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Abstract. We give several quantum dynamical analogs of the classical
Kronecker—-Weyl theorem, which says that the trajectory of free motion
on the torus along almost every direction tends to equidistribute. As a
quantum analog, we study the quantum walk exp(—itA)t starting from a
localized initial state ¥. Then, the flow will be ergodic if this evolved state
becomes equidistributed as time goes on. We prove that this is indeed the
case for evolutions on the flat torus, provided we start from a point mass,
and we prove discrete analogs of this result for crystal lattices. On some
periodic graphs, the mass spreads out non-uniformly, on others it stays
localized. Finally, we give examples of quantum evolutions on the sphere
which do not equidistribute.

Mathematics Subject Classification. Primary 47A35; Secondary 58J51.

1. Introduction

Classical ergodic theorems say that if T is an ergodic transformation on some
measure space (€2, 1), then averaging an observable f over the trajectory under
T of a.e. point x is the same as averaging the observable over the whole space:

im 1 . Fr) = L
Jn 525t = s [ 10)d4n0)

Let us consider the case where the classical transformation is the geodesic
flow. For the flat torus, the Kronecker—Weyl theorem says that for any a €
C°(T?) and g € T, if yo € R? has rationally independent entries, then

1 (T
lim —/ a(aco—l—tyo)dt:/ a(x)de. (1.1)
T 0 Td

T—o0

Published online: 08 July 2024 ® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00023-024-01470-x&domain=pdf
http://orcid.org/0000-0002-6857-652X

A. Boutet de Monvel and M. Sabri  Ann. Henri Poincaré

This means that the trajectory {zo + tyo}:>0 becomes uniformly dis-
tributed after large enough time, so that averaging a function over it is the
same as the uniform average.

In contrast, consider the standard Euclidean sphere S? C R3. This is
a classical example in which the geodesic flow is not ergodic. A free particle
moving with its kinetic energy simply travels along a great circle, its trajectory
is very far from being dense in S2.

In this paper, we are interested in giving quantum dynamical analogs
of such results. Instead of starting from a point xy on the torus or sphere
and integrating a test function over its trajectory ¢;(xo), we will start from
an initial state d,, which is essentially a Dirac distribution at the point g,
apply the evolution semigroup e'*24,, and check whether this state, which was
highly localized at time zero, becomes equidistributed as time goes on. Our
criterion for such an equidistribution is to compare [ a(z)|(e*2d,,)(z)|* dz
with the uniform average [ a(z)dx and show that they are close, for any test
function a(z). We will see that this is indeed the case for the flat torus, for
the analogous discrete problem in Z? and more generally for a large family of
Z%-periodic lattices (which yield a more interesting mass profile), but untrue
for the sphere.

The evolution semigroup e *# for a Hamiltonian H is known as a
continuous-time quantum walk in the literature. The framework is usually to
work on graphs such as Z? in this context, but one can expect similarities in
the continuum, which motivates the study of both cases in this paper. The ter-
minology “quantum walk” is due to a quantum analogy with a random walk,
which is more apparent in the case of discrete-time quantum walks, the sim-
plest example being a particle on Z walking (jumping a finite distance) under
the action of a unitary operator U at each time step t = 1,2,..., and being
in general in a superposition of states. We refer to [1] for the basics and [30]
for a systematic study. In contrast, in the continuous-time case, for e #4z¢,
we have a nonzero probability of being arbitrarily far from 0 as soon as ¢t > 0,
i.e., we can have |(e™4260)(n)|? # 0 with n > 1.

This paper is not the first work to give quantum analogs of ergodic-
ity. This topic has first been explored by Shnirel’'man, Colin de Verdiere and
Zelditch [11,34,38] and has since inspired research in many directions. The
point of view of these quantum ergodicity theorems is to show that in cases
where the geodesic flow is ergodic, any orthonormal basis of eigenfunctions (1;)
of the Laplace operator has a density one subsequence which becomes equidis-
tributed in the high energy limit. More precisely, |¢;(z)|* dz approaches the
uniform measure dx. Discrete analogs of this appeared for graphs. In this case,
one considers instead a sequence of finite graphs G converging in an appro-
priate sense (Benjamini-Schramm) to an infinite graph having a delocalized
spectrum and shows an equidistribution property for the eigenfunctions of G,
see, e.g., [2,3,6,28] and [25,29]. In the present work, our quantum interpreta-
tion is to follow instead how initially localized states (point masses) spread out
under the action of the dynamics. This seems like a more direct translation of
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the classical picture. Our work in the continuum has relations with [4,5,22—
24] which we explain in Sect. 1.4. A common difficulty in all the models we
consider here is how to work with the high multiplicity of eigenvalues.

Notation. As many articles in the quantum walks literature use the Dirac bra-
ket notation, let us briefly explain the standard Hilbert space notation that we
use in the paper. If G is a graph, then (J,),eq stands for the standard basis
of £2(@) given by d,(u) = 1 if u = v and zero otherwise. The scalar product is
given by (¢, 1) = Zvecww(v). Given a linear operator A : (2(G) — (*(G)
we have in particular (¢, Av) = > . ¢(v)(Ay)(v). If a is a function a(v),
then (9, ag) = 3, a(V)S()[2.

In the bra-ket notation, {4, },cq is replaced by {|v) : v € G}. An operator
A acts on a vector |¢) by A|¢). The time evolution 1 (t) = e~ ") is denoted
by [1(t)) = U(B)]). Our (9,1) eauals (¢]6) and our {6, 4v) equals (6].410).
If H is a Hamiltonian, expanding e ¢ over an orthonormal eigenbasis (¢;)
of H reads v¥(t) = e’itHwO = > {(¢j,%0)e " ¢; in our notation, |¢(t)) =
> |p;) e~ 1% (p;]hg) in the bra-ket notation.

We now discuss our results, first for the adjacency matrix on Z?, then
more generally for periodic graphs in Sect. 1.1. We next move to the flat torus
in Sect. 1.2, and then, we conclude with the case of the sphere in Sect. 1.3.

1.1. Case of Graphs

For transparency, we begin with Z?. Consider a sequence of cubes Ay = [0, N —
1]¢, and let Ay be the adjacency matrix on Ay with periodic conditions. We
denote the torus by T¢ = [0,1).

Theorem 1.1. For any v € Ay, we have

1 /T )
lim | lim 7/ (e ANGS, ane NG dt — (ay)| =0, (1.2)
0

N—oo | T—oo
where (a) = gz Y uen, (W), for the following class of observables ay :

e an(n) = f(n/N) for some f € Hy(T%) with s > d/2,
e ay the restriction to Ay of some a € (1(Z4).

Note that (e 74N, ae™4~5,) =37 _\ a(u)](e74~6,)(u)[*. So (1.2)
shows that the probability density u)r(u) := # fOT |(e AN S, ) (u)[?dt on Ay
approaches the uniform density ﬁ, provided T" and N are large enough,
that is, the time average ), ., a(u)ufxT(u) approaches the space average
N7 2ouea, @(u) in analogy to (1.1). See Fig. 1.

A positive aspect of this result is that it holds for any v, whereas in
the eigenfunction interpretation, equidistribution only holds for a density one
subsequence in general. The evolution moreover “forgets the initial state v”, a
known signature of ergodicity.

The first class of observables allows taking bump functions f supported
on balls BR(IQ) C T<. Then, the result implies that Duern (u/N),uUNT( ) &

T D owe Ay f(M/N) =~ de x) dz, which is independent of xg. This implies
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F1GURE 1. Left: Point mass d, at time zero. Right: The den-
sity qu o for T, N > 0. The point mass spreads out uniformly,
a very strong form of delocalization
that for any macroscopic ball B C Ay of size | B| = aN?, we have uEJAQ (B) ~ «
for N,T > 0 (e.g., take o = % or a = % and vary B).
Note that the two cases (ay = f(-/N) and a € £(Z%)) are distinct, in
the sense that imy oo >, cp [f(7/N)] = oo in general.
We may extend Theorem 1.1 as follows:

Theorem 1.2. Under the same assumptions on ay, we also have for v # w,

1T :
lim lim —/ (e7ANG, ane NG, ) dt = 0. (1.3)
0

N—ooT—o0

More generally, for any ¢, of compact support, we have

N—oo | T—oo T

1 [T )
lim | lim — / (e AN ¢ ane TANY)Y dt — (an) (g )| = 0. (1.4)
0

There are many natural questions that arise when looking at these results.

First, why not work on Z? directly? One issue is that the dynamics are
dispersive [35] on Z?, more precisely |e"#4za5,(w)|? = H?Zl | o, —w, (20) ]2,
where Jj, is the Bessel function of order k, and |Ji(¢)| < ¢~/3 uniformly in k&,
see [21]. So as time grows large, the probability measure |e~#4z¢§, (w)|? on Z%
simply converges to zero. One could instead consider the limit of the process
rescaled per unit time. We did this previously in [8] and computed the limiting
measure explicitly.

Still, this does not tell whether we can possibly invert the order of limits
in the theorem. The answer is in fact negative.’

Proposition 1.3. There exists a sequence of observables an on Ay of the form
f(n/N) such that

. : 1
lim inf ((e*‘tAN(L,,aNe*’tANéﬁ —(an)) > 5
. . 1 T
for all time. The same statement holds for the averaged dynamics fo .

This indicates that the limit over time should be considered first. But
can one get rid of the time average and consider the limit directly in ¢? The
answer is negative.

IStill, we can take the two limits simultaneously to infinity in a certain regime. See Re-
mark 2.1.
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Proposition 1.4. There exists a sequence of observables any on Ay of the form
f(n/N) such that (e7*AN§,, ane™tAN§,) has no limit as t — oo.

The limit of the corresponding average f;_l(e_itAN&J,aNe_itAN6v>dt
also doesn’t exist.

The last point illustrates that a “full” average % fOT is needed.
Proposition 1.3 shows that we should consider the large time limit first.
But is it actually necessary to take N to infinity? The answer is yes.

Proposition 1.5. For each N there exists ay such that

1 /T )
Tlim T/ (e7HANG ane ANG) — (an) = by (v)

with by (v) # 0. Here, by(v) — 0 as N — oo at the rate N~1.

Proposition 1.5 shows that we cannot expect a faster rate of convergence
in Theorem 1.1 than N~!'. We indeed achieve this upper bound in the proof
in Sect. 2.

Theorem 1.1 can be generalized to Z-periodic graphs (crystals). This
requires some vocabulary which we prefer to postpone to Sect.3, so we will
explain the theorem in words here instead and refer to Theorem 3.1 for a more
precise statement.

Theorem 1.6. Theorem 1.1 holds true more generally for periodic Schrédinger
operators on Z-periodic graphs, provided they satisfy a certain Floquet con-
dition. This condition is satisfied in particular for the adjacency matriz on
infinite strips, on the honeycomb lattice, and for Schrodinger operators with
periodic potentials on the triangular lattice and on 7%, for any d. The average
(an) may not be the uniform average of an in general, but a certain weighted
average.

See Figs. 2 and 3 for examples of this.
In this result, we focus on the two most natural choices of initial states:
point masses (Theorem 3.1) and initial states uniformly spread over a single

FIGURE 2. A point mass on the ladder eventually equidis-
tributes (left). On the strip of width 3, if the initial point
mass lies in the top layer, it eventually (center) puts % of its
mass over the top and bottom layers and i on the middle. If
the point mass was in the middle layer, it eventually (right)
puts % on the top and bottom layers and % in the middle layer
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fundamental cell (Remark 3.3). Still, we give an expression (3.12) for more
general states.

As we explain in the end of Sect.3, some Floquet condition must be
assumed at least to rule out flat bands. Figure4 shows how an initial state
may stay localized otherwise.

1.2. Torus Dynamics

We now turn our attention to the continuum and consider the torus T¢. This
model is rather unusual compared to the quantum walk literature, which typ-
ically studies evolutions on graphs, but has the advantage of being directly
comparable to the Kronecker-Weyl theorem (1.1). The technical issue how-
ever is that we can no longer consider Dirac distributions §, directly as in the
case of graphs. We will thus regularize (approximate) them in two ways: in
momentum space, then in position space.

For the momentum-space approximation, we consider 65 = \/]1\le

1(—oo,5)(—A)dy, where N is the number of Laplacian eigenvalues in (—oo, E].
This truncated Dirac function has previously been considered in [5]. In our
case, 55 is a trigonometric polynomial, see Sect 4.1.

Theorem 1.7. We have for any T > 0,
(1) For anyy € T¢, any a € H*(T?), s > d/2,

IR :
Elilnwf/o <e‘tA55,ae‘tA5f> dt:/w a(z) dz.

*

(2) If v # vy, then for a € H*(T%), s > d/2,
R R N R TI
Elgnoof/o (€20, ae"26,7) dt = 0.

(3) Result (1) remains true if a = a® depends on the semiclassical parameter
E, as long as all partial derivatives of order < s are uniformly bounded by
cE" for somer < ;. More precisely, limp_.oo | fOT(eitA(Sf, aFeltR5f) dt—
ng a?(z)dz| = 0.

(4) The probability measure dpf p(x) = (5 fOT |26 E () |2 dt)dz on T con-
verges weakly to the uniform measure dx as E — oo.

Hence, averaging a over du) () = ( fOT €126 ()|2dt) d is the same
as averaging a over the uniform measure dzx, after the initial state becomes
sufficiently localized.

Remarkably, equidistribution occurs immediately if we are initially suffi-
ciently close to a Dirac distribution. We do not need to wait for large time 7.
Compare with (1.1).2

The third point allows taking observables of shrinking support. This
problem was recently studied by [14,15]. More precisely, we can allow ob-
servables concentrated near any xo € T¢, with support shrinking like £

* 9

20ne interpretation is that in semiclassical analysis, one considers evolutions of —h?A in-
stead, with h — 0, so in this sense, we do study long times.
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for 0 = 50 +1) In fact, starting from any fixed smooth a supported in a ball
Bpg around the origin, define a®®°(z) = a(E®(x — x¢)). This is supported
in the ball Bpp-s(xo). It satisfies 0% a0 = EPF9F a(EP(x — x)), hence
|0k aFmo| o < EPF||0% all. We thus need Bs < % for point (3). We also
need s > d/2 to respect the assumptions. Choosing s = % + %, we see that
8= m suffices.

This gives a sharper verification that the mass of |e dx equidis-
tributes on average. Namely, equidistribution remains true if we zoom in near
any point xo € T¢.

Interestingly, (e"26])(x) = ﬁ S <p ee(y)e ey (z) with Ap = 4202
is a normalized truncated theta function if d = 1, which is important in number
theory [16,20].

Theorem 1.7 extends immediately to more general energy cutoffs of J,,
i.e., there is some flexibility in the choice of 55 . We can also consider more
general tori T = x&_[0,b;). See Sect. 4.2 for details. As before,

itA&f(x)P

Lemma 1.8. Time averaging is necessary, even when limEHOO<eitA55, ae'tA5E)

exists, it generally depends on the wvalue of t and it may not be equal to
Ja(z)da.

We next give a result by approximating in position space.

Theorem 1.9. Fiz any y € T¢ and consider oy, = \/ﬁlxgﬁ[%yiﬂi].
Then, for any a € H*(T?), s > d/2, T >0,

161%1 T/ ‘m(b aeitAqﬁ;)dt = /er a(z) dz,
where € | 0 means more precisely that |e| = \/e1+---+¢e5 — 0. If z # y,
then

li 1tA € itA e dt = 0.
T / a0

Furthermore, the probability measure dys, o (x fo e8¢ (2)[? dt)da
on T? converges weakly to the uniform measure dm as e | 0.

This theorem says that once our initial state is close enough (in position
space) to a Dirac mass, its averaged dynamics will become equidistributed.

Theorem 1.9 is actually valid for a more general class of initial states
(¢e), see Sect. 4.3.

Theorems 1.7 and 1.9 remain true if we first take the limit over T" and
then over E/e, i.e.,

- R N IR g™
ElgnooTlLH(l)oT/O (e"24,, ae 6y>dt—Ada(m)dx (1.5)

holds in addition to Theorem 1.7(1), and a corresponding statement holds in
addition to Theorem 1.9. This is in fact easier to prove, see Remark 4.2. What
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is remarkable is that we don’t need to consider a large time in Theorems 1.7
and 1.9 for equidistribution to occur. Also notice that the limits over F and
T can be interchanged, in view of the theorems and (1.5).

1.3. Sphere Dynamics

As we mentioned in the introduction, classical evolution on the sphere is far
from being ergodic. We have a confirmation of this as follows.

Theorem 1.10. Fiz ¢ € S '. There exists a normalized approzimate Dirac
distribution Sén) such that limp_.o fOT |eitASén)(77)|2 dt is not equidistributed
on the sphere as n — oo and actually diverges for n = &.

If d = 3, there exists an observable a such that the analog of (1.5) is
violated.

This result may seem intuitively clear, however remember that the sphere
is a rather counter-intuitive example in which almost all eigenbases are quan-
tum uniquely ergodic [37] in spite of our classical intuition. The proof of The-
orem 1.10 can get quite technical depending on how we choose the initial
(approximate) point mass, and the theorem does not exclude the possibility
that some point masses do equidistribute with time.

1.4. Earlier Results and Perspectives

The time evolution of quantum walks is a central topic. Let us mention [9,17]
in relation to mixing time. We are not aware of earlier works showing equidis-
tribution, and it would be very interesting to see which discrete-time quantum
walks satisfy this phenomenon. We mention [26] in which the evolution of a
Grover walk in large boxes in Z? was shown to localize, and [12] where (non)-
thermalization of fullerene graphs was investigated. See also [33] for thermal-
ization in a free fermion chain.

A study of the quantum dynamics on the torus appeared previously in
the more general setting of Schrédinger operators in [4,23]. It is shown in [4]
that if (u,) is a sequence in L?(T¢) such that ||un|| =1, if H=-A+Vis
a Schrédinger operator on T¢ and if dyu,, (= fo ey, )(x)|? dt) dz, then
any weak limit of u,, is absolutely contmuous

This is much broader than our framework. As a special case, this result
implies that any weak limit of the measures uﬁT and fig p in Theorems 1.7
and 1.9 is absolutely continuous. More general statements regarding Wigner
distributions can also be found in [4].

At this level of generality, this result cannot be improved to ensuring
convergence to the uniform measure. For example if we taked =1,V =0 and
un(x) V2 cos(2mz) for all n, then dyu, (z f 2|e—it(47*) cos(27m:)|2 dt)dz =
2 cos?(2mrz) dar, which is not the uniform measure. Similarly, if we take u, (z) =
V2 cos(2mx) for even n and wu,(r) = /2sin(27x) for odd n, we see that u,
does not converge, having two limit points.

As this preprint was being circulated, Maxime Ingremeau and Fabricio
Macia explained to us that it is possible to prove the first point in each of
Theorem 1.7 and 1.9 by first computing the semiclassical measures of (5;E )
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and (qb;), which lives in phase space T*T%. There should be a unique limit for
each sequence, of the form po(dz,d§) = d, f(§) d¢, which does not charge the
resonant frequencies, so one could apply [23, (8) and Prp. 1], which rely on
the microlocal analysis developed in [22]. It seems this can work even in the
presence of a potential if one uses [4, Th. 3]. Our proof, on the other hand,
is very simple, using explicit computations, we make no use of microlocal
analysis as our framework is more special, because we had different aims in
mind. Concerning the sphere, one could consider sequences of the form p’;(x) =
h—d4/ 2p(%) in local coordinates, where p is in L?. The semiclassical measure
should have a similar form. Using [22, Thm. 4], one should be able to deduce
that du! o ( fo el pl () |2 dt)d S9! (x) will be absolutely continuous
ash—0 (more pre(nsely, a Welghted superposition of uniform orbit measures
modulated by [p(£)]?). In the same spirit, after some work, one can use [24, Prp.

2.2.(i) and Th.4.3] to deduce that dug (1) fo |eltAS () ()2 dt)dS41(n)
is absolutely continuous as n — oo. Thls is not our aim in Theorem 1.10,
but is an interesting complementary information. We finally mention that the
preceding applications of [4,22-24] are quoted from private communication; it
would be interesting to work out the details.

As for negative curvature, the authors in [5] consider the case of a com-
pact Anosov manifold M and show that if 6h is an h-truncated Dirac dis-
tribution, then as h — 0, % f0T<eitA/25?}J, Opy,(a)e/25!) dt ~ [, adL for
most y. This is another instance where equidistrlbutlon occurs immediately
once (53 becomes close enough to d,: there is no need to take 7" — oo. The
fact that it holds for most y means more precisely that the volume of y € M
where this doesn’t hold vanishes as h — 0. In this respect, the fact that our
equidistribution results for the torus (and graphs) hold for each y is worth
emphasizing.

We finally mention the paper [32] in the context of the evolution of La-~
grangian states. These are localized in speed rather than in position.

As we mentioned earlier, there is a large literature on eigenfunction quan-
tum ergodicity, in particular [27,39]. It is natural to ask if this property is
related to the present quantum dynamical picture. We discuss this in Appen-
dix A. In particular, while there are several proofs of eigenfunction ergodicity
for regular graphs with few cycles [3], it is not very clear how to prove the
dynamical criterion in that context; this seems like an interesting direction for
future considerations.

2. Case of the Integer Lattice
Here, we prove Theorems 1.1 and 1.2 and Propositions 1.3—1.5. Throughout,
a = apn-.

Proof of Theorem 1.1. Consider the orthonormal basis e%v)(n):ﬁ 2mimen/N

Given =137, ¥y (™) ( )’ where ¢§N):<62N)’1/}>’ since ANe( )_ )\(N) (N)

for )‘I(CN) = Zi:l 2COS(27;\;€ ), we have e AN = ZZ@AN éN) —ital™ (N)
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Expand a =} A aglv)em) Then using that el )eEN) = Ni/z eéfﬂn,
we obtain
(eitANaefitANw)(n) _ Z wéN)eit()\gffnf)é”))ag)egr]lv)(n)e§N) (n)
LmEAN

In particular, as ’(/JEN) = eéN) (v) for ¢ = 0, we get

<efitAN 57}7 aefitAN 5U> _ (eitANaefitAN 51))(1])

1 ; (N) 5 (N)
ST O A (N (4

LmeAn
— L T s T e Y e,
weAN meAn LeNN
m#0
(2.1)
where we used that a(N) (N)(v) w4 > weny a(w) for any v.

(N) ()

(N) _ () TG B
1E AN # AN then & [T elCeim A qp = €t o1 ag
T A

T — oo. Thus,
N S —i
Tlfloo Ty (eTAN§,, ae AN G,) mg\:Na e (v) - # {KEAN : /\1(517)11
m#Q
=AM (2.2)
Let A, ={f €Ay : /\gi)n = )\EN)}. We show that
#A, <2N 1L, (2.3)

We have A, = {¢ € [0,N —1]¢: Z‘;Zl COS(W) cos(%é ) =0}.
Consider the projection of this surface onto a plane. More precisely, suppose
m; # 0 and consider P, LE =(l1,...,0j-1,0,¢;41,...,0q). Suppose n, k € A,

and Poon =P k. Then n; = k; for all i # j. So COS(M) cos(22) =

J
2 nl m; TN 27 (ki+m; T
_Zi;é(jcos( ) (st )) COS(QN ) = _Zi;éjcos( ( 1\?_ )) - COS(2 & i) =
w(kj+m 2m
(PG ) — cos(

Nj ). Since cos @ —cos ¢ = —2 sin(e‘g )sm(e £), this im-

(2nj]—v&-mj ) sin TK';’VV‘L]' 2kj]—\|;mj ) sin ©

COS

plies that sinm = sin7( . Since m; € [1,N —

. . . 2n;4+myN - 2k;+m; 2n;+m 2k;+m
1], this implies smﬂ'(#) = sm;;(%). But W <3 and 7;];, i<
3. So we must have 7 nJ;mJ =7 J]J\;mj or m— W% or 27 + wifﬁm%

This leads to n; = k; or n; = % —k;j —mj or nj = N + k;. The last case is
excluded as n; < N.
We thus showed that any (n1,...,m;-1,0,n,41,...,n4) has at most two
preimages within A,, under the mapping P,.. This implies that #A,, <
J
2N for any m # 0.
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In the special case a(w) = e?>™Fw/N = Nd/2¢ (N)( ), we have ad) =0
for m # k and a( ) = N4/2_So the RHS in (2.2) reduces to

; A
e27r1k~1)/N . 7%;\[;3 = 0.

More generally, suppose ay(n) = f(n/N) for some f € Hy(T?), with
s > d/2. Here H (T?) is the Sobolev space of order s, with norm || f[|%., =

S weza |2 (k)2°, where fj, = Jra e 2™k f(r)dz and (k) = /1 + [k]2. Then

£l == Sk [ fxl < Csllf]lme, where C2 = 37, (k)2 < cosince 25 > d. On the

other hand, f = 3, frex with e (z) = 2% soaln) = (e, f(-/N))i2(an) =

zz@dn@m,eu¢N»mm@—fﬁNW%ame%ova=NW%9Nm.
We showed that a'’ )e(N)( ) = frne2mm /N Thys,

1 [T )
lim —/ (e71ANG, ae™ANG ) — (a)
0

2 2 C
= (N) o(N) il =
<~ 3 1) < Sl < e = 0.

meEAN

The estimate is also true if ay is the restriction to Ay of some a € ¢*(Z?).
In that case, we have a = ) Zd Cnbn with [lall1 = >, cza len| < 00. On the

other hand, a(N) Y nezd cn<em On) = nezd cne,(qiv)( ). So |a(N) ( )| <
(N) _(N)

~llally; hence, Y omeny lam em’(v)] < |lally and we may conclude as be-
fore. O
Proof of Theorem 1.2. Arguing as before, we find that
. . 1 mil-(v—w) . (N) (N)
(e AN, qeitAN g, ) = — Z o= (), ALY )a%\/)eg)(v)
L meEAN

27il (v—w)

Here, the term m = 0 is ﬁ Dotean® N aoeo(v) = 0 since v # w. The
remaining terms £00EAN tend to zero as T followed by IV tend to infinity

by the same argument as before (the phase % makes no difference).

This proves the first part.
For the second part, assume ¢, 1) are supported in a compact K C Ay,
N large enough. Then, ¢ =3 . ¢(v)5 and ¢ = 37 ¥(v)d,. Thus,

< 71tAN¢ aeiltANﬂJ Z ¢ 71tAN5v7 aefitAN 5w>
v,weK
Hence,
(7" g, ae” " V) — (a) (6 ¥) = Y S@(v) (e 0 a7 VS,) — (a)
veEK
+ Y () (e N Sy, aeT AV,
v, weE K, vFwWw

We see that (1.4) follows from (1.2) and (1.3). O
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Proof of Proposition 1.3. Take an(n) = f(n/N) for f(z) = Hle(l — ;) on
']I‘f. Then f > 0. Now

<e_itAN(;,U7aNe_itAN6'u> = Z aN(n)|e_itAN§'u(n)|2

neAn

= 3 1( ) ran e o,

nezd

where we extend f to R? arbitrarily in a continuous fashion and we define
e ANG, (n) := 0 for n ¢ Ap.

Now e~ 4~ ¢, (w) — e~ 14245, (w) for any w. This can be seen, for exam-
ple, from the explicit expression of the kernels through the Fourier transform,
which shows that if ¢(x) = 25:1 2cos 2mx; for x € T, then e AN (w,v) =
T Domeny MmN ZOM/N) for y oy € Ay and e ud (w,0) = [L,
e27ri(w7v)-zefit¢(z) de. )

We thus have limpy . f(1/N)xay (n)e 485, (n)|? = £(0)]e" #4245, (n)|?
for any n. So by Fatou’s lemma,

lim inf(e 4% 5, aye NG,) > N f(0)|e A6, (n) =1, (24)

N—o0
nezad

where we used f(0) =1 and 3°, e #4244, (n)|? = |et4245, % = ||6,]|> = 1.
On the other hand, by Riemann integration, (ay) = Y oneny f(M/N) —
de z)dz = 7. This proves the result.

The statement holds for the average dynamics since e AN§,(w) —
e_ifAzd(Sv(w) implies %fOT le7#ANG, (w)[>dt — X OT le 104z 5, (w)|? dt, as
le AN G, (w)]? < |le™ A~ ||2 = 1. The (averaged) lower bound (2.4) still holds
by Tonelli’s theorem. O
Proof of Proposition 1.4. Take d = 1 and ay(z) = e*>™*/N 5o that a,, =

21r|v

VN1 Since Ay = 2cos 25L (2.1) reduces to Eo— SN L e~ ditsin & (241 sin §
Specializing tot =n € N, 1t is shown? in [13, Lemma C.2] that this sum has no
limit as n — oco. In particular, (e”#4A~ g, aye 4~ §,) has no limit as t — oo.

The same lemma shows that fTT_1<e_itAN5v aye tANG, )dt has no limit

2miv
. N-1 1 ik
as T — oo. Here, the expression becomes © ]ifv =0 eiTbe (1= %) e ) for by =

—4sin 5 (204 1) sin F-. O

Proof of Proposition 1.5. If N is odd, consider an(n) = 2cos(?52). Then,
aﬁ,llv) = N2 if m = ey, where ¢; = (1,0,...,0), and a( ) = 0 otherwise. So

3In [13, Lemma C.2] it is assumed the sum takes the form I'(n) = Z] 1 c;e¥™"% for some
—4 2j+1

distinct 6; € [0,1). In our case, for N > 4, |4sin 57| < 7, s0 ¥; 1= W €

(—%, %) If N1 > 1 is the number of distinct +J;, then we may rearrange our sum as

27iv
e N

N

l 1 cpe®™m%0 and the proof is the same.
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the RHS (2.2) reduces to
amiy #{0 € Ay AY)
e N

=AM | HUE A ) =AMy

l4ey
Nd Nd

Since )\ECN) = 2?21 2 cos 27E1 | we have )\ﬁfz = )\éN) iff COS(W) = cos(2Zh),
ie., sinﬂ(%TH)sin% = O. This occurs iff %}VH =0,1,2, ie. El = _71, N1
or 28=1 ) respectively. The only choice in {0,...,1} is ¢; = &L, Since ¢;
can be arbitrary for j > 2, we see that et AA%Z =) = % Similarly,
)\§N21 = )\(N) iff 241 1 —0,1,2, and the only valid choice is ¢; = % We
thus showed that the RHS of (2.2) is by (v) = %

If N is even, we take ay(n) = 2cos(47”“) Then, a'a) = N2 if m =
+2e¢; and zero otherwise. Here, )\ége = )\ iff Mlﬁ = 0,1,2, and we
conclude as before that by (v) = %4”). O

Remark 2.1. We can take T to depend on N, provided it grows fast enough. To
see this, back to (2.1), we notice that in the expansion of # fOT (eltAN 5, ae™1tAN
0, ) dt, we should now account for the additional term

. N N
1 TG _q

1

_ (N) o (N) .

Nd Z G " Em ( Z T )\(N) )\(N) (2-5)
meAy, lteAy i( 0+m T N )
0 VI

This can be bounded crudely by 3, ., |a$,1y)e$,llv)(v)|-%-sup>\(_m#\<m |)\§-N)
J k

(N)| !. We showed in the proof that |a7(flv)em )(v)\ stays bounded for
all N for our choice of observables a. Thus, if T'= T'(IN) grows faster than the
smallest spectral gap between distinct eigenvalues of Ap, the term (2.5) will

vanish as required as N — oo. For d = 1, it suffices that T" grows faster than
NZ.

3. Periodic Graphs
We here extend ergodicity to Z?-periodic graphs I'. We assume there exist

linearly independent vectors ai,...,dq in a Euclidean space R? such that, if
Ng = Z?Zl nia; and Z¢ = {n, : n € Z4}, then
V(T) =V + 7%, (3.1)

where V is the fundamental cell containing a finite number v of vertices, which
is then repeated periodically under translations by ng € Zg.

For example, I' = Z¢ has V; = {0} and a; = ¢; the standard basis. An
infinite strip of width k has V; = P, the k-path, d = 1 and a; = ¢;. See
[28,31] for more examples.

We endow V; with a potential (Q1,...,Q,) and copy these values across
the blocks V¢ + ng. This turns Q) into a periodic potential on I'. We consider
the Schrédinger operator H = Ar + Q.



A. Boutet de Monvel and M. Sabri  Ann. Henri Poincaré

From (3.1), any u € T takes the form u = uy + {u}, for some u, € Z2
and {u}, € V.

Fix alarge N and let I'v = U, ¢4 (Vs +na), where L4 ={0,...,N—1}4.
We consider the restriction Hy on I'y with periodic boundary conditions.
Then, it holds that [28],if U : £2(I'y) — ®jerLd, (%(Vy) is the Floquet transform
defined by

%uk
(U);(v Amm D e N p(vi+ ka),

keAN

then U is unitary and

_ Jb
UHNU™' = @ H(—) 3.2
N vy (3.2)
where by,...,b, is the dual basis of (a;) satisfying a; - b; = 27d; ;, ny =

Zle n;b; and
H(0o)f(vi) = Y e le f({u}a) + Qif (va). (3.3)

U~v;
Much like Aza is unitarily equivalent to multiplication by a function that is a
sum of cosines via the Fourier transform, (3.2) is a finite version of the fact
that H is unitarily equivalent to multiplication by a v X v matrix function
H(0y) via the Floquet transform.

Denote by E4(0y), s = 1,...,v the eigenvalues of H(0p), and by Pg_(0)
the orthogonal projection onto the eigenspace corresponding to E(6p).

As initial state, we consider 1) = §,, ® 6,,,, more precisely ¥(v; + kq) :=
8, ()6, (k) for v; € Vy and k € Z%. In other words, we start from a point
mass.

Theorem 3.1. Assume that

L #(rsw) €LY X {1, 0} By () - By () = 0)
m;é% Nd

— 0

(3.4)
as N — 0o. Suppose the observable an satisfies one of the following conditions:
(i) an(kq +vy) = fD(k/N) for some v functions f(9 € H*(T), with s >
d/2,
(ii) or, ay is the restriction to Uy of an integrable function a € (*(T).
Then
IR :
lim | lim —/ <e*1tHN§Up ® 5na,ae*‘tHN5vp ® 0, ) — <a>p’ =0,
0

N—oo | T—oo

where, denoting (a(- + vq)) == 7z Znel?v a(ng + vg),

@y =~ 3 S+ 0 | [Pe (2260 )

TEIL% q=1

2

(3.5)
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The Floquet condition (3.4) was used as a requirement for quantum er-
godicity in [28]. It is a bit stronger than asking that H has purely absolutely
continuous spectrum. We refer to [28] for numerous examples which satisfy
(3.4).

In the special case, (a(- +v,)) = (a(- +v1)) Vg =1,...,v, (3.5) reduces

o (a(- +v1)). In fact, we get

(o)) 3 32| Pe. ()60, =g alro) 3 18, IP=al+o)

reld, s=1 reld

This scenario occurs in particular if a is locally constant, i.e., takes a fixed
value on each periodic block V¢ +ng, which depends on n but not on v, € V.

In general, (3.5) gives not the uniform average of a, but a weighted aver-
age, with weights depending on the initial point v, and the spectral decomposi-
tion of the Floquet matrix. Note however that 1 D 1( ay, =+ s a1 la(-+vy))

is the uniform average. So the mean densfsy u( )( ) =7 OT 1 P (e~ 1HN G,
@ On, ) (u)

Ezample 3.2. Let Q =0, so H(6y) = A(6p). The average (a), is the uniform
average if:

(i) v = 1, for example I' = Z<¢ or the triangular lattice. See [28, Sect. 4.1]
for more examples. Indeed, in this case (3.5) reduces to (a(- + v1)) =
ﬁ ENEFN a(u)

(ii) T is the hexagonal lattice or I" is an infinite ladder (strip of width 2). The
argument is given in [28, Sect. 4.2,4.3]. Both of these graphs have v = 2.

Let us now discuss two examples in which (a),, is not the uniform average. Both
of them are Cartesian products ZOG g, where G is a finite graph (in the
following Gz will be a 3-path and a 4-cycle, respectively). The Floquet matrix
takes a very simple form in this case [28, Lemma 3.1]. We will here compute the
matrix by hand from definition (3.3) to help the reader understand it better.

If T is the infinite strip of width 3 as in Fig.2, we clearly can choose
as fundamental domain V; a vertical segment V; = {v1, v2,v3}, where vy is
the top vertex, vy is the middle one and w3 is the bottom one. Here d = 1
and a; = e;. The vertex v; has three neighbors: v; £ ¢; and vo,. We have
|v; £e1]q = £e1 and {v; £ e1}q = v;, while |v;], =0 and {v,}, = v;. Finally,
0p = 27mfe;. Thus, (3.3) tells us that

H(06)f(v1) = A(B) f(v1) = €™ f(v1) + e T f(v1) + f(v2).  (3.6)

Co 10
Arguing similarly for vy and vs, we see that A(fy) = | 1 ¢ 1 | for ¢y =
01 Co

2 cos 2779 The eigenvectors are independent of 6 and given by wy = 3(1,v/2,1),
(-=1,0,1) and w3 = %(1,—\/5,1) for By = cg + V2, By = ¢cg, B3 =

w2 7
— V2. Tt follows that (P;dy,)(v,) = w;(vp)w;(vy).
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FIGURE 3. A point mass (left) spreads 2 of its mass over both

its line and the line diagonally opposite to it, and only % of

its mass on each of the other two lines (right). If the cylinder
3

has size 4N, then each dark blue vertex carries a mass gy
1

and each light blue vertex carries a mass g

Suppose we take v, = vi. Then,

3
2 _ [ ()l? | fwa(v)) | Jws(v)l?
S I(Pib, (o) = PATUE o T2l 0L

i=1

3, % and 2,
3 , which is not the uniform average: there is more
weight to both sides of the strip.

For comparison, suppose we take v, = vz, the central vertex. Then,

For ¢ = 1,2,3, this gives
3(a(-+v1))+2(a(-+v2))+3(a(-+vs))

respectively. So (a); =

3

wi (vg)]? wa(v.)|2
S (i, () = rlta) Ts(v)7
i=1 2 2
For q = 1,23, this gives 3, 3 and j, respectively. So (a)y =

(a(+v1))+2(a(-+v2))+(a(-+v3))
4

, which is not the uniform average either. There
is more weight to the center of the strip.

More surprisingly perhaps, the spreading is not uniform in cylinders ei-
ther, which are regular, very homogeneous graphs.

For example, for the 4-cylinder in Fig. 3, computing as in (3.6), we find
that A(0p) = colds + Ac,, where Cy is the 4-cycle, so A(fy) shares the eigen-
vectors of Aq, given by

27 0) 0) _27 %(1717171)a %(05_17071% %(_1707170% %(_1517_171)a

respectively. If w; are the eigenvectors in this order, then the three eigenprojec-
tions are again independent of € (this holds in general for Cartesian products
such as Z4 G, with Gp finite) and given by (Pg,d,,)(vp) = wi(vp)wi(vg),
(PE30v,)(vp) = wa(vp)wa(vg) and (Pp, 0y, ) (vp) = wa(vp)wa(ve)+ws(vp)ws(vg).
Hence, |(Pg, (51,(1)(vp)|2 = |(P,r536vq)(vp)|2 = %. We may assume v, = v1 by ho-

mogeneity. Then Z?zl |(Pg,0u,)(v1)]* = § + M For ¢ = 1,2,3,4, this
gives %7 %7 % and %, respectively. This is illustrated in Fig. 3.

It was observed in [28] that some eigenbases of the cylinder are uniformly
distributed while others are not. We see that having one equidistributed eigen-
basis is not enough to obtain the dynamic equidistribution that we discuss in

this paper. This is in contrast to the folklore physics heuristics of Sect. A.1.
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Proof of Theorem 3.1. It is shown in [28, Lemma 2.2] that

IR
T/ N e TN dta) (kg + vi) = Y Z U)r(ve) Fr(k, 05, 00) el (k).
0 reld, £=1
where
Pr(k,rivi,v0) == > —/ HE ()= Bu ()] gt

mE]Ld q,s,w=1

Te + M r
XPS( : b)(“i,’vq)agrjzv) (Uq)Pw (Nb>(vqaw)e1(viv)(k)’

N
(3.7)
and afy’) (vg) = (efn ) a(-a +v9)) = Y,cra eéi%)a(na +vg).
If 1 = 6,, ® Op,, then (Uv),(ve) = Nd/2 Ou, (vg)ef%m “ . Hence,
LR
— e INae N dth, ® Oy, (kq + v;)
1 —27ir-n
= Nz Z e~ v Frk, v vp)elN) (k). (3.8)
reLlg
Since (Ady, @ On,, Bdy, @ 0p,) = (A*Bby, @ 0, )(vp + nq), we consider
1 TeitHNaefitHthé ® O, (N +vp) = =S Z Fr(n,r;vp,vp)
T Vp nqg \ta p—Nd T\ 15 Upy Up ).
0 reld,
Taking the limit 7' — oo, this reduces to [28],
1
Nd Z b(n, 75 vp, vp) (3.9)

reld
where, denoting S, = {(m, s, w) : E,(™4") — E,, (%) = 0}, we have

b(n,r,v;,vp) Z Z 1g,(m, s, w)Ps (Tb J]rvmb>(vi,vq)

me[{j q,s,w=1
%) (vg) P (52 ) s v0)eld) (), (3.10)

If in (3.9) we consider only the term m = 0 from (3.10), with v; = vy = v, we
get

Nd Z Z ( )vp,vq)agN)(Uq)Pw(rNb)(quvp)e(()N)(n)

rE]Ld q,s,w=1
E;=FE

s—=Lw

= % Z iw(' + vg)) VZ/PES (%) (vpyvq) P, (%) (vg,vp) = (a)p

TGIL‘Z\, q=1
(3.11)
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where v/ is the number of distinct eigenvalues. To prove the theorem, we should
show that

Nd Z Z Z s, (m,s, w)P; (Tb _];mb)(”p’vq)ag—rlzv)(vq)Pw (%) (Uq7vp)
reld, m#0 q,s,w=1
e (n) =0

Let A, = {(r,s,w) : E("") — E, (%) = 0}. Then (m,s,w) € S, <=
(r,s,w) € A, so the above is

R D) LUIELIUD Db DR PIRGPEHIN Ry IS

m#0 g=1 TE]Ld s, w=1

Pw(%’)wq,vp).

Assume 3, 3, |a(N)(vq)em (n)] < C, (observable condition). By (3.4),
) (v, w)| <

SUP,,£0 |NZL‘ — 0. Hence, the above tends to 0 as required, since | P (04
1.
The observable condition is satisfied for the two classes we have. If an (kq+

vg) = fO(k/N) with f@ € H*(T?), s > d/2, then af) (vy) = (e, f@
(/NN ewe) = fS9 Nd/2 Agbefore, this implies that dom g |a(N)( 7)€ an (n)| <
>y | £@||;, which is finite.

The second scenario is that ay is the restriction to I'y of some a € ¢1(T").
Here, a = ) csq Zq 1CnqOngtov, With > fen | < oo. Then a'ly )( g) =
D nezd cmqe%\[)(n). This implies |am (vq)e%\[) (n)| < WHaHl for all g implying
the hypothesis. O

Remark 3.3 (Another natural initial state). We may ask what happens if in-
stead of starting from a point mass d,, @ d,,, our initial state is equally dis-
tributed on the fundamental set, that is ¥y = \%lvf ® 9y, for some fixed

n € L4, In case of the ladder for instance, this corresponds to a vector local-
ized on the two vertices of Vy, each carrying mass % We will see that the
limiting distribution is still not the uniform average in general.

—2wir-n

Revisiting the proof, we now have (Ut)),(v¢) = We N, so the

—27ir-n

RHS of (3.8) becomes Wz e~ N >, Fr(k,r, ’U“Ug)6£ )(k) Here,
we have(\flvf ® Onys ) = f S d(n+w;), s0 (3.9) is replaced by
> ri—1 b(n, 7, vi,v0). Consequently, instead of (3.11) we get —a >, thl

> a—ilal-+vy)) Z’;’:l P, (5¢) (vi,v4) P, (5¢) (vg, v¢). This simplifies to

IJ

E(a)zﬁZi( (- +vq) ZHPE( )1Vf}( a)

relLd, ¢=1

:

The rest of the proof is the same, so our theorem now says that averaging a
over the evolution of 9y is close to E(a). Comparing with Example 3.2, in case
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1
V2
Y
\J
=1
V2

FIGURE 4. An initial state with the given weights (and zero
on the remaining vertices) stays frozen and does not spread
under the action of e~ 4~ This graph has a flat band A = 0

of the ladder and the honeycomb lattice, this is again the uniform average. In
case of the strip of width 3, we here have (P;1y,)(vy) = (w;, 1y, )w;(v,), so

3
VR | (2= VPl (e)P
S IRy, ) ) = . - el

i=1
For ¢ = 1,2, 3, this gives (2“/5)2;%(2*‘5)2 =3, (2+ﬂ)2§(2*\/§)2 =2 and 2, re-
spectively. Thus, E(a) = % . 3(‘1(""”1)>+6(a(:”2)>+3(a(‘+”3)> =

<a('+v1)>+2<a(jv2)>+<a('+va)>. So we still don’t get the uniform average; there is

more weight given to the middle line. Curiously, this is the same as starting
from a point mass in the middle.

In case of the cylinder, Pp, 1y, = (w1, 1Vf>w1 = 2wy, while Pg,1y, =
Pp,1y, = 0, since wz, w3, wy are all orthogonal to 1y,. It follows that Z;l:l
|Pg, 1y, (vg)[* = 4w (vg)|* = 1. Thus, E(a) = iZ;L:l(a(- +1v,)) is now the
uniform average, in contrast to the case of an initial state consisting of a point
mass which was discussed in Example 3.2.

In general, if the initial state 1y has a compact support, the limiting
average becomes

’

Ev @)= 3 S lal+0,) Z |[Pe. (5) (@0} (w0)

TE]LJdV q=1

2

(3.12)

Regarding the Floquet assumption (3.4), it is likely to be necessary in
view of [28, Prp. 1.6]. It is clear that it cannot be completely dropped, as this
would allow the presence of “flat bands”, that is infinitely degenerate eigenval-
ues for H with eigenvectors of compact support. If we take such an eigenvector
as an initial state, it will not spread, since we simply get e N )y = e~ HAy)q,
so |e N q)g| = |1)g| for all times. An example is given in Fig.4. See [28,31]
for more background on this phenomenon. Hence, at least pure AC spectrum
for H should be assumed, but (3.4) is stronger than this.



A. Boutet de Monvel and M. Sabri  Ann. Henri Poincaré

4. Continuous Case

4.1. Regularizing in Momentum Space
The Dirac distribution 6, on R? satisfies (3,, f) = f(y). As in [5], we consider
here a normalized truncated Dirac distribution defined by 575 = \/}Tl (—A)dy,
where I is an interval and Ny is the number of eigenvalues of —A in I. Let us
fix I = (—o0, E] and denote Ng = Ny, (55 = 5; and 1<p = 1;.

In our framework, 55 is a trigonometric polynomial, as we can see by

defining 0} through its Fourier expansion, 67 := > ilegs 5 )e; = F 2/\ <
ej(y)e;, for ej(z) = e*™*. This function satisfies 62 (y) = V/Ng — oo as
E—>ooand6E()—>0asE—>oof0r:c7éy€']T§f (see the proof of
(2) below). Also, ||6E||2 = N%;ZAJ',A;CSE er—j(y){e;,ex) = 1 and (557f> =
ﬁ Z/\]SE e](y)<ej7f> = ﬁ[lﬁE(_A”c](y)

Proof of Theorem 1.7. We first note that if a = )" a,,€,, then

Z lam| < oo (4.1)
meZz?
since we assumed that [|a|[3; = >, lam[*(m)?* < oo for (m) = v1+m? and
s>d/2.
We have eiméf = \/%ZAKE eo(y)e ey and a = Y, amen. As

_ —itA g oitA§E _ it (A egm—A
emer = emie, We get e 12 ae 25y \/72 am, ZM<E er y) itAerm=Ade .
E —itA itAsE\ _ 1 it (Ao —X
Thus, (5,/,e7"2ae™26,) = §=2_ . pczd ame Aeem=Ac)e (). The
)\27)\771+Z<E
term m = 0 corresponds to NLEZA@<E apeo(y) = de x)dz. Since Tfo

it em—e)Jp — L . 7m0 1
€ dt T i(Aegrm—Ae)

1t : 1
T/ <eltA6yE,aeltA(5yE> dt = /d a(x)dz + Ny Z amem(y)
0 T m#0,0€74
Ao, erm < E,
Ae=MAetm

eiT()\erm—)\z) -1

for Apym # )\g, we get

0 ez, i(Aegm — Ao)
/\z,/\z+m<E
>\€+m,;é>\l
:/ dx+2a e #{E:A€§E7A€+m§Ea>\€+m:)\l}
Td m#0 NE
1 elTAetm—=Xe) _ 1
+ Amem(y) —_—_— (4.2)
TNg n;) e eezz;l i(Argm — Ae)
AeAepm <E
/\Z+m7é)‘2

The second term. Now )\, = 4n%k2, for k? = kf + -+ kﬁ. We have Np =
#{0: 02 < %} ~ ¢gE%¥? by known Weyl asymptotics, which say that Ng
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is asymptotic to the volume of the d-dimensional ball of radius ‘2/—7? On the
other hand, the constraint \sy,, = A\, means that £-m = —m?/2. This defines
an affine hyperplane in R%. Hence, for any m # 0, {£: A\p < E, Apyn = A} is
vE
2
as such, is bounded by ¢4 1 FE uniformly in m # 0 (by varying m we
may get fewer, but not more than cq_y F(@—1)/2 points). We thus see that

E : A <F A m S E, m =
sup #L0: Mo < B My Aoy Ay 0
m#0 NE

itself the number of points on a (d — 1)-dimensional ball of radius < , and

(d—1)/2

as F — co. By (4.1), it follows that the second error term in (4.2) decays like
E-1/2,
The third term. Let us show that limg_, o NLE > tin<E m = 0 uni-

AepmFENe
formly in m. Roughly speaking, this is a Cesaro argument (if ¢, — 0 then

%Zzzl ek — 0).
Let ¢ > 0 and fix m # 0, say m; # 0 and write £ = (¢;, {;) with ¢; € Z41.

_ 2 1 1
We have Agym — A¢ = 26-m +m”. So Ne Z|2z.fy;)r§§|>z et m—Ae] <3
On the other hand, if By = {\; < E}, then E

7iy m;

R 2

PO —l; -1y E PR E

— .2 R < = Nclp - p?2<
bt +< m; ) “4m? [ — {61 = 4772}’

so|[{¢ € Bg: £ -m =0} < E@ /2 with the implicit constant depending on
the dimension, but not m. Similarly, note that |2 - m +m?| < 2 implies

{EEBE:K'mZO}Z{E:EQSfandfi:_ei'mi}

2 A 2 .
—f—m2—2€i-mi<2&mi<f—m2—2€i~mi.
g g

There are at most ﬁ + 1 values of ¢; in this interval. We see by applying the
previous argument to each such value that [{¢ € Bg : |20 - m + m?| < 2}| <
e 1E=1/2 since |m;| > 1. Summarizing, we have
1 Z 1 < e yi< 1
Ne 2z, Do NI VE T3E D
AopmFENe

by choosing £ =< E~'/%. Using (4.1), this implies the third term vanishes like
E-1/4,

This completes the proof of (1), and (3), as ||a?|; < Cs||a”||gs < C,ET
and E"—1 — 0.
Proof of (2). <5f,e_imaeim65> = NLE - e2ml(@=v) g oit(Aetm—Ar)

) Abxvnﬁ»ZS’E

em(y) by the same calculations. Let « # y. Note that z; —y; € (—1,1) for all j
since z,y € T?, and z; —y; # 0 for at least one i. The term m = 0 corresponds
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to %ZMSE el (e=y) where (a) = ng a(w)dw. Here \y < E < (% <

%. Consider first the simplest case d = 1, so the sum runs over [—*2/—7?, *2/—7?]
2mia(B+1) _ . —27wia8 . .
and equals “———— fora=z—yand 8 = ‘2/—7? Since « # 0, this may

be bounded by some ¢, independent of E, so % >oa<p e EY) -0

When d > 1, if @« = 2 — y, a; # 0 and we denote £ = (¢;,¢;) with
l; € R471 then the finite sum over the ball B = {#? < %} can be rear-
ranged into sections ¢; € Bg (fi), for each #; such that (4, éz) € Bg. And each
Z&_GBE(&) e?m%i%i can again be bounded by some C,, independently of E.
By the Weyl asymptotics, we see that | >, 5 e?mita| < O, 4 B4D/2, Since
Ng ~ E%?2 this implies % D on<E e2mit(z—y) _,

We have shown that the term m = 0 vanishes as £ — oo. On the
other hand, the sum over nonzero m is controlled as in (1); the presence of
the phase e>™(#=%) makes no difference. We conclude that if = # g, then
T fOT<eitA6,f, ae"6l) dt — 0 as E — oc.

Ty i T i
Weak convergence. = [ (e'20F ac26F)dt = £ ] ng a(x)|(e*A65)

(z )|2 dzdt. The continuous function @ is bounded on the compact T?, so

< la(z ltAéE z)|? dzdt < T||al|so || 7|2 = T||a||s is finite. By the
0 Td y
Fubini theorem, we get lfOT(eitA(Sf,aeiméf) = ng a(z fo (265 (2)?
)z = oy ale) 4 (z).

It follows from (1) that de dyy 7z de x)dz for any Sobolev

function a, in particular for any smooth functlon on T<. Comblnlng [18, Cor
15.3, Thm 13.34], we deduce that duﬁT(x) Y dr as E — oo. O

Proof of Lemma 1.8. Consider d = 1 and a(x) = e;(x) = e?™®. The calcula-
tion in the previous proof shows that
i i 1 n2i
(€80, acB6]) = - D el e (y), (43)
LXg, e 1 <E

where we used a,;, = 6,1 and A\ = 4m2k2.

If t = -, this gives em?\f};(y) Y N1 <E 2 — cp(—1)"ey(y) for cp =
VE—7

v (2n+1)
2n41)w
On the other hand, if ¢t = 2’;“, then (4.3) becomes (y)CNi
i B
2n+1)wl (et 2 (et 2 E
i ep(y)e ep(y)e
Z/\e,/\ulSE it — UTZ)\K,)\I{+1SE( 1)* € {0, i”f}-

The limits over E are different: in the first case it gives (—1)" el(y), in
the second case it gives 0. The latter case corresponds to (a) = (e1) = 0, but
not the former.

2. Generalizations

It is not very clear what would be the analog of (1.4). The limit limy_.o fOT
(e'*A ¢, ae A1) dt is not necessarily equal to (¢, ) (a) even if ¢, are smooth.
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For example, take ¢ = e; and ¢ = ej,. Then (e*®e;, ae™®ey) = M=) (e,
aep). We see that if k # j but Ay = A; (e.g., k = (0,1), j = (1,0)), then
%fOT<eitAej,aeimek> = (e;, aey). Taking a = e;_y, this has value 1. In con-
trast, (ej,ex)(a) = 0.

Instead of 5E we can consider variants such as xy : mx e(—A)
E

. Here, instead of

dy. In other words, Xy = WZJ xe(Aj)e (y)
J

xe = l<g, we only ask xg(A) = 0if A > Eand 0 < ¢ < xg(A) < a1
on [0, E — 1]. This allows, for example, to consider smooth cutoffs. Then, the
proof carries over. In fact, (4.2) becomes

Z)\M;E xm(Ae)?
a(x)dz + amem(y) - (=R
[ @+ 3 anentw) NPT

* m#0
o TOeim—Ae) _ q
+ ame ———— 5 XEA)XEAetm)-
TZM<E xe(Ae)? %:O mem( EEEZ; i(Aegm — o) "
AesAem <B
AotmFEAe

& #{LN<E, N\ m<E, )\e+,n—>\z}

For the second term, we bound the fraction by N,

which converges to zero uniformly in m by the same argument Similarly, the
third term is controlled as before since [x£(Ae)xE(Aerm)| < ¢f and X2y, o p xE
(Ae)* > coNp_1.

Finally, the proof can be generalized to tori of the form T = x¢_,[0,b;).

2@ 6y 2ma by
e U1 e
b1-ba

. The set Bg = {A\¢ < E'} now counsists of points in an ellipsoid of axes

Here we use the basis e/ () = , with eigenvalues \p = 472 Z;j 1

b; f

We still have Ng ~ Cb,dEd/ 2 and the proof carries over mutatis mutandls. If
we assume some irrationality condition, the second term decays faster with E
as the multiplicity reduces; however, it seems that the third error term does
not improve.

4.3. Regularizing in Position Space

Our aim here is to prove Theorem 1.9. We fix an arbitrary sequence (¢.) for

e = (e1,...,eq4) which satisfies the following:
o ¢ = ®%_, ¢, that is, ¢c(x) = ¢e, (v1) - - - P, (24) for some functions .,
on R.
e ||¢,|| =1 for each i.
o sup,cy |[(¢e,, er)| — 0 as g; — 0, where e,(s) = ™" for s € T,.

The most important example is ¢. = \/ﬁlxgﬂ[%yﬁ&

Here, (¢,
er) =/ if r=0and (¢c,,e,) = % . W if 7 # 0. Since |el* —
1| < |z|, we see that |[(¢,,er)| < /€. This can be regarded as a normalized

point mass in the sense that if ¢, = ﬁl then for any integrable

x4 lyiyiteils
g, we have (¢, g) — g(y) for a.e. y by the Lebesgue differentiation theorem.
Also, ¢ (y) = —* ~ — 00 and ¢-(z) — 0 for z # y.

€1-€




A. Boutet de Monvel and M. Sabri  Ann. Henri Poincaré

Theorem 4.1. For any (¢.) and (1) as above, any a € H*(T%), s > d/2, any
T >0,

lelﬁ)l " / (@D ., et} dt = </1rg a(x) dx) (E%(%J/@),

where £ | 0 means more precisely that |e| = \/e3 + -+ 2 — 0.

If . = 1., the scalar product on the rlght is ||¢<||* = 1. This im-
plies Theorem 1.9. In fact, if we take 1. = and ¢, =

€1€2 Edlxt 1 yisyitei]

\/61612‘-~Ed1><g:1[fri,1i+€i] for 7é Y, then hmei0<¢s7ws> =0.

Proof. We have e*®q) = Sope Mype, and a = Y, amen, S0 using eyep =
emt, We get e A qeltAqy) = >t AmppeltPetm=Ad e, This implies that

<eitA¢’ aeitA,(/)> — Zam Zeit(A(+7n—A1)w£<¢7 €€+m>-
m 4
Thus,

f/ ‘tAqS, ae'tA ydt = aoz eo, ) (b, e0) + Z am Z (e0, V) (b, €04m)

m#0 LXe=Npym
2 am Y

elT()\Hm—)\/) -1
m#0 LXeFNotm

T = ) (0¥ eerm).

For ¢ = ¢. and ¥ = 1), the first term has the form

ao(fe; Ve) = (Pe, Ye) /d a(z)da.

*

Second term: We prove that lim._.g Zm;&o Um Y 090 me —m2 (€0, Ve) (P,
€g+m> =0.

First assume d = 1. Then, m # 0 and 2¢m = —m? implies ¢/ = —m /2.
So we get 3. o am{€_m/2:Y=){(Pe, €mys2). By hypothesis, the general term
vanishes as ¢ — 0. Moreover, it is bounded by [a,|-[|¢e|||pelll€ 2 l[|€m /2]l =
|@y, |, which is summable. By dominated convergence, the result follows.

Now let d > 1. Using |>_,, o F(m)| < E?Zl > mizo | F'(m)], it suffices to

. d

show that lim. o} ;_, Zmi;éo |am | 2 p.20.m=—m2 (€6, Ve ){Pe, €04m)| = 0.

By hypothesis, ¢. = @L, ¢.,. It fol}ows that {eg, p.) = H?Zl(ekj,(bgj).
Suppose that m; # 0. Then, ¢; = M, where for 2 € R?%, we denoted

2m;

r = (&, ;) with 2; € R¥~!. We thus consider

d
Z Z a’ml Z <eéi?1/)5i><¢5i7e‘€i+mi> H |<e€j’w€j><¢ajae€j+mj>|'
i=1 m;#0

fezd—1 J<d,j#i
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We first show the general term F.(m) — 0 as ¢ — 0. For this, we bound
D7 Kee, e ) bereerm) [ Keeysvoe,)(beyree,4m,)
2, czi G<d,jFi

Sigg|<ef':wsi>‘?:élz“d’szvekﬂ S TT Keeysoe, )@, ee,4m,)]

2,€zd—t j<d,jFi

= sup |(er, Y.} sup (g2, ex)| II D Keeyve,)(de,se0,4m))]

j<d,j#i L, €L

1/2 1/2
< sup {er, ¥e,)  sup (de,, ex)| II (ZI(ezﬂweJ)IZ) <Z<¢e,ﬂee,+m,>l2>

j<d,j#i \¢ €L 0, €7

= sup [(er, ¥e,) | sup (¢, en)l [ lIve, lllge, Il — 0
r€EL k€eZ

J<d,j#i
by hypothesis. On the other hand, the general term can be bounded by
|a’m| Z |<6Z7¢5><66+m>¢5>|

£:20-m=—m?

1/2 1/2
<laml | S Heewd | [ 32 Hewwmdd?| < lanm
ez Le74
which is summable. By dominated convergence, the result follows.
Third term. We need to show the following term vanishes as € | 0:

eiT(}\g+m—>\5) _ 1

dam D m(eews)(%?eum}. (4.4)

m#0 LXNgrmFENe

Let m # 0, say m; # 0. We have

Z |<e€>w6><¢s>€€+m Z Z 6671#5 ¢5763+m>|.

£:20-m#—m? |2£m+m2| r#E= m?2 0:0-m=r |2T+m2|
2

Now £-m =71 < /{; = %7"“ Recalling ¢. = ®¢,, this can be
written as
‘<5 =i 1, :w57,><¢57,7 € m24ri; >‘
Z |<62i7¢§x><¢€11621+ﬁ“>‘ Z - |27‘+m2| i

b;ezd—1 T;ﬁ_Tmz

1/2 Lo
1
< igg“fik,lbe,”;\<6glg¢é,><¢é,,75/§1+ﬁh)| ( Z (2r+m2)2) (Z <¢s,,75k>2>

;é— k€L

2 PN
mi4r—~Li-m;

where we used that T*féfmi and are both integers and the Cauchy-
Schwarz inequality.

If m? € 27, then4z

12
1 1 1 1
er (T-‘r"‘TZ)Z = Z((1/2)2 +
) 2
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Either way, the sum is bounded by 3. We thus showed that

Z |(ees Ve ) (Be, €orm)] < V3||¢.,

£:20-m#—m?2 ‘26 Mt TTL2|

sup |(ex; Ve, )
keZ

D Heg vz )(de e, )]

Ziezdfl

< V31¢e e, [l del sup [ {ex, e, )|
keZ

which tends to zero uniformly in m by our hypotheses.

Finally turning back to (4.4), we have proved that as a sum over m, the
general term vanishes as ¢ | 0. Moreover, the general term is bounded by
(| 32 (e, ) (B2, eoem)] < %2 by Cauchy-Schwarz and .| = [lg. | =
1. Since ), |am| < oo, we conclude by dominated convergence that (4.4)
vanishes as ¢ | 0. 0

Remark 4.2. Tt is clear that the proofs of Theorems 1.7 and 1.9 continue to hold
if we take the limit T'— oo before considering £ — oo. The proofs become in
fact simpler as such a limit over T kills the third term in (4.2) and (4.4), thereby
avoiding the finer analysis we performed. See also [19] for this regime. If we do

take the limit over T'— oo first, then we can also replace fOT by ZtT:_Ol. For ex-

ample, (4.4) becomes 3, o am Yy, . 2, T(Tﬂ+,);_11)<eg DM Be, orm),
which vanishes as T — oo (here 0 # Ay — ¢ = 472(20 - m + m?) ¢ 27Z).
We cannot however consider ZZ:_Ol in Theorems 1.7 and 1.9, as the finer anal-
ysis of the third term that we performed used the fact that m — 0 as

. . 1
{ — o0, which is not true of P T

5. Case of the Sphere

Consider the sphere St C R, d > 3. We have L*(S%!) = @2, Y{, where
Y¢ is the spherical harmonic space of order k in dimension d. Any nonzero
function in Yg is an eigenfunction of the Laplacian on the sphere —Aga—1 with

eigenvalue k(k -+ d —2) and multiplicity Ny 4 = dim Y¢ = W. See

[7, Th. 2.38, Prp. 3.5]. If we define the zonal harmonic of degree k, Zék)(n) =

@%Pk,d(é -n), where S| = ggfd"//;) is the volume of the sphere and Py, 4(t)

satisfies the Poisson identity Y o 7* Nk aPra(t) = ﬁ for |r| < 1

and t € [—1,1], then Zg(k) satisfies the reproducing property [7, (2.33)],

D) = (2" W) pagary W eEYE gesL (5.1)

We have Zg(k) = Zévz’“’ld Yy ;(§)Yy; for any orthonormal basis of Y¢, see

[7, Th. 2.9]. In particular Zg(k) € Y{ and as such Zg(k) is an eigenfunction of
—Aga-1 for the eigenvalue k(k + d — 2). Moreover, ||Z§(k)||2L2(Sd_1) = ‘é\i%;" by
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[7, (2.40)] and Zék) &) = IS]Y,"—_‘fl by [7, (2.35)], which is the maximum of Zg(k).
Finally, if C), ,, is the Gegenbauer ultraspherical polynomial, then C’n’% (t) =
(") Py a(t) for d > 3, [7, (2.145)).
In view of the Dirac-like Eq. (5.1), one can consider the evolution of
(eitAZE(k), aeimgg(k)>, (5.2)

where Zvék) = ‘i}i%Zék) has norm one.
. (k)

However, since ng is an eigenfunction of —Agae-1, this reduces to <2§(k),
aZ(k)>
e )
Lemma 5.1. The density |Z€(k)(77)\2 is not uniformly distributed as k — oo. It
has peaks at £& and stays bounded for n # +£.
More precisely, |Z§k)(i£)\2 — 00 as k — oo.

2

Proof. In fact, |Zvék)(i§)|2 = B ISZ‘Y%IOIIZ — 00 as k — oo. On the other

Ni.,q
hand, if n # £&, then ¢ := £ - n satisfies |t| < 1. By [7, (2.117)], |Phq4(t)] <
d—1 _ ~
P ) hence |20 ()2 < Sk - % Since D(w + a) ~ T(z)a®,
_ a _ Sk
then Ny 4 = (Qfdt‘é)f) F(Fk(chri1)2) ~ (d_QQ)!k:d 2 hence |Zé )(n)|? stays bounded

as k — oo. The upper bound we used is sharp in n, i.e., P, 4(t) < —=, by
n-z

36, Th. 8.21.8]. O

A closer analogue to 6/ = ﬁ >, <k €(y)e;, our Dirac truncation for

the torus, would be Sén) = \/ﬁ > k=0 Mn,k,dzg(k)v where M,, 4 = >71_ M?L,k,d

IS]\‘];%?I and fiy q = %. In fact, if Rén) =>7r ,un,k’dZék), then
(see [7, §2.8.1]):
° <Ré"), [ r2(ge-1y — f(§) uniformly in &, for any continuous f,

(M) ey _ o1 Nid _ — _ (n4d=2)t
* B¢ (€)= 2o Hn kd T57=1] = Ena = (4m) T T(nt 451) o

E k
o B2 aggumsy = 1 g b aZ 13 = Spg 2 4 all 28712 = M.
Here we used that Zg(k) 1L Zér) for k # r, as they belong to YZ and
Y¢, respectively, which are in direct sum (they are in distinct eigenspaces).

This says that Rén) is a d¢-sequence and that Sén) is its normalization.

Lemma 5.2. The density pé”)(n) = limr_o0 fOT |eitAS§n)(T])|2 dt is not uni-
formly distributed as n — oo. It has peaks at £& and stays bounded for n # £€.

Again, this means more precisely that pé”)(ig) — 00 as n — o0.

Proof. As eitASEn) = \/1\}17 >heo e*it’\kun’k,ng(k)7 A = k(k +d —2), then
n.d

i k i ,—
A M = g T iRl 287+ 3 S OV Mk



A. Boutet de Monvel and M. Sabri  Ann. Henri Poincaré

Nn,k/,dZé )( )Z(k )( ). But A\p, # A\p for k # K/, because the eigenspaces Y¢

are in direct sum (alternatively, A, = A; for k # j would imply (k* —j2)+ (d—
2)(k—j) =0, s0 k+j+d 2 =0, a contradiction since d > 3 and k,j > 0). I

follows that & fo |eltAS ( )2 dt — Zék)( )2 = p( )(77)

M'n,,d
2
Now p M (£€) = T Dk=o “i,k,dgj% diverges as n — oo. In fact,
’ . . N
(Chooa)? < (n+1) ZZ—O aj,. Applying this to ar = fnkdjsT], We get

E2
E? ;< (n+1) Y ,_ a3, s0 M — Sh_oar > # — oo for d > 3, because
Ena Ena _ n izt
(n+1)Mp g = n+1 - n
lower bound is not useful. So we argue as follows.

— 00. Here, we used that p,, 1,4 < 1. For d = 3, this

We have ZZ 0 Hn,k d% = E, 4. By Cauchy-Schwarz, we have on the

N2
one hand (3)_ O,Unkd‘gd 41)? < (04 1) koo Mk asreies SO that 370
N} E?
,u?zkd|§dk1d|2 > 7. On the other hand, Mnd = > 0:“nkd|sd ll) <

NE

d
N? Zk oﬂn kodsd—12
n 2 n 2 k.d IS | — n 2
(> k=0 :un,k,d)(zkzo Mo ke, d |sd—1|2) and so Mna = (Y=o Mo k,d
2 NE.4 1/2 N 1/2
N?, 1/2 (Zzzoﬂn,k,dm) (Thoo vl K d Jgd— 1‘2) . .
. . . The two inequalities
Frie) Moa O ST e 4
N
>k=o Hi Kk d% E
imply that dllll ik —rad .
Py Moa = VA (Cimo 1 e

Specializing to d = 3, we have E, 3 = %L Also, >}, 12 13 = Don—o

n!(n+1) (1 n n
WM) Zk -0 W = 3F2(1,—n, —n,n+2,n+2, ].) Here

(
(M =r(r+1) - (r+k—1). I r € N, then () = “HET0" for any k, while
M= —r(=r+1)- - (—r+k—=1) = (=D)kr(r—1)--- (r—k+1) = (_1)}6(7%1@1

(=
holds for k < r and (—r); =0 for k > r.
‘ 2
By Dixon’s identity, s Fo(1, —n, —n;n+2,n+2;1) = 1;((§))Il:((2%+4_22717;)1“12(2§2jr_:))2 .

Using the asymptotic I'(z + a) ~ I'(x)z®, this shows that Y }_, Ni,k;& ~
NS (nt/%)2 4 n

2 T (2m)i/Z T 2V 2
2 Nis
k=0 Hn,k,3 15212 > n+1

Mo SRS e
We showed that p(n)(:tg) — o0. If n # ££, then as in Lemma 5.1, we
have p( )( ) <

We thus get that 1/4

=n — OQ.

Nk d Cd . d—2
P O:unkd|gd 2 pa-2 with Ny g ~ = 2),k’ , so that

Nk‘d Cd
Mnd—zk Ounkd\gd 1‘ and Zk Ounkd\sd T piE . grow at the same speed

with n, and pf )( ) stays bounded. O

nd

To see more explicitly that ergodicity is violated, we can compare averages
of specific observables. For simplicity, let us choose a such that for the & we
fixed, a(n) = a(&-n). This allows to use the Funk—Hecke formula [7, Th. 2.22]:
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for any Y, € Y&,

F(E - 0)Ya(n) dST () = Ya(€)]S72) / Pua()f(H(1 - )T dt

Sd—l

For Y, = Z{" and f(€ 1) = a(€ - 1) Paa(€ - m) 5t = a(€ - m)Z{"” () we get

[, ale-miz mpas )

Z(") f Sd72 Nn 1 s
= [ paaPa - )

S s
B ISd—lzd/_l[P”’d(mQa(t)(l —%)72 dt.

On the other hand (case n = 0 of Funk—Hecke, cf. [7, (2.87)]),

/ a(& ) dSi=1(n) = [s- 2|/ J(1— )% at. (5.3)
Sd*l

Let us check the asymptotics of (5.2). We take d = 3. Then, |[S?~!| = 4,
IS4=2| = 27, Niq = 2k + 1 and P, 4(t) = P,(t) is the Legendre polynomial,
which satisfies [7, (2.79)]

! 2
P,(t)P,,(t)dt = ———0p.m.
| PuoPa = 25,0
Since (n + 1)Pyy1(t) + nPp_1(t) = (2n + 1)tP,(t), see [7, p. 52], we deduce

that
1 2 2
2 1
/ 2P, (t)? dt = ( L (n+1) )
1 (2n+1)2\2n—1 2n +3

Lemma 5.3. Let d = 3. There exists an observable a such that for any T > 0,

1 (T A SR) uA Sk k) Sk
lim */0 <€tAZ§( )7aetAZg( Yydt = lim (27, aZ) # (a).

k—o0

Proof. Given &, we have for a(n) := a(¢ - 7)), with a(t) = t2, that

Sd—l
S [ e nizfmpast o

Sd 2N a3
- |Sd|1|kd/ [Pea()?a(t)(1-2)77" dt

:(77)(2164—1)/ 2Py (t)? dt = 1 ( k2 +(k+1)2>.

—(k —(k
(2, az) =

47 2k+1\2k -1 2k+3
This tends to 3 as k — oco. On the other hand, by (5.3),
1 e 1
= -m)dS?H(n) = f/ t2dt = -. 5.4
@ =g [, e masTi =5 [ fa=g G4

This completes the proof. O
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A similar phenomenon holds for Sg(")

Lemma 5.4. Let d = 3. There exists an observable a such that

1 (T Gaem)  iea o
liminf lim T/ (eltASé ),aeltASé )>dt7é (a).
0

n—oo T—oo

Proof. Our arguments in Lemma 5.2 show that

. 1 T . " . n k _
tim 1 [ 20, 0250 at= Zunkd/ a2 ) 45T ).

ndk 0

Choosing again d = 3 and a(n) = a(£ - n) for a(t) = t2, this becomes

1 Zn 2 (2m)(2k + 1)2 /1 2 2
- S~ P
My s (amp? rd

-1

2 2
i (2;— 1 (];k—:—l; )

But the expression in parentheses is

2k +3k* 4+ (2k — 1) (K> +2k+1)  (2k+1)(2k* +2k — 1)
(2k — 1)(2k + 3) N 4k? + 4k — 3

and % 2 for £ > 1. Thus, as jin,0,3 = 1, the limit is

1 2% + 1
>
= 127 M, | 2, Z“"v’ff’ Ar

1 1
B 127TMn 3 n,3 kz%u’n k.3 |S2 87TMn’3
-1 1

1
T %Mnl,, 2 2

: _ N\ 2 Nggs 1 N\ 2 - :
since Mp3 = > 0 4 M3 TS5 2 T Dk Mr k3 X /N — 00 as we saw in

Lemma 5.2. Summarizing, we have shown that

1 (T Gaam) it gln
e A L

1
5
In view of (5.4), this completes the proof. O

The results of this section suggest that unitary evolution of the Laplacian
on the sphere does not make point masses equidistributed as time goes on,
hence a lack of ergodicity. This is in accord with the classical picture.

Still, our analysis is based on the evolution of some specific normalized
d-sequence Sén). It would be interesting to see if equidistribution continues to
be violated for other choices.
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Appendix A. Discussion

A.1. Eigenfunction Thermalization

One could heuristically deduce the present dynamical criterion of ergodicity
using quantum ergodicity of eigenvectors as follows. Suppose that H is a self-
adjoint operator on a finite graph G of order N having a quantum ergodic
basis (¢;N)). Fix a normalized initial state ¢, assume for simplicity that it is
well-defined as N varies (e g GN C Gyy1or Gy is a cover of Gy ). Expand-
; _ N (N) —itHy (N) —itAl™)_ (N)
ing ¢ = Yo, (0, )wl"), so that e ¢ =y (W), @he iy,

we obtain

<e—itHN¢7aNe—itHN¢> _ < (w(N) de —itAN) w(N) an ZWJ(N) ¢ —1t>\<N)¢(N)>

n=1

MzﬁMZ

(M), )2 (), anp (V)

n=1

(AN _\(V)
+ 30 ORI ) (M @) (), an M)
m,n<N
m#n

From here one could argue that (1/)7(n a¢(N)> dmn{a) if the eigenfunc-
tions satisfy a strong form of quantum ergodicity. If not, one could take a time

average % fOT and assume the spectrum is simple, so that the double sum of os-
cillatory terms vanishes as T — oo. Since Zgzl |<1/),(«LN), ¢)|2(w7(lN),an7(LN)) ~
ZnN:1 [( (N),¢>| {an) = (an)|®||*> = (an) by the assumed eigenfunction er-
godicity, we get that (e ¥ ¢ ane N ¢) ~ (ay) or limy_ o fOT<e’itHN¢),
aye "IN g) dt ~ (an), respectively. The same heuristic can be used in the
continuum, for example, on the torus.

This heuristic is folklore in the physics community and is commonly
known as eigenfunction thermalization. It can be made rigorous for some mod-
els of random matrices, see, for example, the discussion in [10]. Note that
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it only requires one special basis of eigenfunctions (w§N)) to be ergodic in
a strong sense, e.g., quantum uniquely ergodic. For specific (deterministic)
graphs it seems to us that making this argument rigorous can be more dif-
ficult than proving the theorem from scratch. In particular, for the case of
7%, the eigenvalues have a high multiplicity, which complicates this scheme
even though we have a very nice ergodic basis wj(-N)(n) = ﬁe%ij‘"ﬂv at
disposal. Also note that on the torus, this conclusion is simply wrong if we
choose ¢(x) = v/2cos(27x) since e*A¢ = e~47"it g 5o at least in this model
where the spectrum is highly degenerate, there must be some assumption on

¢.

A.2. Other Interpretations

It may be interesting to explore other quantum dynamical interpretations of
ergodicity.

Since in the classical picture on the torus, we calculate the mean value
% fOT a(xo + tyo) dt of an observable a over an orbit of xg, one could naively
replace a(y) by (d,,a) and thus consider the limit of & fo (ef*26,, a) dt and see
if it approaches [ a(x)dz. Let us check what this gives.

Let H be a self-adjoint operator on a Hilbert space 57 and let ¢,y € 7.
Then, by the functional calculus we have

i & [ (6.et ) ar = H A
im [ 00 dt = (60xio) (). (A1)

This interpretation would rely entirely on the spectral projection at 0.
It does not seem entirely convincing. For example, both the torus and sphere
Laplacian satisfy that oy (— A) is the orthogonal projection onto the flat
function, that is, (x{o}(—Apa)a de x)dz and (xqo}(—Age-1)a)(y) =
ﬁ Joun a(x) S (z), so that the RHS of (A.1) in both cases is (¢){(1)),
although the dynamics are very different in each case.

A.3. Further Comments
In general, ergodic theorems apply to integrable functions f and assert that
lim, oo = >0, f(T"z) = g(x), where g is such that fg = [ f.If T is ergodic,
then g must be constant, and this constant is H(Q) Jo f(y) du(y).

On the quantum side, the long-time convergence of 1 fo |(eftHap)(2)|? is

quite trivial if ¢ is finite dimensional (e.g., working on a finite graph). In
fact, if Py are the spectral projections for the distinct eigenvalues of H, then

Pk (Pap) ()

‘ 2

NE

() @) = |

1

(Pep) (@) + Y " F=E)(Py) (z) (P ()
k£l

R

=~
Il
-
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Since X f etEr—Ed) qt = L. % — 0, we get that
lim /T (€7 ) ()2 dt = Z\ (Pet) (z (A.2)
T—oo T 0

The function on the RHS clearly satisfies that its integral (or its sum over
the graph) is equal to 1. So the hard part here is to prove ergodicity rather
than convergence, i.e., proving that for certain models the RHS is constant.
This is what we did for the case of cubes, asymptotically in N. We do not
use (A.2) for this purpose, as the high multiplicity of eigenvalues complicates
the calculation of Pyt. We emphasize that for the torus, we do not need to
consider long time 7', so (A.2) is useless.

In the context of quantum walks, the papers [9,17] investigate the mixing

time, namely, how fast does + fOT |(e*H ) (x)|? dt becomes e-close to its limit

S [(Pr) () 2.
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