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Sharp Semiclassical Spectral Asymptotics
for Local Magnetic Schrödinger Operators
on R

d Without Full Regularity

Søren Mikkelsen

Abstract. We consider operators acting in L2(Rd) with d ≥ 3 that locally
behave as a magnetic Schrödinger operator. For the magnetic Schrödinger
operators, we suppose the magnetic potentials are smooth and the electric
potential is five times differentiable and the fifth derivatives are Hölder
continuous. Under these assumptions, we establish sharp spectral asymp-
totics for localised counting functions and Riesz means.

1. Introduction

We will here consider sharp semiclassical spectral asymptotics for operators
H�,μ that locally are given by a magnetic Schrödinger operators acting in
L2(Rd) for d ≥ 3. What we precisely mean by “locally given by” will be
clarified below. That is we consider operators that locally are of the form

H�,μ = (−i�∇ − μa)2 + V, (1.1)

where � ∈ (0, 1] is the semiclassical parameter, μ ≥ 0 is the intensity of the
magnetic field, a is the magnetic vector potential and V is the electric potential.
Our exact assumptions on the potentials and intensity μ will be stated below.
We will here for γ ∈ [0, 1] be interested in the asymptotics as � goes to zero of
the following traces

Tr[ϕgγ(H�,μ)], (1.2)

for γ ∈ [0, 1], where ϕ ∈ C∞
0 (Rd). The function gγ is given by

gγ(t) =

{
1(−∞,0](t) γ = 0
(t)γ

− γ ∈ (0, 1],
(1.3)

where we have used the notation (x)− = max(0,−x) and 1(−∞,0] is the char-
acteristic function for the set (−∞, 0]. To ensure that the leading order term
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in the asymptotics is independent of the magnetic field we will assume that
�μ ≤ C, where C is some positive constant. These localised traces can be used
to understand the global quantity

Tr[gγ(H�,μ)]. (1.4)

For the global quantity Tr[gγ(H�,1)], where the magnetic potential is indepen-
dent of the semiclassical parameter, it was established by Helffer and Robert
in [12] for the case γ = 0 and [13] for the case γ ∈ (0, 1] that∣∣∣ Tr[gγ(H�,1)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x)) dxdp
∣∣∣ ≤ C�

1+γ−d.

for � sufficiently small. They established these results under the assumption
that both the electric potential and the magnetic vector potential are smooth
functions plus some additional regularity assumptions. Their result is sharp in
the sense that the error is the best one can obtain without more assumptions.
This can be seen by explicitly diagonalising the Harmonic oscillator. For the
case, where the operator H�,μ is locally given by a magnetic Schrödinger oper-
ator with smooth electric and the magnetic vector potentials it was established
by Sobolev in [30] that∣∣∣ Tr[ϕgγ(H�,μ)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣∣ ≤ C〈μ〉1+γ

�
1+γ−d

for � sufficiently small, where the strength of the magnetic field μ satisfies that
�μ ≤ C for some constant C > 0. What we precisely mean by “locally given
by” will again be clarified below. The aim of this paper is to obtain these sharp
bounds without assuming the electric potential is smooth. This is not the first
work to consider sharp spectral asymptotic without full regularity and we will
comment on the literature in Sect. 1.2.

Spectral asymptotics of the quantities Tr[ϕgγ(H�,μ)] and Tr[gγ(H�,μ)]
are not just of mathematical interest, they are also of physical interest. Es-
pecially the case γ = 1 has physical motivation both with and without a
magnetic vector potential. For details see e.g. [9,21–24,33]. The case γ = 0 is
also of interest. Recently in [11] sharp estimates for the trace norm of com-
mutators between spectral projections and position and momentum operators
were obtained using asymptotic for (1.2) for γ = 0. This type of bound first
appeared as an assumption in [3], where the mean-field evolution of fermionic
systems was studied. The assumption has also appeared in [1,2,4,6,20,26].
The asymptotics used in [11] were obtained in [30].

1.1. The Main Results

Before we state our main result, we will specify our assumptions on the oper-
ator H�,μ and what we mean by “locally given by a magnetic Schrödinger op-
erator”. That we only locally assume H�,μ is acting as a magnetic Schrödinger
operator is due to the presence of the cut-off function. This type of assumption
first appeared in [30] to the knowledge of the author. Our exact assumptions
are given below.
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Assumption 1.1. Let H�,μ be an operator acting in L2(Rd), where � > 0 and
μ ≥ 0. Moreover, let γ ∈ [0, 1]. Suppose that

i) H�,μ is self-adjoint and lower semibounded.
ii) Suppose there exists an open set Ω ⊂ R

d and real valued functions V ∈
C5,κ

0 (Rd) with κ > γ, aj ∈ C∞
0 (Rd) for j ∈ {1, . . . , d} such that C∞

0 (Ω) ⊂
D(H) and

H�,μϕ = H�,μϕ for allϕ ∈ C∞
0 (Ω),

where H�,μ = (−i�∇ − μa)2 + V .

In the assumption, we have used the notation C5,κ
0 (Rd). This is the space

of compactly supported functions that are five times differentiable and the
fifth derivatives are uniformly Hölder continuous with parameter κ. That is
for f ∈ C5,κ

0 (Rd) there exists a constant C > 0 such that for all x, y ∈ R
d it

holds that

|∂α
x f(x) − ∂α

x f(y)| ≤ C|x − y|κ for allα ∈ N
d
0with |α| = 5. (1.5)

Note that we here and in the following are using the convention that N does
not contain 0 and we will use the notation N0 = N ∪ {0}. Moreover for the
cases where κ > 1 we use the convention that

C5,κ
0 (Rd):=C

5+�κ�,κ−�κ�
0 (Rd), (1.6)

where Ck,κ
0 (Rd) is the space of compactly supported functions that are k times

differentiable and the k’ed derivatives are uniformly Hölder continuous with
parameter κ. We will in what follows denote the constant C in (1.5) for the
Hölder constant for f . The assumptions we make on the operator H�,μ are
very similar to the assumptions made in [30]. The difference is that we do not
require V to be smooth. Instead, we assume it has five derivatives and that
the fifth derivative is uniformly Hölder continuous. With this assumption in
place, we can state our main result.

Theorem 1.2. Let H�,μ be an operator acting in L2(Rd) and let γ ∈ [0, 1]. If
γ = 0 we assume d ≥ 3 and if γ ∈ (0, 1] we assume d ≥ 4. Suppose that
H�,μ satisfies Assumption 1.1 with the set Ω and the functions V and aj for
j ∈ {1, . . . , d}. Then for any ϕ ∈ C∞

0 (Ω) it holds that∣∣∣ Tr[ϕgγ(H�,μ)] − 1
(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣∣ ≤ C〈μ〉1+γ

�
1+γ−d

for all � ∈ (0, �0] and μ ≤ C�
−1, where �0 is sufficiently small. With the

notation 〈μ〉 = (1 + μ2)
1
2 . The constant C depends on the dimension d, the

numbers γ, ‖ϕ‖L∞(Rd), ‖∂α
x ϕ‖L∞(Rd) and ‖∂αaj‖L∞(Rd) for all α ∈ N

d
0 with

|α| ≥ 1 and j ∈ {1 . . . , d}, ‖∂α
x V ‖L∞(Rd) for all α ∈ N

d
0 such that |α| ≤ 5 and

the Hölder constant for V .

Remark 1.3. We remark that the error term is independent of ‖aj‖L∞(Rd) for
all j ∈ {1 . . . , d}. This is also the case for the results in [30]. As remarked in
[30], it is not surprising as the magnitude of aj can easily be changed by a
Gauge transform.
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In this result, we allow the strength of the magnetic field to depend on
the semiclassical parameter. As expected we observe that as the strength of
the magnetic field increases the “worse” the error becomes. When μ = C�

−1,
we can also see that the error is of the same order as our leading order term.
Hence, in this regime, the leading order term has to be corrected to obtain an
error of lower order. The leading order term for the energy (the case γ = 1)
taking into account the magnetic field was first rigorously derived by Lieb,
Solovej, and Yngvarson in [24] see also [10]. For two terms asymptotics with
the corrected leading order term see [32] and [18, Vol III and IV]

It would have been desirable not to assume the magnetic vector potential
to be smooth. However, with the techniques we use here, this is not possible.
See Remark 2.5 part 2 for further details.

The assumptions on the dimension are needed to ensure that certain
integrals will be convergent independent of �. The next result will consider the
cases of dimensions 2 and 3. However, these will not be sharp except in the
case d = 3 and γ = 0. The following result is proven using almost analogous
arguments to those used to prove Theorem 1.2. We will not give separate full
proofs of this result. Instead, we will in Remark 6.3 describe how to alter the
proof of the main result to obtain these.

Theorem 1.4. Let H�,μ be an operator acting in L2(Rd), with d = 2 or d = 3
and let γ ∈ [0, 1]. Suppose that H�,μ satisfies Assumption 1.1 with the set Ω
and the functions V and aj for j ∈ {1, . . . , d}. Then, for any ϕ ∈ C∞

0 (Ω) it
holds that∣∣∣ Tr[ϕgγ(H�,μ)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣∣ ≤ C〈μ〉 d+2γ

3 �
2
3 (γ−d)

for all � ∈ (0, �0] and μ ≤ C�
−1, where �0 is sufficiently small. With the

notation 〈μ〉 = (1 + μ2)
1
2 . The constant C depends on the dimension d, the

numbers γ, ‖ϕ‖L∞(Rd), ‖∂α
x ϕ‖L∞(Rd) and ‖∂αaj‖L∞(Rd) for all α ∈ N

d
0 with

|α| ≥ 1 and j ∈ {1 . . . , d}, ‖∂α
x V ‖L∞(Rd) for all α ∈ N

d
0 such that |α| ≤ 5 and

the Hölder constant for V .

One thing to note is that in the case d = 3 and γ = 0 this result still gives
us a sharp estimate. For the remaining cases, this result does not yield sharp
bounds in terms of the semiclassical parameter. For the case d = 3 and γ = 1,
we get the error that is 〈μ〉 5

3 �
− 4

3 in terms of the semiclassical parameter and
the strength of the magnetic field. For the sharp bound, we would expect an
error of the form 〈μ〉2�

−1.

1.2. Previous Results and Outline of the Paper

The first sharp results on spectral asymptotics were, as mentioned, obtained
by Helffer and Robert in [12,13]. They considered general �-pseudo-differential
operators that include magnetic Schrödinger operators with the intensity of the
magnetic field that is independent of the semiclassical parameter. Sharp spec-
tral asymptotics for operators satisfying Assumption 1.1 with V ∈ C∞

0 (Rd)
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was established by Sobolev in [30]. In [31] sharp asymptotics were also ob-
tained however, the electric potential was allowed to be singular at the origin
but otherwise smooth.

We will not give a full review of the literature on sharp spectral asymp-
totics without full regularity but focus on the literature also considering mag-
netic Schrödinger operators. For a more historical review of the literature, we
refer the reader to the introduction of [25].

In [5], Bronstein and Ivrii consider differential operators on L2(M), where
M is a compact manifold without a boundary. They assume the coefficients are
differentiable and the first derivatives are continuous with continuity modulus
O(log |x − y|−1). Under a non-critical condition1 they establish sharp spectral
asymptotics for the counting function. that is the case γ = 0. It is mentioned
in a remark that their results of the paper extend to γ ∈ (0, 1] if the techniques
used in the paper are combined with techniques from [15]. Their result includes
magnetic Schrödinger operators with the intensity of the magnetic field that
is independent of the semiclassical parameter. The non-critical condition for a
magnetic Schrödinger operator is equivalent to assuming that

|V (x)| ≥ c > 0, for allx ∈ M.

We cannot have that this assumption is verified and have only pure point spec-
trum on the negative half axis when the underlying space is non-compact. So
these results do not immediately generalise to the non-compact setting. In [16],
Ivrii considers the same general setting as in [5] and only the case γ = 0 is con-
sidered. The manifold is still assumed to be compact but is allowed to have a
boundary. Moreover, the non-critical assumption is removed. The techniques
used to remove the non-critical condition are based on multi-scale analysis
and we also will use these techniques here. In [35] Zielinski obtained sharp
spectral asymptotics for the counting function for differential operators with
non-smooth coefficients on L2(Rd) with d ≥ 3 without a non-critical condition
but with a geometric condition on the semiclassical principal symbol. The co-
efficients are in this work assumed to be bounded and twice differentiable with
the second derivatives being Hölder continuous with some positive parameter.
The geometric condition on the semiclassical principal symbol a0 is that for
some ε > 0 there exists a constant C > 0 such that

sup
E∈[−�1−ε,�1−ε]

Vol
{
(x, p) ∈ R

2d
∣∣ |a0(x, p) − E| ≤ �

} ≤ C�.

Again these results include magnetic Schrödinger operators with intensity of
the magnetic field that is independent of the semiclassical parameter. In [17],
Ivrii considers magnetic Schrödinger operators. In this work, non-smooth elec-
tric and magnetic potentials are considered, and sharp spectral asymptotics
are obtained. In this paper, the strength of the magnetic field is allowed to
depend on the semiclassical parameter. These results are also given in [18, Vol
IV]. In some cases, the results presented in [17] and [18, Vol IV] require less
smoothness than here. The results in [5,16] can also be found in [18, Vol I].

1In the paper this condition is not denoted non-critical but microhyperbolic.
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Most of the mentioned results require less smoothness than the results
presented here. The main difference is that our starting point is a trace that is
localised that is we consider Tr[ϕgγ(H�,μ)] and not Tr[gγ(H�,μ)]. This local-
isation gives rise to some difficulties. Usually, when you want to prove sharp
spectral asymptotics for a differential operator A(�) with non-smooth coeffi-
cients you compare quadratic forms. See e.g. [5,15–17,25,34,35]. This is due
to the observation that if you have an operator A(�) and two approximating
or framing operators A±(�) such that

A−(�) ≤ A(�) ≤ A+(�)

in the sense of quadratic forms. Then, by the min-max theorem, we obtain the
relation

Tr[gγ(A+(�))] ≤ Tr[gγ(A(�))] ≤ Tr[gγ(A−(�))]. (1.7)

The aim is then to choose the approximating operators such that sharp asymp-
totics can be obtained for these and then use (1.7) to deduce it for the original
operator A(�). In the situation we consider, we have a localisation in the trace.
This implies that we cannot get a relation like (1.7) from the min-max theo-
rem. We will instead estimate the difference directly and prove that the traces
of our original problem are sufficiently close to the trace when we have inserted
the approximation.

In Sect. 2, we specify the notation we use and describe the operators we
will be working with. Moreover, we recall some definitions and results that we
will need later. At the end of the section, we describe how we approximate the
non-smooth potential by a smooth potential.

In Sect. 3, we recall some results and definitions on rough �-pseudo-
differential operators. We also prove some specific results for rough Schrödinger
operators.

In Sect. 4, we establish several estimates for operator satisfying Assump-
tion 1.1. The ideas and techniques used here are inspired by the ideas and
techniques used in [30]. Some of the results will also be taken directly from
[30]. These auxiliary results are needed to prove a version of the main theorem
under an additional non-critical condition. This version is proven in Sect. 5.
Finally, in Sect. 6 we give the proof of the main theorem in two steps. First in
the case where μ ≤ μ0 < 1 and then the general case.

2. Preliminaries

We start by specifying some notation. For an open set Ω ⊆ R
d, we will in the

following by B∞(Ω) denote the space

B∞(Ω):=
{
ψ ∈ C∞(Ω)

∣∣ ‖∂αψ‖L∞(Ω) < ∞∀α ∈ N
d
0

}
.

We will for an operator A acting in a Hilbert space H denote the operator
norm by ‖A‖op and the trace norm by ‖A‖1.
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Next, we describe the operators we will be working with. If we have
aj ∈ L2

loc(R
d) for all j ∈ {1, . . . , d}, then we can consider the following form

h0[f, g] =
d∑

j=1

∫
Rd

(−i�∂xj − μaj(x))f(x)(−i�∂xj − μaj(x))g(x) dx f, g ∈ D[h0]

(2.1)

for μ ≥ 0 and � > 0, where D[h0] is the domain for the form. Note that
C∞

0 (Rd) ⊂ D[h0]. Moreover, this form is closable and lower semibounded (by
zero) see [28] for details. Hence, there exists a positive self-adjoint operator
associated with the form (the Friedrichs extension). For details, see e.g. [27] or
[28]. We will by Qj denote the square root of this operator. When we also have
a potential V ∈ L∞(Rd), we can define the operator H�,μ as the Friedrichs
extension of the quadratic form

h[f, g] =
∫

Rd

d∑
j=1

(−i�∂xj
− μaj(x))g(x)(−i�∂xj

− μaj(x))g(x)

+V (x)f(x)g(x) dx f, g ∈ D[h] (2.2)

for μ ≥ 0 and � > 0, where D[h] is the domain for the form. This construction
gives us that H�,μ is self-adjoint and lower semibounded. Again for details, see
e.g. [27] or [28].

When working with the Fourier transform, we will use the following semi-
classical version for � > 0

F�[ϕ](p):=
∫

Rd

e−i�−1〈x,p〉ϕ(x) dx,

and with inverse given by

F−1
�

[ψ](x):=
1

(2π�)d

∫
Rd

ei�−1〈x,p〉ψ(p) dp,

where ϕ and ψ are elements of S(Rd). Here S(Rd) denotes the Schwartz space.
We will for some of the results see that they are true for a larger class

of functions containing gγ . These classes were first defined in [29,30], and we
recall the definition here.

Definition 2.1. A function g ∈ C∞(R \ {0}) is said to belong to the class
C∞,γ(R), γ ∈ [0, 1], if g ∈ C(R) for γ > 0, for some constants C > 0 and r > 0
it holds that

g(t) = 0, for allt ≥ C

|∂m
t g(t)| ≤ Cm|t|r, for allm ∈ N0andt ≤ −C

|∂m
t g(t)| ≤

{
Cm ifγ = 0, 1
Cm|t|γ−m ifγ ∈ (0, 1)

, for allm ∈ Nandt ∈ [−C,C] \ {0}.

A function g is said to belong to C∞,γ
0 (R) if g ∈ C∞,γ(R) and g has compact

support.
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We will in our analysis need different ways for expressing functions of
self-adjoint operators. One of these is the Helffer–Sjöstrand formula. Before
we state it, we will recall a definition of an almost analytic extension.

Definition 2.2 (Almost analytic extension). For f ∈ C∞
0 (R) we call a function

f̃ ∈ C∞
0 (C) an almost analytic extension if it has the properties

|∂̄f̃(z)| ≤ Cn| Im(z)|n, for alln ∈ N0

f̃(t) = f(t) for allt ∈ R,

where ∂̄ = 1
2 (∂x + i∂y).

For how to construct the almost analytic extension for a given f ∈ C∞
0 (R)

see e.g. [8,36]. The following theorem is a simplified version of a theorem in
[7].

Theorem 2.3 (the Helffer–Sjöstrand formula). Let H be a self-adjoint operator
acting on a Hilbert space H and f a function from C∞

0 (R). Then, the bounded
operator f(H) is given by the equation

f(H) = − 1
π

∫
C

∂̄f̃(z)(z − H)−1 L(dz),

where L(dz) = dxdy is the Lebesgue measure on C and f̃ is an almost analytic
extension of f .

2.1. Approximation of the Potential

In our analysis, we will need to approximate the potential with a smooth
potential. How we choose this approximation is the content of the next lemma.

Lemma 2.4. Let V ∈ Ck,κ
0 (Rd) be real valued, where k ∈ N0 and κ ∈ [0, 1].

Then for all ε > 0 there exists a rough potential Vε ∈ C∞
0 (Rd) such that∣∣∂α

x V (x) − ∂α
x Vε(x)

∣∣ ≤ Cαεk+κ−|α| for allα ∈ N
d
0such that|α| ≤ k∣∣∂α

x Vε(x)
∣∣ ≤ Cαεk+κ−|α| for allα ∈ N

d
0such that|α| > k,

(2.3)

where the constants Cα are independent of ε but depend on ‖∂βV ‖L∞(Rd) for
β ∈ N

d
0 with |β| ≤ min(|α|, k) and the Hölder constant for V . Moreover, if for

some open set Ω and a constant c > 0 it holds that

|V (x)| + �
2
3 ≥ c for allx ∈ Ω.

Then, there exists a constant c̃ such that for all ε sufficiently small it holds
that

|Vε(x)| + �
2
3 ≥ c̃ for allx ∈ Ω.

Proof. A proof of the estimates in (2.3) can be found in either [5, Proposi-
tion 1.1] or [18, Proposition 4.A.2]. The second part of the lemma is a direct
consequence of the estimates in (2.3). To see this note that

|Vε(x) − V (x)| ≤ C0ε
k+κ =⇒ |Vε(x)| ≥ |V (x)| − C0ε

k+κ. (2.4)
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Hence, for C0ε
k+κ < c

2 we obtain the desired estimate. This concludes the
proof. �

We will in the following call the potentials depending on the parameter
ε for rough potentials.

Remark 2.5. 1. Let H�,μ be an operator acting in L2(Rd) and assume it sat-
isfies Assumption 1.1 with some open set Ω, numbers � > 0, μ ≥ 0 and
γ ∈ [0, 1]. Whenever we have such an operator, we have by assumption
the associated magnetic Schrödinger operator H�,μ = (−i�∇−μa)2 +V ,
where V ∈ C5,κ

0 (Rd). Applying Lemma 2.4 to V we can also associate the
approximating rough Schrödinger operator H�,μ,ε = (−i�∇ − μa)2 + Vε

to H�,μ. In what follows, when we have an operator H�,μ satisfies As-
sumption 1.1 we will just say with associated rough Schrödinger operator
H�,μ,ε. This will always be the operator we get from replacing V by Vε

from Lemma 2.4.
2. As mentioned in Introduction, it would have been desirable not to assume

that the magnetic vector potential is smooth. We could have used a ver-
sion of Lemma 2.4 to construct a smooth approximation under suitable
regularity conditions. However, we will later use that H�,μ − H�,μ,ε is a
bounded operator, where we have used the same notation as above. Had
we instead also replaced the magnetic vector potential with a smoothed
out version and considered the operator H̃�,μ,ε = (−i�∇ − μaε)2 + Vε we
would no longer have that H�,μ − H̃�,μ,ε can be defined as a bounded
operator.

3. The non-critical condition introduced in Lemma 2.4 is not the same as
mentioned in Introduction. We have included a power of the semiclassical
parameter so that the assumption is now the following

|V (x)| + �
2
3 ≥ c for allx ∈ Ω. (2.5)

Firstly if this assumption is met, we can be in either of the following two
cases

|V (x)| ≥ c

2
for allx ∈ Ω or �

2
3 ≥ c

2
for allx ∈ Ω.

If we are in the first case, we have the usual non-critical condition. When
we are in the second case, we have that the size of the semiclassical
parameter is bounded from below. Since we by standard arguments can
verify that all quantities of interest are finite, we can obtain the desired
results by a suitable choice of constants. Hence, we can make this more
“general” non-critical assumption.

The second thing is we have added �
2
3 and not just �. The above

argument would also work in this case; however, later we will do a scaling
argument. When performing this scaling argument, we need to ensure the
smallest scale we are working on is of order �. Since this is the smallest
scale on which we can obtain favourable estimates, for this scaling argu-
ment we will have two functions l(x) and f(x) =

√
l(x) and we will need
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these to satisfy that

l(x)f(x) ≥ C�, (2.6)

for all x ∈ R
d with some positive constant C. The exact choice for the

function l(x) will be proportional to (2.5). Hence, we need the power of �

appearing in (2.5) to be less than or equal to 2
3 to ensure the estimate in

(2.7). The reason for choosing 2
3 and not a smaller power is the identity

(l(x)f(x))
2
3 = l(x), (2.7)

where we have used how we choose the function f .

3. Rough �-Pseudo-Differential Operators

Our proof is based on the theory of �-pseudo-differential operators (�-ΨDO’s).
To be precise we will need a rough version of the general theory. We will
here recall properties and results concerning rough �-ΨDO’s. A more complete
discussion of these operators can be found in [25]. A version of rough �-ΨDO
theory can be found in [18]. It first appears in Vol. I Section 2.3.

3.1. Definitions and Basic Properties

By a rough pseudo-differential operator Aε(�) = Opw
�
(aε) of regularity τ we

mean the operator

Opw
�
(aε)ψ(x) =

1
(2π�)d

∫
R2d

ei�−1〈x−y,p〉aε(x+y
2 , p)ψ(y) dy dp forψ ∈ S(Rd),

(3.1)

where aε(x, p) is a rough symbol of regularity τ ∈ Z and satisfies for all α, β ∈
N

d
0 that

|∂α
x ∂β

p aε(x, p)| ≤ Cαβεmin(0,τ−|α|)m(x, p) for all(x, p) ∈ R
d × R

d, (3.2)

where Cαβ is independent of ε and m is a tempered weight function. A tem-
pered weight function is in some parts of the literature called an order function.
The integral in (3.1) should be understood as an oscillatory integral. For ε > 0,
τ ∈ Z and a tempered weight function m we will use the notation Γm,τ

ε (R2d)
for the set of all aε(x, p) ∈ C∞(R2d) which satisfies (3.2) for all α, β ∈ N

d
0.

As we are interested in traces of our operators, it will be important for
us to know, when the operator is bounded and trace class. This is the content
of the following two theorems.

Theorem 3.1. Let aε ∈ Γm,τ
ε (R2d), where we assume m ∈ L∞(R2d) and τ ≥ 0.

Suppose � ∈ (0, �0] and there exists a δ in (0, 1) such that ε ≥ �
1−δ. Then

there exists a constant Cd and an integer kd only depending on the dimension
such that

‖Opw
� (aε)ψ‖L2(Rd) ≤ Cd sup

|α|,|β|≤kd

(x,p)∈R
2d

ε|α|
∣∣∣∂α

x ∂β
p aε(x, p)

∣∣∣ ‖ψ‖L2(Rd) for allψ ∈ S(Rd).

Especially Opw
�
(aε) can be extended to a bounded operator on L2(Rd).
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Theorem 3.2. There exists a constant C(d) only depending on the dimension
such that

‖Opw
�
(aε)‖Tr ≤ C(d)

�d

∑
|α|+|β|≤2d+2

ε|α|
�

δ|β|
∫

R2d

|∂α
x ∂β

p aε(x, p)|dxdp.

for every rough symbol aε ∈ Γm,τ
ε (R2d) with τ ≥ 0, � ∈ (0, �0] and ε ≥ �

1−δ

for some δ ∈ (0, 1).

Both of these theorems can be found in [25], where they are Theorem 3.25
and Theorem 3.26, respectively. We will also need to calculate the trace of a
rough �-ΨDO. This is the content of the next theorem.

Theorem 3.3. Let aε be in Γm,τ
ε (R2d) with τ ≥ 0 and suppose ∂α

x ∂β
p aε(x, p) is

an element of L1(R2d) for all |α| + |β| ≤ 2d + 2. Then Opw
�
(aε) is trace class

and

Tr(Opw
�
(aε)) =

1
(2π�)d

∫
R2d

aε(x, p) dxdp.

This theorem is Theorem 3.27 from [25]. We will also need to compose
operators. The following theorem is a simplified version of Theorem 3.24 from
[25] on composing rough �-ΨDO’s.

Theorem 3.4. Let aε be in Γm1,τa
ε (R2d) and bε be in Γm2,τb

ε (R2d) with τa, τb ≥ 0
and m1,m2 ∈ L∞(R2d). Suppose � ∈ (0, �0] and ε ≥ �

1−δ for a δ ∈ (0, 1) and
let τ = min(τa, τb). Then, there exists a sequence of rough symbols in {cε,j}j∈N0

such that cε,j ∈ Γm1m2,τ−j
ε (R2d) for all j ∈ N0 and for every N ∈ N there exists

Nδ ≥ N such that

Opw
�
(aε)Opw

�
(bε) =

Nδ∑
j=0

�
jOpw

�
(cε,j) + �

Nδ+1Rε(Nδ; �),

where Rε(Nδ; �) is a rough �-ΨDO which satisfies the bound

�
Nδ+1‖Rε(Nδ; �)‖op ≤ CN�

N , (3.3)

where CN is independent of ε, but depend on the numbers N , ‖m1‖L∞(R2d),
‖m2‖L∞(R2d) and the constants Cαβ from (3.2) for both aε and bε. The rough
symbols cε,j are given by the formula

cε,j(x, p) = (−i)j
∑

|α|+|β|=j

1
α!β!

(1
2

)|α|(
− 1

2

)|β|
(∂α

p ∂β
xaε)(x, p)(∂β

p ∂α
x bε)(x, p).

Remark 3.5. Assume we are in the setting of Theorem 3.4. If we had assumed
that at least one of the tempered weight functions m1 or m2 was in L∞(R2d)∩
L1(R2d) we would get that the error term is not just bounded in operator norm
but also in trace norm. That is

�
Nδ+1‖Rε(Nδ; �)‖1 ≤ CN�

N−d. (3.4)

The following lemma is an easy consequence of the result on the compo-
sition of �-ΨDO’s. It can also be found in [30] as Lemma 2.2.
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Lemma 3.6. Let θ1, θ2 ∈ B∞(R2d) and suppose that there exists a constant
c > 0 such that

dist(supp(θ1), supp(θ2)) ≥ c. (3.5)

Then for all N ∈ N, it holds that

‖Opw
�
(θ1)Opw

�
(θ2)‖op ≤ CN�

N .

If we further assume θ1 ∈ C∞
0 (R2d) it holds for all N ∈ N that

‖Opw
�
(θ1)Opw

�
(θ2)‖1 ≤ CN�

N .

In both cases, the constant CN depends on the numbers ‖∂α
x ∂β

p θ1‖L∞(R2d) and
‖∂α

x ∂β
p θ2‖L∞(R2d) for all α, β ∈ N

d
0. In the second case, the constant CN will

also depend on c from (3.5).

3.2. Properties of Rough Schrödinger Operators

We will in the following consider rough Schrödinger operators that satisfy the
following assumption.

Assumption 3.7. Let H�,μ,ε = (−i�∇ − μa)2 + Vε be a rough Schrödinger
operator acting in L2(Rd). Suppose that aj ∈ C∞

0 (Rd) for all j ∈ {1, . . . , d}
and are real valued. Moreover, suppose that Vε is a rough potential of regularity
τ ≥ 0 such that

i) Vε is real, smooth and minx∈Rd Vε(x) > −∞.
ii) There exists a ζ > 0 such that for all α ∈ N

d
0 there exists a constant Cα

such that

|∂α
x Vε(x)| ≤ Cαεmin(0,τ−|α|)(Vε(x) + ζ) for allx ∈ R

d.

iii) There exist two constants C,M > 0 such that

|Vε(x)| ≤ C(Vε(y) + ζ)(1 + |x − y|)M for allx, y ∈ R
d.

Remark 3.8. When a rough Schrödinger operator H�,μ,ε satisfies Assump-
tion 3.7, it can be shown that as a �-ΨDO it is essentially self-adjoint. For
details see e.g. [25, Section 4]. We will in these cases denote the closure by
H�,μ,ε as well. In the case where H�,μ,ε = (−i�∇−μa)2+Vε with aj ∈ C∞

0 (Rd)
for all j ∈ {1, . . . , d} and Vε having compact support we have that H�,μ,ε sat-
isfies Assumption 3.7.

The following theorem is a simplified version of a more general theorem
that can be found in [25].

Theorem 3.9. Let H�,μ,ε = (−i�∇−μa)2 +Vε be a rough Schrödinger operator
of regularity τ ≥ 1 acting in L2(Rd) with � in (0, �0] and μ ∈ [0, μ0]. Suppose
that H�,μ,ε satisfies Assumption 3.7 and there exists a δ in (0, 1) such that
ε ≥ �

1−δ. Then for any function f ∈ C∞
0 (R) and every N ∈ N there exists a

Nδ ∈ N such that

f(H�,μ,ε) =
Nδ∑
j=0

�
jOpw

�
(af

ε,j) + �
Nδ+1Rε(Nδ, f ; �),
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where

�
Nδ+1‖Rε(Nδ; �)‖op ≤ CN�

N , (3.6)

and

af
ε,0(x, p) = f((p − μa(x))2 + Vε(x)),

af
ε,1(x, p) = 0,

af
ε,j(x, p) =

2j−1∑
k=1

(−1)k

k!
dε,j,k(x, p)f (k)((p − μa(x))2 + Vε(x)) forj ≥ 2,

(3.7)

where dε,j,k are universal polynomials in ∂α
p ∂β

x [(p − μa(x))2 + Vε(x)] for |α| +
|β| ≤ j. Especially we have that af

ε,j(x, p) is a rough symbol of regularity τ − j
for all j ∈ N0.

Remark 3.10. To prove the following theorem one will need to understand the
Schrödinger propagator associated with H�,μ,ε. That is the operator ei�−1tH�,μ,ε .
Under the assumptions of the following theorem, we can find an operator with
an explicit kernel that locally approximates ei�−1tH�,μ,ε in a suitable sense.
This local construction is only valid for times of order �

1− δ
2 . But if we locally

have a non-critical condition the approximation can be extended to a small
time interval [−T0, T0]. For further details see [25]. In the following, we will
reference this remark and the number T0.

Theorem 3.11. Let H�,μ,ε be a rough Schrödinger operator of regularity τ ≥ 2
acting in L2(Rd) with � in (0, �0] and μ ∈ [0, μ0] which satisfies Assump-
tion 3.7. Suppose there exists a δ in (0, 1) such that ε ≥ �

1−δ. Assume that
θ ∈ C∞

0 (R2d) and there exists two constants η, c > 0 such that

|ν − Vε(x)| + �
2
3 ≥ c for all(x, p) ∈ supp(θ)andν ∈ (−2η, 2η).

Let χ be in C∞
0 ((−T0, T0)) and χ = 1 in a neighbourhood of 0, where T0

is the number from Remark 3.10. Then, for every f in C∞
0 ((−η, η)) we have

that∣∣∣ Tr
[
Opw

�
(θ)f(H�,μ,ε)F−1

�
[χ](H�,μ,ε − s)

] − 1
(2π�)d

f(s)
∫

{aε,0=s}

θ

|∇aε,0| dSs

∣∣∣
≤ C�

2−d,

where aε,0(x, p) = (p−μa(x))2+Vε(x) and Ss is the Euclidean surface measure
on the surface {aε,0(x, p) = s}. The error term is uniform with respect to
s ∈ (−η, η), but the constant C depends on the dimension d, the numbers
μ0, ‖∂α

x ∂β
p θ‖L∞(Rd) for all α, β ∈ Nd

0 , ‖∂αaj‖L∞(Rd) for all α ∈ N
d
0 and j ∈

{1 . . . , d}, ‖V ‖L∞(supp(θ)) and the numbers Cα from Assumption 3.7.

This theorem is a special case of [25, Theorem 6.1]. One thing to observe
is that in the formulation of Theorem 6.1 the assumption on the principal
symbol aε,0 is

|∇paε,0(x, p)| ≥ c for all (x, p) ∈ a−1
ε,0([−2η, 2η]).
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This is technically the same assumption as the one we make in Theorem 3.11
up to a square root. To see this note that we here have that aε,0(x, p) =
(p2 − μa(x))2 + Vε(x). Hence, we have that

|∇paε,0(x, p)|2 = 4(p − μa(x))2 = 4(ν − Vε(x)) (3.8)

for all (x, p) ∈ R
2d such that aε,0(x, p) = ν. From (3.8) we see that the two

assumptions are indeed equivalent. Furthermore, if we had assumed the oper-
ator was of regularity 1, we can obtain an error that is slightly better than
�

1−d but not �
2−d.

Before we continue, we will need the following remark to set some notation
and the following proposition that is a type of Tauberian result.

Remark 3.12. Let T ∈ (0,min(T0, T1)], where T0 is the number from Re-
mark 3.10 and T1 is the number from Lemma 4.7. With this number T , let
χ̂ ∈ C∞

0 ((−T, T )) be a real valued function such that χ̂(s) = χ̂(−s) and
χ̂(s) = 1 for all t ∈ (−T

2 , T
2 ). Define

χ1(t) =
1
2π

∫
R

χ̂(s)eist ds.

We assume that χ1(t) ≥ 0 for all t ∈ R and there exist T3 ∈ (0, T ) and c > 0
such that χ1(t) ≥ c for all t ∈ [−T3, T3]. We can guarantee these assumptions
by (possible) replacing χ̂ by χ̂ ∗ χ̂. We will by χ�(t) denote the function

χ�(t) = 1
�
χ1( t

�
) = F−1

�
[χ̂](t).

Moreover, for any function g ∈ L1
loc(R) we will use the notation

g(�)(t) = g ∗ χ�(t) =
∫

R

g(s)χ�(t − s).

Proposition 3.13. Let A be a self-adjoint operator acting in the Hilbert space
L2(Rd) and g ∈ C∞,γ

0 (R). Let χ1 be defined as in Remark 3.12. If for a Hilbert–
Schmidt operator B

sup
t∈D(δ)

‖B∗χ�(A − t)B‖1 ≤ Z(�), (3.9)

where D(δ) = {t ∈ R | dist(supp(g)), t) ≤ δ}, Z(β) is some positive function
and δ is a strictly positive number. Then, it holds that

‖B∗(g(A) − g(�)(A))B‖1 ≤ C�
1+γZ(�) + C ′

N�
N‖B∗B‖1 for allN ∈ N,

(3.10)

where the constants C and C ′ depend on the number δ and the functions g and
χ1 only.

The proposition is taken from [30], where it is Proposition 2.6. It first
appeared in [29] for γ ∈ (0, 1]. To apply this proposition, we will establish a
case, where we have a bound of the type (3.9) from Proposition 3.13.
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Lemma 3.14. Let H�,μ,ε be a rough Schrödinger operator of regularity τ ≥ 2
acting in L2(Rd) with � in (0, �0] and μ ∈ [0, μ0] which satisfies Assump-
tion 3.7. Suppose there exists a δ in (0, 1) such that ε ≥ �

1−δ. Assume that
θ ∈ C∞

0 (R2d) and there exists two constants η, c > 0 such that

|ν − Vε(x)| + �
2
3 ≥ c for all(x, p) ∈ supp(θ)andν ∈ (−2η, 2η).

Let χ� be the function from Remark 3.12. Then, for every f in C∞
0 ((−η, η))

we have that

‖Opw
�
(θ)f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)Opw

�
(θ)‖1 ≤ C�

−d,

where the constant depends on the dimension, the numbers μ0, ‖∂α
x ∂β

p θ‖L∞(Rd)

for all α, β ∈ Nd
0 , ‖∂αaj‖L∞(Rd) for all α ∈ N

d
0 and j ∈ {1 . . . , d},

‖Vε‖L∞(supp(θ)), the Cα for all α ∈ N
d
0 from Assumption 3.7 and ‖∂αf‖L∞(Rd)

for all α ∈ N0.

Proof. Since we assume that χ�(t) ≥ 0 for all t ∈ R, we have that the compo-
sition of the operators will be a positive operator and hence we have that

‖Opw
�
(θ)f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)Opw

�
(θ)‖1

= Tr[Opw
�
(θ)f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)Opw

�
(θ)]

= Tr[Opw
�
(θ)Opw

�
(θ)f2(H�,μ,ε)χ�(H�,μ,ε − s)],

(3.11)

where we in the last equality have used cyclicality of the trace. From applying
Theorem 3.4 and Remark 3.5 we obtain that∣∣ Tr[Opw

�
(θ)Opw

�
(θ)f2(H�,μ,ε)χ�(H�,μ,ε − s)]

∣∣
≤ ∣∣ Tr[Opw

�
(θ2)f2(H�,μ,ε)χ�(H�,μ,ε − s)]

∣∣ + C�
−d,

(3.12)

where the constant C depends on the numbers ‖∂α
x ∂β

p θ‖L∞(Rd) and ‖f‖L∞(R).
Applying Theorem 3.11 we get that∣∣ Tr[Opw

�
(θ2)f2(H�,μ,ε)χ�(H�,μ,ε − s)]

∣∣ ≤ C�
−d, (3.13)

where the constant C depends on the dimension and the numbers μ0, ‖∂α
x

∂β
p θ‖L∞(Rd) for all α, β ∈ Nd

0 , ‖∂αaj‖L∞(Rd) for all α ∈ N
d
0 and j ∈ {1 . . . , d},

‖Vε‖L∞(supp(θ)), the Cα for all α ∈ N
d
0 from Assumption 3.7 and ‖∂αf‖L∞(Rd)

for all α ∈ N0. Finally by combining (3.11), (3.12) and (3.13) we obtain the
desired estimate and this concludes the proof. �
Theorem 3.15. Let H�,μ,ε be a rough Schrödinger operator of regularity τ ≥ 2
acting in L2(Rd) with � in (0, �0] and μ ∈ [0, μ0] which satisfies Assump-
tion 3.7. Suppose there exists a δ in (0, 1) such that ε ≥ �

1−δ. Moreover,
suppose there exists some c > 0 such that

|Vε(x)| + �
2
3 ≥ c for allx ∈ Ω.

Then, for γ ∈ [0, 1] and any g ∈ C∞,γ(R) and any θ ∈ C∞
0 (Ω × R

d) it holds
that∣∣∣ Tr[Opw

�
(θ)g(H�,μ,ε)] − 1

(2π�)d

∫
R2d

g
(
(p − μa(x))2 + Vε(x)

)
θ(x, p) dxdp

∣∣∣
≤ C�

1+γ−d,
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where the constant C is depending on the dimension, μ0, the numbers ‖∂α
x

∂β
p θ‖L∞(Rd) for all α, β ∈ Nd

0 , ‖∂αaj‖L∞(Rd) for all α ∈ N
d
0 and j ∈ {1 . . . , d},

‖Vε‖L∞(Ω) and the numbers ζ and Cα for all α ∈ N
d
0 from Assumption 3.7.

Proof. By continuity there exists an η > 0 such that

|ν − Vε(x)| + �
2
3 ≥ c

2
for allx ∈ Ωandν ∈ (−2η, 2η).

Let f1, f2 ∈ C∞
0 (R) such that supp(f2) ⊂ (−η, η) and

g(H�,μ,ε) = f1(H�,μ,ε) + f2
2 (H�,μ,ε)g(H�,μ,ε). (3.14)

We can ensure this since H�,μ,ε is lower semibounded. With these functions,
we have that

Tr[Opw
�
(θ)g(H�,μ,ε)] = Tr[Opw

�
(θ)f1(H�,μ,ε)]

+ Tr[Opw
�
(θ)f2

2 (H�,μ,ε)g(H�,μ,ε)]. (3.15)

We will consider each term separately and start by considering the first term
on the right-hand side of (3.15). Here we get by applying Theorem 3.9 that

Tr[Opw
�
(θ)f1(H�,μ,ε)] = Tr[Opw

�
(θ)Opw

�
(af1

ε,0)] + C�
2−d, (3.16)

where the constant C depends on the numbers ‖∂α
x ∂β

p θ‖L∞(Rd) for all α, β ∈
N

d
0, ‖∂αaj‖L∞(Rd) for all α ∈ N

d and j ∈ {1 . . . , d} and ‖∂α
x Vε‖L∞(Ω) for all α ∈

N
d
0. Moreover, we have used the notation af1

ε,0(x, p) = f1((p−μa(x))2 +Vε(x)).
From applying Theorem 3.4 and Theorem 3.3, we get that

Tr[Opw
�
(θ)Opw

�
(af1

ε,0)] =
1

(2π�)d

∫
R2d

f1

(
(p − μa(x))2 + Vε(x)

)
θ(x, p) dxdp

− i�

(2π�)d

∫
R2d

cε,1(x, p) dxdp + O(�2−d), (3.17)

where cε,1 is the subprincipal symbol we get from composing the operators.
Since the left-hand side of (3.17) is real and cε,1 is real we have that the second
term of the right-hand side has to be of lower order. To see that the left-hand
side is real note that for two self-adjoint operators A and B, where one is
trace-class and the other is bounded we have that

Tr[AB] = Tr[B∗A∗] = Tr[AB].

In fact, one has, that the second term of the right-hand side of (3.17) is zero.
To see this one can calculate the coefficient and perform an integration by
parts argument. Hence, we have that

Tr[Opw
�
(θ)Opw

�
(af1

ε,0)] =
1

(2π�)d

∫
R2d

f1((p − μa(x))2

+ Vε(x))θ(x, p) dxdp + O(�2−d).
(3.18)

Now we turn to the second term on the right-hand side of (3.15). When we
consider this term we may, due to the support properties of f2, assume that
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supp(g) ⊂ (− 3
2η, 0] that is g ∈ C∞,s

0 (R). Let g� be the smoothed version of g
as described in Remark 3.12. We then have that

Tr[Opw
� (θ)f2

2 (H�,μ,ε)g(H�,μ,ε)] = Tr[Opw
� (θ)f2

2 (H�,μ,ε)g
�(H�,μ,ε)]

+ Tr
[
Opw

� (θ)f2(H�,μ,ε)[g(H�,μ,ε)

− g�(H�,μ,ε)]f2(H�,μ,ε)
]
.

(3.19)

Let θ1 ∈ C∞
0 (Ω × R

d) such that θθ1 = θ. Then, from applying Lemma 3.6
twice we get for all N ∈ N that∣∣ Tr

[
Opw

�
(θ)f2(H�,μ,ε)[g(H�,μ,ε) − g�(H�,μ,ε)]f2(H�,μ,ε)

]∣∣
≤ ‖Opw

�
(θ)‖op

∥∥Opw
�
(θ1)f2(H�,μ,ε)[g(H�,μ,ε)

− g�(H�,μ,ε)]f2(H�,μ,ε)Opw
�
(θ1)

∥∥
1

+ CN�
N .

(3.20)

From Lemma 3.14 we have that assumption (3.9) from Proposition 3.13 is
satisfied with B = f2(H�,μ,ε)Opw

�
(θ1). Hence, Proposition 3.13 gives us that∥∥Opw

�
(θ1)f2(H�,μ,ε)[g(H�,μ,ε) − g�(H�,μ,ε)]f2(H�,μ,ε)Opw

�
(θ1)

∥∥
1

≤ C�
1+γ−d.

(3.21)

Using the definition of g� and applying Theorem 3.11 we have that

Tr[Opw
�
(θ)f2

2 (H�,μ,ε)g�(H�,μ,ε)]

=
∫

R

g(s)Tr[Opw
�
(θ)f2

2 (H�,μ,ε)χ�(H�,μ,ε − s)] ds

=
1

(2π�)d

∫
R

g(s)f2
2 (s)

∫
{aε,0=s}

θ

|∇aε,0| dSs ds + O(�2−d)

=
1

(2π�)d

∫
R2d

f2
2 g

(
(p − μa(x))2 + Vε(x)

)
θ(x, p) dxdp + O(�2−d).

(3.22)

From combining (3.19), (3.20), (3.21) and (3.22), we obtain that

Tr[Opw
� (θ)f2

2 (H�,μ,ε)g(H�,μ,ε)]

=
1

(2π�)d

∫
R2d

f2
2 g

(
(p − μa(x))2 + Vε(x)

)
θ(x, p) dxdp + O(�1+γ−d).

(3.23)

Recalling the identity in (3.14) and combining (3.15), (3.18) and (3.23), we
obtain that∣∣∣ Tr[Opw

�
(θ)g(H�,μ,ε)] − 1

(2π�)d

∫
R2d

g((p − μa(x))2 + Vε(x))θ(x, p) dxdp
∣∣∣

≤ C�
1+γ−d,

where the constant depends on the numbers stated in the theorem. This con-
cludes the proof. �
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4. Auxiliary Estimates

We will in this section establish auxiliary estimates, which are needed for the
proof of the main result. Especially we will prove bounds on ‖ϕf(H�,μ)‖1,
where f ∈ C∞

0 (R), ϕ ∈ C∞
0 (Ω) and H�,μ satisfies Assumption 1.1 with some

set Ω and the numbers � > 0 and μ ≥ 0. Some of the results in this section
are based on ideas originating in [30]. The main estimate from which the other
estimates are deduced is contained in the following lemma. The lemma is taken
from [30], where it is Lemma 3.6.

Lemma 4.1. Let H�,μ = (−i�∇ − μa)2 + V be a Schrödinger operator acting
in L2(Rd) and assume that V ∈ L∞(Rd) and aj ∈ L2

loc(R
d) for j ∈ {1, . . . , d}.

Moreover, suppose that μ ≤ μ0 < 1 and � ∈ (0, �0], with �0 sufficiently small.
Let ϕ1 ∈ C∞

0 (Rd) and ϕ2 ∈ B∞(Rd) such that

dist
{

supp(ϕ1), supp(ϕ2)
} ≥ c > 0, (4.1)

and let r,m ∈ {0, 1}. Then, for any N > d
2 it holds that

‖ϕ1Q
r
l (H� − z)−1(Q∗

q)
mϕ2‖1 ≤ CN

〈z〉m+r
2

| Im(z)|
〈z〉 d

2

�d

〈z〉N
�

2N

| Im(z)|2N
,

where Ql = −i�∂xl
− μal. The constant CN depends only on the numbers N ,

‖∂αϕ1‖L∞(Rd), ‖∂αϕ2‖L∞(Rd) for all α ∈ N
d
0 and the constant c.

Note that we have phrased the lemma slightly differently here. In [30] it
is not stated with | Im(z)| but with a function d(z), that measures the distance
from z to the interval [λ0,∞), where λ0 ≤ min(V (x)) − 1. We have done this
since we will only need that d(z) ≥ | Im(z)|. The next lemma is also from [30],
where it is Lemma 3.9.

Lemma 4.2. Let H�,μ = (−i�∇ − μa)2 + V be a Schrödinger operator acting
in L2(Rd) and assume that V ∈ L∞(Rd) and aj ∈ L2

loc(R
d) for j ∈ {1, . . . , d}.

Moreover, suppose that μ ≤ μ0 < 1 and � ∈ (0, �0], with �0 sufficiently small.
Let f ∈ C∞

0 (R) and ϕ ∈ C∞
0 (Rd). Then,

‖ϕf(H�,μ)‖1 ≤ C�
−d.

If ϕ1 ∈ C∞
0 (Rd) and ϕ2 ∈ B∞(Rd) such that

dist
{

supp(ϕ1), supp(ϕ2)
} ≥ c > 0. (4.2)

Then, for any N ≥ 0, it holds that

‖ϕ1f(H�,μ)ϕ2‖1 ≤ CN�
N .

The constant CN depends on supp(f), the numbers N , ‖f‖L∞(R), ‖∂αϕ1‖L∞(Rd),
‖∂αϕ2‖L∞(Rd) for all α ∈ N

d
0 and the constant c.

There is an almost similar result as the next lemma in [30]. This is The-
orem 3.12. The difference in the two results is that our constant will not be
directly dependent on the number λ0 (with the notation from [30]). This is
due to us using the Helffer–Sjöstrand formula instead of the representation
formula for f(A) used in [30], where f ∈ C∞

0 (Rd) and A is some self-adjoint
lower semibounded operator.



Sharp Semiclassical Spectral Asymptotics

Lemma 4.3. Let H�,μ be an operator acting in L2(Rd) which satisfies Assump-
tion 1.1 with the open set Ω and the local operator H�,μ = (−i�∇ − μa)2 + V .
Assume that μ ≤ μ0 < 1 and � ∈ (0, �0], with �0 sufficiently small. Then, for
f ∈ C∞

0 (R) and ϕ ∈ C∞
0 (Ω) we have for any N ∈ N0 that

‖ϕ[f(H�,μ) − f(H�,μ)]‖1 ≤ CN�
N ,

and

‖ϕf(H�,μ)‖1 ≤ C�
−d,

The constant CN depends on supp(f) the numbers N , ‖f‖L∞(R), ‖∂αϕ‖L∞(Rd)

for all α ∈ N
d
0.

Proof. Using the Helffer–Sjöstrand formula (Theorem 2.3), we obtain that

ϕ[f(H�,μ) − f(H�,μ)] = − 1
π

∫
C

∂̄f̃(z)ϕ[(z − H�,μ)−1 − (z − H�,μ)−1]L(dz),

(4.3)

where f̃ is an almost analytic extension of f . Since we assume that ϕ ∈ C∞
0 (Ω),

there exists a positive constant c such that

dist
(
supp(ϕ), ∂Ω

) ≥ 4c.

Let ϕ1 ∈ C∞
0 (Rd) such that ϕ1(x) ∈ [0, 1] for all x ∈ R

d. Moreover, we choose
ϕ1 such that ϕ1(x) = 1 on the set {x ∈ R

d | dist(supp(ϕ), x) ≤ c} and

supp(ϕ1) ⊂ {x ∈ R
d | dist(supp(ϕ), x) ≤ 3c}.

With this function, we have that

ϕ[(z − H�,μ)−1 − (z − H�,μ)−1]

= ϕ[ϕ1(z − H�,μ)−1 − (z − H�,μ)−1ϕ1] − ϕ(z − H�,μ)−1(1 − ϕ1).
(4.4)

For the second term on the right-hand side of (4.4) we have by Lemma 4.1 for
all N > d

2 that

‖ϕ(z − H�,μ)−1(1 − ϕ1)‖1 ≤ CN
〈z〉N+ d

2 �
2N−d

| Im(z)|2N+1
, (4.5)

where CN depends only on the numbers N , the functions ϕ, ϕ1 and the con-
stant c. For the first term on the right-hand side of (4.4) we have by the
resolvent formalism that

ϕ1(z − H�,μ)−1 − (z − H�,μ)−1ϕ1

=
d∑

j=1

(z − H�,μ)−1[Q∗
jQj , ϕ1](z − H�,μ)−1

=
d∑

j=1

(z − H�,μ)−1
( − i�Qj∂xj

ϕ1 − �
2∂2

xj
ϕ1

)
(z − H�,μ)−1, (4.6)
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where ∂xj
ϕ1 and ∂2

xj
ϕ1 are the derivatives of ϕ1 with respect to xj once or

twice, respectively. Notice that due to our choice of ϕ1, we have that

dist
(
supp(∂xj

ϕ1), supp(ϕ)
) ≥ c and dist

(
supp(∂2

xj
ϕ1), supp(ϕ)

) ≥ c.

Using (4.6) we have by Lemma 4.1 for all N > d
2 that

‖ϕ[ϕ1(z − H�,μ)−1 − (z − H�,μ)−1ϕ1]‖1

≤ ∥∥(z − H�,μ)−1
∥∥

op

d∑
j=1

�
∥∥ϕ(z − H�,μ)−1Qj∂xj

ϕ1

∥∥
1

+�
2
∥∥ϕ(z − H�,μ)−1∂2

xj
ϕ1

∥∥
1

≤ CN
〈z〉N+ d+1

2 �
2N−d

| Im(z)|2N+1

� + �
2

| Im(z)| , (4.7)

where CN depends only on the dimension the numbers N , the functions ϕ, ϕ1

and the constant c. From combing (4.4), (4.5) and (4.7) we obtain that

∥∥ϕ[(z − H�,μ)−1 − (z − H�,μ)−1]
∥∥

1
≤ CN

〈z〉N+ d+1
2 �

2N−d

| Im(z)|2N+2
. (4.8)

Combining (4.3), (4.8) and using properties of the integral we get for all N > d
2

that ∥∥ϕ[f(H�,μ) − f(H�,μ)]
∥∥

1

≤ 1
π

∫
C

∣∣∂̄f(z)
∣∣∥∥ϕ[(z − H�,μ)−1 − (z − H�,μ)−1]

∥∥
1
L(dz)

≤ CN
�

2N−d

π

∫
C

∣∣∂̄f(z)
∣∣ 〈z〉N+ d+1

2

| Im(z)|2N+2
L(dz) ≤ C̃N�

2N−d,

(4.9)

where the constant C̃N depends on the dimension the numbers N , the functions
ϕ, ϕ1, f and the constant c. We have in the last inequality used the properties
of the almost analytic extension f̃ . The estimate in (4.9) concludes the proof.

�

Lemma 4.4. Let H�,μ be an operator acting in L2(Rd). Suppose H�,μ satisfies
Assumption 1.1 with the open set Ω and let H�,μ,ε = (−i�∇ − μa)2 + Vε

be the associated rough Schrödinger operator. Assume that μ ≤ μ0 < 1 and
� ∈ (0, �0], with �0 sufficiently small. Let f ∈ C∞

0 (R) and ϕ ∈ C∞
0 (Ω) then it

holds that

‖ϕ[f(H�,μ) − f(H�,μ,ε)]‖1 ≤ Cε5+κ
�

−d. (4.10)

The constant CN depends on supp(f) the dimension, the numbers ‖f‖L∞(R),
‖∂αϕ‖L∞(R) for all α ∈ N

d
0, ‖∂αaj‖L∞(Rd) for all α ∈ N

d
0 with |α| ≥ 1 and

j ∈ {1 . . . , d} and ‖∂α
x V ‖L∞(Rd) for all α ∈ N

d
0 such that |α| ≤ 5 and the

Hölder constant for V .
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Proof. Let H�,μ be the magnetic Schrödinger operator associated with H�,μ.
We then have that

‖ϕ[f(H�,μ) − f(H�,μ,ε)]‖1 ≤ ‖ϕ[f(H�,μ) − f(H�,μ)]‖1 + ‖ϕ[f(H�,μ)
−f(H�,μ,ε)]‖1. (4.11)

By Lemma 4.3, it follows for all N ∈ N that

‖ϕ[f(H�,μ) − f(H�,μ)]‖1 ≤ CN�
N . (4.12)

To estimate the second term on the right-hand side of (4.11) let f1 ∈ C∞
0 (R)

such that f1(t)f(t) = f(t) for all t ∈ R. Moreover, let ϕ1 ∈ C∞
0 (Ω) such that

ϕ1(x) = 1 for all x ∈ supp(ϕ). We then have for each N ∈ N0 that

‖ϕ[f(H�,μ) − f(H�,μ,ε)]‖1

≤ ‖ϕ[f1(H�,μ) − f1(H�,μ,ε)]ϕ1f(H�,μ)‖1 + ‖ϕf1(H�,μ,ε)[f(H�,μ)

−f(H�,μ,ε)]‖1 + CN�
N

≤ C�
−d

[‖f1(H�,μ) − f1(H�,μ,ε)‖op + ‖f(H�,μ) − f(H�,μ,ε)‖op

]
+ CN�

N ,

(4.13)

where we have used Lemma 4.2 three times. We can use this as V, Vε ∈ L∞(Rd)
and the functions ϕ and 1 − ϕ1 have disjoint support. Applying Theorem 2.3
and the resolvent formalism we get that

‖f(H�,μ) − f(H�,μ,ε)‖op

≤ 1
π

∫
C

|∂̄f̃(z)|‖(H�,μ − z)−1 − (H�,μ,ε − z)−1‖op L(dz)

≤ 1
π

∫
C

|∂̄f̃(z)|
| Im(z)|2 ‖V − Vε‖op L(dz)

≤ Cε5+κ, (4.14)

where we in the last inequality have used that f̃ is an almost analytic extension
and have compact support and Lemma 2.4. Analogously we obtain that

‖f1(H�,μ) − f1(H�,μ,ε)‖op ≤ Cε5+κ. (4.15)

Combining the estimates in (4.11), (4.12), (4.13), (4.14) and (4.15) we obtain
the estimate in (4.10). This concludes the proof. �

Before we proceed, we will need a technical lemma. This lemma gives us
a version of the estimate (3.9) from Proposition 3.13.

Lemma 4.5. Let H�,μ,ε = (−i�∇ − μa)2 + Vε be a rough Schrödinger operator
acting in L2(Rd) of regularity τ ≥ 2 with μ ≤ μ0 < 1 and � ∈ (0, �0], �0

sufficiently small. Assume that aj ∈ C∞
0 (Rd) for all j ∈ {1, . . . , d} and Vε ∈

C∞
0 (Rd). Suppose there is an open set Ω ⊂ supp(Vε) and a c > 0 such that

|Vε(x)| + �
2
3 ≥ c for allx ∈ Ω.

Let χ�(t) be the function from Remark 3.12, f ∈ C∞
0 (R) and ϕ ∈ C∞

0 (Ω) then
it holds for s ∈ R that

‖ϕf(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ‖1 ≤ C�
−d.
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The constant CN depends on supp(f), the dimension and the numbers ‖f‖L∞(R),
‖∂αϕ‖L∞(R) for all α ∈ N

d
0, ‖∂αaj‖L∞(Rd) for all α ∈ N

d
0 and j ∈ {1 . . . , d},

‖Vε‖L∞(Rd) and the numbers Cα from Assumption 3.7.

Proof. Under the assumptions of the lemma, we have that a and Vε satisfies
Assumption 3.7. Hence, if we can find θ ∈ C∞

0 (Ω×R
d) such that for all N ∈ N

we have that∥∥ϕf(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ

−ϕOpw
�
(θ)f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)Opw

�
(θ)ϕ

∥∥
1

≤ CN�
N ,

(4.16)

where CN has the dependency as stated in the lemma. Then, the result will
follow from Lemma 3.14. Since this gives us that

‖ϕOpw
�
(θ)f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)Opw

�
(θ)ϕ‖1 ≤ C�

−d.

In order to find such a θ, we observe that since Vε and aj are bounded for all
j ∈ {1, . . . , d} there exist a K > 1 such that

f(af
ε,0(x, p)) = 0 if|p| ≥ K − 1,

where we have also used that f is compactly supported and the notation
af

ε,0(x, p) = f((p − μa(x))2 + Vε(x)). Hence, we will choose θ ∈ C∞
0 (Ω ×

B(0,K + 1)) such that

supp(ϕ) ∩ supp(1 − θ) ∩ supp(f(af
ε,0)) = ∅.

From applying Lemma 3.6 and Theorem 3.9, we obtain that

‖ϕ(1 − Opw
�
(θ))f(H�,μ,ε)‖op ≤ CN�

N . (4.17)

By Theorem 3.2 and Lemma 4.2, we have that ‖Opw
�
(θ)‖1 ≤ C�

−d and
‖ϕf(H�,μ,ε)‖1 ≤ C�

−d, respectively. Hence, we get that∥∥ϕf(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ

− ϕOpw
�
(θ)f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)Opw

�
(θ)ϕ

∥∥
1

≤ ∥∥ϕ(1 − Opw
�
(θ))f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ

∥∥
1

+
∥∥ϕOpw

�
(θ)f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)(1 − Opw

�
(θ))ϕ

∥∥
1

≤ C�
−d‖ϕ(1 − Opw

�
(θ))f(H�,μ,ε)‖op ≤ CN�

N .

(4.18)

where we have used (4.17). This establishes (4.16) and concludes the proof.
�

In the same manner as the previous lemma, we will prove an asymptotic
formula for the case with a compactly supported potential.

Lemma 4.6. Let H�,μ,ε = (−i�∇ − μa)2 + Vε be a rough Schrödinger operator
acting in L2(Rd) of regularity τ ≥ 2 with μ ≤ μ0 < 1 and � ∈ (0, �0], �0

sufficiently small. Assume that aj ∈ C∞
0 (Rd) for all j ∈ {1, . . . , d} and Vε ∈

C∞
0 (Rd). Suppose there is an open set Ω ⊂ supp(Vε) and a c > 0 such that

|Vε(x)| + �
2
3 ≥ c for allx ∈ Ω.
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Then, for g ∈ C∞,γ(R) with γ ∈ [0, 1] and any ϕ ∈ C∞
0 (Ω) it holds that∣∣∣ Tr[ϕg(H�,μ,ε)] − 1

(2π�)d

∫
R2d

g(p2 + Vε(x))ϕ(x) dxdp
∣∣∣ ≤ C�

1+γ−d.

The constant CN depends on supp(f), the dimension and the numbers ‖f‖L∞(R),
‖∂αϕ‖L∞(R) for all α ∈ N

d
0, ‖∂αaj‖L∞(Rd) for all α ∈ N

d
0 with |α| ≥ 1 and

j ∈ {1 . . . , d}, ‖Vε‖L∞(Rd) and the numbers Cα from Assumption 3.7.

Proof. Since all quantities are Gauge invariant, we can start by performing
a Gauge transform such that the supremums norm of the magnetic vector
potential is uniformly bounded.

As in the proof of Lemma 4.5, we let θ ∈ C∞
0 (Ω×B(0,K +1)) such that

supp(ϕ) ∩ supp(1 − θ) ∩ supp(f(af
ε,0)) = ∅,

where af
ε,0(x, p) = f((p−μa(x))2 +Vε(x)). Then, as in the proof of Lemma 4.5

we then get for all N ∈ N that

Tr[ϕg(H�,μ,ε)] = Tr[ϕOpw
�
(θ)g(H�,μ,ε)] + O(�N ). (4.19)

This choice of θ ensures the assumptions of Theorem 3.15 is satisfied. Hence,
we get that∣∣∣ Tr[ϕOpw

�
(θ)g(H�,μ)] − 1

(2π�)d

∫
R2d

g((p − μa(x))2 + Vε(x))ϕ(x)θ(x, p) dxdp
∣∣∣

≤ C�
1+γ−d, (4.20)

From the support properties of θ we have that∫
R2d

g((p − μa(x))2 + Vε(x))ϕ(x)θ(x, p) dxdp =
∫

R2d

g(p2 + Vε(x))ϕ(x) dxdp.

(4.21)

From combining (4.19), (4.20) and (4.21) we obtain the desired estimate. This
concludes the proof. �

To compare the trace norm of certain operators we will need the following
technical lemma. The lemma is an “extension” to Lemma 4.2 under additional
regularity assumptions on the potential.

Lemma 4.7. Let γ ∈ [0, 1] and H�,μ = (−i�∇ − μa)2 + V be a Schrödinger
operator acting in L2(Rd) and assume that aj ∈ B∞(Rd) for j ∈ {1, . . . , d}
and that V ∈ Ck,κ

0 (Rd) with k ∈ N and κ ∈ (0, 1] such that k = 5 and κ > γ if
γ < 1 and k = 6 and κ > 0 if γ = 1. Moreover, suppose that μ ≤ μ0 < 1 and
� ∈ (0, �0], with �0 sufficiently small. Let θ1 ∈ C∞

0 (R2d) and θ2 ∈ B∞(R2d)
such that

dist
{

supp(θ1), supp(θ2)
} ≥ c > 0, (4.22)

and let f ∈ C∞
0 (R). Then there exists T1 > 0 sufficiently small such that

‖Opw
�
(θ2)eit�−1H�,μf(H�,μ)Opw

�
(θ1)‖op ≤ C�

3+γ ,
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uniformly for t ∈ [−T1, T1]. The constant C depends on supp(f), the dimen-
sion, the numbers N , ‖f‖L∞(Rd), ‖∂αϕ1‖L∞(Rd), ‖∂αϕ2‖L∞(Rd) for all α ∈ N

d
0

and the constant c.

The lemma can be interpreted as a consequence of Bohr’s correspondence
principle. Indeed, if we have two sets in phase space that satisfy (4.22) and
one is bounded, then we could consider a particle starting from the bounded
set. Then, for any classical Hamiltonian flow, there will be a time T such that
if t ≤ T the particle will not have entered the second set. This is the intuition
behind the above lemma. There is also a version of this result in [29, Lemma
5.1] for �-ΨDO’s.

Proof. Firstly, we note that in the case t = 0 the result follows from Lemma 4.2.
Hence, we may assume that t �= 0. We will in the following assume 0 < t ≤ T1.
The case −T1 ≥ t > 0 is proven analogously. We let ψ ∈ C∞

0 (R) such that
ψ(s) = 1 for |s| ≤ 1 and ψ(s) = 0 for |s| ≥ 2. Moreover, let M be a sufficiently
large constant which will be fixed later and put

ψμ1(z) = ψ
(

Im(z)
μ1

)
,

where μ1 = M� log( 1
�
). Moreover, we also let f̃ be an almost analytic extension

of f as described in Definition 2.2. For the product f̃ψμ1 we have that

|∂̄(f̃ψμ1)| ≤ Cμ−1
1 1[−2,−1](

Im(z)
μ1

) + Cnψμ1(z) |Im(z)|n + Cμ−1
1 1[1,2](

Im(z)
μ1

)

(4.23)

for all n ∈ N, where we have used the properties of f̃ . Since we have that
eit�−1z is holomorphic we get the following identity from the Helffer–Sjöstrand
formula (Theorem 2.3)

Opw
�
(θ2)eit�−1H�,μf(H�,μ)Opw

�
(θ1)

= − 1
π

∫
C

∂̄[f̃ψμ1 ](z)eit�−1zOpw
�
(θ2)(z − H�,μ)−1Opw

�
(θ1)L(dz), (4.24)

where we have used the linearity of the integral. Combining the estimate in
(4.23) and the identity in (4.24) we obtain the estimate

‖Opw
�
(θ2)eit�−1H�,μf(H�,μ)Opw

�
(θ1)‖op

≤ C

μ1

∫
−η<Re(z)<η

−2μ1≤Im(z)≤−μ1

e−t�−1 Im(z)
∥∥Opw

�
(θ2)(z − H�,μ)−1Opw

�
(θ1)

∥∥
op

L(dz)

+Cn

∫
−η<Re(z)<η

−2μ1≤Im(z)≤2μ1

|Im(z)|n e−t�−1 Im(z)

×∥∥Opw
�
(θ2)(z − H�,μ)−1Opw

�
(θ1)

∥∥
op

L(dz)

+
C

μ1

∫
−η<Re(z)<η

μ1≤Im(z)≤2μ1

∥∥Opw
�
(θ2)(z − H�,μ)−1Opw

�
(θ1)

∥∥
op

L(dz), (4.25)
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where we have used that f̃ is compactly supported to ensure that we only
integrate over a finite interval for Re(z). For the second term on the right-
hand side, we will use the simple estimate∥∥Opw

�
(θ2)(z − H�,μ)−1Opw

�
(θ1)

∥∥
op

≤ C

| Im(z)| . (4.26)

Applying this estimate we obtain for n sufficiently large depending on T1 and
M that

Cn

∫
−η<Re(z)<η

−2μ1≤Im(z)≤2μ1

|Im(z)|n e−t�
−1 Im(z)

∥∥Opw
� (θ2)(z − H�,μ)−1Opw

� (θ1)
∥∥
op

L(dz)

≤ C̃n

∫
−η<Re(z)<η

−2μ1≤Im(z)≤2μ1

|μ1|n−1 e2t�
−1μ1 L(dz)

≤ Cμn
1 e2T1�

−1μ1 ≤ C
(
M� log( 1

�
)
)n

�
−2T1M ≤ C�

3+γ . (4.27)

To estimate the two remaining terms, we cannot just use the simple estimate
in (4.26), as this will not give the desired result. Instead, we need to utilise that
θ1 and θ2 have disjoint supports. This argument relies on pseudo-differential
techniques. Hence, we will first change our potential. Let Vε be the rough
potential associated with V as constructed in Lemma 2.4 and let H�,μ,ε be the
associated rough Schrödinger operator. We choose ε = �

1−δ, where

δ =

{
1 − 5+γ+ 1

2 (κ−γ)

5+κ ifγ < 1

1 − 6+ 1
2κ

6+κ ifγ = 1.

We then have that∥∥Opw
�
(θ2)

[
(z − H�,μ)−1 − (z − H�,μ,ε)−1

]
Opw

�
(θ1)

∥∥
op

≤ C‖V − Vε‖op

| Im(z)|2 ≤ Cεk+κ

| Im(z)|2 .

With our choice of ε and δ, this estimate implies that∥∥Opw
�
(θ2)(z − H�,μ)−1Opw

�
(θ1)

∥∥
op

≤ ∥∥Opw
�
(θ2)(z − H�,μ,ε)−1Opw

�
(θ1)

∥∥
op

+
C�

5+γ+ 1
2 (κ−γ′)

| Im(z)|2 ,
(4.28)

where γ′ = γ1[0,1)(γ). To estimate the operator norm on the right-hand side
of (4.28) we will in the following let G̃ ∈ C∞

0 (R2d) such that G̃θ1 = θ1 and

dist
{

supp(G̃), supp(θ2)
} ≥ c̃ > 0.

For any ν > 0 we set G = νG̃. Moreover, we also define the rough pseudo-
differential operators Opw

�
(eG(x,p) log(�−1)). This operator will be rough in the

sense of the monographs [8,36]. It is defined by

Opw
�
(eG(x,p) log(�−1))ϕ(x)=

1
(2π�)d

∫
R2d

ei�−1〈x−y,p〉eG( x+y
2 ,p) log(�−1)ϕ(y) dydp,

for all ϕ ∈ S(Rd). It extends to a bounded operator on L2(Rd) and it is elliptic
and hence invertible if � ∈ (0, �0], where �0 > 0 is small enough. We will by
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Opw
�
(eG(x,p) log(�−1))−1 denote the inverse. The inverse will be an admissible

operator in the sense that for every N ∈ N there exists N0 ∈ N, a sequence
of symbols {aj(x, p, �)}N0

j=0 in B∞(R2d) and a bounded operator RN0(�) such
that

Opw
�
(eG(x,p) log(�−1))−1 =

N0∑
j=0

�
jOpw

�
(aj) + �

NRN0(�),

and

sup
�∈(0,1]

‖RN0(�)‖op < ∞.

The principal symbol a0(x, p, �) of Opw
�
(eG(x,p) log(�−1))−1 is given by the ex-

pression

a0(x, p, �) = e−G(x,p) log(�−1).

For the remaining symbols aj(x, p, �) of Opw
�
(eG(x,p) log(�−1))−1 we have that

the subprincipal symbol a1(x, p, �) = 0. For j ≥ 2, we have that

aj(x, p, �) = ãj(x, p, �)e−G(x,p) log(�−1),

where ãj(x, p, �) ∈ C∞
0 (R2d) such that supp(ãj)∩supp(θi) = ∅ for i = 1, 2. The

symbols ãj(x, p, �) will be polynomials in ∂α
p ∂β

x G̃(x, p) and satisfy the bounds

∣∣∂α
p ∂β

xaj(x, p, �)
∣∣ ≤ log(�−1)2jCαβ ,

for all α, β ∈ N
d
0. Hence, applying Theorem 4.23 from [36] it follows that

‖Opw
�
(eG(x,p) log(�−1))−1‖op ≤ C and ‖Opw

�
(eG(x,p) log(�−1))‖op ≤ C�

−ν ,

(4.29)

where the constants C depends on the dimension and the function G̃. Using
the standard theory of rough pseudo-differential operators, we obtain that

Opw
�
(eG(x,p) log(�−1))−1(z − H�,μ,ε)Opw

�
(eG(x,p) log(�−1))

= z − H�,μ,ε + ν� log(�−1)R1(�),
(4.30)

where the error operator R1(�) satisfies that

sup
�∈(0,�0]

‖R1(�)‖op ≤ C. (4.31)
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The constant C depends on the dimension and the function G̃. This implies
that for all � sufficiently small (depending on ν) we have that the left-hand
side of (4.30) is invertible. We get for all � > 0 sufficiently small that

eν log(�
−1)

∥∥Opw
�
(θ2)(z − H�,μ,ε)

−1Opw
�
(θ1)

∥∥
op

≤ ∥∥Opw
�
(θ2)Opw

�
(eG(x,p) log(�

−1))−1(z − H�,μ,ε)
−1Opw

�
(eG(x,p) log(�

−1))Opw
�
(θ1)

∥∥
op

+
CÑ �

Ñ

| Im(z)|
=

∥∥Opw
�
(θ2)

[
z − Opw

�
(eG(x,p) log(�

−1))−1H�,μ,εOpw
�
(eG(x,p) log(�

−1))
]−1

Opw
�
(θ1)

∥∥
op

+
CÑ �

Ñ

| Im(z)|

≤ C + CÑ �
Ñ

| Im(z)| ,

(4.32)

where the number Ñ is chosen sufficiently large. We will be choosing the
parameter ν to be

ν = min
(
8,

| Im(z)|
C1� log(�−1)

)
,

where C1 is a positive constant chosen sufficiently large to ensure the inevitabil-
ity of the operator on the left-hand side of (4.30). Note that ν will be of order
one for all | Im(z)| ∈ [μ1, 2μ1]. With this choice for ν, we get from (4.32) that

∥∥Opw
�
(θ2)(z − H�,μ,ε)−1Opw

�
(θ1)

∥∥
op

≤ C

| Im(z)| max
(
�

8, e− | Im(z)|
C1�

)
. (4.33)

Combining the estimates in (4.28) and (4.33), we obtain that

∥∥Opw
�
(θ2)(z − H�,μ)−1Opw

�
(θ1)

∥∥
op

≤ C max
(
�

8, e− | Im(z)|
C1�

)
| Im(z)| +

C�
5+γ+ 1

2 (κ−γ′)

| Im(z)|2 .

(4.34)

Using the estimate obtained in (4.34), we get that

1

μ1

∫
−η<Re(z)<η

−2μ1≤Im(z)≤−μ1

e−t�
−1 Im(z)

∥∥Opw
�
(θ2)(z − H�,μ)

−1Opw
�
(θ1)

∥∥
op L(dz)

≤ C

μ2
1

∫
−η<Re(z)<η

−2μ1≤Im(z)≤−μ1

e2T1�
−1μ1

[
max

(
�
8, e

− | Im(z)|
C1�

)
+ �

5+γ+1
2
(κ−γ′)μ−1

1

]
L(dz)

≤ C

μ1
e2t�

−1μ1
(
�
8 + e

− μ1
C1� + �

5+γ+1
2
(κ−γ′)μ−1

1

)
≤ C

M

(
�
7−2T1M + �

M( 1
C1

−2T1)−1
+ �

3+γ+1
2
(κ−γ′)−2T1M )

, (4.35)

where we in the above calculation have used that μ1 = M� log(�−1). Recalling
that C1 is already a fixed constant we choose M = C1(4 + γ + 1

2 (κ − γ′)) and
T1 = 1

4 (κ − γ′)M−1. We then obtain that 2T1M = 1
2 (κ − γ′) ≤ 1

2 . With these



S. Mikkelsen Ann. Henri Poincaré

choices of constants we obtain from (4.35) that

1
μ1

∫
−η<Re(z)<η

−2μ1≤Im(z)≤−μ1

e−t�−1 Im(z)
∥∥Opw

�
(θ2)(z − H�,μ)−1Opw

�
(θ1)

∥∥
op

L(dz)

≤ C�
3+γ . (4.36)

Analogously we get that

1
μ1

∫
−η<Re(z)<η

μ1≤Im(z)≤2μ1

∥∥Opw
�
(θ2)(z − H�,μ)−1Opw

�
(θ1)

∥∥
op

L(dz) ≤ C�
3+γ . (4.37)

Combining the estimates obtained in (4.25), (4.27), (4.36) and (4.37) we obtain
that

‖Opw
�
(θ2)eit�−1H�,μf(H�,μ)Opw

�
(θ1)‖op ≤ C�

3+γ .

This is the desired estimate for the case 0 < t ≤ T1. The case −T1 ≤ t < 0 is
proven analogously. This concludes the proof. �

Lemma 4.8. Let γ ∈ [0, 1] and H�,μ be an operator acting in L2(Rd). Suppose
H�,μ and γ satisfies Assumption 1.1 with the open set Ω and let H�,μ,ε =
(−i�∇ − μa)2 + Vε be the associated rough Schrödinger operator. Assume that
μ ≤ μ0 < 1 and � ∈ (0, �0], with �0 sufficiently small. Moreover, let χ�(t) be
the function from Remark 3.12, f ∈ C∞

0 (R) and ϕ ∈ C∞
0 (Ω), then it holds for

s ∈ R that

‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ‖1

≤ Cε5+κ
�

−d−2 + C ′
�

1+γ−d.

(4.38)

Moreover, suppose there exists some c > 0 such that

|V (x)| + �
2
3 ≥ c for allx ∈ Ω.

Then, it holds that

‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ‖1 ≤ C�
−d. (4.39)

The constants C and C ′ depend on supp(f), the dimension and the numbers
‖f‖L∞(R), ‖∂αϕ‖L∞(R) for all α ∈ N

d
0, ‖∂αaj‖L∞(Rd) for all α ∈ N

d
0 and

j ∈ {1 . . . , d} and ‖∂α
x V ‖L∞(Rd) for all α ∈ N

d
0 such that |α| ≤ 5 and the

Hölder constant for V .

Proof. Let H�,μ be the magnetic Schrödinger operator associated with H�,μ.
We then have that

‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ‖1

≤ ‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ‖1

+‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ‖1.

(4.40)
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We start by estimating the first term on the right-hand side of (4.40). By
applying Lemma 4.3 we get that

‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ‖1

≤ ‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ‖1

+C�
−1‖ϕf(H�,μ) − ϕf(H�,μ)‖1 + C�

−1‖f(H�,μ)ϕ − f(H�,μ)ϕ‖1

≤ ‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ‖1 + C�
N ,

(4.41)

where we in the first inequality have added and subtracted the two terms
ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ and ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ, used the
triangle inequality, Lemma 4.3 and that supt∈R

χ�(t) ≤ C�
−1. In the second

inequality, we have used Lemma 4.4. We observe that, using how we defined
the function χ�(z − s), we have that

χ�(z − s) = F−1
�

[χ](z − s) =
1

2π�

∫
R

ei�−1t(z−s)χ(t) dt.

Using this expression and the fundamental theorem of calculus, we get that

χ�(H�,μ − s) − χ�(H�,μ − s)

=
1

2π�

∫
R

(
ei�−1t(H�,μ−s) − ei�−1t(H�,μ−s)

)
χ(t) dt

=
i

2π�2

∫
R

e−i�−1tsχ(t)
∫ t

0

ei�−1τH�,μ
(H�,μ − H�,μ

)
ei�−1(t−τ)H�,μ dτdt.

(4.42)

Letting f̃ ∈ C∞
0 (R) such that f̃(t)f(t) = f(t) for all t ∈ R and using the

identity obtained in (4.42) we get that

‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ‖1

≤ 1
2π�2

∫
R

χ(t)
∫ t

0

∥∥ϕf(H�,μ)ei�−1tH�,μ f̃1(H�,μ)
(H�,μ − H�,μ

)
×f̃(H�,μ)ei�−1(t−τ)H�,μf(H�,μ)ϕ

∥∥
1
dτdt. (4.43)

As in the proof of Lemma 4.5 we let θ ∈ C∞
0 (Ω × B(0,K + 1)) such that

supp(ϕ) ∩ supp(1 − θ) ∩ supp(f(af
ε,0)) = ∅,

where af
ε,0(x, p) = f((p − μa(x))2 + Vε(x)). Then by arguing as in the proof of

Lemma 4.5 and combining it with the estimate obtained in (4.14) we get that∥∥ϕf(H�,μ)ei�−1tH�,μ f̃(H�,μ)
(H�,μ − H�,μ

)
f̃(H�,μ)ei�−1(t−τ)H�,μf(H�,μ)ϕ

∥∥
1

≤ C�
−d

∥∥f̃(H�,μ)
(H�,μ − H�,μ

)
f̃(H�,μ)ei�−1(t−τ)H�,μf(H�,μ)Opw

�
(θ)ϕ

∥∥
op

+Cε5+κ
�

−d. (4.44)

Let θ̃ ∈ C∞
0 (Ω × B(0,K + 1)) such that

dist
(
supp(θ), supp(1 − θ̃)

) ≥ c,
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where c > 0 is some positive constant. With this function, we have that∥∥f̃(H�,μ)
(H�,μ − H�,μ

)
f̃(H�,μ)ei�−1(t−τ)H�,μf(H�,μ)Opw

�
(θ)ϕ

∥∥
op

≤ C
∥∥f̃(H�,μ)

(H�,μ − H�,μ

)
f̃(H�,μ)Opw

�
(θ̃)

∥∥
op

+C
∥∥Opw

�
(1 − θ̃)ei�−1(t−τ)H�,μf(H�,μ)Opw

�
(θ)ϕ

∥∥
op

≤ C�
3+γ , (4.45)

where we in the last inequality have used Lemma 4.4 and Lemma 4.7. We have
here also used that t − τ is sufficiently small due to the support properties of
χ. From combining the estimates in (4.41), (4.43), (4.44) and (4.45) we obtain
that

‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ‖1

≤ C
(
�

1+γ−d + ε5+κ
�

−2−d
)
.

(4.46)

For the second term on the right-hand side of (4.40), we get by a triangle
inequality and the estimate obtained in (4.14) that

‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ‖1

≤ ∥∥ϕf(H�,μ)
[
χ�(H�,μ − s) − χ�(H�,μ,ε − s)

]
f(H�,μ)ϕ

∥∥
1

+ Cε5+κ
�

−1−d

≤ C�
−d

∥∥χ�(H�,μ − s) − χ�(H�,μ,ε − s)
∥∥

op
+ Cε5+κ

�
−1−d, (4.47)

where we in the last inequality have used Lemma 4.2. Using the same funda-
mental theorem of calculus as in (4.42), we get that∥∥χ�(H�,μ − s) − χ�(H�,μ,ε − s)

∥∥
op

≤ 1
2π�2

∫
R

χ(t)
∫ t

0

∥∥H�,μ − H�,μ,ε

∥∥
op

dτdt ≤ Cε5+κ
�

−2.
(4.48)

From combining the estimates in (4.47) and (4.48), we obtain that

‖ϕf(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ − ϕf(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ‖1

≤ Cε5+κ
�

−2−d. (4.49)

Finally by combining the estimates in (4.40), (4.47) and (4.49) we obtain the
estimate stated in (4.38). By combining the estimate in (4.38) with Lemma 4.5
we can obtain the estimate (4.39). This concludes the proof. �

Lemma 4.9. Let H�,μ be an operator acting in L2(Rd). Suppose H�,μ satisfies
Assumption 1.1 with the open set Ω and let H�,μ,ε = (−i�∇ − μa)2 + Vε

be the associated rough Schrödinger operator. Assume that μ ≤ μ0 < 1 and
� ∈ (0, �0], with �0 sufficiently small. Moreover, suppose there exists some
c > 0 such that

|V (x)| + �
2
3 ≥ c for allx ∈ Ω,

and let ϕ ∈ C∞
0 (B(0, R)). Then for g ∈ C∞,γ(R) with γ ∈ [0, 1] it holds that∣∣∣ Tr[ϕg(H�,μ)] − Tr[ϕg(H�,μ,ε)]

∣∣∣ ≤ C�
1+γ−d + C ′ε5+κ

�
−d−2. (4.50)
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The constants C and C ′ depends on supp(f), the dimension and the numbers
‖f‖L∞(R), ‖∂αϕ‖L∞(R) for all α ∈ N

d
0, ‖∂αaj‖L∞(Rd) for all α ∈ N

d
0 with

|α| ≥ 1 and j ∈ {1 . . . , d} and ‖∂α
x V ‖L∞(Rd) for all α ∈ N

d
0 such that |α| ≤ 5

and the Hölder constant for V .

Proof. All quantities are Gauge invariant. Hence, we can start by perform-
ing a Gauge transform such that the supremum norm of the magnetic vector
potential is uniformly bounded.

Since both operators are lower semibounded we may assume that g is
compactly supported. Let f ∈ C∞

0 (R) such that f(t)g(t) = g(t) for all t ∈ R.
Let ϕ1 ∈ C∞

0 (Ω) such that ϕ(x)ϕ1(x) = ϕ(x) for all x ∈ R
d. Moreover, let

χ�(t) be the function from Remark 3.12 and set g(�)(t) = g ∗ χ�(t). With this
notation set up, we have that∣∣∣ Tr[ϕg(H�,μ)] − Tr[ϕg(H�,μ,ε)]

∣∣∣
≤ ‖ϕϕ1f(H�,μ)(g(H�,μ) − g(�)(H�,μ))f(H�,μ)ϕ1‖1

+‖ϕϕ1f(H�,μ,ε)(g(H�,μ,ε) − g(�)(H�,μ,ε))f(H�,μ,ε)ϕ1‖1

+‖ϕ‖L∞(Rd)

∫
R

gγ(s) ds

× sup
s∈R

‖ϕϕ1f(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ1

−ϕ1f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ1‖1. (4.51)

Lemma 4.5 and Lemma 4.8 give us that the assumptions of Proposition 3.13 is
fulfilled with B equal to ϕ1f(H�,μ) and ϕ1f(H�,μ,ε), respectively. Hence, we
have that

‖ϕϕ1f(H�,μ)(g(H�,μ) − g(�)(H�,μ))f(H�,μ)ϕ1‖1 ≤ C�
1+γ−d (4.52)

and

‖ϕϕ1f(H�,μ,ε)(g(H�,μ,ε) − g(�)(H�,μ,ε))f(H�,μ,ε)ϕ1]‖1 ≤ C�
1+γ−d.

(4.53)

From applying Lemma 4.8, we get that

sup
s∈R

‖ϕϕ1f(H�,μ)χ�(H�,μ − s)f(H�,μ)ϕ1

− ϕ1f(H�,μ,ε)χ�(H�,μ,ε − s)f(H�,μ,ε)ϕ1‖1

≤ Cε5+κ
�

−d−2 + C ′
�

1+γ−d.

(4.54)

Finally from combining the estimates in (4.51), (4.52), (4.53) and (4.54)we
obtain the desired estimate and this concludes the proof. �

5. Local Model Problem

Before we state and prove our local model problem, we will state a result on
comparison of phase-space integrals that we will need later.
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Lemma 5.1. Suppose Ω ⊂ R
d is an open set, d ≥ 2 and let ϕ ∈ C∞

0 (Ω).
Moreover, let ε > 0, � ∈ (0, �0] and V, Vε ∈ L1

loc(R
d)∩C(Ω). Suppose for some

number τ ≥ 0 that

‖V − Vε‖L∞(Ω) ≤ cετ . (5.1)

Then for γ ∈ [0, 1] and ε sufficiently small it holds that∣∣∣ ∫
R2d

[gγ(p2 + Vε(x)) − gγ(p2 + V (x))]ϕ(x) dxdp
∣∣∣ ≤ Cετ , (5.2)

where the constant C depends on the dimension and the numbers γ and c in
(5.1).

Proof. Firstly we observe that due to (5.1) we have that

sup
x∈Ω

∣∣V (x)− − Vε(x)−
∣∣ ≤ cετ . (5.3)

To compare the phase-space integrals we start by evaluating the integral in p.
This yields ∫

R2d

[gγ(p2 + Vε(x)) − gγ(p2 + V (x))]ϕ(x) dxdp

= Lcl
γ,d

∫
Rd

[
Vε(x)

d
2 +γ
− − V (x)

d
2 +γ
−

]
ϕ(x) dx,

(5.4)

where the constant Lcl
γ,d is given by

Lcl
γ,d =

Γ(γ + 1)

(4π)
d
2 Γ(γ + d

2 + 1)
,

where Γ is the standard gamma function. Since both Vε(x)− and V (x)− are
bounded from below and d ≥ 2 we can use that the map r �→ r

d
2 +γ is uniformly

Lipschitz continuous when restricted to a compact domain. This gives us that∫
Rd

[
Vε(x)

d
2 +γ
− − V (x)

d
2 +γ
−

]
ϕ(x) dx ≤ Cγ

∫
Rd

∣∣Vε(x)− − V (x)−
∣∣ϕ(x) dx

≤ C̃γετ , (5.5)

where we have used (5.3) and that supp(ϕ) ⊂ Ω. From combining (5.4) and
(5.5), we obtain the desired estimate and this concludes the proof. �

With this established, we can now state our model problem.

Theorem 5.2. Let H�,μ be an operator acting in L2(Rd) with d ≥ 2 and let
γ ∈ [0, 1]. Suppose H�,μ and γ satisfies Assumption 1.1 with the open set Ω
and let H�,μ = (−i�∇ − μa)2 + V be the associated Schrödinger operator.
Assume that μ ≤ μ0 < 1 and � ∈ (0, �0], with �0 sufficiently small. Moreover,
suppose there exists some c > 0 such that

|V (x)| + �
2
3 ≥ c for allx ∈ Ω.

Then for any ϕ ∈ C∞
0 (Ω) it holds that∣∣∣ Tr[ϕgγ(H�,μ)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣∣ ≤ C�

1+γ−d,
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where the constant C is depending on the dimension, the numbers ‖∂αϕ‖L∞(R)

for all α ∈ N
d
0, ‖∂αaj‖L∞(Rd) for all α ∈ N

d
0 with |α| ≥ 1 and j ∈ {1 . . . , d}

and ‖∂α
x V ‖L∞(Rd) for all α ∈ N

d
0 such that |α| ≤ 5 and the Hölder constant

for V .

Proof of Theorem 5.2. Let H�,μ,ε = (−i�∇−μa)2+Vε be the rough Schrödinger
operator associated with H�,μ. We have in the construction of Vε chosen
ε = �

1−δ, where

δ =
κ − γ

5 + κ
. (5.6)

Note that since we assume 2 ≥ κ > γ, we have that 1 > δ > 0. With this
choice of ε and δ we have that

ε5+κ = �
(1−δ)(5+κ) = �

5+γ . (5.7)

Moreover, since we have assumed a non-critical condition for our original prob-
lem we get that there exists a constant c̃ such that for all ε sufficiently small
it holds that

|Vε(x)| + �
2
3 ≥ c̃ for allx ∈ Ω.

With this in place, we have that∣∣∣ Tr[ϕgγ(H�,μ)] − 1
(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣∣

≤
∣∣∣ Tr[ϕgγ(H�,μ) − Tr[ϕgγ(H�,μ,ε)]

∣∣∣
+

∣∣∣ Tr[ϕgγ(H�,μ,ε)] − 1
(2π�)d

∫
R2d

gγ(p2 + Vε(x))ϕ(x) dxdp
∣∣∣

+
∣∣∣ 1
(2π�)d

∫
R2d

(gγ(p2 + Vε(x)) − gγ(p2 + V (x)))ϕ(x) dxdp
∣∣∣. (5.8)

We have by Lemma 4.9 that∣∣∣ Tr[ϕgγ(H�,μ) − Tr[ϕgγ(H�,μ,ε)]
∣∣∣ ≤ C�

1+γ−d + Cε5+κ
�

−d−2 ≤ C̃�
1+γ−d,

(5.9)

where we in the last equality have used (5.7). From Lemma 4.6 we get that∣∣∣ Tr[ϕgγ(H�,μ,ε)] − 1
(2π�)d

∫
R2d

gγ(p2 + Vε(x))ϕ(x) dxdp
∣∣∣ ≤ C�

1+γ−d.

(5.10)

To estimate the last contribution in (5.8), we first notice that by the construc-
tion of Vε we have that

sup
x∈Ω

∣∣V (x)− − Vε(x)−
∣∣ ≤ Cε5+κ = C�

5+γ .

Hence, it follow from Lemma 5.1 that∣∣∣ 1
(2π�)d

∫
R2d

(gγ(p2 + Vε(x)) − gγ(p2 + V (x)))ϕ(x) dxdp
∣∣∣ ≤ C�

5+γ−d.

(5.11)
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Finally by combining (5.8), (5.9), (5.10) and (5.11) we obtain the desired
estimate and this concludes the proof. �

6. Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. The proof is based on the
multi-scale techniques of [30] (see also [15,19]). Before we start the proof, we
will recall the following lemma from [30] where it is Lemma 5.4.

Lemma 6.1. Let Ω ⊂ R
d be an open set and let l be a function in C1(Ω̄) such

that l > 0 on Ω̄ and assume that there exists ρ in (0, 1) such that

|∇xl(x)| ≤ ρ, (6.1)

for all x in Ω.
Then,

i) There exists a sequence {xk}∞
k=0 in Ω such that the open balls B(xk, l(xk))

form a covering of Ω. Furthermore, there exists a constant Nρ, depending
only on the constant ρ, such that the intersection of more than Nρ balls
are empty.

ii) One can choose a sequence {ϕk}∞
k=0 such that ϕk ∈ C∞

0 (B(xk, l(xk))) for
all k in N. Moreover, for all multi-indices α and all k in N

|∂α
x ϕk(x)| ≤ Cαl(xk)−|α|,

and
∞∑

k=1

ϕk(x) = 1,

for all x in Ω.

The proof of the lemma is analogous to the proof of [14, Theorem 1.4.10].
Before we give a proof of Theorem 1.2 we will prove the following theorem,
where we have an additional assumption on the magnetic field compared to
Theorem 1.2.

Theorem 6.2. Let H�,μ be an operator acting in L2(Rd) and let γ ∈ [0, 1]. If
γ = 0, we assume d ≥ 3 and if γ ∈ (0, 1] we assume d ≥ 4. Suppose that H�,μ

and γ satisfy Assumption 1.1 with the set Ω and the functions V and aj for
j ∈ {1, . . . , d}. Then, for any ϕ ∈ C∞

0 (Ω) it holds that∣∣∣ Tr[ϕgγ(H�,μ)] − 1
(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣∣ ≤ C�

1+γ−d

for all � ∈ (0, �0] and μ ≤ μ0 < 1, �0 sufficiently small. The constant C is
depending on the dimension, the numbers ‖∂αϕ‖L∞(Rd) and ‖∂αaj‖L∞(Rd) for
all α ∈ N

d
0 and j ∈ {1 . . . , d} and ‖∂α

x V ‖L∞(Rd) for all α ∈ N
d
0 such that |α| ≤ 5

and the Hölder constant for V .
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Proof. Since ϕ ∈ C∞
0 (Ω), there exists a number ε > 0 such that

dist(supp(ϕ),Ωc) > ε.

We need this number to ensure we stay in the region where H�,μ behaves as a
magnetic Schrödinger operator. We let

l(x) = A−1

√
|V (x)|2 + �

4
3 and f(x) =

√
l(x).

Where we choose A > 0 sufficiently large such that

l(x) ≤ min
(

ε
11 , 1

)
and |∇l(x)| ≤ ρ <

1
8

(6.2)

for all x ∈ supp(ϕ). Note that we can choose A independent of � and uniformly
for � ∈ (0, �0]. Moreover, we have that

|V (x)| ≤ Al(x). (6.3)

We use Lemma 6.1 with the set supp(ϕ) and the function l(x). We can do
this since we have that l > 0 due to the presence of � in the definition of
l. By Lemma 6.1 with the set supp(ϕ) and the function l(x) there exists a
sequence {xk}∞

k=1 in supp(ϕ) such that supp(ϕ) ⊂ ∪k∈NB(xk, l(xk)) and there
exists a constant N 1

8
such that at most N 1

8
of the sets B(xk, l(xk)) can have

a non-empty intersection. Moreover there exists a sequence {ϕk}∞
k=1 such that

ϕk ∈ C∞
0 (B(xk, l(xk)),∣∣∂α

x ϕk(x)
∣∣ ≤ Cαl(xk)−|α| for allα ∈ N0, (6.4)

and
∞∑

k=1

ϕk(x) = 1 for allx ∈ supp(ϕ).

We have that ∪k∈NB(xk, l(xk)) is an open covering of supp(ϕ) and since this
set is compact there exists a finite subset I ′ ⊂ N such that

supp(ϕ) ⊂
⋃

k∈I′
B(xk, l(xk)).

To ensure that we have a finite partition of unity over the set supp(ϕ), we
define the set

I =
⋃

j∈I′

{
k ∈ N

∣∣ B(xk, l(xk)) ∩ B(xj , l(xj)) �= ∅
}

.

We have that I is still finite since at most N 1
8

balls can have a non-empty
intersection. Moreover, we have that∑

k∈I
ϕk(x) = 1 for allx ∈ supp(ϕ).

From this, we get the following identity

Tr[ϕ1(−∞,0](H�,ε)] =
∑
k∈I

Tr[ϕkϕ1(−∞,0](H�,ε)], (6.5)
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where we have used the linearity of the trace. In what follows, we will use the
following notation

lk = l(xk), fk = f(xk), hk =
�

lkfk
and μk =

μlk
fk

.

We have that hk is uniformly bounded from above since

l(x)f(x) = A− 3
2 (|Vε(x)|2 + �

4
3 )

3
4 ≥ A− 3

2 �,

for all x ∈ R
d. Moreover, due to our choice of f and l we have that μk is

bounded from above by μ0 since for all x ∈ R
d we have that

l(x)
f(x)

=
√

l(x) ≤ 1. (6.6)

We define the two unitary operators Ul and Tz by

Ulf(x) = l
d
2 f(lx) and Tzf(x) = f(x + z) forf ∈ L2(Rd).

Moreover, we set

H̃�k,μk
= f−2

k (Txk
Ulk)H�,μ(Txk

Ulk)∗.

Since we have that H�,μ satisfies Assumption 1.1 with the open set Ω and the
functions V and aj for all j ∈ {1, . . . , d}. We have that H̃hk,μk

will satisfies
Assumption 1.1 with the open set B(0, 10) and the functions Ṽk and ãl,k for
all j ∈ {1, . . . , d}, where

Ṽk(x) = f−2
k V (lkx + xk) and ãl,k(x)

= l−1
k aj(lkx + xk) for allj ∈ {1, . . . , d}. (6.7)

We will here need to establish that this rescaled operator satisfies the assump-
tions of Theorem 5.2 with the parameters hk and μk and the set B(0, 8). Since
we have that hk is bounded from above and μk ≤ μ0 as established above what
remains is to verify that we have a non-critical condition. To establish this we
firstly observe that by (6.2) we have that

(1 − 8ρ)lk ≤ l(x) ≤ (1 + 8ρ)lk for allx ∈ B(xk, 8lk). (6.8)

Using (6.8) we have for x in B(0, 8) that∣∣∣Ṽk(x)
∣∣∣ + h

2
3
k = f−2

k |V (lkx + xk)| + ( �

fklk
)

2
3 = l−1

k (|V (lkx + xk)| + �
2
3 )

≥ l−1
k Al(lkx + xk) ≥ (1 − 8ρ)A.

Hence, we have a non-critical assumption for all x ∈ B(0, 8). What remains
is to verify that the norms of the functions ϕ̃kϕ = (Txk

Ulk)ϕkϕ(Txk
Ulk)∗, Ṽk

and ãl,k for all j ∈ {1, . . . , d} are independent of � and k. Due to (6.3) and
that l is slowly varying (6.8) we have that

‖Ṽk‖L∞(B(0,8)) = sup
x∈B(0,8)

∣∣f−2
k V (lkx + xk)

∣∣ ≤ A.

For α ∈ N
d
0 with 1 ≤ |α| ≤ 5 we have that

‖∂α
x Ṽk(x)‖L∞(B(0,8)) = f−2

k l
|α|
k sup

x∈B(0,8)

|(∂α
x V )(lkx + xk)| ≤ ‖∂α

x V (x)‖L∞(Rd).
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Let CV be the Hölder constant for V . We then have for α ∈ N
d
0 with |α| = 5

that∣∣∂α
x Ṽk(x)−∂α

x Ṽk(y)
∣∣=f−2

k l5k
∣∣(∂α

x V )(lkx + xk)−(∂α
x V )(lky + xk)

∣∣≤CV |x − y|.
For α ∈ N

d
0 with |α| ≥ 1 we have that

‖∂α
x ãl,k(x)‖L∞(B(0,8)) = l

|α|−1
k sup

x∈B(0,8)

|(∂α
x aj)(lkx + xk)| ≤ ‖∂α

x aj(x)‖L∞(Rd),

for all j ∈ {1, . . . , d}. Both bounds are independent of k and �. The last
numbers we check are the numbers ‖∂α

x ϕ̃kϕ‖L∞(Rd) for all α ∈ N
d
0. Here we

have by construction of ϕk ((6.4)) for all α ∈ N
d
0 that

‖∂α
x ϕ̃kϕ‖L∞(Rd) = sup

x∈Rd

∣∣∣∣∣∣l|α|
k

∑
β≤α

(
α

β

)
(∂β

x ϕk)(lkx + xk)(∂α−β
x ϕ)(lkx + xk)

∣∣∣∣∣∣
≤ Cα sup

x∈Rd

∑
β≤α

(
α

β

)
l
|α−β|
k

∣∣(∂α−β
x ϕ)(lkx + xk)

∣∣ ≤ C̃α.

With this we have established that all numbers the constant from Theorem 5.2
depend on are independent of � and k. From applying Theorem 5.2, we get
that∣∣ Tr[ϕgγ(H�,μ)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣

≤
∑
k∈I

∣∣ Tr[ϕkϕgγ(H�,μ)] − 1
(2π�)d

∫
R2d

gγ(p2 + V (x))ϕkϕ(x) dxdp
∣∣

≤
∑
k∈I

f2γ
k

∣∣ Tr[gγ(H�k,μk
)ϕ̃kϕ] − 1

(2πhk)d

∫
R2d

gγ(p2 + Ṽk(x))ϕ̃kϕ(x) dxdp
∣∣

≤ C
∑
k∈I

h1+γ−d
k f2γ

k . (6.9)

When we consider the sum over the error terms, we see that∑
k∈I

Ch1+γ−d
k f2γ

k =
∑
k∈I

C̃�
1+γ−d

∫
B(xk,lk)

l−d
k f2γ

k (lkfk)d−1−γ dx

=
∑
k∈I

C̃�
1+γ−d

∫
B(xk,lk)

lγ−d
k l

3d−3−3γ
2

k dx

≤
∑
k∈I

Ĉ�
1+γ−d

∫
B(xk,lk)

l(x)
d−3−γ

2 dx ≤ C�
1+γ−d,(6.10)

where we have used the definition of fk and that l is slowly varying. Moreover,
we have also used our assumption on the dimension in the above estimate. In
the last inequality, we have used that supp(ϕ) is compact. This ensures that
the constant is finite. Combining the estimates in (6.9) and (6.10) we obtain
the desired estimate. This concludes the proof. �
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We are now ready to give a proof of our main theorem. Most of the
work has already been done in establishing Theorem 6.2. When comparing to
Theorem 6.2 what remains in establishing Theorem 1.2 is to allow μ ≤ C�

−1

for some positive constant and not be bounded by 1. The argument is identical
to the argument used in [30] to allow μ ≤ C�

−1 for some positive constant
and not be bounded by 1. We have included it for the sake of completeness.

Proof of Theorem 1.2. Since the Theorem has already been established for
μ ≤ μ0 < 1 we can without loss of generality assume that μ ≥ μ0, where
μ0 < 1. We will use the same scaling technique as we used in the proof of
Theorem 6.2. Again we have a ε > 0 such that

dist(supp(ϕ),Ωc) > ε

since ϕ ∈ C∞
0 (Ω). This time, however, we let

l(x) = min
(
1, ε

11

)μ0

μ
and f(x) = 1.

We can again use Lemma 6.1 with l from above to construct the partition
of unity for supp(ϕ). After this, we do the rescaling as above with unitary
conjugations. In this case, we get

hk =
�

lkfk
≤ �μ ≤ C and μk =

μlk
fk

= μmin
(
1, ε

11

)μ0

μ
≤ μ0.

Moreover, we can analogously to above verify that all norm bounds are inde-
pendent of k, μ, and �. So after rescaling, we have operators satisfying the
assumptions of Theorem 6.2 from applying this theorem, we get analogous to
the calculation in (6.9) that∣∣ Tr[ϕgγ(H�,μ)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣ ≤ C

∑
k∈I

h1+γ−d
k .

(6.11)

Since I is a finite set, we have by our choice of the functions l and f that∑
k∈I

h1+γ−d
k ≤ Cμ1+γ

�
1+γ−d, (6.12)

where C depends on μ0, ε and the number of elements in I. Combining the
estimates in (6.11) and (6.12) we obtain that∣∣ Tr[ϕgγ(H�,μ)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣ ≤ Cμ1+γ

�
1+γ−d.

(6.13)

Recalling the results from Theorem 6.2 we get for all μ ≤ C�
−1 that∣∣ Tr[ϕgγ(H�,μ)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣ ≤ C〈μ〉1+γ

�
1+γ−d,

(6.14)

where 〈μ〉 = (1 + |μ|2) 1
2 . This concludes the proof. �
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Remark 6.3. The first difference in proving Theorem 1.2 and Theorem 1.4
arises in the preliminary result Theorem 6.2. In the proof of Theorem 6.2
the only place we have used our assumptions on the dimension is in equation
(6.10). Here we used the assumption on the dimension to ensure that the
number d−3−γ

2 ≥ 0. Now if d = 2 or d = 3 we have that d−3−γ
2 ≤ 0. Hence,

we cannot just use that l(x) is a bounded function, but we have to use that
l(x) ≥ �

2
3 . So instead of (6.10) we get the estimate∑

k∈I
Ch1+γ−d

k f2γ
k ≤

∑
k∈I

Ĉ�
1+γ−d

∫
B(xk,lk)

l(x)
d−3−γ

2 dx ≤ C�
2
3 (γ−d), (6.15)

with the notation used in the proof of Theorem 6.2. After having established
this inequality one obtains a version of Theorem 6.2 with d = 2 or d = 3 with
the estimate∣∣∣ Tr[ϕgγ(H�,μ)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣∣ ≤ C�

2
3 (γ−d).

The dependents of the constant are the same as stated in the theorem. What
remains to establish Theorem 1.4 is to follow the proof of Theorem 1.2 with
(6.11) replaced by∣∣ Tr[ϕgγ(H�,μ)] − 1

(2π�)d

∫
R2d

gγ(p2 + V (x))ϕ(x) dxdp
∣∣ ≤ C

∑
k∈I

h
2
3 (γ−d)

k ,

(6.16)

where one have used the version of Theorem 6.2 described above. Since we
instead of (6.11) have the estimate given in (6.16), we obtain instead of (6.12)
the estimate ∑

k∈I
h

2
3 (γ−d)

k ≤ Cμ
d+2γ

3 �
2
3 (γ−d). (6.17)

With this estimate, the proof of Theorem 1.4 follows that of Theorem 1.2.
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the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References
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