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Quantitative Interpretation of Self-Potential Anomalies of Some Simple
Geometric Bodies
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Abstract—We have developed a new numerical method to determine the shape (shape factor), depth,
polarization angle, and electric dipole moment of a buried structure from residual self-potential (SP) anomalies.
The method is based on defining the anomaly value at the origin and four characteristic points and their
corresponding distances on the anomaly profile. The problem of shape determination from residual SP anomaly
has been transformed into the problem of finding a solution to a nonlinear equation of the form g = f (g).
Knowing the shape, the depth, polarization angle and the electric dipole moment are determined individually
using three linear equations. Formulas have been derived for spheres and cylinders. By using all possible
combinations of the four characteristic points and their corresponding distances, a procedure is developed for
automated determination of the best-fit-model parameters of the buried structure from SP anomalies.

The method was applied to synthetic data with 5% random errors and tested on a field example from
Colorado. In both cases, the model parameters obtained by the present method, particularly the shape and depth
of the buried structures are found in good agreement with the actual ones. The present method has the capability
of avoiding highly noisy data points and enforcing the incorporation of points of the least random errors to
enhance the interpretation results.
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1. Introduction

The self-potential (SP) method is based upon measuring the spontaneous or natural
electrical potentials developed in the earth’s surface. Different electrical potentials are
recognized. Electrokinetic, or streaming, potential is due to the flow of a fluid with certain
electrical properties passing through a pipe or porous medium with different electrical
properties (AHMED, 1961). Liquid-junction, or diffusion, potential is caused by the
displacement of ionic solutions of dissimilar concentrations (REynoLDs, 1997). Miner-
alization, or electrolytic contact, potential is produced at the surface of a conductor with
another medium (Sato and MoonEy, 1960). Nernst, or shale, potential occurs when
similar conductors have a solution of differing concentrations about them (TELFORD et al.,
1990). Each of these polarization mechanisms is responsible for an electrical field at the
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ground surface, the so-called self-potential anomaly. Mineralization potentials have
usually been the main interest when prospecting with the self-potential method. They are
associated with sulfides of metals, with graphite, and sometimes with the metal oxides
such as magnetite.

One of the most important exploration problems is estimating the shape and depth of
a buried structure. Different methods have been developed by many workers to determine
the shape and the depth of the buried structure from residual self-potential data. The
methods generally fall into one of two categories. The first category includes 2-D and 3-D
continuous modeling and inversion methods (GupTasarRMA, 1983; FurNEss, 1992; Sur and
MOoRGaN, 1996; PATELLA, 1997 and REvIL ef al., 2001). However, the drawback of these
algorithms is that they cannot be used to interpret a self-potential anomaly profile of a
short length. The second category includes fixed simple geometry methods, in which the
sphere, horizontal-cylinder and vertical-cylinder models determine the shape and depth of
the buried structure from residual SP anomalies. The advantage of the fixed geometry
methods over 2-D and 3-D continuous and inversion methods is that they do not require
current density, resistivity, and depth information obtained from geological and/or
geophysical data, and they can be applied if little or no factual information other than the
SP data is available. For interpreting simple source bodies, fixed geometry methods can
be both fast and accurate.

Several graphical and numerical fixed geometry methods have been developed by
many workers to determine the model parameters (shape, depth, polarization angle, and
electric dipole moment) of the buried structure from residual SP anomalies. The methods
include, for examples, use of characteristic points, distances, curves and nomograms
(Yuncgur, 1950; BANERIEE, 1971; FittermaN, 1979; BuatracHARYA and Roy, 1981;
AtcHutAa Rao and Ram Basu, 1983; Ram BaBu and AtcHuta Rao, 1988), least-squares
techniques (ABDELRAHMAN and SHARAFELDIN, 1997; EL-AraBY, 2004, and ABDELRAHMAN
et al., 1997a, 2003, 2004, 2006a-b and 2008), Fourier analysis and wave number
domain (ATcHUTA RAO et al., 1982; Roy and Monan, 1984), window-curves methods
(ABDELRAHMAN et al., 1997b, 1998, 2003, and 2009). On the other hand, the drawback
with most of the previous graphical and numerical methods is that they cannot determine
the four model parameters from all data points of the SP anomaly profile.

In this paper, we present a new numerical method to obtain the shape (shape factor),
depth, polarization angle, and electric dipole moment from residual SP anomalies caused
by simple geometric bodies. The accuracy of the result obtained by this procedure
depends upon the accuracy to which the residual anomaly can be separated from SP data.
Also, the accuracy of the result of the present method depends on the extent to which the
source body conforms to one of the assumed geometries. A scheme for analyzing the SP
data has been formulated for determining the best-fit-model parameters of the causative
source.

The method is applied to synthetic data with random errors and tested on a field
example from Colorado.
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2. The Method

Following YuncuL (1950) and BHATTACHARYA and Roy (1981), the SP anomaly
expression, V, produced by most polarized structures is given by the following function

x; cos 0+ z sin 0
CEE

where z is the depth of the body, x; is the position coordinate, K is the electric dipole
moment, 6 is the polarization angle, and ¢ is the shape factor. As examples, the shape

V(X,‘,Z,G,q):K 121, 2a 37"'5N7 (1)

factors for a sphere, horizontal cylinder, and a semi-infinite vertical cylinder are 1.5, 1.0,
and 0.5, respectively.
At the origin (x; = 0), equation (1) gives the following relationship

V(0) = Kz' 7% sin 0, (2)

where V(0) is the anomaly value at the origin.
Substituting equation (2) into equation (1) we obtain the following equation

2g-1%i cot 0 +z

V(xi,z,0,q9) = V(0)z i) 3)
For all shapes, equation (3) gives the following values at x; = £N:-
V) = v [Tt (@
and
V(=N) = V()2 _‘gvf o 1 (5)

where V(N) and V(-N) are the anomaly values at two symmetrical points around the origin.
From equations (4) and (5), we obtain the following simple linear equation for z:

lq

| F

z2=N||——. (6)
1-F/M

V(N) + V(-N)
2v(0)

where
F =

Also, from equations (4) and (5), we obtain the following equation for z in case that

x; = =M:
1q
D
z =My /—1, (7)
1-D'M

where
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D= V(M) + V(M)
B 2V(0) ’
and where V(M) and V(—M) are the anomaly values at two symmetrical points around
the origin.
Using equations (6) and (7), we obtain the following nonlinear equation for q,

D[1-F M

Equation (8) can be solved for g using the standard methods for solving nonlinear
equations. Here, equation (8) is solved by a simple iteration method (DemipovicH and
Maron, 1973; Press et al., 1986). The iterative form of equation (8) is given as

af =f(g)), 9)

where ¢; is the initial shape factor and gy is the revised shape factor; g will be used as the
g; for the next iteration. The iteration stops when lgr — gl < e, where e is a small
predetermined real number close to zero. The shape is determined by solving one
nonlinear equation in g. Any initial guess for ¢ works well because there is always one
global minimum. Theoretically, two different values of N and M are enough to determine
the shape. In practice, more than two values of N and M are preferable because of the
presence of noise in the data.
Again, using equations (4) and (5), the polarization angle (0) can be determined from
the following equation
2 4 2y
0 =tan"! {%} , (10)

where

V(N) — V(=N)
2v(0)

Finally, knowing ¢, z, and 0, the electric dipole moment (K) can be obtained from
equation (1) and is given by the following linear equation:
S(N? + 2)¢

K:
2z sin 0

(11)

where
S = (V(N) + V(=N)).

For each N and M value, we compute the values of the four model parameters ¢, z, 0
and K from equations (8), (6), (10) and (11), respectively. Theoretically, the anomaly
values at the origin and any two N and M distances are just enough to determine the four
model parameters (g, z, 0, and K). However, in practice, it is recommended to use all
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possible combinations of N and M values to determine the most appropriate source
parameters solutions from all SP data. We then measure the goodness of fit between the
observed and computed SP data for each set of solutions. The simplest way to compare
two SP profiles is to compute the root-mean-sum-squared differences (rms) between the
observed values and the values computed from estimated values of ¢, z, (f), and K. The
model parameters which give the least root-mean-sum-squares differences are the best. In
this way, we can select the best-fit source parameters solutions from all SP data.

An automated interpretation scheme based on the above equations for analyzing field
data is illustrated in Figure 1.

Up to this stage, we have assumed knowledge of the origin when applying the present
method. In practice, a field traverse will have an arbitrary origin in which case the
position of the structure (x = 0) in the equation must first be determined. In most cases,
the maximum and minimum values of the profile can be used to determine the correct
location x = 0. A straight line joining the maximum to the minimum of the profile will
intersect the anomaly curve at the point x = 0 (STANLEY, 1977).

3. Theoretical Examples

Three self-potential anomalies are computed. The model equations are:

x; cos 30° + 2 sin 30°
(o +22)

AV, (x;) = —100 , (12)

(Semi-infinite vertical cylinder model)

x; cos 45° + 3 sin 45°

AVg(xi) = -300 (x2 T 32) )

(Horizontal cylinder model)

i cos 60° 4-5 sin 60°
AVs(x;) = _4500x cos + 9 sin
(x2 +52)'7

(Sphere model)

The three self-potential fields are given in Figures 2-4. Each anomaly profile was
computed at 15 data points from —7 m to +7 m with a sampling interval of 1 m.

To test the stability of our method in the presence of noise, each computed self-
potential anomaly AV(x;) was contaminated with random errors with a noise level of
5 mV using the following equation

AV rand(x;) = AV(x;) + 5(RAND(i) — 0.5), (15)
where AV rand(x;) is the contaminated anomaly value at x; and RAND() is a pseudo-

random number whose range is (0, 1). The interval of the pseudo-random number is an
open interval, i.e., it does not include the extremes O and 1.
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Determine the origin of the field anomaly profile using the method
described by Stanley (1977).

v

—

Digitize the field data with a suitable sampling interval around the origin
(Xi =0).

v

For each N and M value, use equation (8) to estimate
the shape factor (q).

A 4

Using equation (6) determine the depth (z).

v

Find the polarization angle (9 ) from equation (10).

v

Estimate the electric dipole moment (K) from equation (11).

l

For each N and M value, compute the root mean sum-squared differences
between the observed values and values computed from the estimated
parameters q, z,6 and K.

v

Select the most appropriate source parameter solutions, which give
the least root mean sum-squared differences between the calculated and the
observed values.

End
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D |
Figure 1

Generalized scheme for automated shape, depth, polarization angle, and electric dipole moment estimation.
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Figure 2
Self-potential anomaly (AV,) of a buried vertical cylinder model as obtained from equation (12).

Numerical results for the three cases including vertical cylinder, horizontal cylinder,
and sphere models are shown in Tables 1-3, respectively. In these tables, we have
displayed only the results of the cases of N and M values where the rms difference
between the modelled and observed data is less than 2 mV. In this way, we can pick out
the subset of models that fits the data within some small variation from minimum. We
then calculate the mean and the standard deviation of the parameters.

It was numerically verified that equations (8), (6), (10), and (11) give exact values of
the four model parameters when synthetic data are analyzed. On the other hand, when the
data are noisy, the best-fit-model parameters (optimum set) are obtained when N = +7 m
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Figure 3
Self-potential anomaly (AV,) of a buried horizontal cylinder model as obtained from equation (13).

and M = &£ 1 m for the vertical cylinder model (Table 1), N = +2 m and = +6 m for
the horizontal cylinder model (Table 2), and N = 6 m and M = £7 m f or the sphere
model (Table 3). The percentage of error in the shape factor is 0.11, 4.46, and 2.39 for the
three models, respectively, whereas the percentage of error in the depth parameter is 5.28,
0.32, and 2.22, respectively. The maximum error in the polarization angle is 2.56%
(Table 2), whereas the maximum error in the electric dipole moment is about 15%
(Table 3), for the three models. Generally, the percentage of error in the optimum sets is
low because the method avoids highly noisy data points and enforcing the incorporation of
points of the least random errors to enhance the interpretation results.

On the other hand, the sets of the mean values of the model parameters shown in
Tables 1-3 have generally large values of percentage of error and root-mean-sum-
squared errors between the observed values and the values computed from the estimated
average parameters ¢, z, 0, and K. This is because of the fact that the set of mean values is
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Self-potential anomaly (AV3) of a buried sphere model as obtained from equation (14).

influenced by all noisy data points whereas the optimum set obtained using the present
method is computed only from the least noisy data points.

Good results are obtained by using the present algorithm, particularly for shape and
depth estimation, because our technique has the capability of avoiding highly noisy data
points and enforcing the incorporation of points of the least random errors to enhance the
interpretation results, particularly when applied to field data.

4. Field Example

A self-potential anomaly profile along line 22 of the map of self-potential data over a
Malachite Mine, Jefferson County, Colorado (DoBriN, 1960, Figures 19-25, p. 426) is
shown in Figure 5. The SP anomaly measurements were performed and described by
HEILAND et al. (1945). This anomaly profile is due to a nearly vertical cylindrical massive
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Measured and calculated SP anomaly over a Malachite Mine, Jefferson County, Colorado (DoBriN, 1960,
Figures 19-25, p. 426).
Table 1

Numerical results of the present method applied to the vertical cylinder synthetic example (¢ = 0.5, z =2 m,
0 = 30 degrees, k = —100 mV, profile length = 14 m, sampling interval = 1 m) with 5% random noise (best

fit in bold)
N M  Shape % of Depth % of Polarization % of Electric dipole % of  Rms
(m) (m) factor errorin z (m) error in angle 0 error in  moment K (mV) error in (mV)
(@ q z (degree) 0 K
2 6 0.48 -3.68 1.77 —11.32 31.75 5.84 —93.03 —6.97 1.57
2 7 0.47 —528 1.75 —12.40 32.07 6.89 —91.44 —8.56 1.60
3 4 0.48 -3.68 1.77 —11.32 31.75 5.84 —93.03 —6.97 1.57
3 5 0.50 -0.89 2.07 3.38 30.13 0.44 —98.96 —1.04 1.89
5 3 0.50 —-0.89 2.07 3.38 30.20 0.68 —98.74 —1.26 1.88
5 6 0.50 -0.89 2.07 3.38 30.20 0.68 —98.74 —1.26 1.88
6 1 0.51 212 1.92 —4.09 29.70 —1.01 —102.32 232 1.64
6 2 0.48 —-3.68 1.77 —11.32 31.67 5.56 —93.25 —6.75 1.57
7 1 0.50 -0.11 1.89 —5.28 30.66 2.19 -97.99 —-2.01 140
7 2 0.47 —-528 1.75 —12.40 32.66 8.87 —89.95 —10.05 1.99
Mean value  0.49 2.00 1.88 6.00 31.08 3.60 —95.75 425 1.49

SD (mV) 0.01 0.14 1.01 4.08
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Table 2

Numerical results of the present method applied to the horizontal cylinder synthetic example (q = 1, z = 3 m,
0 = 45 degrees, k = —300 mV, profile length = 14 m, and sampling interval = 1 m) with 5% random noise
(best fit in bold)

N M  Shape % of Depth % of Polarization % of Electric dipole % of  Rms
(m) (m) factor errorin z (m) error in angle 0 error in  moment K (mV) error in (mV)
()] q z (degree) 0 K

1 4 0.79 —21.00 250 —16.64 50.81 1290 —155.26 —48.25 1.82
1 6 0.81 —18.63 254 —1531 50.36 1191 —164.84 —45.05 1.65
2 4 1.09 8.53 3.25 8.17 43.99 —2.23  —403.88 34.63 1.72
2 5 0.93 —6.86 2.96 —1.19 46.59 352 —248.60 —-17.13 1.21
2 6 0.96 —4.46 3.01 0.32 46.15 2.56 —26747 —10.84 1.06
2 7 1.05 456 3.18 5.84 44.62 —0.84 —-355.16 18.39 1.37
3 4 0.90 -9.76  2.80 —6.61 47.67 593  -219.15 —2695 1.11
3 5 0.80  —20.00 257 —14.47 50.16 1146 —162.11 —45.96 1.86
3 6 0.87 —13.30 2.72 —9.26 48.49 7.75  —196.95 —34.35 1.26
3 7 0.99 —1.12 299 —0.39 4583 1.83  —287.46 —4.18 1.33
4 2 1.09 8.53 3.25 8.17 41.72 —7.29  —421.52 40.51 1.79
4 3 0.90 -9.76  2.80 —6.61 4592 2.05 —22551 —24.83 1.98
4 7 1.02 2.13 3.10 3.19 43.07 —4.30 —336.33 12.11 1.72
5 2 0.93 —6.86 2.96 —1.19 46.81 4.03  —247.68 —-17.44 1.19
5 3 0.80  —20.00 2.57 —1447 5091 13.12 —160.38 —46.54 1.78
5 6 1.03 3.18 325 820 4422 —-1.74 35474 18.25 1.27
6 1 0.81 —18.63 254 —1531 51.25 13.839 —162.77 —45.74 1.96
6 2 0.96 —4.46 3.01 0.32 4645 323 —266.13 —-11.29 1.12
6 3 0.87 —13.30 2.72 —-9.26 49.31 9.58 —194.49 —35.17 1.48
6 4 0.85 —15.07 266 —11.24 49.94 1097 —183.14 —38.95 1.62
6 5 1.03 3.18 3.25 8.20 44.29 —1.58 —354.28 18.09 1.27
6 7 0.90 -9.76  2.80 —6.61 4592 205 —22551 —24.83 1.98
7 2 1.05 456 3.18 5.84 43.70 —2.88 —361.05 20.35 1.10
7 3 0.99 —1.12 299 —0.39 4544 098  —289.35 —-3.55 1.17
7 4 1.02 2.13 3.10 3.19 4443 —1.27  —328.08 9.36 1.08
7 6 1.03 318 3.25 820 4422 —1.74  -354.74 18.25 1.27
Mean value 0.94 —6.00 2.92 —2.67 46.63 362 —266.41 —11.20 3.34
SD (mV) 0.09 0.26 2.74 82.82

sulphide ore body approximately 11 m wide and buried at a depth of about 16.5 m
(HeLAND et al., 1945). The anomaly profile was digitized at an interval of 6.6 m. The
method was applied to the anomaly profile using a sampling interval of 13.2 m to
determine the model parameters of the buried structure using all successful combinations
of N and M values. Then we computed the root-mean-sum-squared error (rms) between
the observed values and the values computed from estimated parameters g, z, 0, K for
each N and M value. The results are shown in Table 4 for the cases of N and M values
where the rms difference between the modelled and observed data are less than 8 mV.
Also we computed the set of mean values and standard deviations. The set of mean values
of the model parameters is rejected because it has a larger rms value (7.41 mV) than the
rms value of the optimum set (7.13 mV). The optimum set is given at N = +39.6 m and
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Numerical results of the present method applied to the sphere synthetic example (¢ = 1.5, z = 5 m, 0 = 60
degrees, k = —4500 mV, profile length = 14 m and sampling interval = 1 m) with 5% random noise (best fit in

bold)
N M  Shape % of Depth % of Polarization % of Electric dipole % of  Rms
(m) (m) factor errorin z (m) error in angle 0 error in  moment K (mV) error in (mV)
Q) q zZ (degree) 0 K
1 5 1.38 —791 4.62 —7.57 61.78 297  —2627.69 —41.61 1.72
1 6 1.19  —20.61 428 —14.34 63.56 593  —1299.09 —71.13 1.99
1 7 1.36 —9.38 4.58 —8.33 61.98 330 —2417.10 —46.29 1.59
2 5 134 —1098 4.1 —9.81 62.00 334  —2185.82 —5143 1.75
2 7 133 —11.23 4.50 —-9.94 62.04 340 -—-2155.64 —-52.10 1.73
3 4 1.49 —0.94 497 —0.68 60.38 0.64 —4227.19 —6.06 1.31
3 5 130 —13.36 449 —-10.20 6251 4.19  —1940.20 —56.88 1.41
3 6 1.29 —13.86 4.57 —8.51 62.36 394 —1957.13 —-56.51 191
3 7 1.52 1.20 5.03 0.56 60.08 0.13  —4819.32 7.10 1.34
4 3 1.49 —0.94 497 —0.68 59.79 —0.36  —4252.68 —5.50 142
4 5 1.48 —1.07 4.89 —2.12  60.52 0.87 —4075.82 —943 1.32
4 7 1.53 1.82 5.05 1.07 59.35 —1.08  —5056.02 1236 1.44
5 1 1.38 —-791 4.62 —7.57 61.76 294  —2628.17 —41.60 1.71
5 2 134 —1098 4.1 —9.81 62.34 391 —2178.99 —51.58 1.79
5 4 1.46 —2.39 4.89 —2.22 6145 241  —=3786.17 —15.86 1.41
5 7 133  —11.54 449 —1022 6245 4.09 —2106.68 —53.18 1.80
6 1 1.19  —20.61 428 —14.34 64.36 727  —1290.22 —71.33 191
6 3 1.29 —13.86 4.57 —8.51 62.86 477  —1948.30 —56.70 1.86
6 4 122 —18.75 437 —12.70 63.94 6.56 —1443.47 —67.92 1.86
6 7 1.46 —2.39 4.89 —2.22 60.84 140 —3808.33 —15.37 1.16
7 3 1.52 1.20 5.03 0.56 60.65 1.08  —4792.16 6.49 1.56
7 4 1.53 1.82 5.05 1.07 60.53 0.88  —4996.39 11.03 1.57
7 6 1.48 —-1.07 4.89 —2.12  60.52 0.87  —4075.82 —9.43 1.32
Mean value  1.39 —7.33 4.69 —6.20 61.65 275  —3046.45 —32.29 2.58
SD (mV) 0.11 0.26 1.33 1285.71
Table 4
Numerical results of the present method applied to the field example (best fit in bold)

N (m) M (m) Shape factor Depth z Polarization angle Electric dipole rms

(qQ (m) 0 (degree) moment K (mV) (mV)
39.6 264 0.59 18.82 83.35 —269.23 7.13
39.6 66 0.57 18.19 83.57 —257.42 7.19
39.6 79.2 0.52 16.36 84.21 —230.25 7.72
79.2 13.2 0.50 15.53 85.09 —223.37 7.76
79.2 26.4 0.54 17.45 84.49 —240.15 7.87
79.2 39.6 0.52 16.36 84.83 —230.01 7.68
Mean value 0.54 17.12 84.26 —241.74 7.41
SD (mV) 0.03 1.25 0.69 17.95
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M = 126.4 m. The best-fit-model parameters are ¢ = 0.59,z = 18.82 m, = 83.4° and
K = 296.2 mV (Fig. 5). This suggests that the shape of the buried structure resembles a
3-D semi-infinite vertical cylinder model buried at a depth of 18.8 m. The shape and the
depth to the top of the ore body obtained by the present method agrees very well with
those obtained from drilling information (HEILAND et al., 1945; DoBrIN, 1960).

5. Conclusions

The problem of determining the appropriate shape, depth, polarization angle, and
electric dipole moment of a buried structure from the residual SP data of a short or a long
profile length can be solved using the present method. A simple and rapid approach is
formulated to use the anomaly values at the origin and two pairs of measured data points
(£N and £M). The repetition of the method using all possible combinations of such pairs
of measured points will lead to the best-fitting model. This happens when these two pairs
of points contain the least amount of noise in the entire set of measured data. It is also
emphasized that the calculated SP anomaly of a set of mean values of the model
parameters obtained by the present method does not necessarily guarantee it matches the
observed anomaly values when the data contain measurement errors. The advantages of
this method over previous graphical and numerical techniques used to interpret SP data
are: (1) all the four model parameters can be obtained from all observed data, (2) the
method is automatic, and (3) the method is less sensitive to errors in the SP anomaly.
Moreover, the advantage of the present method over the least-squares method is that the
method does not require computation of analytical or numerical derivatives with respect
to the model parameters. It is also emphasized that the present method can be used to gain
geologic insight concerning the subsurface, as illustrated in the field example.

Finally, in view of the above facts, we envisage the application of this method in
solving various problems related to potential field data interpretation in the future.
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