu

ehh � euu
; ð50Þ

earea ¼ ehh þ euu: ð51Þ

We show the surface strain changes on Honshu

Island, including the directions and magnitudes of the

principal strain changes, in Fig. 10, showing that

significant strain changes [several thousand nstr

(nano-strain)] occurred within 1.5 years after the

earthquake. On the east coast of Honshu Island, near

the earthquake, the surface shows a contraction state.

However, most parts of Honshu Island are in a

dilatation state. In addition, the strain changes in the

northern part of the island are larger than those in the

southern part, because the large ruptures were located

in the north of the fault plane (Wei et al. 2012).
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5.3. Post-seismic Strain Changes on Honshu Island

Calculated by Our Method

In this subsection, we use our strain Green’s

functions to simulate the post-seismic strain changes

induced by the Tohoku-Oki Mw 9.0 earthquake. In

our calculations, we use the slip model proposed by

Wei et al. (2012), which is inverted from both strong-

motion waves and GPS observations. As in our

previous study (Liu et al. 2017), we set the viscosity

of the mantle and the thickness of the lithosphere to

be about 6 9 1018 Pa s and 30 km, respectively.

Finally, we obtain the post-seismic strain changes in

the 6 years after the earthquake (Fig. 11).

Remember that our method is built on the point

dislocation theory. Our Green’s functions are calcu-

lated under the assumption that the size of the fault is

negligible. However, real faults, such as the one that

caused the Tohoku-Oki Mw 9.0 earthquake, always

have finite size and dimensions. According to Sun
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Figure 8
Configuration of the plate boundary and the locations of the GPS stations. The Pacific Plate is subducting westward beneath the Eurasian Plate

with a velocity of 8 cm/year. The black triangles indicate the distribution of the 298 continuous GPS stations. The red circles indicate the

points at which we deduce the post-seismic strain changes. The black star indicates the epicentre of the Tohoku-Oki Mw 9.0 earthquake
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and Okubo (1998), the determination of whether the

size of a fault is negligible is dependent on the

relative position between the fault and the observa-

tion point. Without careful treatment of this distance,

a calculation based on the point dislocation theory

will produce large errors (Fu and Sun 2004). In this

study, we regard a fault as a point source when the

distance between the observation point and the centre

of the fault is ten times larger than the longest side of

the fault. Otherwise, we subdivide the subfault into

smaller cells to ensure that they can be regarded as

point sources, and the operational process becomes

the same as Gao et al. (2017). Using this segment-

summation scheme, we can calculate the near-field

strain changes caused by the Tohoku-Oki Mw 9.0

earthquake with high accuracy.

After the Tohoku-Oki Mw 9.0 earthquake, many

authors studied the mechanisms of the post-seismic

deformations based on GPS data (Ozawa et al. 2012;

Diao et al. 2014; Sun et al. 2014; Yamagiwa et al.

2015; Freed et al. 2017; Noda et al. 2018). They

found that post-seismic deformation was primarily

caused by after-slip over the initial 2 or 3 years after

the event. The post-seismic deformations at longer
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Figure 9
The GPS-derived post-seismic displacements on Honshu Island after the Tohoku-Oki Mw 9.0 earthquake
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times following this great event result from vis-

coelastic relaxation. For this reason, we compare the

strain changes deduced from the GPS displacement

data (Fig. 10c, d) with the results obtained using our

method (Fig. 11c, d) during 3–6 years after the main

shock of the Tohoku-Oki Mw 9.0 earthquake, which

was primarily caused by viscoelastic relaxation. In

general, the two sets of results agree with each other.

The viscosity of the mantle plays an important

role in simulations of post-seismic deformations. We

change the viscosity of the mantle from 6 9 1018 to

6 9 1019 Pa s, and show the post-seismic strain

changes within 6 years after the earthquake in

Fig. 12. Comparing the strain changes in Figs. 11

and 12, we find that the amplitudes are significantly

different between the two figures. The amplitudes of

the deformations become much smaller when the

viscosity becomes 10 times larger, although the

patterns of the strain changes are overall consistent.

Therefore, we can invert the viscosity of the mantle

around the epicentre using the GPS data, the fault
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The post-seismic strain changes on Honshu Island deduced from the GPS data. The color indicates either contraction or dilatation fields.
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model of the great earthquake, as well as our post-

seismic strain Green’s functions.

5.4. Far-Field Post-seismic Strain Changes

Following the 2011 Tohoku-Oki Mw 9.0

Earthquake

This section discusses the far-field post-seismic

strain changes following the 2011 Tohoku-Oki Mw

9.0 earthquake. Zhao et al. (2018) extracted the post-

seismic displacements in Northeastern China, South

Korea and the Russian Far East following the

earthquake. Northeast Asia is more than 1000 km

away from the epicentre of the Tohoku-Oki Mw 9.0

earthquake. When we calculate the post-seismic

strain changes induced by the earthquake in Northeast

Asia using a dislocation theory, it is necessary to

consider the curvature effect to obtain more accurate

results.

We first divide the displacements presented by

Zhao et al. (2018) over the first 4.5 years after the

earthquake into three periods (0–1.5, 1.5–3.0 and

3.0–4.5 years after the earthquake). We find that the

far-field post-seismic displacements decay more
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Figure 11
The post-seismic strain changes caused by the Tohoku-Oki Mw 9.0 earthquake on Honshu island of Japan, calculated using our new method.

Symbols and colors as in Fig. 10
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slowly than the near-field deformations do (Fig. 13).

We then deduce the post-seismic strain changes over

the above three periods using the least-squares

method and GPS data and show them in Fig. 14.

Limited by the sparse GPS stations used by Zhao

et al. (2018), we calculate the strain changes at five

points in the far field.

We also calculate the post-seismic strain changes

following the Tohoku-Oki Mw 9.0 earthquake theo-

retically using the fault model of Wei et al. (2012)

and our post-seismic Green’s functions. In our

calculation, we set the viscosity of the mantle to be

6 9 1018 Pa s, the same value as in the simulation in

the near field (Fig. 11). From both the observations

and simulations (Fig. 14), we find extensional strain

changes in roughly east–west direction and compres-

sional in roughly south–north direction in the far

field. The observed and simulated strain changes

agree with each other overall. The strain changes in

the east–west direction are much larger than the

corresponding ones in the south–north direction. This

is because the Tohoku-Oki Mw 9.0 earthquake was a

thrust-dominated event and the surface displacements

along the dip of the seismic fault plane were

significant, which has verified by GPS observations

(Zhao et al. 2018). The GPS-deduced strain changes
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Figure 12
Post-seismic strain changes following the Tohoku-Oki Mw 9.0 earthquake calculated using our method when the viscosity of the mantle is

6 9 1019 Pa s. Symbols and colors as in Fig. 10
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within the first 1.5 years after the earthquake

(Fig. 14a) are much larger than those from the

simulations (Fig. 14d). This is because the

observations of this period include the effects of

after-slips, which are large soon after the earthquake

but decline quickly as time goes on (Liu et al. 2017).
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Figure 13
Post-seismic displacements in Northeastern China, South Korea and the Russian Far East. The red circles are the points at which the post-

seismic strain changes are calculated. The black star indicates the epicentre of the Tohoku-Oki Mw 9.0 earthquake
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Figure 14
Far-field post-seismic strain changes following the Tohoku-Oki Mw 9.0 earthquake. a–c are the GPS-deduced post-seismic strain changes over

the periods 0–1.5, 1.5–3.0 and 3.0–4.5 years after the earthquake, respectively. d–f are the corresponding theoretical strain changes calculated

by our method
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Next, we compare the computed and observed

strain changes in both the near and far field to display

the extent to which the theoretical computations

agree with the observed strain changes. We first

calculate the epicentral distances of each point to

deduce the post-seismic strain changes. We then

divide these points into seven groups according to

epicentral distances (100–150 km, 150–200 km,

200–250 km, 250–300 km, 300–350 km, 350–

400 km and[ 400 km). Next, we calculate the

average error between observations and expectations

in each group using Eq. (52). Note that we focused on

the surface strains (earea) between 3.0 and 4.5 years

after the great earthquake, because the deformation in

this period is primarily caused by viscoelastic relax-

ation (Liu et al. 2017; Yamagiwa et al. 2015).

e ¼ �eobs � �ecalj j
�eobsj j : ð52Þ

Herein, �eobs and �ecal represent the GPS-deduced

post-seismic strain changes and calculations, respec-

tively. The relative errors are shown in Table 2. We

find that the relative error is large in the near field.

This is because the near-field deformation is sensitive

to the slip model. The details of the distribution using

the slip model can significantly affect the near-field

deformation (Zhou et al. 2012). As the epicentral

distance increases, the relative errors decrease,

showing the advantages of our method for research

in the far field.

6. Conclusions

We present a set of Green’s functions for the post-

seismic surface strain changes for four independent

point events (strike-slip, dip-slip, and horizontal and

vertical tensile sources) in a realistic spherical Earth

model. Using these Green’s functions, we can cal-

culate the post-seismic strain changes caused by an

arbitrary earthquake at an arbitrary time afterwards.

The agreement between the co-seismic strain changes

obtained using our method and those obtained using

the method of Sun et al. (2006) yields an elastic

response, and the agreement between the post-seis-

mic strain changes in the near field calculated by our

method and the half-space dislocation theory (Wang

et al. 2006) yields a viscoelastic response. When the

epicentral distances are smaller than 15�, the effects

of the curvature are less than 5% in total. However,

with an increase in the epicentral distance, the effect

of the curvature in both co- and post-seismic strain

changes increases rapidly. Finally, we calculate the

post-seismic strain changes after the Tohoku-Oki Mw

9.0 earthquake using our strain Green’s functions.

Our calculated results agree with the GPS-derived

strain changes as a whole. As the epicentral distance

increases, the relative errors between the GPS-de-

duced and theoretically calculated strain changes

over the period from 3.0 to 4.5 years after the

earthquake diminishes rapidly (Table 2), confirming

the advantages of our strain Green’s functions for

research in the far field.
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[ 400 9.98
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Appendices

Appendix 1: Explicit Expressions for the

Homogeneous Terms

According to Takeuchi and Saito (1972), one can

obtain the numerical solution of Eqs. (6) and (7)

when excluding excitation terms.

The explicit expressions for the homogeneous

terms are specifically written as

d~y1

dr
¼ 1

kþ 2l
~y2 �

k
r

2~y1 � nðn þ 1Þ~y3½ �

 �

; ð53Þ

d~y2

dr
¼� s2q~y1 þ

2

r
k

d~y1

dr
� ~y2


 �

þ 1

r

2 k� lð Þ
r

� qg


 �
2~y1 � nðn þ 1Þ~y3½ �

þ nðn þ 1Þ
r

~y4 � q ~y6 �
n þ 1

r
~y5 þ

2g

r
~y1


 �
;

ð54Þ

d~y3

dr
¼ 1

l
~y4 þ

1

r
~y3 � ~y1ð Þ; ð55Þ

d~y4

dr
¼� s2q~y3 �

k
r

d~y1

dr
� kþ 2l

r2

2~y1 � n n þ 1ð Þ~y3½ �

þ 2l
r2

~y1 � ~y3ð Þ � 3

r
~y4 �

q
r

~y5 � g~y1ð Þ;

ð56Þ

d~y5

dr
¼ ~y6 þ 4pGq~y1 �

n þ 1

r
~y5; ð57Þ

d~y6

dr
¼ n � 1

r
~y6 þ 4pGq~y1ð Þ

þ 4pGq
r

2~y1 � n n þ 1ð Þ~y3½ �; ð58Þ

d~yT
1

dr
¼ 1

r
~yT

1 þ 1

l
~yT

2 ; ð59Þ

d~yT
2

dr
¼ n � 1ð Þ n þ 2ð Þl

r2
þ s2q

� �
~yT

1 � 3

r
~yT

2 ; ð60Þ

where kðsÞ ¼ ksþlK=g
sþl=g ; lðsÞ ¼ ls

sþl=g ; K ¼ kþ 2
3
l,

based on the Laplace transform of Maxwell’s con-

stitutive equation (Peltier 1974); and g ¼ gðrÞj j
denotes the magnitude of the gravity (Takeuchi and

Saito 1972).

Appendix 2: The Solution of the Differential Equation

According to Tanaka et al. (2006, 2007), the

expressions for Fi
v (i = 1,…,4), Fi

u (i = 1,…,4) and Fi
t

(i = 1, 2) can be expressed as follows:

F1
u t; nð Þ ¼ � 1

2pi

G

g0aI
3kðrs; sÞ þ 2lðrs; sÞ
kðrs; sÞ þ 2lðrs; sÞ

1

rs

XPress rs; s; nð Þ
�

þ kðrs; sÞ
kðrs; sÞ þ 2lðrs; sÞ xPress

2 rs; s; nð Þ
�

est

s
ds;

ð61Þ

F2
u t; nð Þ ¼ � 1

2pi

G

g0a

I
xPress

2 rs; s; nð Þ est

s
ds; ð62Þ

F3
u t; nð Þ ¼ � 1

2pi

G

g0a

I
xPress

3 rs; s; nð Þ est

s
ds; ð63Þ

F4
u t; nð Þ ¼ � 1

2pi

G

g0a

I
xPress

4 rs; s; nð Þ est

s
ds; ð64Þ

F1
v t; nð Þ ¼ � 1

2pi

G

g0aI
3kðrs; sÞ þ 2lðrs; sÞ
kðrs; sÞ þ 2lðrs; sÞ

1

rs

XShear rs; s; nð Þ
�

þ kðrs; sÞ
kðrs; sÞ þ 2lðrs; sÞ xShear

2 rs; s; nð Þ
�

est

s
ds;

ð65Þ

F2
v t; nð Þ ¼ � 1

2pi

G

g0a

I
xShear

2 rs; s; nð Þ est

s
ds; ð66Þ

F3
v t; nð Þ ¼ � 1

2pi

G

g0a

I
xShear

3 rs; s; nð Þ est

s
ds; ð67Þ

F4
v t; nð Þ ¼ � 1

2pi

G

g0a

I
xShear

4 rs; s; nð Þ est

s
ds; ð68Þ

F1
t t; nð Þ ¼ 1

2pi

G

g0a

I
xT

1 rs; s; nð Þ est

s
ds; ð69Þ

F2
t t; nð Þ ¼ � 1

2pi

G

g0a

I
xT

2 rs; s; nð Þ est

s
ds: ð70Þ

In the above equations, the relationship between

X, x1 and x3 can be found in Okubo (1993) as

XPress ¼ 2xPress
1 � nðn þ 1ÞxPress

3 ; ð71Þ

XShear ¼ 2xShear
1 � nðn þ 1ÞxShear

3 : ð72Þ
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