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A Meta Logarithmic-Sobolev Inequality for
Phase-Covariant Gaussian Channels

Salman Beigi® and Saleh Rahimi-Keshari

Abstract. We introduce a meta logarithmic-Sobolev (log-Sobolev) inequal-
ity for the Lindbladian of all single-mode phase-covariant Gaussian chan-
nels of bosonic quantum systems and prove that this inequality is sat-
urated by thermal states. We show that our inequality provides a gen-
eral framework to derive information theoretic results regarding phase-
covariant Gaussian channels. Specifically, by using the optimality of ther-
mal states, we explicitly compute the optimal constant o, for 1 < p < 2,
of the p-log-Sobolev inequality associated with the quantum Ornstein—
Uhlenbeck semigroup. Prior to our work, the optimal constant was only
determined for p = 1. Our meta log-Sobolev inequality also enables us
to provide an alternative proof for the constrained minimum output en-
tropy conjecture in the single-mode case. Specifically, we show that for
any single-mode phase-covariant Gaussian channel ®, the minimum of
the von Neumann entropy S(@(p)) over all single-mode states p with a
given lower bound on S(p) is achieved at a thermal state.

1. Introduction

Quantum Gaussian channels are prototype noise models for the transmission
of quantum information in current quantum communication technologies and
information processing. In particular, they model transmission channels for
sending quantum data encoded in bosonic systems through optical fibers and
free space. Despite several developments in the past decades, there are still wide
open conjectures regarding information theoretic properties of these channels.
These conjectures are important not only due to the significance of quantum
Gaussian channels in quantum information science, but also as quantum gen-
eralizations of some influential results in functional analysis.

In functional analysis and information theory, the optimality of Gaussian
functions and Gaussian distributions has been established for various optimiza-
tion problems involving Gaussian kernels or Gaussian channels. To name a few
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results, it is shown in [7] that only Gaussian functions saturate Gross’s cele-
brated logarithmic-Sobolev (log-Sobolev) inequality [25]. Also, it is shown in [36]
that “Gaussian kernels have only Gaussian maximizers.” In information theory,
it is shown that the optimal input distribution for Gaussian broadcast channels
is Gaussian [20]. More generally, various inequalities including Brascamp-Lieb
inequalities, the Loomis—Whitney inequality, the Prékopa-Leindler inequality,
sharp form of Young’s inequality for convolution of functions as well as the
entropy power inequality are tight for Gaussian functions and distributions;
see [1] and references therein. Thus, it is tempting to verify the validity of
these results in the non-commutative case for quantum Gaussian channels.

Single-mode quantum Gaussian channels have been classified in [30]; see
also [31]. Among these classes are the three important physical classes of atten-
uator, amplifier and additive-noise channels, which have two main features.
First, these channels are phase-covariant meaning, that they are covariant
with respect to the group of phase operators, and second, they form quan-
tum Markov semigroups [28]. These two features make these channels suitable
candidates for generalizing some of the aforementioned properties of Gauss-
ian kernels in functional analysis to the quantum case. In particular, as we
show in this paper, these channels satisfy a new inequality that is saturated
by Gaussian states, which we refer to as meta log-Sobolev inequality and pro-
vides a general framework for deriving quantum information-theoretic results
regarding bosonic systems.

One application of our meta log-Sobolev inequality is to compute the
optimal constants of the p-log-Sobolev inequalities for a semigroup of atten-
uator channels, called the quantum (bosonic) Ornstein—Uhlenbeck semigroup.
This semigroup is of particular interest as it resembles its classical counter-
part when acting on certain operators; see [9, Equation (7.5)]. The classical
Ornstein—Uhlenbeck semigroup is an important example of a Markov semi-
group, which can be understood as the convolution of an input distribution by
a Gaussian one. Its associated log-Sobolev inequality takes the form

SEua(N) <7 V>0, )

where the entropy Ents(f) = E[f*log f?] — E[f?]log E[f?] and the 2-norm
| £ll2 = E[f?]'/? are defined with respect to the standard normal distribution.
This inequality was first established by Gross in his seminal work [25].

Given the log-Sobolev inequality (1) for the classical Ornstein—Uhlenbeck
semigroup and the development of the theory of hypercontractivity for quan-
tum semigroups [39], it is natural to ask if the quantum Ornstein—Uhlenbeck
semigroup is hypercontractive and satisfies a log-Sobolev inequality.! The 2-
log-Sobolev inequality for the quantum Ornstein—Uhlenbeck semigroup takes
the form

1 Amplifier and additive-noise channels are not hypercontractive in the usual sense.
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2
< +o0o0.

(2)

Here, 05 = (1 — e‘ﬁ)e_ﬁ‘ﬁ“ is a thermal (and then Gaussian) state with
parameter 5 > 0, [a, X] = aX — Xa is the commutator of the annihilation
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0 Bnty 0, (X) <tr(y/5la, X]'/3la, X]), VX >0, tr(agxa

1 1\2
operator with X, and in the special case that p = (aé Xaﬁ%) is a quantum
state

Enty ,,(X) = D(pllog) = tr(plog p) — tr(plogog).
Moreover, as is called the 2-log-Sobolev constant whose optimal value, de-
pending on [, is one of our main problems of study in this work.

Using the spectral properties of the Lindbladian of the quantum Ornstein—
Uhlenbeck semigroup established in [9], a bound on the 2-log-Sobolev constant
g is derived in [6]. This bound confirms the hypercontractivity of the quantum
Ornstein—Uhlenbeck semigroup, yet it seems far from being optimal. Moreover,
the bound of [6] works only in the single-mode case and is not clear to satisfy
the so called tensorization property.

Although 2-log-Sobolev inequalities (assuming some regularity conditions
[35,39]) imply hypercontractivity inequalities, for a more refined characteriza-
tion of the latter inequalities we need to establish generalizations of the above
2-log-Sobolev inequality for all values of 1 < p < 2. These generalizations,
called p-log-Sobolev inequalities, are all equivalent and ignorant of the param-
eter p for the classical Ornstein—Uhlenbeck semigroup, yet they differ in the
quantum case.?

The 1-log-Sobolev (also called the modified log-Sobolev) inequality for
the quantum Ornstein—Uhlenbeck semigroup is first studied in [34] where it is
examined for Gaussian states and it is conjectured that Gaussian states are
optimal for the 1-log-Sobolev inequality. This conjecture is first proven in [8].
An alternative proof of this inequality and an extension are also derived in
[12].

Our meta log-Sobolev inequality is also related to computing the classical
capacity of attenuators, amplifiers and additive-noise channels, i.e., finding the
maximum rate of reliable transmission of classical data through these chan-
nels. Since these channels are phase-covariant, their classical capacity is related
to their minimum output entropy, i.e., the minimum entropy of their output
states; see, e.g., [31]. It was a long-standing open problem that the minimum
output entropy of these channels is additive and is achieved over Gaussian
states [21,23,33]. This conjecture was answered in the affirmative in [22]. Ex-
tensions of this result have also been proven for which we refer to [18,32] and
references therein.

Generalizing the aforementioned minimum output entropy conjecture,
the constrained minimum output entropy (CMOE) conjecture states that the
minimum output entropy of the above phase-covariant Gaussian channels over

2The parameter p is also relevant in the study of log-Sobolev inequalities for finite classical
Markov semigroups; see [38] and references therein.
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input states with a given entropy is achieved by Gaussian states [27]. More pre-
cisely, the CMOE conjecture states that if ¢ is a single-mode phase-covariant
Gaussian channel, which by the above discussion is either attenuator, amplifier
or additive-noise, then for any m-mode state p we have

L§(@°7(p)) > S(@(7)) Q

where 7 is a single-mode thermal state satisfying S(7) = 1mS(p). This con-
jecture is in particular related to the problem of computing the capacity of
quantum Gaussian broadcast channels [27]. Using tools developed in [14] the
CMOE conjecture is proven in [15,16] in the special case of m = 1. It is also
proven for arbitrary m in the parameter regime that the channel ® becomes
entanglement breaking [11].

Some other conjectures regarding the optimality of Gaussian states have
also been proposed including an entropy photon-number inequality [13,26] and
a sharp Young’s inequality for the beam-splitter [18]. For more details on quan-
tum Gaussian optimizer conjectures in quantum information theory we refer
to [18].

1.1. Our Contributions

In this paper, we introduce a meta log-Sobolev inequality for phase-covariant
Gaussian quantum channels. In the Schrodinger picture, the Lindbladian of
the semigroups of attenuator, amplifier and additive-noise channels mentioned
above, takes the form

L(p) = w0 (%{aaﬂ P} = ana) +u (%{aTa, Pt — apa*),

where vy, 1 > 0 are non-negative constants and {X,Y} = XY + Y X denotes
anti-commutator. Then, given any w > 0, we define the function

T(p) = - p ltr(ﬁ(pl/p)pl_l/p> +wtr(pata) + S(p),

over single-mode states p. Later, we will see that for the choice of

1

1

X = Uﬂ_% p%(f;%,
and p = 2, the first term in T(p) resembles the Dirichlet form appearing on
the right hand side of (2). In this case, Ent,, 5,(X) = D(p|lo3) can be written
in terms of the other two terms in Y(p). Thus, computing the infimum of Y (p)
is useful in obtaining the optimal log-Sobolev constant c,.

Our main result, which we call a meta log-Sobolev inequality, states that

optimal states in the minimization of Y(p) are thermal, i.e.,

T(o)> inf T(r), (1)

7:thermal
for any state p of a single-mode bosonic system.
By using (4), we turn the problem of computing the optimal p-log-Sobolev
constant «, into an optimization problem over thermal states that are charac-
terized by a single real parameter. We explicitly compute the optimal constant
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for the quantum Ornstein—Uhlenbeck semigroup for any 1 < p < 2:
a, = %66/2(1 — e BIP) (1 — e8I, (5)

This result for p = 1 recovers the modified log-Sobolev inequality of [8], and
for p = 2 is an improvement over the bound of [6].

We also study the quantum Ornstein—Uhlenbeck semigroup in the mul-
timode case. It is well known that log-Sobolev constants for classical Markov
semigroups have the tensorization property (see, e.g., [38]), meaning that con-
sidering the m-fold tensor product of the semigroup, the log-Sobolev constants
of the resulting semigroup are the same as those of the original one. This prop-
erty is not known to hold for arbitrary quantum Markov semigroups. Thus,
we also consider the m-mode version of (2):

GaBnty o (X) < itr(@[ajyX]T@[aij])v
j=1

where X > 0 runs over m-mode operators, and Qs is the 2-log-Sobolev constant
for the m-fold tensor product semigroup. We show that for any m > 1,

-1

ay > <2+1og(2m+1) +1) 7 (©)
sinh((3/2) Qs

where ay is given by (5).

To prove our result (6), we follow the approach of [6]. We use properties
of the spectrum of the generator £ of the quantum Ornstein—Uhlenbeck semi-
group to reduce the problem for arbitrary m-mode operators X to operators
that are diagonal in the number basis. To this end, we prove an entropic in-
equality which might be of independent interest. Next, restricting to diagonal
operators, we obtain an essentially classical Markov semigroup that is known
to satisfy the tensorization property. Thus, the problem for m-mode states is
reduced to that of single-mode states for which we have already established
the optimal log-Sobolev constant in (5). We note that, although, our first step
of the proof is inspired by [6], our penalty term that compensates for the re-
duction to diagonal states is smaller than that of [6]. Moreover, as mentioned
above we compute the exact value of the 2-log-Sobolev constant for diagonal
states while [6] derives only a lower bound. Thus, our estimate on the 2-log-
Sobolev inequality is not just an m-mode generalization of [6], but a twofold
improvement thereof.

Our meta log-Sobolev inequality (4) provides a general framework that
can be applied in other settings as well. In this paper, using (4) we also give
an alternative proof of the CMOE conjecture (3) in the case of m = 1.

Outline of the paper The rest of this paper is organized as follows. In Sect. 2, we
review the class of single-mode phase-covariant Gaussian channels. We argue
that these channels form semigroups and compute their Lindbladians. Section 3
is devoted to our meta log-Sobolev inequality (4) and its proof. The log-Sobolev
constants for the quantum Ornstein—Uhlenbeck semigroup are computed in
Sect. 4. Also, our proof of the CMOE conjecture is given in Sect.5. Final
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remarks are discussed in Sect. 6, and some detailed computations are left for
the appendices.

2. Phase-Covariance Gaussian Channels

A single-mode bosonic continuous-variable system is described by the annihi-
lation operator a and it hermitian conjugate, the creation operator al. These
operators satisfy the bosonic commutation relation

[a,al] =aal —afa=1.

Fock states {|n) : n > 0}, also called number states, form an orthonormal
basis for the corresponding Hilbert space and are eigenvectors of afa called
the number operator: a'aln) = n|n). We indeed have aln) = y/njn — 1) and
afln) = v/n + 1|n + 1). Single-mode quantum states p are density operators
(p = 0 and tr(p) = 1) acting on this Hilbert space.

All states that we consider in this paper are assumed to be physical
and hence have finite mean photon number. More precisely, for a pure state
p = 1) (1| we assume that |¢)) belongs to the domain of a and (i|afaly) =
|laji)||* < +o00, and more generally for a mixed state with eigen-decomposition
P = 2720 Niltj) (| we assume that |¢);), for any j with A; > 0, belongs to
the domain of a and }; Ajllaly;)||* < +oo. The latter expression is indeed

equal to tr(apal), yet we often write it as tr(pafa), the conventional notation
for the mean photon number, considering the following formal definition for
the expectation value of an operator in quantum mechanics.? For any positive
semidefinite operator X, we formally define tr(pX) = >, NIIX Y2502 if

;) belongs to the domain of X'/2 for all j with \; > 0, and let tr(pX) =
+00 otherwise.* Also, for a self-adjoint operator X with decomposition X =
X4+ — X_ where both X, X_ are positive semidefinite, we define tr(pX) =
tr(pXy) — tr(pX-).

Quantum states can be represented in terms of displacement (Weyl) op-
erators Dg = exp(€al — £a) with £ € C as

p=2 [ nleD-ece g
T Jc
where x,(§) = tr(pDy) is called the characteristic function [5]. The character-
istic function is the Fourier transform of the Wigner function [29].

A quantum state is called Gaussian if its characteristic and equivalently
Wigner functions are Gaussian. Therefore, Gaussian states can be simply de-
scribed in terms of the first-order and second-order moments of their Wigner
function. Thermal states are an important class of Gaussian states. A thermal

3Note that although tr(apa’) may be well defined and finite, pafa may not be a trace class
operator. For more details on the expectation value of unbounded operators in quantum
mechanics we refer to [4].

4Note that ||aly)|| = ||afal'/2]4)|, so this definition matches the one for the number
operator.
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state with parameter 8 > 0 that is proportional to the inverse of temperature,
is diagonal in the Fock basis and is given by

1 ) oo
_ —pa'a _ -8 —np3
og = tr(e*ﬁaTa)e =(l-e )ngzoe [n)(n|. (8)

The characteristic function of this thermal state equals

1 2
Xoy (€) = e 7 coth(B/2)Iel, o

At zero temperature (6 = 00), we obtain the vacuum state oo, = [0)(0.

The evolution of quantum systems, in general, is described by quantum
channels ® that are linear completely positive and trace-preserving superoper-
ators. Quantum channels that transform Gaussian states into Gaussian states
are known as Gaussian channels [3,31,33,42]. Gaussian channels that are uni-
tary are called Gaussian unitaries.

A single-mode Gaussian channels is called phase-covariant® [22,24] if it
satisfies

O (UgpUJ) = Up®(p)U,, (10)

for any state p and 6 € [0, 27), where Uy = % a'a s the phase-rotation unitary.
By the classification of single-mode Gaussian channels [30,31], a single-mode
phase-covariant Gaussian channel can be described in terms of its action on
the characteristic function. For any such channel there are parameters v, A > 0

such that

Xa(o (§) = e 27, (VAg), (11)
where the complete positivity condition implies v > |1 — A| [33]. The channel
O is called quantum limited if v = |1 — A|. By using the characteristic function
of thermal states (9) in (11), one can verify that phase-covariant Gaussian
channels transform thermal states to thermal states.

Single-mode phase-covariant Gaussian channels consist of three classes
of attenuator channels corresponding to 0 < \ < 1, additive-noise channels
corresponding to A = 1, and amplifier channels corresponding 1 < A. These
are important physical channels in describing dynamics of continuous-variable
quantum systems.

A crucial property of single-mode phase-covariant Gaussian channels is
that they admit semigroup structures [23,28]. Specifically, any such channel
can be written as ®;, = e~ "“ for some t; > 0 where {®; = ™% : t > 0}
is a semigroup of single-mode phase-covariant Gaussian channels. We show in
Appendix A that the corresponding Lindbladian £ of such a semigroup takes
the form

£(0) = wo(5laa g} —alpa) +u(Glataph —apal),  (12)

where {X,Y} = XY + Y X denotes the anti-commutator, and vg,v7 > 0
are parameters determining the semigroup. We argue in Appendix A that
three ranges for the parameters vy, v; give the three classes of single-mode

5Phase-covariant channels are also known as gauge-covariant channels.
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phase-covariant channels: 1y > vy corresponds to attenuator channels, vy = 14
corresponds to additive-noise channels, and v < 1y corresponds to amplifier
channels.

Attenuator channels, in general, can be physically modeled by applying
a beam splitter unitary with the transmissivity of 0 < A < 1 on the system and
an auxiliary system in the thermal state oz, and then tracing out the second
subsystem:

23%(p) = trs (Ups.r (0 © 04)Uls 5 ) (13)
The characteristic function of the output state is given by

2
Xage(p) (§) = €72 REDONER Y (V).

Choosing the transmissivity parameter \; = e =2 as a function of time, where

¢ > 0 is some constant, we obtain a semigroup of attenuation channels. The
generator of this semigroup given in (12) has parameters vy = ¢ (coth(3/2) — 1)
and v; = c(coth(8/2) + 1). Note that for the special choice of ¢ = sinh(3/2)
we have vy = e /2 and v, = ef/2. This semigroup of attenuator channels is
sometimes called the quantum Ornstein—Uhlenbeck semigroup.

Amplifier channels can be described by replacing the beam splitter uni-
tary in the above model by a two-mode squeezing unitary to get

O3 (p) = trz (Uas a0 @ 00)Us 5 ) (14)

where A > 1 is the squeezing parameter. In this case, the relation between
input and output characteristic functions becomes

1co B 5
X<I>§\tt(p)(£) — 6_1 th(8/2)(A—1)|€| Xp(\/Xg)

Choosing A\ = e2* with ¢ > 0 to be a function of time, we obtain a semigroup
with the generator corresponding to parameters vy = ¢ (coth(8/2) + 1) and
vy = c¢(coth(5/2) — 1) in (12).

Additive-noise channels can be modeled by applying a displacement oper-
ator whose parameter is chosen at random according to a Gaussian probability
distribution:

2

= /6_%|£|2D5ng d%e.

™

This channel in terms of characteristic functions can be written as

Xaaaa(p)(§) = e 3y (6).

Again, by setting v; = 2¢t with ¢ > 0 we obtain a semigroup whose generator
given by (12) has parameters vy = 14 = ¢. This semigroup is sometimes called
the quantum heat semigroup.

We emphasize that by the above discussion any single-mode phase-covariant
channel (11) can be viewed as a member of one of the above three semigroups.
The point is that, the above choices of parameters \;,y; cover all the valid
ranges of A,y in (11).

add _
q)'y (p) -
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In this paper, we also consider m-mode bosonic systems, described by
m pairs of annihilation and creation operators {aj, a}, o, am,al } satisfying
[a;,a;] = 0 and [a;, a}] = 0, ;. Vectors of the associated tensor product Hilbert
space can be expressed in terms of m-mode number states {|nq,...,ny,) :
ni,...,ny, > 0}. Also, the characteristic function for an m-mode state p is
given by x,(§) = tr(ng), where £ = (§1,...,&m) € C™ and D = D¢, ®
-+ ® Dg, . As in the single-mode case, physical multimode states p consid-
ered in this paper have finite mean photon number: tr(pH,,) < +o0o, where
H,, = Z;n=1 a;aj is the m-mode number operator. The definitions of Gaussian
channels and unitaries can be extended to the multimode case. Any Gaussian
unitary can be decomposed into displacement operators, multimode passive
transformations, which preserve the mean photon number, and single-mode
squeezing transformations; see [41] for more details.

3. Meta Log-Sobolev Inequality

As discussed in the previous section, all the Lindbladians associated with
single-mode phase-covariant channels have the form £ = vyLy + v, L1 for some
Vg, 1 > 0 where
1 . 1 .
Lo(X) = i{aaT,X}—aTXa, L(X) = §{aTa,X}—aXaT. (15)
Let (-,-) denote the Hilbert-Schmidt inner product:
(X,Y) =tr(XTY).

Also, let L* be the adjoint of the generator £ with respect to this inner product:
(X, L(Y)) =(L£*(X),Y). Indeed, L* is the generator in the Heisenberg picture
given by

LX) = V()(%{aaT,X} — aXaT) + 1 (%{aTa,X} — aTXa>.

Let p > 1 and p be the Hélder conjugate of p given by

1 1
-+=-=1
p p

Then, for any single-mode quantum state p define
Y(p) = p(L(p"/?), p"/?) + wir(pa'a) + S(p)
= 5(1{Lo(p7), M7} + w1 (L1(p7), pM17)) + whx(pala) + S(p). (16)

where w > 0 is a fixed parameter and S(p) = —tr(plog p) is the von Neumann
entropy of the state. The factor p in the first term of Y(p) is for the sake of
normalization in the limiting case of p — 17. Indeed, since L*(I) = 0, we have

lim p{L(p"P), ") = pgr{1+ﬁ<p1/p,£*(p1/ﬁ)> = (p, L*(log p)) = (L(p),log p).
Thus, by convention for p =1 we let ﬁ(ﬁ(pl/p),pl/ﬁ> = (L(p),log p).

6If p =1, we let p = 4-o0.
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A straightforward computation verifies that
Tlr) = ﬁ(”“ [tr(PaaT) - tr(ﬂl/papl/ﬁaT)} + 1 [tr(pafa) _ tr(pl/Panl/ﬁa)]>

—|—wtr(paTa) + S(p). (17)

We may think of this equation as the starting definition of Y(p). In Appen-
dix B, we show that if p has a finite mean photon number, then all the terms
in the above equation are finite and Y (p) given by (17) is well defined.

One of the main technical contributions of our work is that the infimum
of Y(p) over states p is achieved at single-mode thermal states. To this end,
it would be beneficial to compute Y(p) for thermal states. Using (17), for a
single-mode thermal state,”

T=1=(1—2)) a"n){nl,
where we put 0 < z = e™# < 1 in (8), we have
Y(r)=p(1 —xz) Z (Vo(l — 2P (n4+1)z" + 11 (1 — a:_l/i’)mc")

+w(l—2x) ch” —(1-2) Zx" log ((1 — z)z")

51— ) (1/0(1 _ xl/ﬁ)ﬁ + (1 — x*l/ﬁ)ﬁ)

ﬁ -1 —x)ﬁlogx —log(1 — x)

(Vo(l — 2Py 4y (x — ml/p))

T

+w(l—2x)

__PD
11—z

+w

1_m—1_xlogz—log(1—x). (18)

Optimizing over the choice of the thermal state 7, we define

nen := inf  Y(7)

T:thermal

= inf D (yo(l—xl/ﬁ)—&—yl(x—xl/p))

= 1
o<z<1l 1 —x

x
+ w

1_x71_xlogxflog(lfx). (19)

Theorem 1 (Meta log-Sobolev inequality). For any vg,vi,w > 0 and p > 1
define Y(p) by (16). Let nen be the infimum of Y(7) over thermal states as

in (19). Then, for any single-mode quantum state p with finite mean photon
number we have

Y(p) = nen- (20)
The proof of this theorem is broken into two steps:
"Hereafter, we use 7 to denote a thermal state on which we optimize, and save o = og

for the reference thermal state in our description of phase-covariant Gaussian channels; see
equations (13) and (14).
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(i) The first step is to reduce the problem for arbitrary states p to states
that are diagonal in the Fock basis. To this end, we use ideas developed
n [14]. We show that, fixing the eigenvalues of p and rotating its eigen-
basis, we can obtain a diagonal state p that satisfies T(p) > Y(p). We
then conclude that diagonal states are sufficient when minimizing Y(-).

(ii) In the second step, we show that the optimal diagonal states are thermal.
The proof idea in this step is extracted from tensorization type arguments.
Tensorization was first used by Gross [25] for proving his celebrated log-
Sobolev inequality. The idea in [25] is that by the central limit theorem,
an expectation value with respect to a Gaussian distribution can be un-
derstood as the limit n — +o00 of the expectation value of some lifted
function on the product space {0,1}" with respect to a product proba-
bility measure. Here, being interested in thermal states, our distributions
of reference are geometric distributions, and geometric distributions can
be understood in terms of the first success in a sequence of indepen-
dent Bernoulli trials. Thus, it is natural to employ a tensorization type
argument in order to reduce the optimization over general single-mode
diagonal states to thermal ones. In our proof, we do not directly refer
to Bernoulli trials, yet our intuition on why and how it works is really
rooted in a tensorization argument as described here.

Proof. (i) In the first step of the proof, we show that for any state p, there is
a state p that is diagonal in the Fock basis and satisfies T(p) > T(p).
Let

o0
n=0
be the eigen-decomposition of p where \yg > A\; > -+ > 0 are the eigenvalues of
pand {|[¢,,) : n > 0} is its eigen-basis. In this case, there are r, = Ay —Ap41 > 0
such that

o0

P:ZTkPka

k=0

where Py, = Zﬁ:o [t ) {1y, | is the projection operator on the first k + 1 eigen-
vectors of p. Now we define

o
p= Z eI,
k=0

where IT, = ZZ:O [n)(n| is the projection operator on the first k + 1 vectors
in the Fock basis. We note that by definition, p = >";'_, Ax|n)(n| is diagonal
in the Fock basis and shares the same eigenvalues with p. Therefore, they have
the same entropy

S(p) = S(p). (21)

Next, we note that the infimum of tr(Qrafa) over projectors Q) with rank
k + 1, equals the sum of the first k + 1 smallest eigenvalues of afa, and is
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achieved by Qj = IIi. This implies that the mean photon number of p is lower
bounded by that of p:

tr(pafa) = " rptr(Prata) > > ritr(Tiiata) = tr(pa'a). (22)
k k
We also have
<£o (pl/p))pl/ﬁ> — tr(paaT) _ tr(pl/papl/f’aT)
- tr(pl/ppl/ﬁaaT) _ tr(,ol/papl/’aaT).
We note that p'/? =" A}/p|wn><wn| with )\(lj/p > )\}/p > ... > 0. Then, there
are 7, > 0 such that p'/? = 3, r, ; P;. Similarly, there are 75 > 0 such

that pl/ﬁ = Zk rﬁ,kpk~ We also have ﬁl/p = Zk Tp7k»Hk and ﬁl/ﬁ = Zk Tﬁ7ka.
Therefore, we have

<£0( 1/17 1/1’ er,k Tpé( P Pyaa ) - tr(PkaPZaT))

= Z Tp,k Tp, e( P, Pyaa ) —tr (PkanaT))
k>

+ Z Tp,k TpL (tf(P;gPeaa‘L) —tr (PkanaT ))
k<t

= Z Tpk Tp.e (tr(Pgaaf) —tr (PkanaT))

k>¢

+ Z Tpk Tt (tr(PkaaT) — tr(PkanaT))

k<t
2 Z T,k Tt (tr(PeaaT) — tr(anaT))
k>t
+ Z Tp.k Tp,e (tr(PkaaT) _ tr(PkaaT)) 7
k<t

where in the last inequality we use Py, P, = I. Thus, using the commutation
relation [a,af] = 1, we get
(Lo(pP), 7y =3 " rpprpete(Pe) = > rp i rpe(k+1).
k>t k>0

Repeating the same computation for p, we observe that the support of all,af is
included in the support of 11, if £ > £. This implies tr (HkaHgaT) = tr (aHgaT).
Similarly, if & < ¢, then the support of a'Il,a is inside the support of II,,
which implies tr (HkaHgaT) =tr (aTHkaHg) =tr (HkaaT). Therefore, we have

(Lo(p'7), 0Py =3 " rprpa(k+1) = (Lo ('), 5V/7). (23)
k>¢
By using the same argument, we also have

(L1(pV/7),017) = (L1 (p1/7), 51/7). (24)
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Putting (21)—(24) together and using the fact that vy, v, w > 0 we conclude
that Y(p) > Y(p) for p > 1. The same inequality for p = 1 is obtained by
taking the limit p — 17. Therefore, to prove Y(p) > n, in Theorem 1, it
suffices to restrict to diagonal states in the Fock basis.

(ii) We now, in the second step, show that the optimal diagonal states that
minimize Y (p) are thermal. Let

p=2> Auln)(nl,
be the eigen-decomposition of p. A straightforward computation yields
T(p) =5 (voln+1) (An = M/PALE) +van(An = ANV

Fwd nAy =Y Anlog . (25)

By the definition of 7y, in (19), for any 0 < 2 < 1 we have®
nen(1—1x) Sﬁ(yo(l—xl/ﬁ)—kul(x - xl/p)> +wz —xlogr — (1 —x)log(l — x).

For any ¢ > 0 let

o'}

Z Se+1
Sy = )\n, Ty = 87
n=~_ ¢

We note that sy = A\ + s¢41 and 0 < zp < 1. Therefore,
Nen(l — ) < ]5(1/0 (1 — xz/ﬁ) + 11 (x — x;/p» + wxyp
—xplogay — (1 — ) log(l — xy).

Multiplying both sides by sy, and summing over £, we obtain

men »_ se(1— ) < se(uo(l—xé/ﬁ) +y1(xz_x;/l’))
=0 =0

+ wz STy — 285(1'4 log z¢ + (1 — x¢) log(1 — ).
=0 =0

(26)

We compute and estimate each term in the above equation as follows. First,
we have

284(1 — xy) ZZ/\g =1.
£=0

£=0

8Here, we take the limits  — 07 and 2 — 1~ to include the boundary values.
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Second, by applying Hélder’s inequality, we obtain

o0

> sl —ayh) = ZS@ Z s se)
=0
1/p ; & 1/p
S S (S (S

=0 n=/{ n=4~¢

DI B RYLH

=0 n=¢ {=0 n=~

-3+ 1)(An - A;/PA;/fl). (27)
n=0
Similarly, we obtain

Z se(xe — xé/p) < Z n(A, — )\i/p/\i/fl).
£=0 n=0
We also have

oo oo
IS SRS B BRI SO
£=0 =0 n=¢+1 n=0

Finally, the last term of (26) becomes

(oo}

Z Sy (I@ log xy + (1 — I@) log(l — Ip))
£=0

8€(8e+1 log 261 Se41 | Ao, N )

+ = log
Sy Sy Sy 85

M

~
Il
o

(Se+1 log s¢y1 — ser1logse + Aglog Ay — Aglog Sz)

M

~
Il
o

(SZJrl log s¢y1 — selog sy + Aplog Az)

M

£=0
o] k—1
= Z Aelog Ay + kEToo Z <Se+1 log s¢y1 — selog Se)
£=0 =0
= Z)\[ log Ay — sg log sg + hm sk log sy,
£=0
= Z Arlog Ay,
£=0

where in the last line we use sg = Zn An = 1 and limg_, 4o s = 0. Using
these equations in (26) and compared to (25) we arrive at Y(p) > 7n.
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The proof for p = 1 is similar; we only need to replace the Holder in-
equality in (27) with

(o)
—splogwe <Y An(log Ay —log Ani1),
n=>~¢

that is derived from Holder’s inequality by taking an appropriate limit.? O

We remark that in part (ii) of the above proof, when the diagonal state
p is thermal, the parameter z, is independent of ¢. Moreover, in this case, the
Holder inequality applied in (27) is tight.

Note that our meta log-Sobolev inequality can be viewed as a generaliza-
tion of a log-Sobolev inequality introduced in [17, Theorem 3.1] which holds
only for the generator of the quantum-limited attenuator channel.

3.1. Meta Log-Sobolev Inequality for Multimode States

For some applications, it is useful to consider the function Y(-) in the multi-
mode case and prove a generalization of Theorem 1 for multimode quantum
states. In this subsection, we establish such a generalization but for the special
cases of multimode states that can be prepared by applying a Gaussian uni-
tary on multimode states that are diagonal in the Fock basis, which include
all multimode Gaussian states, and multimode states that can be prepared by
applying a passive Gaussian unitary on any product state.

For any m-mode quantum state p with finite mean photon number define

p 5 W — 1
Z (p'/7), p"7) + o > tr(pala;) + —5(p), (28)
j=1
where as before vy, v1,w > 0 and £; = 9Ly j+v1L4 ; is the Lindbladian acting
on the j-th mode. Note that we still use T(p) = T1(p) for the single-mode case.
To establish our results on the m-mode generalizations of Theorem 1, we first
state a lemma.

Lemma 2. For any m-mode state p the followings hold:

(i) Letp' = Dngg where D¢ = D¢, @ ---®@ Dg, is an m-mode displacement
operator. Suppose that tr(pa;) =0 for all j. Then, T, (p") > Ti(p).

(ii) Let p' = UpU' where U is a passive transformation, i.c., U is a Gaussian
unitary that commutes with Hy, =3 a;aj. Then, T, (p") = Th(p).

; + o lz,r,.(a2,(af)2) . .

(iil) Let p' = SppSI where S, = e2 2" &™\&)) s 4 squeezing transfor-
mation. Suppose that tr(pa3) = tr(p!/Pa;pt/Pa;) = 0 for all j. Then,
Tr(p') = Tm(p).

Proof. gl) We note that Dgang = a; + ;. Therefore, Dga;ang = a;aj +

Qa} + &;a; + |€;]?. Moreover,

tr(p'ala;) = tr(pDfala,D¢) = tr(pala;) + |,

9This inequality can also be derived from the non-negativity of the Kullback-Leibler
divergence.



S. Beigi and S. Rahimi-Keshari Ann. Henri Poincaré

where for the second equality we use the assumption tr(pa;) = 0. We similarly
have

tr(p’l/pajp’l/ﬁa;) = tr(pl/pajpl/i’a;) + €512
Therefore, we have
(Lo(pV/?), pVP) = tx(pazal) — tr(p"Pap Pal) = (Lo (0V/7), p1/7).
By using similar computations, we can also show that (£ (p’l/p),p'l/ﬁ> =

(L1,;(p"/P), p*/P). On the other hand, S(p') = S(Dngg) = S(p). Putting
these together, we find that

To(p) = Yonlp) + DI > L)

(ii) For any passive transformation U, there is an m x m unitary matrix (u;g); &
such that UTa;U = Y, u;ray. Employing this relation yields

Ms

(pUT 'UUTaU Z ujkujk/tr(pakak/)
kK =1

m
> tr(p'ala;) =
j=1

<.
Il
-

tx(pala),

M-

>
Il
—

where we used > Uikl = Ok k- Applying similar computations, one can also
verify that (L ;(p'V/P),p't?) = (L ;(p'/P), p'/?) for b € {0,1}. Therefore,
using these relations together with S(p’) = S(p), we obtain Y,,,(p") = Thu(p).
(iii) The proof of this part is more involved. First, we note that Sja;S, =
cosh(r;j)a; — sinh(rj)a;, which using cosh®(r;) — sinh®(r;) = 1 implies

STaTa]ST —al a5 + sinh? (rj)(a a; +aja ;f) — cosh(r;) sinh(rj)((aj-)2 + a?).
(29)

Using these relations and applying the assumption on p, we find that

(Lo (p'77).p"M7) = (Lo (7). P'7)
+ sinh®(r) (tr(pafay) + tr(pajal) — tr(p'/a;p'/7al)

_ tr(pl/pa}pl/ﬁaj)).
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Let p = >, A|tw)(¥x| be the eigen-decomposition of p. Then, by Young’s
inequality we have

tr(pl/pajpl/ﬁaj-) + tr(pl/pa}pl/ﬁaj)
p 5 2
= Z (/\116/17/\2/17 4 /\Ilc/P/\é/P)Kwk'a]‘wD‘
K,

1 1 1 1
> ; (];/\k + 5)\6 + ]*3/\k + 5)\6) ’<¢k|aj|wé>‘2

’ 2

=3 (A + A0 [(Wnlaylebe)
k4

= > Nellallon) |+ - Alaslen)|”
k 4

= tr(payal) + tr(pala;).
Therefore, we can see that

(Lo (7). pMP) > (Lo 5 (p"7), 0"7),

and similarly (£ ;(p"/?),p"*/?) > (L1 ;(p*/?), p'/P). Moreover, once again
using (29) we have

tr(p'Hy,) = tr(pHp,) + Zsinhz(rj)(tr(pa}aj) + tr(paja})) > tr(pHp).
J
We also have S(p’) = S(p). Putting these together we arrive at Y,,(p") >
Ton(p)- O

Theorem 3. For any vo,vi,w > 0 let ny, be given by (19). Then, for any
multimode state p' = Ug pUCT; where Ug is an m-mode Gaussian unitary, we

have
Tm(p/) 2 Tlth, (30)
assuming that one of the following conditions is satisfied:
(a) p=p1 @+ ® pm is a product state and Ug is passive.
(b) p = pdiag ts diagonal in the Fock basis.

Proof. We first note that by the definition of Y,,(-) and using Theorem 1 we
have

1
T(p1® @ pm) = EZT(PJ') > Tth-
J

Then, (a) follows from part (ii) of Lemma 2. To prove (b), we use the Bloch-
Messiah decomposition to express the Gaussian unitary Ug as Ug = D:US,V,
where D¢ is a multimode displacement operator, U,V are passive Gaussian
transformations, and S, is a product of single-mode squeezing transformations
[41]. Therefore, the multimode state can be written as

p = DcUS,V paingV'SIUT DL,
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where pgiag is diagonal in the Fock basis. We use this expression to prove (30)
in the following steps:

— By Theorem 1, the meta log-Sobolev inequality holds for all single-mode
diagonal states. Then, applying a standard tensorization argument in the
classical case, i.e., using the chain rule and the concavity of the entropy
function (see, e.g., [38, Proposition 3.7]), we find that Y., (pdiag) > 7th-
Then, by part (ii) of Lemma 2, we have Tm(VpdiagVT) = Y0 (pdiag) >
Tth-

— Next we use part (iii) of Lemma 2 to establish (30) for S,V paiagV TS].
To this end, we need to verify the required assumptions tr(VpdiagVTa?) =
tr((VpdiagVT)l/paj(VpdiagVT)l/ﬁaj) = (0. We note that tr(VpdiagVTa?) =
tr(paiag(V'a;V)?) and V'a;V = >, vjray is a linear combination of
ay’s. Moreover, tr(pgiagaray ) = 0 for any k, k' simply because paiag is di-
agonal in the Fock basis. Therefore, we have tr(VpdiagVTa?) = 0. By the
same argument, we also have tr((VpdiagVT)l/paj(VpdiagVT)l/ﬁaj) = 0.
Hence, Tm(SrvpdiagVTSI) - Tm(vpdiagVT) - Tm(pdiag) Z Tth-

— Once again, using part (ii) of Lemma 2 we find that (30) holds for
USTVpdiE,LgV‘LSIUJr since we have already verified it for STVpdiagVTSI
and U is a passive transformation.

— Finally, we note that V1SIUTa;US,V is a linear combination of a;’s and
a;’s. Moreover, tr(pgiagar) = tr(pdiagai) = 0. Therefore, tr(US,V pdiag
ViSiUta;) = 0 for all j. Thus, by part (i) of Lemma 2, inequality (30)
holds for p = DgUSTVpdiagVTSIUTDg. O

Notice that Theorem 3 implies T, (p) > nen for all multimode Gaussian
states. The point is that by Williamson’s theorem any Gaussian state can be
transformed into a tensor product of thermal states using a Gaussian unitary,
and thermal states are diagonal in the Fock basis [41].

4. Log-Sobolev Inequalities for the Quantum
Ornstein—Uhlenbeck Semigroup

As discussed in Sect. 2, the semigroup of attenuator channels is sometimes
called the quantum (bosonic) Ornstein—Uhlenbeck semigroup.!® In this section,
we explicitly compute the optimal p-log-Sobolev constant for this semigroup
for any 1 < p < 2, and derive a quantum variant of the celebrated log-Sobolev
inequality of Gross [25]. Due to the equivalence of log-Sobolev inequalities and
hypercontractivity inequalities for quantum Markov semigroups [2,35,39], our
results provide the optimal hypercontractivity inequalities for the quantum
Ornstein—Uhlenbeck semigroup.

10The quantum Ornstein-Uhlenbeck semigroup restricted to a certain subspace of operators
resembles the classical Ornstein—Uhlenbeck semigroup [9, Equation (7.5)].
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We need to develop some notations to present our results. Let ®; = e~ ¢

be the quantum attenuator channel with

1 1
L(p) = e*ﬁ/z(ﬁ{aat p}— a‘Lpa) + eﬁ/z(i{aTa,p} - apat>, (31)

where 5 > 0 is some parameter. The adjoint of the channel with respect to the
Hilbert—Schmidt inner product is denoted by ®; and describes the evolution
in the Heisenberg picture. Then, ®f = ¢~**" where!!

LX) = efﬁ/2<%{aaT,X} —aXaT) +eﬂ/2(%{aTa,X} —aTXa>.

The semigroup {®; : ¢ > 0} has a fixed point which we denote by ¢ = og:

c=05=(1—e")> e n)(nl|.
n=0

Then, it is natural to define a weighted inner product with respect to this
state:

(X,Y), =tr(c"/?XT0?Y) = ([, (X),Y), (32)
where
I, (X)=o'/?Xc'2

We emphasize that the weighted inner product (-,-), should not be confused
with the Hilbert—Schmidt inner product (-, -) that has no subscript. This inner
product induces the 2-norm

I1X13., = tr(|TY2(X))?) = tr(lo'/4 X o' /4?),

where |Y| = VYTY. It can be verified that £ =T, 0 L* o', ! and that £* is
self-adjoint with respect to this weighted inner product. Thus, we may consider
the Dirichlet form associated with £* given by

Exp) = (L7 (o). L7 0T (p7)) .

Here, p > 1 and the case of p = 1 is understood in the limit as
1
Eip) = 1( log p —loga, L* o T (p)) .

Now, a p-log-Sobolev inequality with parameters ¢ > 0 takes the form:

eD(pllo) < & (p), Vo,

where D(p|lo) = tr(plogp) — tr(plogo) is Umegaki’s relative entropy. The
optimal constant ¢ for which the above inequality holds is usually denoted by
ap, i.e.,

&(p)
a, = inf =2 ,
"0 D(p|o)

111n the literature of log-Sobolev inequalities usually £ is the generator in the Heisenberg

picture and L£* is the generator in the Schrédinger picture. Here, we change the notation
since we started with channels in the Schrodinger picture in previous sections.



S. Beigi and S. Rahimi-Keshari Ann. Henri Poincaré

where the infimum is taken over all states with finite mean photon number.
We note that, as it will become clear in the proof of the following theorem,
similar to Y(p), €,(p) is well defined for any state p with finite mean photon
number.

Theorem 4. For any 8 > 0, the p-log-Sobolev constant of the quantum Ornstein—
Uhlenbeck semigroup is given by

oy = %e,@/z(l _ efﬁ/p) (1- e*ﬁ/ﬁ), (33)

if p>1and oy = limy,_, 1+ o = %Sinh(ﬁ/Q)-

Proof. We note that o®a = e*?ac® for every s, and ¢ commutes with afa.
Then, for a single-mode state p we have

Enlp) =2 (Ta7 (pF),£7 o T4 7 (o))

9 1 _1
Burtocorsteh

= % (6_6/2 [tr(paaT) — tr(pioﬁaa_ﬁpia_iaﬁaﬁ)}

o

+ €82 {tr(paTa) — tr(pzlﬁazlpaTa_%’pzl’a_é’aa;v)D
= pzﬁ (6’8/2 [tr(paaT) - e%tr(p%ap%at)]
+ f/? {tr(paTa) - egtr(pzlﬁanrl)a)D
= 5(h{Lo(p"/), /7Y + V1 (L1 (7). p1/7))
+w’tr(paTa)+%(6_5/2—6_(%_%)6), (34)
where Ly, £; are given in (15) and

y(’] = ge(%ii)ﬁi yi = 267(%7%)6

)

4
— %65/2(1 — e PP (1= e P/P).

W =B (o2 g iz o(11)0 o= (5-1)9)

On the other hand, since o = (1 — e‘ﬁ)e_ﬁafa, we have
D(pllo) = tr(plog p) — tr(plog o) = —S(p) + Bx(pata) — log(1 — e~9).

Putting these together, we find that for «, given by (33) we have

~-Eol0) ~ Dlpllr) —loa(1 — o) = B (72— o= (171)9) — (),
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v

where Y(p) is given in (16) with vy = =%, 1y = 2L and w = £ — § = 0.
P P

Therefore, to prove the theorem we can use Theorem 1 to conclude that it

suffices to show that for any thermal state 7 we have

D(r|lo) < &(7), (35)

where oy, is given by (33), and it is the best possible such constant.
By the above computations, we have

Ep(T) = % <eﬁ/2 [tr(TaaT) - e%tr(T%ap%aT)}

+ P/2 [tr(TaTa) - egtr(T;aTT;a)D
= pzﬁ ((eﬂ/2 + 6_5/2)tr(TaTa) +e P2 eﬁ(% %)tr(TPanaT)

_ B3

M\»—l

)tr(TPaTTPa)>

Here, for convenience we use a new parametrization for thermal states:
2 2n
)Yy n)(n
n

Using this, we have

2
tr(ra’a :y7’ Tlog T Y log y? + log(1 — y?),
1— 9?2 — 2
2 2
141 yr 1401 y?r
I‘(Tpa Tl’a) T2 I‘(TPa Tpa) T2
Therefore, we get
___pp 812 | ~B/2), 2 —B/2¢1 _.2y_ B(L-%) 2 p(i-1) 2
5P(T)_4(1_y2) ((e +e )y +e (1 y) e \r 2/yp e \p 2/ yp
= 717]5 eﬂ/2y2+675/2—eﬂ(%*%)y% —eﬁ(%7%>y%
41 —y?)
_ PP g,z -B\N(2 &
RN (7 =) (v —<77).

We also have

D(r||o) = tr(rlogT) + Btr(Ta a) —log(l—e B)
=7 _1y2 (yQ logy® + (1 —y*) log(1 — y°) + By” — (1 — y°) log(1 — e—ﬂ))

— sd(y°le™”),
1-y

where d(y?|[2?) = y*log y* + (1 —y?) log(1 —y*) —y® log 2° — (1 —y*) log(1 — z?)
is the binary relative entropy function. Hence, (35) is equivalent to ¢(z,y) >0
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for all 0 < z,y < 1 where 22 = ¢~” and

o) = (1=2) 2 — (=) D(r o)
B UL )

(1=eF) (1= %)

Now the idea is to fix y and think of ¢(z,y) as a function of z. It is shown in
Appendix C that

20((1 =) (-9 F - od) 4 (1 ah) (1 0h) (e} o)
(1—a2)(1—ar)(1—as)
QxZ(l—yi)(a:?’—y?’)< log 2 )

x(l—x%)(l—x%)
2 2 2 2
2275 (1 —ys)(xr —yr 1
2w yz)(w E )(A ogx% +1>. (36)
z(l—2?)(1—a?) p(l—a?)
We argue that this derivative vanishes on the interval (0,1) only if x = y.
To this end, we use logt <t —1for 1 #1 € {x%w%} to conclude that for

O<z<l,
1 2 1 2
(OngH),(A“”zH) > 0.
p(1—zr) p(l—x?)

Therefore, (f—md)(x,y) is nonzero for 0 < z # y < 1 and its sign depends on
whether x > y or x < y. In fact, if 0 < 21 <y < 29 < 1, then

d d d
£¢>(x,y) < aﬁﬁ(l‘ay) =0< @fﬁ(%y)

Thus, the minimum of ¢(z,y), as a function of z, is achieved at x = y and we
have ¢(y,y) = 0. This means that ¢(z,y) > 0 for all 0 < z,y < 1, and (35)
holds for any thermal state 7. Also, the limiting case of y — 1~ confirms that
the constant o, in (35) is optimal. O

d

1—xr'

r=x T=y T=xo

We remark that some authors define the quantum Ornstein—Uhlenbeck
semigroup by considering arbitrary parameters v, vy satisfying 1 > vy > 0,
while here we study only the case of vy = Vfl = e #/2, Nevertheless, by a
rescaling argument all the log-Sobolev constants of these semigroups can also
be computed using Theorem 4.

Extending the definition of the weighted 2-norm, for any p > 1 we may
define

Xl = te([rE O[) )

We let L,(0) to be the closure of the space of bounded operators under this
norm.

The following corollary is a consequence of the above theorem, and [39,
Theorem 3.8] (see also [2, Theorem 11]).
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Corollary 5. Let &, = e~ ** where L is given by (38). Also, let ®f = et
Then, for any 1 < ¢ < p < 400 and operator X € Ly(o) we have
p—1

1
Vt > — log ——
- 4&2 8

127 O, < [1x1], 1

where cg = %sinhz(ﬂ/ll).

Proof. Tt is well known that it suffices restrict to operators that are positive

semidefinite (see, e.g., [2]). For p > ¢ define t(p) := ﬁ log Z_;} and note that

t(q) = 0. For a positive semidefinite operator X let X, := @7 (X) and define
f(p) = 1 Xpllp.c — 1 X|lq,0. Our goal is to show that f(p) < 0 for any p > g.
To this end, since f(q) = 0, it suffices to verify that f’'(p) < 0. Computing the
derivative (see the details in the proof of [2, Theorem 11]) we find that

, 1 . 1
1'0) = 51X (Dlopllo) = =E(00)),

where
1

— 1/p P
pp 1= o TP (X, )P,
" Xolpe ?

It is shown in Appendix D that «, > a9 for all p. Then, the negativity of f/(p)
follows from the log-Sobolev inequality of Theorem 4.

For the above argument, we need to make sure that ®7(X) is a well-
defined operator. To this end, we notice that the quantum Ornstein—Uhlenbeck
semigroup satisfies the Feller property with respect to the algebra of compact
operators [9, Theorem 5.1]. In particular, ®}(X) is a well-defined compact
operator if X is compact. Thus, as also done in the proof of [39, Theorem 3.8],
in the above argument we may restrict to compact operators X, and after
proving the inequality for such an operator, generalize to arbitrary X € Lq(0)
by a continuity argument. We also note that since o is Gaussian, when X is
compact and then bounded, the corresponding density operator p, in the above
argument has a finite mean photon number. Thus, the log-Sobolev inequality
of Theorem 4 can indeed be employed. O

4.1. Log-Sobolev Inequality for Multimode States

It is well known that log-Sobolev constants for classical Markov semigroups sat-
isfy the tensorization property, meaning that for generators Ky, Ko of two clas-
sical Markov semigroups we have a,(K1 @I +1®K3) = min{a, (K1), a,(K2)},
where K1 ® T + 7 ® Ko is the generator of the tensor product semigroup
{e7"®1 @ et 2 : ¢ > 0}. This tensorization property is known only for some
special quantum Markov semigroups; see [2] and references therein for more
details. Thus, a natural question is whether the tensorization property holds
for the quantum Ornstein—Uhlenbeck semigroup. To explore this problem we
first develop some notations.
For parameters 31,..., 0, > 0 let

L=Li+ -+ Lo,
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be the generator of an m-mode quantum Markov semigroup where

'y 1
£5(0) = (S {asal, o} — alpay) + %L falay, X}~ ajpal).  (39)
Then, the quantum channels

B, ==t g...ge thn

)

form an m-mode semigroup. The fixed point of this semigroup is
0=05 0 ®0g,,
and its corresponding Dirichlet form is equal to

) = PR (15H (p3). B o 5 (08)) = PRS0 (15 (oh). 45 o5 (oh))
j=1

o

Now, as in the single mode case we are interested in the p-log-Sobolev constant

Ep(p)
a, = inf ————
" D(pllo)”
Assuming that the optimal states in the above optimization problem are
Gaussian, the following corollary is an evidence for the tensorization property.

Corollary 6. Suppose that 51 = -+ = B, = 8. Then, for any m-mode Gauss-
ian state p we have

D(pl[3) < &, (p),

where oy, = %265/2 (1—e=P/P)(1—eP/P).

Proof. This is a direct consequence of Theorem 3 as well as Theorem 4 and
its proof. O

Our next goal is to prove a lower bound on @y which probably is not
optimal, yet may be useful for some applications. To this end, it is useful to
consider a correspondence between density operators p and positive semidefi-
nite operators X as follows:

X =T=Z 1/2( 1/2).

Then, we note that | X2 . = tr(p) = 1. Indeed, I‘;l/z is an isometric embed-
ding of the space of Hilbert—Schmidt operators into Ly (7), the Hilbert space
of operators equipped with norm || - ||2 7. With this correspondence, we have

Ep) = <X, Z*(X»g

From this equation, we realize that the spectrum of L* is a relevant object in
the study of the Dirichlet form. Here, we consider L* as an operator acting
on the Hilbert space Lo(c). We note that, since 8 is a Gaussian state, any
operator X that is a polynomial of operators a;,a y belongs to Lo(c). Letting
P be the space of these polynomial operators, we find that indeed P C L2(0)
is a dense subset. Moreover, by definition, L* leaves this subspace invariant:
L*(P) C P. Thus, the domain of £* contains the dense subset P [9]. In the
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following proposition, we summarize Theorem 7.2 of [9] regarding the spectrum
of L* acting on Ly (7), and for the sake of completeness present its main proof
idea in Appendix E.12

Proposition 7 [9]. Consider L* as an operator acting on the Hilbert space
Ly(G) equipped with norm | - |l2,5. For z1,...,2m € C with |z;| = 1 de-
fine the quadrature operator qj., = %(zja;r- + Zja;). Also, for any j, let

{hjk,(t) = kj >0} be the set of Hermite polynomials specified by

Zk' jk (39)

Then, for any tuple k = (k1,...,km) of non-negative integers, the operator
Vi i= @1y hjn,; (qj,z,) is an eigenvector of L* with eigenvalue Y77, sinh
(Bj/2)k;. Moreover, these operators (and their appropriate linear combina-

7cnth([i /2) 2

tions) are all the eigenvectors of L*.

For any ¢ = (01,...,0,,) € Z™, let Fy C Lo(0) be the space of operators
X such that [|X|l27 < +oc0 and for any n = (n1,...,n,,) their matrix entries
in the Fock basis satisfy

n1,..onm|Xng + 01, ...,nm + £,) =0, VO £ L.
Then, any operator X with || X |2 5 < 400 can be decomposed as
X=> X X, € Fy. (40)
tezm
Following [6] we call (40) the diagonal decomposition of X. A crucial prop-
erty of the diagonal decomposition is that F;’s are orthogonal subspaces, and

(Xo, Xp)s = 0if £ # £'. This is a consequence of the fact that ¢ is diagonal in
the Fock basis.

Corollary 8 [9]. For any ¢ € 7™ the subspace Fy is invariant under E*, and the
eigenvalues of L* restricted to F; are contained in {ZJ sinh(B;/2)k; : k; >
|0;]}. In particular, for any X, € Fy we have

(X sub3/2161) il < (X0 2 (X0),

Jj=1

Proof. The fact that £*(F;) C F is easily verified using the definition of £*.
Therefore, considering the diagonal decomposition V, = 3", Vi ¢ of the eigen-
vector Vj, defined in Proposition 7, we find that if V; , # 0, then it is also an
eigenvector of L* with the same eigenvalue as that of Vj. On the other hand,
by definition, V}, is a polynomial of degree k; in terms of a; and a;. This means
that we have V4, o = 0 if |¢;] > k; for some j. We also note that since by Propo-
sition 7, the closure of the span of V}’s is the whole space Lo(7), the closure of

121n fact in [9], the spectrum of F;/Q oL* o F;1/2 as an operator acting on the space of
Hilbert—Schmidt operators is computed.
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the span of operators Vi ¢, equals Fy. Indeed, Fp = span{Vy ¢ : k; > |{;|,Vj}.
Putting these together the desired result is implied. O

To state our next lemma, it is convenient to extend the definition of the
entropy function for operators that are not necessarily normalized. For any

positive operator X = F;l/ %(p'/2) where p is a density operator, we define
Ent; 5(X) = D(p|9).
Extending this definition to non-normalized operators satisfying || X|l25 <

400, we let

X
Entz&(X) = HX”%a Ent&& (W) .

The significance of this entropy function is in its connection to the derivative
of p— || X||5 at p =2 for which we refer to [2,35,39].

Lemma 9. Let X be a positive operator satisfying tr (pHm) < 400 where p =
1“;/2()()2 and H,, = Z;”:l a;[.aj is the m-mode number operator. Then, for

any vector w = (wy)e of positive real numbers we have

Enty5(X) <> (log |w]|3 —logw?) [ Xell3 5 + Y Ento s (I22(Xs)),  (41)
0 4

where Xy’s are given by the diagonal decomposition X =, X, with X, € Fy.
Also, Ino(Xy) = T3 2 (|TY2(X0)]) and [Jw|3 = 3, w?.

Proof. Fix a finite subset S C Z™ satisfying —¢ € S for all £ € S. For some
technical reason, in the following we restrict to the subspace of operators X
satisfying Xy, = 0 if £ ¢ S. Later, we will relax this assumption.

For any z € C define the map T, by

T.(X) =) wiXe,
J4

where as before X =", X/ is the diagonal decomposition of X. Note that by
the above assumption this sum is indeed a finite sum and over £ € S. By the
orthogonality of the subspaces F; for any ¢t € R we have

. 2 .
|7 (X055 = | witxe], . = Sl 1XelE o = D IXel e (42)
14 ’ L 14

Next, recall the definition of norm || - ||, given by (37). Using the triangle
and Cauchy—Schwarz inequalities, for any ¢ € R we have

. 2
[T CONZ, 5 = || Do wit x|
7 00,0

. 2
< (3 w1 Xl

14

< (X uf) (X1l s). (13)

L
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For any 1 < p < +oo define

1/2
1XIp = (3 1Xe25)
14

It is well known and can be easily verified that || - |2, 5 satisfies the triangle
inequality and is really a norm. Moreover, these norms form an interpolation
family [40]. Now, with this notation, (42) and (43) imply that

T3t (2,2,6)—2,6) = 1, T vit |l (2,00,6)— (00,5) < w2, vt € R.
Therefore, by the interpolation inequality [37], we have

1-2
1T1—2/pll2,p,0) = (p,0) < 0]l /p, V2 <p<+oo.

This means that

1-2 1-2 1/2
| i x| <l (1)
4 l

We note that this inequality turns into an equality for p = 2. Therefore, we

must have
d }: 1-2/p d 1-2/p 2: 2\ /2
R X < — . X
dp(” - We “l, —dp lwllz ( - I 5”1’) )

Computing the derivative of both sides by [2, Proposition 3] and using the fact
that X g = X_y, the desired inequality is obtained.

Now we relax the assumption that X, is nonzero only for finitely many ¢.
Assume that X = HX||273F3_1/2 (p'/?) where p is a quantum state with finite
mean photon number, in which case

Enty5(X) = [| X3 5D(pl7) = —IIX

p=2 =2

25(S(p) + tr(plogd)).

Let I be the projection on the span of basis vectors |ny,...,n,,) satisfying
ny+ -+ nm < k. Let X®) = . X and consider the quantum state
pF) = ||X(k)\|2i§]_";1/2 (X(k))2. Observe that Xé’“’ is nonzero only for finitely
many values of £. Then, by the above argument (41) holds for X (¥). Taking the
limit of &k — 400, clearly HXék)HQﬁ tends to || X¢||2,5, which also implies that

the 2-norm of X *) tends to that of X. For the entropy terms, it can be verified
that the mean photon number of p®*) tends to that of p. This implies that
tr (p(k) log7) tends to tr(plog ). Next, using the assumption tr(pH,,) < 400,
we can apply the continuity bound for the entropy function [43, Lemma 18]
to conclude that S(p¥)) tends to S(p). Therefore, Ents 5 (X*) — Ents 5(X)

and similarly Ent, 5 (12’2 (X}’“)) — Enty 5 (12’2 (X¢) as k — 4o0. Putting these
together the desired inequality for X is implied. O

We remark that Lemma 9 holds beyond the diagonal decomposition con-
sidered above and works for any decomposition of the space of operators into
orthogonal subspaces. Thus, this lemma is of independent interest and may
find other applications.
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Theorem 10. For any (31, ..., Bm > 0 we have

__ (24log(2m+ 1) 1 \!
2 Sinh(ﬁmin/Z) Q2 min 7

4sinh?(8;/4) _ 4sinh®(Bmin/4)
Bj B i ’

J min

where Bmin = min; 3; and ag min = min;
Proof. We need to show that

2+ log(2m +1) 1
sinh(Bmin/2) Q2 min

Enty 5(X) < ( ><X, L*(X)),. (44)

for any X satisfying tr (FE/Z(X)2Hm) < 400. We use Lemma 9 for the choice

of wy = e~ 2l where ¢ > 0 and [¢| = Y7, |£;]. We have log ||wl|3 — logw} =

e“+1

<7 and

cll] + mlog

e“+1 9 9

1 X115, + CZ €] - [| Xellz,5 + ZEHtQ,E(IQ,z(Xe))~
¢ ¢

(45)

Ent, 5(X) < mlog

€

Now, since X, € Fy, by Corollary 8 we have

1 1

XE: || - ||X€||§7a§ m ZZ: <XZ,E*(XZ)>3:m<X, 2*(X)>§

Next, using the fact that X, € Fy, it is easily verified that the operator I5 5(X/)
is diagonal. On the other hand, the restriction of L* to diagonal operators is
essentially a classical Markov semigroup for which the tensorization property
holds. Thus, the 2-log-Sobolev constant of L* restricted to diagonal operators
equals the minimum of the 2-log-Sobolev constants of L}’s restricted to (single-
mode) diagonal operators. The latter quantity is computed in Theorem 4.
Putting these together, we conclude that

a2 minEnto 5 (12,2(X¢)) < (I22(Xy), Cr (I2,2(X0)) >3~

Using the above two inequalities in (45), we find that

R e“+1 9 c S
Bta,5(X) < mlog X35 + or—rn (X, 27 (X),
F e 2 (X0, £ (12(X0)) .

¢
It is shown in [2, Lemma 23] that for any operator Y,

(I (Y), L (I22(Y))), + (I22(YT), L (L2 (Y1)
<Y, L' (Y)) + (YT, L (v ).

c
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Therefore, using X g = X _y, the above inequalities imply
e“+1
X3 +

Ents 5(X) < mlog (X,L*(X))s

sinh(Bmin/2)
Z (X0, L* (X))

€

c

e“+1 9 c 1 S
X2 ( ) X, L5 (X))...
c_1 || ||2,cr + Sinh(ﬁmin/2) + a2,min < ( >>a'
Next, by Proposition 7 the generator L* has the spectral gap sinh(Gmin/2).
Thus, by [39, Theorem 4.2] the above inequality implies

1+mlog &t ¢ 1

Sinh(ﬁmin/2) * Sinh(ﬂmin/Q) - aQ,min
1

Finally, letting ¢ = log(2m + 1) and using log(1 + 1m) < 1m the desired
inequality (44) is obtained. O

Enty 5 (X) < ( ><X, L (X)),

5. Proof of the CMOE Conjecture

In this section, we present an alternative proof of the CMOE conjecture for
single-mode phase-covariant Gaussian channels, which is first established in
[15,16].

Theorem 11 (CMOE Conjecture). For any single-mode phase-covariant Gauss-
tan channel ®, and any quantum state p with finite mean photon number we
have

S(@(p) = S(@(1)), (46)
where T is a single-mode thermal state satisfying S(p) = S(1).

To prove this theorem, we first state a consequence of Theorem 1.

Theorem 12. Let {®; : t > 0} denote a semigroup of single-mode phase-
covariant Gaussian channels. Then, for any a > 0 we have

(o) =it S5(@(p)| _ +as00), (47)

where the infimum is taken over all quantum states p with finite mean photon
number, and nwn (@) s the infimum of the same function restricted to thermal
states.

Proof of Theorem 12. Let L be the Lindbladian of the semigroup {®; : ¢ > 0}
so that ®; = e~*£. We have
d
5@ ‘ — (L(p),1og p). 48
S8@)|_, = (i) log ) (45)

Then, the claim follows from Theorem 1 for p = 1 and appropriate choices of
vg,1 > 0 and w = 0. O
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We need yet another technical ingredient to prove Theorem 11. For 0 <
r <1, let

= (1—2)) _ a"n)(nl, (49)

be a thermal state with parameter z. Then, letting ®, = e ** with £ =
voLo + 1 £y and using (48), we find that the objective function in (47) for
thermal states equals

fale) = S8(@u(r))] o +aS(r)
1
I
This equation can also be derived by taking the limit of p — 17 in (18).
Assume that vy >0 and as before let a>0. Then, we have lim,_g+ fo(2) =
lim,_,1- fo(2) = +00. This means that the minimum of f,(z) is attained at
roots of f! (). We have

((le —1p)logz — axlogx — a(l — x)log(l — m))

1 _
fl(z) = 7 (Vllogx—i—w—alogm—l—alog(l—x))
x x

+ (1_;%)2 ((mx —1p)logx —axlogr — a(l — x)log(l — x))
= ﬁ ((Vl — 1) logz + (1= x)(;lx — %) — alogm)

Therefore, f/ (x) = 0 iff g(x) = o where

(1—2)(r1x—1)
zlogx '

gx):=v1 —vy+

Computing the derivative of g(x), we have

_ 1) 2
g,(x)zuo(logx x4+ 1)+ v(x(x—1) —z*logx)

z2log?

Then, using logz <z — 1 and —logz = log = < 1 — 1 we find that ¢'(z) < 0
for 0 < z < 1, and that g(z) is monotone decreasing in this interval. Moreover,
since vg > 0, we have lim,_ g+ g(x) = 400 and lim,_,;- g(z) = 0. This means
that g(z) > 0 for all 0 < x < 1, and g(x) takes any positive value in this
interval exactly once. As a conclusion, g(z) = « has exactly one solution in
(0,1) for any a > 0. We conclude that if & > 0, the minimum of f,(x) is
attained at the unique root of f!(z). More importantly, for any 0 < z¢ < 1,
there is ap = g(zo) such that the minimum of f,,(z) is attained at x = xo.

Proof of Theorem 11. As a phase-covariant Gaussian channel, we have & =
®,, for some phase-covariant Gaussian semigroup {®; : t > 0} and some
t1 > 0."3 Let £ = vyLo+11L1 be the Lindbladian of this semigroup. In order to
apply the above computations, by taking the limit of vy — 07 we assume with
no loss of generality that vy > 0. The point is that if S(®, (p)) > S(P, (1))

131If t; = 0, then ® is the identity channel and there is nothing to prove.
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holds for any vy > 0, then by the continuity of von Neumann entropy [43,
Lemma 18], it holds for vy = 0 as well.

Suppose that S(®y, (p)) < S(Py, (7z,)) Where 7 = 7, is the thermal state
in the statement of the theorem with parameter xg as in (49). We note that
by assumption S(®:(p)) = S(P+(7s,)) for t = 0. Thus, we may define

to =sup {t: S(®P™(p)) = mS(Py(1s,)),t < t1}.
Then, by continuity we have S(®y,(p)) = S(Py, (72,)) and
S((pt(p)) < S((I)t(’l'ro)), Vtg <t<t. (50)

Recall that ®4(7,) is a thermal state for any ¢ > 0. Let z; be the pa-
rameter of this thermal state: 7,, = ®;(7,,). We note that ¢ — z; is smooth.
Then, by the above discussions, there is a smooth function ¢ — a; with ay > 0
such that

M) = S5(@(r2,))] g + S,

Employing Theorem 12, for any ¢y <t < ¢; we obtain

dtS(<I>t( p)) +cuS(®u(p)) =
Taking the integral of both sides yields

S(@1,(p)) — S( (p)) + / L S(®1(p)) dt

to

d
&S(Txt) + OétS(Txt).

t1
> S(7a,,) — S(7z,) +/ aS(1y,) dt.

to
We note that S(®¢,(p)) = S(7z,, ), so this inequality is in contradiction with (50).
This implies that the starting inequality S(®y,(p)) < S(®y,(74,)) does not
hold. U

Generalization of the CMOE conjecture to the multimode case is an open
problem in general. However, generalizing the proof idea of Theorem 11 and
using Theorem 3, we can prove the conjecture for a special class of multimode
states that can be prepared by applying a passive Gaussian unitary Ug on an
arbitrary product state, p =Ugp1 @ p2 ® -+ - ® meCT,.

6. Conclusion

In this paper, we introduced a meta log-Sobolev inequality, formalized by The-
orem 1, that provides a general information theoretic framework to study
phase-covariant Gaussian quantum channels. In general, this inequality and
our technical proof, particularly the tensorization argument that we used in
the second step, are of independent interest. However, by using this result, we
have derived new optimal bounds in the context of p-log-Sobolev inequalities
for the semigroup of attenuation channels.

Specifically, in Theorem 4, we explicitly computed the optimal p-log-
Sobolev constant of the quantum Ornstein—Uhlenbeck semigroup for any 1 <
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p < 2. We also in Theorem 10 established a bound on the 2-log-Sobolev con-
stant in the multimode case that scales logarithmically with the number of
modes. We conjecture that the log-Sobolev constants in the multimode case
match those of the single-mode case and the tensorization property holds in
general. We showed in Corollary 6 that this conjecture holds assuming that
the optimal multimode states are Gaussian.

Quantum log-Sobolev inequalities are also defined for 0 < p < 1 and are
related to reverse hypercontractivity inequalities [2,10]. An interesting open
problem is to compute the p-log-Sobolev constant for this range of parameter,
which we leave it for future works.

The proof of our multimode log-Sobolev inequality is based on an entropic
inequality in Lemma 9 which is of independent interest. Using this inequality,
one might be able to prove log-Sobolev inequalities for the tensor product of
other quantum Markov semigroups. We leave exploration of such applications
of Lemma 9 for future works.

Our results have novel consequences even in the fully classical case, i.e.,
when restricting to states p that are diagonal in the Fock basis. In particular,
as pointed out in [6], restricting the quantum Ornstein—Uhlenbeck semigroup
to diagonal states, we obtain a classical birth-death process whose log-Sobolev
constants were not known prior to our work (except in the case of p = 1).
Moreover, our results have consequences for the classical operation of thinning
on the space of integer-valued random variables, for which we refer to [18] and
references therein.

We also presented an alternative proof of the CMOE conjecture in The-
orem 11 in the single-mode case. This conjecture in the multimode case is left
as a major open problem. Our results contribute to the resolution of Gauss-
ian optimizer conjectures in the quantum case [18]. These conjectures state
the optimality of Gaussian states for certain optimization problems regarding
Gaussian channels. Theorem 1 establishes this conjecture for the quite general
function T(p) in the single-mode case. Generalizing this theorem for multi-
mode states can resolve the CMOE conjecture in the multimode case. To this
end, ideas developed in [19] might be useful. We leave further exploration of
this problem for future works.
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A. Generators of Phase-covariant Gaussian Channels

In this appendix, we show that any single-mode phase-covariant channel given
by (11) is a member of a semigroup whose Lindbladian equals (12).

Let us consider the family of channels {®; : ¢ > 0} corresponding to
parameters {(A;, ) : t > 0} in (11):

Xa,(p) (&) = eXp< ;wﬁlz)xp(\/ytf)- (51)

Suppose that {®; : ¢ > 0} is a semigroup which in particular means that ®g
is the identity channel corresponding to parameters 79 = 0 and A\g = 1. Then,
the generator of this semigroup is determined by

d
XL(p) (5) = *&X@(p) (5)

t=0
Using (51), we compute the derivative

d

1 1 _
X0 _ = =57 16Pt(pDe) + 5% (¢ tr(pa' De) — Etx(pae))
1, 1
=~ te(pfa, ', Del]) + 5 Xo (tr(pa 2, De]) — tr(pala’, De]) )
1, 1
=—5% tr([aT, [a, p]] De) + 5)\{) <tr([aT,pa} D¢ — [a,paﬂDQ)
1 1
= 757(’) X[aT,[a,p]](f) + §>\6 X[aT,pa]f[a,paT](é-)a
where A\ = %ﬁ e V0= % 1o Here, we use %DM = (¢af —a)D)¢ in the

first line, and the well-known equations [a, D¢] = £Dg¢ and [al, D¢] = £Dg in
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the second line. Replacing the characteristic functions in the above equation
by their corresponding operators yields

d 1 1
&) =50 [a" fael] + 520 ([a",pal - [a, pal])
1,1 1
= 7576<§{afa,p} + i{aaf,p} —alpa— apaT>

+3%(3{alap) - 5{aal o} +alpa-apal)

2
1 1 1 1

= —5 (30 + ) (g{aaf, p}— afpa) — 5 (%0 — X0) (5{537 pt— aPaT)
1,, , 1,,

= —5(% + AO)L:O(P) - 5(’70 - )\B)CI(P)y

where we define

1 1
Lo(p) = i{aaT,p} —alpa and Li(p) = i{aTa,p} —apal.

Therefore, if the channels defined by (51) form a semigroup, then the corre-
sponding Lindbladian is equal to

L(p) = %(76 + Xo) Lo(p) + %(76 — o) L1(p). (52)

We use this equation to obtain the generator of the three classes of phase-
covariant Gaussian channels.

A.1. Attenuator Channels

The attenuator channel can be physically modeled by overlapping the input
state and a thermal state og on a beam splitter with transmissivity A:

3 (p) = tra(Uns (0 © 04)Ufs )
where the 2-mode unitary operator Ugg,x can be described by
UgSAalUBs,A =V)a;, + \/ﬁag,
{ U];S’/\agUBsM\ = —\/ﬁal + ﬁag.

Using these relations, the characteristic function of the two-mode state Ugg x (p®

(53)

ag)UgS’)\ equals
tI‘(UBS’A(p ® Uﬂ)UlgS,)\Dﬁl ® D@) = tr(p ® UgU];S7/\(D§1 & D&)UBS’)\)

= tr(pDﬁél—ﬂ—A&z) tr <UﬁD\/1—>\£1+\/X€2>'
Thus, the characteristic function of the output state of the attenuation channel
is given by

Xagee () (€) = Xp (VA& = VI= X&) xo (VI = A&1 + VAE))|
= X (VAE) Xos (VI = A€)
= exp(~ 5 coth(8/2)(1 - V[e? ) x, (VAE),

(£1,€2)=(£,0)
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where we replace the characteristic function of the thermal state from (9).
Setting A = \; = e~ 2 with ¢ > 0 in the above relation, we observe that
attenuator channels {<I>‘§ftt : t > 0} form a semigroup. Comparing the above
equation with (51) also gives v; = coth(5/2)(1 — A;). Therefore, by plugging
0 = —2c and 7, = 2ccoth(S/2) into (52), we obtain the corresponding gen-
erator

L(p) = c(coth(3/2) —1)Lo(p) + c(coth(B8/2) + 1) L1(p).
A.2. Amplifier Channels

Following a similar procedure as for attenuator channels, we can derive the
generator of the semigroup of amplifier channels. An amplifier channel can be
modeled by applying a two-mode squeezing unitary with squeezing parameter
A > 1 on the input state and a thermal state og, and then tracing over the
second mode:

PP (p) = tra (Uzs,A(P ® Uﬁ)UQTS,A)'

Here, the action of the two-mode squeezing unitary can be described by
U§S7A31U2S,A = \&al + Ma;
{ Ul ra2lasn = VAas + VA —Tal.

Using these relations, we have

(54)

T _
UssaDer @ De,Uasx = Dy x_g, 5=7 © Dy nog, yamt
Thus, the characteristic function of the output state is given by

Xagme(p) (€) = Xp (VA& = VA=18&) Xy (VA& — \/)jg_l)‘
= Xp(VAE) Xoy (VA= 1)
= exp(—% coth(3/2)(\ — 1)‘§|2)Xp(\/X§)7

where in the last line the characteristic function of the thermal state (9) is
replaced.

Setting A = \; = €2¢ with ¢ > 0, we observe that amplifier channels
{@F™ : t > 0} form a semigroup. Here, v; = coth((3/2)(A\; — 1). Thus, by
plugging A = 2¢ and ~, = 2ccoth(5/2) in (52), we obtain the generator

L(p) = c(coth(3/2) + 1) Lo(p) + c(coth(B8/2) — 1) L1(p).

Note that here we get the same coeflicients as those of the generator of the
attenuator semigroup, but swapped.

(€1,€2)=(§,0)

A.3. Additive-noise Channels

The classical additive-noise Gaussian channels can be modeled by applying a
displacement operator whose parameter is chosen at random according to a
Gaussian probability distribution:

2
P2 (p) = —/6_%|a‘2DQle d%a.
™
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The characteristic function of the output state of this channel is given by

2 _ 2142
Xpadd (p) (f) = ?’y el tr(DapDJ;Dg) d?a
2 21012 fa £
- = —;|a\ fa—Ea d2
2l [ e g

exp((~37161?) o ),

where we use D} D¢ D, = exp(éa — £a) De in the second line.

By choosing v = 2ct with ¢ > 0, the channels {®2d : ¢+ > 0} form a
semigroup. Here, A\; = 1. Thus, by inserting A\jj = 0 and 7{ = 2¢ in (52) we
obtain the generator

L(p) = cLo(p) + cLa(p).

B. Y(p) is Well Defined if tr(pafa) < +oo
In this appendix, we show that Y(p) given by

Y(p) = ﬁ(yo [tr(paaf) - tr(pl/papl/f’aT)} + 1 [tr(pa*a) - tr(pl/pafpl/i’a)D
+ wtr(paTa) + S(p).

is well defined for any state p with finite mean photon number. For such a
state both tr(pafa), tr(paa’) are finite. Moreover, if p = 225 Ajls) (] is the
eigen-decomposition of p, then we have

tr(p/Pap!/Pal) = 3NN (ilaluy)|
4,7
1 1 2
- Z (5 A\t EAj) |(ilale;)]
1 1
= D2 o ullal )+ 32 5 e |
7 J

1 1
=-t N+ =t f )
r(paa ) r(pa a)

where in the second line we use Young’s inequality. Thus, tr(p'/Pap!/Pal)
and similarly tr(pl/panl/ﬁa) are finite. Also, using the non-negativity of
Umegaki’s quantum relative entropy D(p||7) = tr(plog p) — tr(plog 7), for the
thermal state 7 = (1 — 1/6)(3’aTal we have

0 < D(p|r) = =S(p) - tr(plog) = =S (p) —log(1 — 1/e) + tr(pa'a).

Therefore, since tr(pafa) is finite, S(p) is also finite.
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C. Verification of (36)
Recall that
$(a,y) = —y*logy? — (1 —y*) log(1 — y*) +y*loga® + (1 — y*) log(1 — %)
3 (:v% — y%) (33% — y%) log 2
(—eF) (1)

Then, computing the derivative term-by-term yields

27 (x% —y%)logaz2 227 (x% —y%)logx2
- 2 2, 2 2
pm(lfmp (171713) ﬁx(lfxp (1fxp)
230% (x% —y%)(x% —y%) logz®> 2xp (x% —yp)(w% —y%)log:c2
pr(1—25)°(1—25) pr(1—zr)(1—25)>
_ 2t —y) 2 —yr)(eF —y?)
v(1-2%)  g(1—av)(1—a?)
2xp(1—y%)(x% —yp)logae2 QxP(l—yE)(x% —y%)logcc2
px(lfx%)g(lfxp) ﬁx(lf:v%)(lfx%f .
Therefore, we have
2 2 2 2
2,02\, 22 2
ot + U S [ dosa” ]
2dx (1—zr)(1—z?) Llp(l—ar)
xp(l—yp)(a:z% —y%) { log 2 +1}
(l—x%)(l—mp) p(l—x%)
_ ==y
B
(e —y?)(@h —y?) —ar (1 —yr)(a? —y?) —wi (1—y?)(ar —y7)
(1—aF)(1 - F)
_ @@ —y)) Pyt rary? - ayr taiy? oyl
(1—a?) (1—a9)(1—x?)

=) (1= sF) (=) 4 (=) (= aPy =ty sty o)
2

(1-22)(1—2s)(1—25)

2 2

(1 2?) (1 -yP) (? —y?) + (1_x%?(1 i) (d _y;)>.

This gives (36).
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D. Proof of az = min,>;
In this appendix, we show that for any p > 1 the following inequality holds:

D (1 _ 6—5/1)) (1 _ e—ﬁ/ﬁ) > (1 _ 6—5/2)2.

ISh

First, we may restrict to p € [1,2]. Then, with the change of variable p = ILH
with t € [0, 1] the above inequality is equivalent to

(1 _ €—§(1+t))<1 _ e—%(l—t)) > (1— t2)(1 _ 6—6/2)2.
Starting with the left hand side, we compute
(1 _ efg(m)) (1 _ efg(u)) —14e B _e B2 (eﬁt/2 + efﬁt/Z)

=l4e P20 3" %(%)k

k: even

>1+4e” —2e—5/2(1+t2 > ;(2)3

k>2: even
=(1- eiﬁ/2)2 — thfﬁ/z(eﬁ/Z +e P2 2)

= (1—2)(1—e?/?)%

Here, the inequality holds since 0 < ¢ < 1. We are done.

E. Proof of Proposition 7

It suffices to prove the proposition for m = 1. In this case, we drop subscript
j and denote £ and & simply by £ and o, respectively.

Using the commutation relation [a,af] = 1, we find that [a,q.] = %,
and
I:a7 65q27C0thiﬁ/2) 52] _ i <265t700thg@/2) 82) _ i565q2700tl‘§ﬁ/2) 82.
V2 \dt t=a. /2

This means that

coth(8/2) .2
efI=T T a = (a -

)

coth(8/2) 2
s) I S

Sl

and similarly

_ coth(B/2) 2 z __ coth(8/2) 2
eSQz 1 S aT — (aT + 7S>€qu 4 S .
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Using these and |z| = 1, a straightforward computation shows that
_ cuthiﬂ/Z) 52)

1 1 z z z coth(B8/2) .2
— B/2 T T T 59z — s
e —aa+_-(a + a— s|—a (a— S e 4
_ 1 1 z z z _ coth(8/2) 2
B/2 T T T 5q s
+e (faa —&—f(a— s) a' + s)—a(a—i— S e 4
2 2 V2 V2 V2

L7 (e

1 1 _ coth(3/2) _ 1 1 _ coth(8/2)
= " (Gea. = 7)o 2 (- Daqe - g )enen T
_ B2 _ e—ﬁ/zs(qz B coth(5/2) 8) esqz_cothiﬁ/r-’) o2
2 2
B2 _ oB/2 ¢ . ¥ 82
= ——F——s8—¢ * 1
2 ds
B/2 -B/2 =2 k
e’’t —e 5
= h .
5 > D n(q:)

k=0
Compared to (39), we find that

L (hi(qz)) = (sinh(8/2)k) hi(q=).

Finally, note that the operators hi(q.), over all & > 0 and |z| = 1, span the
whole space of polynomials of a and af, which is dense in Ly (o).
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