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Discrete Symplectic Fermions on Double
Dimers and Their Virasoro Representation

David Adame-Carrillo

Abstract. A discrete version of the conformal field theory of symplec-
tic fermions is introduced and discussed. Specifically, discrete symplec-
tic fermions are realised as holomorphic observables in the double-dimer
model. Using techniques of discrete complex analysis, the space of local
fields of discrete symplectic fermions on the square lattice is proven to
carry a representation of the Virasoro algebra with central charge —2.

1. Introduction

Over the last twenty-five years, numerous conformally invariant properties of
the scaling limit of various lattice models have been rigorously established.
Nevertheless, such conformally invariant behaviour of statistical models had
been studied in the Physics literature using conformal field theory (CFT) ever
since the founding works of Belavin, Polyakov and Zamolodchikov in the 1980s
[3,4]. Although it is a non-rigorous approach to statistical mechanics, CFT has
served as a plentiful source of insights to the Mathematics community. Yet, it
is fair to say that it remains far from well-understood from a mathematical
perspective.

A relevant example of a statistical model is the dimer model, in which
one takes perfect matchings of the vertices in a graph uniformly at random.
This model has been studied in the Physics literature since as early as 1937
[10]; and, in 1961, Kasteleyn [15] and, independently, Fisher and Temperley [9]
exactly solved the model in a statistical sense, i.e. they found an exact formula
for the number of dimer configurations in finite subgraphs of the square lattice.
As for the scaling limit of the model and its conformal invariance, in the early
2000s, Kenyon established the convergence of the height function of dimers to
the Gaussian Free Field [18,19]. It is worth pointing out that other approaches
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have been taken to prove such convergence results [5,6], and that similar results
have been proven with more generality [24].

The model considered in this paper is the double-dimer model, in which
one takes two independent copies of the dimer model. A strong motivation
to study this model is a conjecture by Kenyon [23, Section 9], who predicted
the interfaces that arise when superimposing two dimer covers on the square
lattice to converge to SLE, in the scaling limit. After the introduction of CLEs
[25,26], the conjecture was then lifted to claim that also the loops in double-
dimer covers converge to CLE,. There have been very relevant developments
in this direction in the last ten years [1,2,8,20], though some questions about
the full conjecture are still open [2].

In two-dimensional CFT, the conformal symmetries of the theory are en-
coded in the infinite-dimensional Lie algebra Vir := @, CL, & CC with Lie
brackets

ne”Z

3
n-—n
i C,

[Ln, Lm] =Mn—-—m)Lnptm + 13

[C,Vir] = 0,

known as the Virasoro algebra. Algebraically, two-dimensional CFT's are stud-
ied in terms of representations of the Virasoro algebra. In a CFT, the operator
C is proportional to the identity operator, and its eigenvalue is called the
central charge of the CFT in question.

The question that is addressed here is whether the algebraic structure of
a CFT can be found already at the lattice level. In other words, can one build
a Virasoro representation using observables on the lattice before taking scaling
limits? This question was answered positively for the discrete Gaussian Free
Field and the Ising model in [13].

Another important CFT shall be considered here: Symplectic fermions,
which has central charge —2 [11,12,16,17]. This theory is more exotic in the
sense that it is of logarithmic type (logCFT). The terminology stems from the
fact that logCFTs possess correlation functions with logarithmic dependencies.
On the algebraic side, logCFTs feature more intricate representations of the
Virasoro algebra—representations in which the Ly operator cannot be diag-
onalised. Symplectic fermions, in particular, exhibit a (sub)representation in
which the Ly operator has Jordan blocks of rank 2 [17]. Such a representation
falls into the class of staggered modules, which have been studied in [21].

In order to study symplectic fermions on the lattice, a novel discretisation
of the theory is introduced. The fermionic fields £ and n can be defined as
holomorphic observables on the double-dimer model on general bipartite finite
planar graphs. In particular, one can make precise sense of random variables
of the form

n(w1)§(b1)n(w2)€(b2) - - - n(wn)§(bn),

where w; and b; are vertices of different colour of the underlying bipartite
graph—see Sect. 2 for more details. The suitability of this discretisation can
be justified by considering the infinite volume limit, in which the observables
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behave in the way predicted by CFT. The connection between symplectic
fermions and double dimers, although unprecedented, is coherent with the
dimer model being studied as CFT of central charge —2 [14].

The main result of this paper—Theorem 5.2—can be informally stated as
follows:

Theorem. The space of local fields of the discrete symplectic fermions on the
square lattice constitutes a representation of the Virasoro algebra with central
charge —2, where the generators L, for n € Z are defined via a Sugawara
construction on the current modes of the fermions £ and 7.

Let us elaborate a bit further on the above statement. The space in which
the Virasoro action is defined is the space of local fields, which are, in a sense,
a generalisation of the maps z — 7(z) and z — £(z)—see Sect.4 for precise
definitions. Using the techniques of discrete complex analysis developed in
[13], one can translate the holomorphicity of the fermions into an algebraic
language. In particular, one can define the Fourier modes x;" and x,, for n € Z
of the symplectic fermions’ currents as operators in the space of local fields—
see Sect. 4. Discrete holomorphicity yields, then, the exact anticommutation
relations of the symplectic fermion symmetry algebra:

{XZ,X;} :n5n+mid and {XLX;} = {X:’X;} =0
for n,m € Z. Moreover, the operators x,, and y,} permit the definition of the
Virasoro generators L,, via a Sugawara construction.

Organisation of the paper. In Sect. 2, discrete symplectic fermions are defined
on double dimers on any (dimerable) bipartite finite planar graph and their
relation with the Kasteleyn matrix is established. Moreover, discrete symplec-
tic fermions are proven to be equivalently defined using Grassmann algebra
techniques via a discretisation of the action of symplectic fermions in the
continuum. In Sect.3, multipoint correlation functions of discrete symplec-
tic fermions are studied along sequences of growing Temperleyan domains of
the square lattice. In particular, the 2-point function is proven to be closely
related to the derivative of the discrete full-plane Green’s function, and multi-
point correlations are obtained from it by Wick’s formula. In Sect. 4, the space
of local fields of discrete symplectic fermions on the infinite square lattice is
defined and discussed along with the current modes of the fermions. Finally,
in Sect. 5, the Virasoro modes are defined in terms of the current modes, and
they are proven to satisfy the Virasoro commutation relations with central
charge —2.

2. Discrete Symplectic Fermions in Finite Domains

2.1. Simple Paths and Fermions

Let G = (V, €) be a bipartite finite planar graph partitioned into black vertices
Vo and white vertices V, that admits at least one dimer cover, i.e. there exists
a subset of edges w C &, such that every vertex appears exactly once in w.
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FIGURE 1. A double-dimer cover (w,w) on a subgraph of the
square lattice and an odd simple path A : w ~» b adapted to
(w,w)

Then, let D(G) denote the set of dimer covers on G, and D?(G) := D(G) xD(G)
is the set of double-dimer covers on G. See Fig. 1 for an example on a subgraph
of the square lattice. The (finite) set D?(G) is regarded as a probability space
equipped with the uniform probability measure Pg, the expectation value with
respect to which is denoted by Eg.

A famous result by Kasteleyn [15] is |D(G)| = |det K|, where K is any
Kasteleyn matriz of G, i.e. a matrix K: V, x V, — St U {0} C C such that
K(b,w) # 0 only when we have {w,b} € £, and which satisfies the Kaste-
leyn condition: for a sequence (wq, b1, ..., Wy, by, wy+1 = wi) of consecutively
adjacent vertices around a single face of G, we have

K(bl, ’U)1)K(b2, wl) R K(bn, wn)K(bl, wn) = (_1)n+1.

Remark 2.1. Let Z? = Z2 U Z2 be coloured in a chessboard fashion. If G =
(V, ) is the induced (dimerable) graph of a subset V C Z? with no holes—see
Sect. 3—then, the matrix 0 : Z2xZ2 — C given by 0, := b — wif [pb—w| = 1
and Oy, = 0 otherwise, is a Kasteleyn matrix of G. o

Let us introduce the combinatorial objects that are used to construct
symplectic fermions on double dimers. A simple path on G is a sequence of
distinct consecutively adjacent edges of G that does not cross itself, i.e. A =
(e1,...,6e,) with e; € &, such that e; Ne; # 0 if and only if |i — j| = 1 for
1 <i#j <n. Then, let A: z ~> y denote that x,y € V are the endpoints of
A, i.e. the vertices that satisfy € ey and © ¢ ey, and y € e, and y ¢ e,,_1.
Abusing notation, write e; € A, and, for v € V, write v € X if v € [, e;.
Two simple paths A1, Ao are said not to intersect if there is no v € V satisfying
v € A\; and v € Ay, and it is denoted by A\; N Ay = 0. Also, A\; C A2 denotes
that A1 is a subpath of A\, i.e. for all e € £ such that e € \; it follows that
e E As.

An odd simple path on G is a simple path A = (eq, ..., e,) with n € N odd.
Note that the endpoints of odd paths are of different colours. Let Eo(A) :=
{e1,e3,...,en} CE and Eg(A) := {ea,€4,...,6,_1} C & denote the set of odd
and even edges of A, respectively. Define also its odd length as £(\) := |Eg(N)],
and its path factor as
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EN) = (D[] Ke,we) [] Koo, we),
e€€o(N) e€ER(N)

where w, € V, and b, € V, are the white and black vertices of e = {we, b},
respectively.

An odd simple path A : w ~ b is said to be adapted to a double-dimer
cover (w,w) € D2(G) if £o(\) C w N w—see Fig. 1. Note that multiple paths
with the same endpoints can be adapted to the same double-dimer cover. Let
such adaptedness be denoted by A C (w,w), and let the indicator function of
the event {(w,w)| A C (w,©)} C D?(G) be denoted by 1.

Then, n pairs of fermions at wy,...,w, € V, and by,...,b, € V, are
defined to be the random variable

n(w)Ebr) - n(wn)én) = Y seno [T Y. E)L,

oeS, =1 Ajrwi~bg (4
where for each i and o, the second sum runs over the set of simple paths from
w; to bg(i).
The following proposition states that in the above sum, terms arising
from configurations of n paths with intersections add up to 0.

Proposition 2.1. For wq,...,w, € V, and by,...,b, € V,,

Nw)Ebr) - nwn)ébn) = Y sgno > E(M) - EA)Ly, - L,

eSS, Aiiwi~bg ()
AONG=0 ]

where the second sum runs over the set of n simple paths from w; to b,y that
do not intersect each other.

Proof. Fix a double-dimer cover (w,w) throughout the proof. By its definition,
[(w)€W1) - n(wn)éOn)] (@, @) = Y Y sgno E(A) - E(An)
€S, Ajiwi~bg (i)

]1>\1 (w’w) e lhn (waw)

(2.1)
with no restrictions on the sum over paths Aq,...,A,. There is one non-
vanishing term in the sum on the right-hand side of Equation (2.1) for every
element of the set

S = {(U;Al,...,)\n) |cr €6y, (W,w) TNt w; ~ by for 1 <i < n}

Let us build an involution ¢ on S. Say that an element (o3 A1,...,\,) is non-
intersecting if it satisfies A\; N A; = 0 for all 1 <+ # j < n. Then, ¢ maps non-
intersecting elements to themselves. Now, consider an element (o;A1,...,A,)

that is not non-intersecting. Take i; as the smallest 1 < ¢ < n such that
Xi; N Aj # 0 for some i3 < j < n, and let J be the set of such j’s. Let
head;();) : w; ~» x be the longest subpath of A; that satisfies that z € A;; and
take

iy :==min {j € J | Vk € J, headx(\;,) C head;(\;,)}.
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FIGURE 2. Involution ¢ in the proof of Proposition 2.1

Similarly, for A; N \; # 0, let tail;(\;): © ~ b,(;y be the shortest subpath of \;
that satisfies z € )\ Note it is an empty path when bU(J € \;. Define, then,
& = oo [iy iz), where [i1 i2] € &,, is the permutation of 41 and iz, and the odd
simple paths /\Zl twj, ~ bs (i, and )\12 Wi, ~ bs(iy) by swapping the tails of
i, and )\;, around—see Fig. 2. Note that, since A;,, A;, C (w, W), necessarily

Ny Aiy T (w,w). Then, take
L(O’;Al,...,Ail,...,)\iQ,...,An) = (5’;A17...,Xil,...,j\iw...,An).
Indeed, ¢ o ¢ = id. The result follows by observing that Z(\;,) 2(\i,) = Z(\;,)

Z(\;,) and sgno = —sgn g, i.e. the terms in the sum in Eq. (2.1) not arising
from non-intersecting elements of S cancel out pairwise.

Corollary 2.1.1. If w; = w; or b; = b; for some i # j, then n(w1)§(b1)---
n(wy)§(bn) = 0.

Proof. If not all wy,...,w, and by,...,b, are distinct, there are no non-
intersecting elements in .S, so the whole sum adds up to 0.

2.2. Discrete Holomorphicity of Fermions

On G, the Kasteleyn matrix provides a notion of differentiation: Let V be
a vector space—usually C. For f: V — V., the V-valued function 0¥ f is
defined, on black and white vertices respectively, by

OKf) = > Kbwf(w) and 5flw)=- > K(bw)f(b)

weVo beV,
{b,w}e& {bw}ee
Similarly, 9% f is defined by
Kf®) == > Kbw)f(w) and 05f(w):=— > Kb w)f(b)
wEVO bevu
{b,w}e& {b,w}e&

For an expression depending on of several vertices, the notation X and
OX is used to clarify with respect to which variable the K-derivative is taken.
The following result proves Eg[n(-)&(-)] to be (the complex conjugate
of) the non-zero entries of the coupling function—in Kenyon’s sense [18]—of
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FIGURE 3. Bijection ¢ in the proof of Theorem 2.2

double dimers on G, i.e. Eg[n(w)&(b)] = K~1(w,b). A purely combinatorial
proof shall be presented here, although a shorter proof can be written using
Grassmann algebra techniques—see Sects. 2.3 and 2.4.

Theorem 2.2. Fiz wg € V, and by € V,. Then,

OB [ n(wo)é(w) ] = Gus g and 0y Eg [ 1(b)&(bo) | = —Bb.p,-
forallw eV, and b € V.

Proof. Explicitly,

OREg [ n(wo)é(w)] = |©271(g)| Z Z Z Kb, w)E\)1,(w,@) .

(w,w)ED2(G) bvw Aiwo~b
(2.2)

There is a nonzero term in the above sum for each element of the set S(wo) ;=
Upmw Séwo), where

53" = {(w. @) | (.7) € D*(G), (@.B) T wo = b}.
Assume first w = wp, and let us build a bijection ¢ : S(W0) — D?(G)—see

Fig. 3.
— For (w,w; \) € Séw) for some {w, b} =: e,, € &, take the dimer cover

wy = (w\é'o()\)) U SE()\) U {6} .

Note if £(A) = 0 then wy = w. Set then ¢(w,w; \) := (wy,w).

— Conversely, for a double-dimer cover (w,w) € D%(G), let e1,...,e, €
w and €1,...,8,41 € W be the edges that make a simple path (é1,eq,...,
€nsCni1) = Aw: w ~» b for some b € V, adjacent to w. Take the dimer cover
Wy = (W\ {e1,...,en})U{€1,...,Ens1} and set ¢~ 1 (w, D) := (Wy, @; Ay ). Note
n can be 0 and, in that case, w,, = w.
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FIGURE 4. Involution ¢ in the proof of Theorem 2.2

Indeed, po ™t = idp2(g). Moreover, the term K (b, w) Z(\,,) in Equation
(2.2) arising from ¢~} (w,W) = (W, W;\y) is 1 by virtue of the Kasteleyn
condition. It follows that 05X Eg [n(we)¢(w)] =1 when w = wy.

Assume now w # wo, and let us build an involution ¢ on S(*°)—see Fig. 4.
Consider an element (w,w; A) € Séw‘)) c Swo)

—If w € A, there exists {w,bp} € Ex(A). Then, let head) : wy ~» by and
taily : w ~» b be subpaths of A. Consider w)y := (w\So (taﬂ)\)) U Eg(taily) U
{{w,b} } and set t(w,w; \) := (wx,w; heady). Note wy = w if {(taily) = 1.

— Otherwise, if w ¢ A\, let e1,...,e, €Ewandeéy,...,e,41 €W be the edges
that make a simple path (€1,e1,...,en,Ent1) = Ay: w ~> by for some by € V,
adjacent to w. Let A: wy ~» by be the concatenation of A with ({b,w}) and
Aw, and consider the dimer cover w,, := w\(EE yu { {w, b1} }) U&o(Aw)-
In this case, set t(w,w; A) := (W, w; )\). Note wy,, = w if n = 0.

Indeed ¢ o ¢ = id g(wg) . Moreover, consider the latter scenario, when w ¢ A.
The term of (w,w; \) in Eq. (2.2) is

Kb,w)2\) =K@b,w)(-)N [[ Kbe,we) [] Kb, we)
e€fo(N) e€€R(N)

whereas the term of t(w,@; \) = (wu, @3 A) is

K(br,w) 23 = Kb, w)(-1)'D [ Kpe,we) [ Koo, we)
e€EH(N) e€ER(N)
= () IO KBL,w) [ Kbe,we) [ Kbe,we)
e€Ep(N) e€ER(N)

xKbw) [[ Kbewe) [[ Klbe,we)

e€EG(Ay) e€Er(Ny)

=-Kb,w)EN) | Kb, w) (-1) ) [ Ke,we) ] Kbe,we)| -
e€€o(Aw) e€€p(Ay)
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Again, the factor in square brackets is 1 by virtue of the Kasteleyn condi-
tion. Therefore, when w # wp, all the terms in Eq. (2.2) cancel out pair-
wise, i.e. OXEg[n(wo)é(w)] = 0. The same arguments can be used to prove

OEEg [n(b)€(bo)] = —0b.p,- O

Using combinatorial arguments similar to the coupling ¢ in the above
proof, one can prove the following result that is stated here as a corollary.

Corollary 2.2.1. Let e; = {w1,b1},...,en = {wn,by} € € and be n edges.
Then,

Eg[1e, - Le, |
K(bl,UJ1) e K(bn,wn)

where 1. is the indicator function e being open, i.e. the event {(w,w)|e € w}.

Eg [n(w1)&(by) - - - n(wn)&(bn) | =

2.3. Grassmann Formalism and Wick’s Theorem

The Grassmann algebra A(G) of a finite set of generators G is the quotient
of the free non-commutative ring C(G) by the two-sided ideal generated by
9192 + g2¢1 for all g1, g2 € G. Note A(G) is a finite-dimensional algebra over
C. Given an order of the generators o, i.e. a injective 0 : G — {1,...,|G|},
one can construct a basis of A(G) indexed by the subsets of G: For a subset
S C G, write S = {g1,92...,9n} so that o(g1) < o(g2) - - < o(gn) and
define vg := g1g2---gn € A(G) and v§ := 1 € A(G). Then, the set {vg}¢
constitutes a basis of A(G).

Remark 2.2. In the basis {vg} ¢, any element v € A(G) that has vanish-

ing projection onto the subspace spanned by vj satisfies vlGI+1 = 0. For
such elements, the exponential map—given by the usual power series—is well-
defined. o

Given an order o of GG, one can canonically construct the bilinear form
(), determined by (vg ,v%. ), = ds,.s, for S1,59 C G. Then, the Berezin
integral of v € A(G) with respect to the order o is defined as

/v dG, = (v, v),.

Note that, given two orders o, ¢ of GG, the Berezin integrals with respect
to each of them differ by an overall factor sgn(s o o~1).

Take the set of generators G = {z;,y;},, and a matrix A = {A4;;}
GL,,(C). Consider the action

S[x,y] := ZZ Aijy; € A(G).

For a given order o of G, the partition function is defined as Zg := f eSkYldG
Note it is well-defined complex number by Remark 2.2.

zgl
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Remark 2.3. Fixing the order to be o(z;) = 2i — 1 and o(y;) = 2i, one gets
7]
Zs = det A.

For1<ii<:---<ip<nandl<j; < < jm <n, correlation functions
are defined by

m 1 m .
k=1 S k=1

and can be proven [7] to be given by

m
< H xikyjk> = E[JdetAfj,

k=1
where A;; is the matrix obtained by removing thel columns 4I = {il, ceyim}
and rows J = {j1,...,jm} from A, and ey = (1)t Fimtiittim, o

Therefrom, one can prove Wick’s formula, which is stated here as a propo-
sition.

Proposition 2.3 (Wick’s theorem). Let z;,,..., %, Y1, -+ Y5, € G be 2m
generators. Then,

(TiYj TipYj ) = Z sgno <xi1yja<1>> e <ximyja<m>>'
€S,

2.4. Discrete Symplectic Fermions and Double Dimers

The observables on double dimers described above can be alternatively found
using the Grassmann formalism by considering the appropriate discretisation
of the continuum action of symplectic fermions [17]. Let us build such dis-
cretisation on a dimerable bipartite graph G = (Vo UV, &) equipped with a
Kasteleyn matrix K. Then, take the set of generators

SyFerg := { n(w),f(w), £(b), £(b) | we Vs, beV, },

and consider its Grassmann algebra A(§,n) := A(SyFerg). Abusing notation,
¢ and ¢ are viewed as A(&,n)-valued functions on V, as well as 1 and 7 as
A(€,m)-valued functions on V,, so that we can apply the operators 9% and
0¥ on them. For Berezin integration, take any order ¢ of the vertices, i.e.
¢:V — {1,...,|V|} injective, and take the order of the generators given by
&(b) — 2¢(b), &£(b) — 2¢(b) — 1, n(w) — 2¢(w) — 1 and 7(w) — 2¢(w).
Note any order ¢ of the vertices yields the same sign for Berezin integration,
and let such integration be denoted by |[ - dndndéde.
The discretised version of the continuum action in [17] given by

Sim&m €] =Y (nw)d<e(w) +7w)d<Eew))
wEV,

leads to the same observables as the ones defined on double dimers.
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Proposition 2.4. Let wi,...,w, € Vo and b1,...,b, € Ve be 2n vertices.
Then,

(n(wn)E(Bn) - n(wa)&(ba) ) = Eg | n(wn)&(br) - n(wa)¢(bn) |-

Proof. By Remark 2.3, the partition function is the determinant of a block-
diagonal matrix with two blocks: K and K. The partition function is then
det K det K, which, by virtue of Kasteleyn’s theorem, equals |D(G)|?. The
action S[¢,n] contains the terms K(b,w)n(w)é(b) and K(b, w)n(w)E(b) for
each edge {b,w} € £. Therefore, the terms that contribute to [ n(w1)&(by) - - -
n(wn)€(bp)eSMEME dndidéde are in the (|V|/2 — n)-th term in the series of
the exponential:

S[g, V2

Each monomial appears (|V|/2 — n)! times, and can be identified with a pair
consisting of a dimer cover on G—from the factors 7é—and a dimer cover on
the graph G with the vertices ws, by, ..., wy,b, removed. That is, there is a
term that survives Berezin integration for each configuration consisting of n
non-intersecting paths A; : w; ~ by(;y with o € &,, for 1 <7 < n, and a double-
dimer cover on the complement of those paths in G. In light of the Kasteleyn
condition, the factors arising from loops are always 1, and the contribution
of such term is sgno [}, E(\;). The statement becomes clear by writing the
right-hand side using the expression in Proposition 2.1 and noting one has the
same sum as on the left-hand side. 0

(2.3)

Proposition 2.5 (Wick’s theorem). Fiz wy,...,w, € Vs and by,...,b, € V.

Then,
Eg[fl( 1)&(b1) - - - n(wn )€ (bn) ZbgnUHEg ())]'
ceS
Proof. 1t is a corollary of Propositions 2.4 and 2.3. g

3. Symplectic Fermions on Z?

Before moving onto the construction of the algebraic structure of symplectic
fermions in Sects.4 and 5, we take an orthogonal direction and consider the
behaviour of correlation functions Eg[n(w1)&(b1) - n(wy,)E(b,)] as one lets
G grow to cover the whole plane. In particular, we restrict our attention to
subgraphs of the infinite square lattice Z2 C C.

Taking the thermodynamic limit of the (double-)dimer model is a non-
trivial task, which is, moreover, particularly sensitive to the shape of the
boundary of the domains where one studies the model. We consider, here,
the limit of the correlation functions of the fermionic observables; and we do
so along sequences of Temperleyan domains —defined below—, where the ob-
servables have a richer structure. To that end, consider the following partition
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FIGURE 5. A Temperleyan domain V = V,; U V4o UV, with
a distinguished boundary point & (red) and its associated
dimerable graph Gg

of Z2?—see Fig.5: elements with both coordinates even are called even black
vertices, elements with both coordinates odd are called odd black vertices, and
the rest are called white vertices. Then, let Z2,, Z2, and Z2Z denote the set of
even black vertices, odd black vertices and white vertices, respectively. This
way, the infinite square lattice is bipartite between black vertices Z2 = Z2 UZ2,

and white vertices Z2.

3.1. Temperleyan Domains

A subset of vertices V C Z? is said be connected if every two vertices in V
can be connected by a Z2?-nearest-neighbour path within V. A finite connec-
ted subset of vertices VCZ? is said to be a simply connected domain if there
exists a Jordan curve made of a concatenation of length 1 segments between
nearest neighbours in ) such that all the vertices in Z2\V and no vertex in
V lie in its exterior. The points where this Jordan curve is not smooth are
called the corners of V. Note that it follows that all the vertices of a simply
connected domain have at least 2 nearest neighbours within the domain. A
simply connected domain is called a Temperleyan domain if all of its corners
are even black—see Fig.5. From the partition of Z2, a Temperleyan domain
inherits a partition V = Veo U Ve; LU Vs. Note [Ve U Vey| = [Vo| + 1.

Let V be a Temperleyan domain and let & € V, be a distinguished—
even— black boundary point, i.e. a black vertex such that there exists w €
Z2\V, satisfying ||® — w|| = 1. Define Vg := V\ {&I} and let Gg = (Vg, Ez) de-
note the—dimerable—graph induced by Vg, i.e. &g:= {{z,w} C Vg : ||z—w]| =1}.
Recall from Remark 2.1 that, on subgraphs of Z? such as Gg, the holomorphic
and antiholomorphic derivatives give rise to a Kasteleyn matrix. Those deriva-
tives are denoted by 9 and 0 and act on functions as follows: For f: Vg —C

of(z) :== Z % and 0f(z) = Z M

wEVg wEVg
{z,w}esly {z,w}eéy
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FIGURE 6. Graphs G,, (solid) and G,, (dotted) associated to
the Temperleyan domain V in Fig.5

3.2. Green’s Functions and 2-point Function

For any graph G = (V,€) and any function on its vertices f : V — C, the
laplacian of f at v € V is defined as

AGFw) = 3 (flw) — f(0).
uey
{u,v}eE
The 2-point function Eg [n(w)§(2)] on Gg will be proven to be closely re-
lated to the Green’s function of the laplacian in two associated graphs—see
Proposition 3.1. Let us build those—see Fig. 6.

The graph Geo = (Veo, Eeo) is the one induced by Veg, i.e. £op contains
all pairs {b1,b2} C Ve such that ||by — ba|| = 2. Then, for by € Veo\ {&}, let
Geo(bg, - ) be the Green’s function on G, with Dirichlet boundary conditions
at &, i.e. the unique solution f: Veo — C to A®*°f(b) := A9 f(b) = —5ps,
for all b € Voo \ {&} with f(&) = 0. Essentially, G, is the Green’s function on
Geo With Neumann boundary conditions everywhere except at .

As for the odd side, define the boundary of Ve, as the set of odd vertices
b* € Z2,\Ve, at Manhattan distance 1 from V, and let it be denoted by
OV, . Similarly as in the even case, let Goy := (Vo U OVe,,E,,) be the graph
induced at distance 2 by V,, decorated with edges from Ve, to OV,,. For
b € Ve, let Geq (b5, - ) be the Green’s function on G, with Dirichlet boundary
conditions on 0V, i.e. the unique solution f: Ve, UdVe; — C to A®* f(b*) :=
A9e1f(b*) = =8y b for all b* € Vs, and satisfying f(b*) = 0 for all b* € V.

Note Goo and G,, are conjugate to each other in the sense that each edge
of Ge¢ crosses perpendicularly an edge of G, and vice versa.

Remark 8.1. Consider a function f: Vg — C. For b € V,,\ {&}, a simple
computation yields 00f(b) = A®®foo(b) where foo is the restriction of f to
Veo\ {&} and extended to & by zero. Similarly, for b* € V,,, one gets 9 (b*) =
A® fo,(b*) where fo, is the restriction of f to Ve, and extended to 9V, by
Zero. S
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FIGURE 7. Four Z?-nearest neighbours of a white vertex

Proposition 3.1. Let w € V, be a white vertex not adjacent to &. Let b}, b} €
Vo1 and by,by € Ve be the four Z2-nearest neighbours of w. Then, for z €
Vi UVeo\ {&},

1 55 (Gaol01,2) = Guolb2,2))  if 2 € Vo {2
5 Boy [n(w)é()] =

5tz (Gaa01,2) = Guu(b3,2)) if 2 €V,

Proof. Let fo, be the restriction of 2z — Eg, [n(w){(2)] to Ve, extended to 9V,
by zero. Theorem 2.2 states OpEg,[n(w)&(W)] = 0y, for @, w € V.. Hence, by
Remark 3.1, for any b* € V,,,

A* far (b%) = (90)-Eg, [n(w)€(b")]
> OaBg, [n(w)E@)] _ Sz o

w — b* w—>bt  w—10b}

WE Vg
{v* , w}esy
Moreover, f,, satisfies the right boundary conditions, i.e. fo,(b*) = 0 for b* €
V%1, and so, the claim follows from the uniqueness of the Green’s function
and w — bj = b5 — w. Since w is not adjacent to X, the proof for even black
vertices is identical. O

Remark 3.2. Take the vertices b}, b3, b1,bs in Proposition 3.1 to satisfy the
relation b — b5 = —1i(by — ba)—see Fig. 7. The functions feq(b) := Geo(b1,b) —
Geo(ba,b) and fer(b*) := Ge1(b},0*) — Gey(b5,b*) defined on Ve and Ve, U
OVe1, respectively, are harmonic conjugates of each other on V,\ {w} in the
following sense: For any w € V,\{w}, let by,b_ € Ve, be the Z?-nearest
neighbours of w, and let b} ,b% € Ve, UdVe, be the Z?-nearest neighbours of
W sitting on the left and right, respectively, when going from b_ to by through
w—see Fig. 7. Then,

f00(b+) - fm(bf) = fu(b?%) - f01(b2)~
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3.3. Thermodynamic Limit

From Proposition 3.1, one expects the 2-point function to converge to the
derivative of the full-plane Green’s function on the two sublattices Z2 and Z2,
as one lets the Temperleyan domain V' grow to cover the whole Z2. The full-
plane Green’s function G is the unique function on Z2, satisfying G(0) = 0,
AG(z) = —0,,0 with asymptotic behaviour

G(z) = ——log|z| +C’+O<| |2)
as |z| — oo, where C'= —(y + 3 log2)/27 and v is Euler’s constant [22].

Remark 3.3. Similarly as in Remark 3.2, one can build two functions in terms
of the full-plane Green’s function that are harmonic conjugates of each other
on Z2 except for one point. Fix a white vertex w € Z2, and let by, by € ZZ, and
by, b5 € Z2, be its four Z2-nearest neighbours satisfying bj —b5 = —i(b; —bs) as
in Remark 3.2—see Fig. 7. Then, the functions Feo(b) := G(b; —b) — G(by — b)
and F,,(b*) := G(b} — b*) — G(b3 — b*) defined, respectively, on Z2, and
72, are harmonic conjugate of each other on Z2\ {w} in the same sense as in

o1l

Remark 3.2. o

For the rest of this section, fix a sequence (V™),ecn of Temperleyan do-
mains with distinguished black boundary points &, € V], that converges to
72, i.e. for every k € N there exists N € N such that B*(0;k) ¢ V" for all
n > N, where B¥(z;7) := {weZ*:|z—w| <r}. Let V" 1 Z? denote such

convergence. For such a sequence, let GZ, G\, GJ,, G(.ﬁ) and GET) denote the

objects described in the previous subsections for the Temperleyan domain V™.

Theorem 3.2. For any w € Z2 and z € Z2, U 7Z2,,

g [nwey] e, GEmm) - Glemuy

wyp — W2
where wy,wy € Z2,UZ2, are the two Z2-nearest neighbours of w of the same
parity as z.

As a straight-forward corollary, one gets the existence of all correlation
functions of discrete symplectic fermions in the thermodynamic limit along
Temperleyan domains.

Corollary 3.2.1. Fizx wq,...,wy € 22 and z1,...,2k € 22

lim Bgy [n(w)E(1) - n(wi)éz)] = 3 sgnaH( lim oy [1(w)(oco) ] )-

ceS,

Proof. It is a consequence of Wick’s theorem—Proposition 2.5—
and Theorem 3.2. g

Moreover, note that, if one fixes w € Z2, the asymptotic behaviour of
limy, .o Egr [n(w)€(2)] as |z] — oo is proportional to |z —w|™ +O(|z —w|~?),
which justifies the discretisation of symplectic fermions as a suitable one [17].
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3.4. Proof of Theorem 3.2

Because of the different boundary conditions in each of the graphs GJ; and
GJ,, the proof of Theorem 3.2 does not follow the same lines in both cases. Let
us treat first the simpler case: The odd half, in which the boundary conditions
are Dirichlet everywhere on the boundary of G,.

Proposition 3.3. Fiz two odd black vertices b}, by € 72, satisfying ||b;—b3| = 2.
Then, for all b* € 72

o1’

GO0, b7) — GV (b3, b)) —22 1 GV — b)) — G(b* — b3).

Proof. Consider the function hl%) on VI, UVE, given by hiY) = i — F,, with

.(?) as in Remark 3.2 and F,, as in Remark 3.3. It satisfies A'lh?f)(b*) =0
for b* ¢ 9V, and hg?)(b*) = —G(b* —b}) + G(b* — b3) for all b* € OVY,. The
maximum principle dictates, for any b* € V,,,

[he (0] = maase, [hey (b)) = max |G(b" = b1) = G(b" = b3)l,

and the asymptotic behaviour of G makes the function b* — G(b* — b7) —
G(b* — b3) be O(1/|b*]) as |b*| — oo. Then, the property V" T Z? ensures
|h£7f)(b*)| — 0 as n — oo since the boundary 0V, only gets farther from b7
and b3 as n grows. O

The same statement for the graphs G\ is slightly more intricate to prove
as a consequence of the boundary conditions, which are Neumann everywhere
except at &),,, where they are Dirichlet. The proof is simple if one takes a
clever choice of distinguished points. For a distinguished point &, possibly
different from &,,, let ég and (N}Ez) denote the objects described in the previous
subsections.

Proposition 3.4. Fiz two even black vertices by, bz € 72, satisfying ||by — ba|| =
2. For b € Z2,, let &, € VI be any of the black boundary vertices that is

[ JoRs

closest to b. Then,
G (b1,b) — Gl (b2, b)) —==—  G(b—b1) — G(b—by).

Proof. Let the vertices b}, b5 € Z2, and the functions f.(?) and fSZ}) be as in
Remark 3.2, and let the functions Fee and F,; be as in Remark 3.3. Consider
the functions h(ff) and h(.z) on V7, and Vg, given by hgﬁ) = f.(g) — Fyo and
h?}) = .(711) — F,,, respectively. Note they are harmonic conjugates of each
other except at the edges {bf,b5} and {b1,b2}. Note, too, that they are har-
monic on their domains. Thus, by Harnack’s estimate, there exists a constant

C > 0 such that

B 5 veopn | (b* ceopn |Foy(b*
A () — 1) ()| < 0 v e UL ¢ et covy [P 0]
ming- eayy (|07 — 0%l ming-cgyr, (|07 — 0%
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FIGURE 8. A path v, (orange) from b € V|, (dark blue) to the

closest boundary point &,, € Vi1 (green), and a point b; € V1
(light blue) and the largest ball centred thereat contained in
V2 (Color figure online)

for any b%, b5 € VI, satisfying ||bt — b3 = 2. Consider any of the shortest Z2,-
nearest-neighbour path v, := (bo,b1,...,bk) in VI from by = b to by, = R, —
see Fig. 7. Note k = |[&,, — b||. Let b% bR € Z3, be the odd black vertices,
respectively, to the left and right when going from b;_1 to b;. Then,

(1%, —b]|
% &) — )= Y (h(")(b) 3R, (bi_l))|
=1
(=]
= X (hyf)(bf{,i) - hﬁ’f)(b}i,i»’
=1
(1 =l
< Z R (b3) — h$P (07)
. C”®?L_ I ma)fb*EBVfl F.l(b*)| oo .
i=1 & — bl —i+1

since, for large n, the sum of inverses grows like log(|[®, ) as n — oo but
F,, evaluated on the boundary of V" goes to 0 as 1/|[Xl,|| by the asymptotic
behaviour of G. Moreover, hsz) (&,,) — 0 as n — oo again by the asymptotic

behaviour of G, which completes the proof. O

So as to prove the same statement for arbitrary choices of distinguished
boundary points &l,,, one needs to first prove an auxiliary result about dimers
on Temperleyan domains. In a dimer configuration w € ®(G), say that an edge
e is open if e € w.
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FIGURE 9. A tree on GJ%, and the dimer configurations on Gj
and Gf associated to it through the Temperley bijection. In
purple the dimers that are open both in G and GJ

Corollary 3.4.1. Fiz two Z2-nearest neighbours w € Z2 and b € Z2. Then,
1

L [{w,b} open] ——Z— 1

Proof. 1t follows from Corollary 2.2.1 and the values of the full-plane Green’s
function in a neighbourhood of the origin: G(0) = 0 and G(z) = 1/4 for all
O

z € Z2, with ||z| = 2.

Note the following lemma differs from the previous corollary by just one
tilde, i.e. in the following result one allows for any choice of distinguished
points &, € VI

Lemma 3.5. Fiz two Z*-nearest neighbours w € Z2 and b € Z2,. Then,

Pgr [{w,b} open] ——=— i

Proof. The Temperley bijection provides couplings between uniform spanning
trees on G2, and uniform dimers on G and GZ as shown in Fig. 9. Let 7, and
7, be the bijections between the set 72 of spanning trees on GZ, and ©(G%)
and @(Qg), respectively. In turn, those couplings provide a coupling between
D(G2) and D(G2) as follows: Let b, b € Z2, and b%, b; € 72, be the Z>-nearest
neighbours of w. Consider the event A4,, C 7t that the branch from &, to §§~§n
contains the edge {b,0'}. For a tree T ¢ A,,, the dimer {w,b} has the same
state simultaneously—open or closed—in 7,,(T") and 7, (T)—see Fig.9. Then,
if one proves the probability of A,, to converge to 0 the proof is complete. This
can be accomplished using Wilson’s algorithm to generate uniform spanning
trees and the Beurling estimate: Consider the coupling (bijection) ¢ between
T,e and the set 7.7 of spanning trees on GJ, wired at the boundary 9V, —ee
Fig. 10. Then, ¢(A,,) is contained in the event B,, C 7,2 that the branch of b}
and the branch of b5 do not overlap—see Fig. 10. Using Wilson’s algorithm,
the probability of B,, can be bounded from above by the probability of the
event C,, that a random walk on G, started at b5 hits the boundary 0V,
before hitting a branch connecting b7 to dV},. The Beurling estimate asserts
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FIGURE 10. Left: The coupling between 7% and 7.°. Right:
An instance of ¢(A4,) C B,. The vertices b,b' € VI and
1,05 € V¢, highlighted in blue.

there exists a constant C' > 0 such that

1 2
PC,) <C < - > )
mingeayy, [lg2 — 9|l

which converges to 0 as n — oo by V" T Z2. Tracing back the couplings, this
implies P[4,,] — 0 as n — oo. O

Note, again, that the following proposition differs from Proposition 3.4
by a few tildes.

Proposition 3.6. Fiz two even black vertices by, by € Z2, satisfying ||by — ba|| =

2. Then, for any b € Z2,
Gas/(b1,0) = Gag/ (b, b)) —"=— G(b—b1) = G(b— ).

Proof. The arguments have the same flavour as in the proof of Proposition 3.4,
but now taking a fixed path from b* to b7 and using Corollary 2.2.1, Lemma 3.5
and the values of the full-plane Green’s function G(0) = 0 and G(z) = —1/4
for z = £1, +1. O

4. Local Fields and Current Modes

In what follows, the attention is brought onto discrete symplectic fermions on
arbitrary domains of Z? with no holes—see Sect.3. For the rest of the text,
the Kasteleyn matrix on any such domain is fixed to be 9—see Remark 2.1.
In particular, in this section, the construction of the space of local fields
of symplectic fermions on the square lattice is presented. This is the space
which later on will be shown to carry a representation of the Virasoro algebra.
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In the continuum [17], the fermions 7 and £ can be put in an equal
footing by defining the two-component fermion field x = (x*,x~), where
X7 (z) = 0¢(z) and x~ (z) = n(z). The algebraic content of symplectic fermions
in the Vertex Operator Algebra (VOA) sense is encoded in the so called current
modes of x i.e. the coefficients of the formal series x*(2) = >, cp X2 2 71
Although no such construction is intended to be translated to the discrete,
there are two tools of discrete complex analysis on Z? introduced in [13] that
allow one to define such current modes: a bilinear notion of discrete integration,
and a family of functions that mimic the properties of the complex Laurent
monomials C 3 z — 2" for n € Z. Let us review them here.

For the rest of the section, let || - || denote the Manhattan norm, i.e.
|z|| = |Re z| + [Im z|, and let B*(x;7) denote the ball of radius r > 0 centred
at « € Z? with respect to the Manhattan distance.

4.1. Preliminaries: Discrete Integration and Discrete Monomials

Discrete integration is performed along dual contours. A dual contour v =
(po,---,pn) with py = p,, is a sequence of consecutively nearest plaquette
centres that does not intersect itself, ie. p; € (Z*)* = (Z+ 3)* C C for
i=0,...,nand |p; —p;—1| =1fori=1,...,n and such that py,...,p, are all
distinct. Then, intﬁ,v C Z2 and intuo'y C Z?2 denote, respectively, the set of black
and white vertices enclosed by y—see Fig.11—and int*y := intf~y Uint®~y. A
dual contour is said to be positively oriented if it turns counterclockwise around
its interior.

For any vector space V over C and any pair of functions f : Z2 — C
and g : Z2 — V, one defines the integral

gﬁfuo)g(z.)dﬂz =3k — pe1) Flwn)g(Br),

where wy, € Z2 and b, € Z2 are the white and black vertices across the
dual edge {px, pr—1} with respect to each other—see Fig. 11. The definition is
identical when f is V-valued and g is C-valued.

FIGURE 11. A dual contour and the vertices in its interior
highlighted in blue
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This notion of integration is closely related to the notion of discrete dif-
ferentiation given by the derivatives

of(z) :== Z g(iu)z and of(z) := Z

weZ2 weZ2

lz—w|=1 |z—w|=1

(4.1)

through the discrete Stoke’s formula: Let v be a positively oriented dual con-
tour, then

hoGagGadtz =1 3 afgb) +i 3 fw)dgl)

bEintﬁ.’y wEintg'y

A function f is said to be discrete holomorphic at z € Z? if 9f(z) = 0.
Then, Stokes’ formula implies that, for two positively oriented dual contours
v1,72 satisfying that f and g are discrete holomorphic on the symmetric
differences intfy; Aintiv, and  int?~; Aintfy,  respectively, one has
B, F(zo)g(2a)dz = 6 F(zo)g(za)db2.

Moreover, one also has discrete integration by parts: if f, g : Z2 —— C are
discrete holomorphic on a discrete neighbourhood of 7, it follows that

56 0f (s0)g(z0)dbz = — gﬁ £(20)Bg(ze) .

As for the discrete Laurent monomials, a modified version of the ones
constructed in [13] shall be considered!. In particular, one should distribute the
discrete pole in the black sublattice of Z2 among the four Z2-nearest neighbours
of the origin—see the fifth property in the following proposition.

Proposition 4.1 (Proposition 2.1 in [13]). There exists a unique family of func-
tions {z — Z["]}nez on Z? that satisfies the following properties:

1. For alln € Z, z — 2z has the same /2 rotational symmetry around
the origin as z — z™ on C.
For all z € 72, 20 = 1.
For any z € Z2, there exists N € N such that 2"} = 0 for alln > N.
Forn <0, 2" — 0 as ||z]| — occ.
The first negative-power monomial satisfies

1 - 1 1 1

—0 (=11 = 75,2 - 6z w 5 62 w-

o < %0 + 1 Z w + S Z et
[|lw]=1 w==£1+1

6. Forn >0, for all z € 72 921"l = 0. Forn < 0, there exists R > 0 such
that 021" = 0 if ||z|| > R.
7. For any n,m € 7Z,

95 A Ay = 2118
v

1For the results presented here, the modification is not essential—one could reproduce the
rest of the results in this paper with the original choice of Laurent monomials. Nevertheless,
the monomials in [13] do not allow one to build both the holomorphic and antiholomorphic
sectors simultaneously with the expected commutativity among them.
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for any large enough positively oriented dual contour v that encircles the
origin.

Define then, for n € Z>q, the null radius Rﬁ/ of z — 2[" as the largest
radius r € Z>q that satisfies the condition

Iz <r = zM=o.

Define also, for n € Z, the singular radius RS of z 2" as the smallest
radius r € Z>( that satisfies the condition

Izl > = 8" =o.
Naturally RS = 0 for n > 0.

4.2. Local Fields and Null Fields

From a CFT perspective, a field F is an object that can be evaluated at any
point z on the domain of the model in question to produce a meaningful quan-
tity F'(z). Such field is said to be local if F'(z) depends only on a neighbourhood
of z, and, if w is another point, F'(z) and F'(w) have the same dependence on
their respective neighbourhoods. In other words, a local field F' is completely
determined by a translation invariant rule and its value at a distinguished
point, for example, the origin F(0).

As an example, in our model of symplectic fermions in the square lattice,
one could interpret n(0)£(1) and n(0 + 21)(1 + 21) as the same local field
evaluated at the points 0 and 2i. Note, however, that one should specify the
domain G so as to know which precise objects the above are, and therefore, to
make sense of such objects independently of G, one needs to consider a more
abstract construction.

With this preamble in mind, one defines a local field of the discrete sym-
plectic fermions on Z2? as an element of the polynomial ring

Fioe = C[p(2)p(w) | w, 2 € 27 ],

which should be heuristically interpreted as the value of such field at 0. More-
over, one wants to think of ¢ as 7 on white vertices and é on black vertices.
For that reason, the notation 7j(w)&(b) is used interchangeably with ¢(w)@(b)
when the colours of the vertices w and b are known to be white and black,
respectively; and similarly for pairs éﬁ, 7 and fé The product on Fi. is
stressed by a dot - whenever convenient.

Example 4.1. For z,w € Z2, the linear combinations

]

X (W)X (2) 1= i (w)OE (=), X (W)X (2) = O (w)i(2),
X (W)X *(2) = 98 (w)dE(2), and X (W)X~ (2) := A(w)i(z).
are local fields, where 0 is as defined in Eq. (4.1). o

Informally, a field involves the product and linear combination of ¢(z)
for some z € Z? in a neighbourhood of 0. More precisely, the support of
a local field F' € Fioe is defined as the smallest subset S C Z? such that
F € Cl¢(2)p(w) |w, 2z € S| C Foc, and it is denoted by supp? F.
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FIGURE 12. A field (purple) evaluated on G at w and b and
a null field (green) with a radius of nullity (red) thereof

Given a domain V C Z? with no holes that induces a dimerable graph
g, the way a local field associates a random variable on @2(9) to a point
z € V is through the map evY, which is defined on monomials as follows: Let
21y Znem € Z2 ben+m € 2N vertices such that n of them are white and m
of them are black, and consider the monomial M = @(z1)@(22) - - - ¢(2ntm—1)
@(2ntm). Then, if n # mor z;+2z ¢ V for some 1 < i < n+m, set evd (M) = 0.

Otherwise, let o € &5, be the permutation satisfying (2, (1), 25(2); - - - » Zo(2n—1)s
Zo(2n)) = (W1, 01, .., Wy, by) for wi,...,w, € 72 and by, ..., b, € Z2. Define
g sgno n(wi + 2)&(b1 + 2) - - n(wy + 2)E(by, + 2)  if 2 € Z2
evy (M) := .

(=D)"sgno n(by + 2)&(wr + 2) - - (b + 2)E(wn, +2)  if z € Z2

Note that choosing a different ordering of the vertices wj;, b; leads to the same
random variable—see its definition in Sect. 2.1. The definition of ev¥ is com-
pleted by setting ev¥(1) = 1 and extending linearly to the whole Fjo.

From the point of view of CF'T, the relevant quantities of a model are the
correlation functions of fields evaluated at macroscopically separated points.
In our construction, those quantities are expectation values of local fields eval-
uated at such points, and for that reason, one should identify any two local
fields that lead to the same expectation values when tested against local fields
at a large enough distance. This motivates the following definition of null fields.

A local field F' € Fio is said to be null if there exists R > 0 such that

Eg[ev (F P(z1) - @(Zgn))] =0

for any domain G = (V, ) of Z? with no holes, any 21, ..., 22, € ZQ\Bﬁ(O; R)
and any z € V that satisfy Bu(z;radF) CVandz+z €Vforl<i<2n.
Such an R is called a radius of nullity of F.

Ezxample 4.2. Note the evaluation map is built to encode the anticommutativ-
ity of the fermions: the local field 7j(w)&(b) + £(b)A(w) is null for all w € Z2
and b € Z2. o

Example 4.3. By Corollary 2.1.1, local fields of the form ﬁ(wl)é(bl)
H(wn)€(bn) € Fioec with w; = w; or b; = b; for some 1 < i # j < n are
null. o
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Example 4.4. For w,wq € Z2, the field ﬁ(wo)g‘é(w), where 0 is as in Equation
(4.1), is null if and only if w # we by Wick’s theorem and Theorem 2.2.
Similarly, for b, by € Z2, the field 97(b)&(bo) is null if and only if b # bo. o

The set of null fields is denoted by Fnun C Floc. Note it is a vector
subspace, but it is not a subalgebra: Take the null fields Fy = 7)(w)€(0) and
Fy = 7(0)0¢(w) for some w € Z2\{0}. Then, F} - F; is not null by Wick’s
theorem and Theorem 2.2.

Remark 4.5. Let F' € Foc be a local field. By virtue of Wick’s theorem and
Theorem 2.2, the fields defined in Example 4.4 satisfy

H(wo)IE(Ww) - F = 6wy F + Foun and  d(b)E(bo) - F = =8 4o F + Foull

for w,wo € Zg\supng and b, by € Z%\suppﬁ.F. Furthermore, 0X%(2)x”(w) - F
and Y*(2)0x?(w) - F—for z,w in the right sublattice of Z? depending on «, 3
in each case—are null as long as z # w, and z,w are at least at distance 2
from supp?F. o

4.3. Fermionic Current Modes

Let v,vT be a pair of positively oriented dual contours. Define then, for n,m €
Z and «, B € {+,—}, the local field

A A 1 m n| ~ A
(i = 5 I Fwihdzal I w ) (z).
Y Y

For this local field to produce something meaningful, the contours v and
need to be away from each other. To that end, given two dual contours v =
(Pos - -+, pn) and § = (Po, - - - , Pm), define dist(v,¥) := ming<i<n; 0<j<m [Pi—Djl,
and for a set S C Z? define dist(v, S) := ming<;<n. zes |pi — 2.

Lemma 4.2. Let F' € Fi,. be a local field and let vl,wf and vg,wgr be pairs of
positively oriented dual contours satisfying supp! FU B* (O; Rﬁ\/an) C intty; C
mtﬁfyi'" and dist(v;,7;") > 1 and dist(v,, supp*F) > 1 for i = 1,2. Then, for
a, /6 € {+7 _}7

(X%X?L)fyl;yr : F - (X?njég)')b,'y; ' F S ‘,Fnull~

Proof. Take a positively oriented dual contour 4T satisfying that 'y+,'yi+ are
non-overlapping and intﬁyj' C intfyt for i = 1,2 see Fig.13. Then, using
Stokes’ formula, by Remark 4.5 and the fact that ~; is sufficiently away from
supp?F and 'y;L,

s co g 1 n m] so N
[(X7nx§)7’—y+ - (X'mxﬁ)-y,.ﬁ} B = 27’r¢ dnzz[o ]|:¢+ 7¢+:|dnww£ ]X (wo)XB(ZO)AF
' o Vi ¥ Vi

i n m A~ A
= —I;Iﬂ dnzz£ ! E w[. ]6X (w.)xﬁ(zo) - F
27 Jy,

w, €intiy+
we ginth i

=0+ Faull -
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FIGURE 13. Left: Definition of X2 X2 (F + Fyun). The support
of F in green, the ball B¥(0; RS V RS)) in orange, the contours
7, in blue. Right: Proof of Lemma 4.2. The contours 71, ;"
in red, 72,75 in blue and 4" in dashed yellow (Color figure
online)

Similar arguments prove (Y%X42),, 4+ - F — (R%X4 )+, 4+ - F to be null.
Writing

ca o PPN

()A(%Xn)»h —y1+ - (men)'Yz »y2 - F o= [(men)'h 71 - (Xgnf(g)’yl,’y* ' F:|

- F
+ [(f(%f(n)vm* - F — (X X0) Yoyt F}

+ [()A(ng(g)'yz,’y‘*' : F (Xan Yo ’YZ
it becomes clear that the claim holds true. O

Lemma 4.3. Let F' € Fpuy be a null field and let v,y be a pair of positively
oriented dual contours satisfying supptF U Bu(O;R‘S VRS)C intty C intfyt
and dist(y,y") > 1 and dist(v, supp*F) > 1. Then, (X%,X52)., -+ - F is null too
for any o, B € {+,—}.

Proof. Let Rp be a radius of nullity of F', and take any R > 0 big enough such
that there exists a pair 7,7 of positively oriented dual contours satisfying

BY(0; R +2) C int*4 C int*5" € B*(0; R — 2),
and dist(7,57) > 1. By nullity of F, it is clear that R is a radius of nullity of

(R&X2)5+ 5 - F. By Lemma 4.2, (Y,X2)+ o - F — (X3X3)5+ 5 - F is null too,
and so the claim follows. O

The two lemmas above are all one needs so as to check the well-definedness

of the following linear operators on the space of correlation-equivalent local
fields

F = ﬂoc/fnull'
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Let F' € Fioc be a local field. For n,m € Z, define
XX (F + Faun) 1= (e X)vrt  F o+ P,

where v,T are positively oriented dual contours satisfying—see Fig. 13—
supp?F U Bﬁ(O; RS VRS)C int*y C intfyt,

and dist(y,7") > 1. These operators are referred to as the current modes of
the fermions.

4.4. Anticommutation Relations

Take the standard definition of the anticommutators of the current modes:

{Xn?Xm} - XnXm + 2%227
KRR X FRE = XX 0 X XD + XX © XX

which are again linear operators on F. For € Z, let 05 := 6,,0. Let d*? be
an antisymmetric symbol with d=F = 1.

Proposition 4.4. The fermion modes satisfy, for all n,m € Z,
{)A(Zv Xrﬁn} = n5n+mda5id]_—7
and XG{RG XX = 10 tmd*PXEXT

Proof. Let us consider only the case {X, , X;" }-the rest of cases are proven
with similar computations. Fix F' € .7:10.: and take three non-intersecting pos-
itively oriented dual contours v~, v, satisfying supp?F U Bu(O; RSVRS) C
int*y~ C inty C int*y*, and dlst(suppﬁF 7~) > 1 and dist(y,y*) > 1. Recall
from Example 4.2 that 77( )ED) - F = —E(b)ij(w) - F + Fuun for any F € Fioe.
Then, the following chain of equalities holds modulo null fields, by Stokes’ for-
mula, the integration by parts formula, Remark 4.5, and the integral properties
of the discrete monomials—Proposition 4.1 —:

. ot oo 1 m] 2
(R b)), L+ (Rhxa), o | F = 5£d” 95 d 2wl 20 f(w,)0€(z,) - F

2m J,
1 (] lm] )
;4 2 drwwl 2 0 i(w,)

+ o
o w.%w § et i
:,2254 M 56}(1” U iw,)é(zy) - F

= ];ﬂ %duw wl™ Z 2= pw )0 (2,) - F

2, €inté v+
2o ginth~

= 95 d*w w[.”] wynfl] F
27 J,

= 7m5n+m F
=néntm F,

which completes the proof for « = — and 6 = +. O
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5. Virasoro Representation on Local Fields

The CFT of symplectic fermions [17] suggests that, from the fermion current
modes, one can build operators satisfying the Virasoro relations—see Sect. 1.
Doing so, the space of local fields F can be rendered a representation of the
Virasoro algebra. In particular, the Virasoro modes are built through a Sug-
awara construction, i.e. as an infinite sum that is quadratic on the fermion
modes. In this context, the Sugawara construction is justified by the following
truncation property.

Lemma 5.1. Let F € Fy,. be a local field. There exists N € N such that
XX (F + Fratr) = 0+ Frunr

for alln > N and allm € Z and o, 3 € {+,—}.

Proof. Fix m € Z. Take N € N large enough such that there exists a positively

oriented dual contour ~ satisfying supp*F C intﬁ'y C Bﬁ(O;Rf\V[ — 1). Such

a contour always exists since Rﬁl\/ grows with n—see Proposition 4.1. Then,

clearly (X%,X2), 1+ - F = 0 for any 4" since the integrand z — 2" vanishes

everywhere along ~. 0

5.1. Virasoro Modes

For n € Z, the Virasoro modes are defined as the linear operators

0
>
L= %X
kEZ
on F, where the normally ordered fermion modes are defined as
ML { Evs it n—m>k
—Xa Xk i n—m<k
Note that, for all n € Z, the operator L, on F is well-defined since, by
Lemma 5.1, only finitely many terms yield a non-zero field when L,, acts on a

given field.
The following remark is used later in some proofs.

Remark 5.1. For k < I,

XonXn = XomXn =

3

k l
T S {)A(jl,f(;} Hfk<n-m<l
0 otherwise

for all n,m € Z. o

5.2. Derivation of the Central Charge

The main result in this section states that the L,, satisfy the Virasoro commu-
tation relations with central charge —2. Let [+, -] denote the usual commutator
of operators, i.e. [A,B]:= Ao B— Bo A.
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Theorem 5.2. For n,m € Z

[y L] = (0 — M) Ly + —

3
12(

n° —n)dptmidr
with ¢ = —2.
The proof of this theorem is broken down into three separate lemmas.

Lemma 5.3. For any n,m,l,k € Z,
m —(l+k) l+k
(L X | = =R X i = 0

Proof. Note that, in the following chain of equalities, all infinite sums of opera-
tors produce a well-defined operator by Lemma 5.1. In particular, this property
justifies pulling the infinite sum out of the commutator. Then, one just needs
to use the identity [AB,CD] = A{B,C}D+{A,C}oDB—-C{A,D}B—ACo
{B, D}:

0

ot o — ot o= oo
Lo X %0 = D0 [ 4 X

JEL

= > W] - 20 R &R
jzn/2 j<n/2

= 3 (0 - )
i>n/2
=3 (e v, — 4 R o (e v

j<n/2
4k —(4k)

= I — R
where in the last step one needs to observe that for fixed values of [,k € Z,
two and only two of the four terms produce a nonzero operator. A similar
computation yields [Ly, X5 ¥ ] = —[Ln, X;" X% ], and the claim follows. O

Define 1oad, Leven @ Zso — {0,1} by Loqa(n) = 1 if n is odd and 0
otherwise, and Leyen(n) := 1 —1ogd(n). Define also © : Z — {0,1} by ©(n) =
1 if n > 0 and 0 otherwise.

Lemma 5.4. For any n € Z and m € Z\{0},
m|

A+ A — .
Z Xntm—kXk = Lotm — Ontm THevenOmD@(*m) + Z k|idg.
kEZ

m

O<k<lml

Proof. Again, the infinite sums are well-defined by Lemma 5.1. From Re-
mark 5.1 and Proposition 4.4, it follows

—" 2 $ ko if m <0
Tt . T P , m<E<0
> X imkXn = D> Xobsm—kXie + Ongmidz - . :
= nm = nom _20§k<%k if m>0
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from which the claim follows immediately. O

Lemma 5.5. For any n € Z and m € Z\{0},

m —m

N P N P m3 —m m .
L <X:f+m—k><k - XLm_ka) == (12 + 41even(|m|)>5n+m'df~
ke

Proof. Again, the infinite sums are well-defined by Lemma 5.1. From Re-
mark 5.1 and Proposition 4.4, it follows

§ - — Zﬂ<k _m k2 if m <0
k ()A(;L»mkf(k - X:+mk>2k> == (5n+mld]: . { 2 Sk<—73 . ,

keZ - _%Sk<%k2 if m>0

from which the claim follows immediately. U

Proof of Theorem 5.2. Using Lemma 5.3,

0 —m m

— ——> —
L L] =Y Lt ] = =3 (k X+ (m k>>z:+m_k>zk)

kEZ keZ
-—__m - m
=-> ((k — )X i Xy + (= k)x:m_kx;)
kEZ
- _m —_m
_ ot o ot gt
=n Z Xernkak: -m Z Xn+m7ka
kez kEZ
m —m
/\+ A — AJ’» A —
+ Z k (Xn+m—ka ~ Xmtn—kXk ) .
keZ

At this point, it is clear that for m = 0, [L,, L] = nL,. For m # 0, using
Lemmas 5.4 and 5.5 on the above expression,

[Lm LM] =(n—=m)Lpym —ndnim <|m2|1even(m)@(m) + Z k) idr
o<k<lml
M 6ngm <m|leven(m)®(—m) + > k:)idf
2
o<k<lzl
m3> m  m :

- 6n+m (12 + E - 4]lodd(m)) idr.

The proof is finally complete using >, 1m k = (m? — 2|m[Leven(Im|) —
2

Loaa(Jm|))/8 and ©(m) + O(—m) =1 for m # 0. O
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