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Essential Self-Adjointness of Even-Order,
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Differential Operators
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Abstract. We consider essential self-adjointness on the space C°((0, 00))
of even-order, strongly singular, homogeneous differential operators asso-
ciated with differential expressions of the type

" d2n c
Tan(c) = (1) g + T T 0, neN, ceR,

in L?((0,00); dx). While the special case n = 1 is classical and it is well
known that m2(c) }030((0,00)) is essentially self-adjoint if and only if ¢ > 3/4,
the case n € N, n > 2, is far from obvious. In particular, it is not at all
clear from the outset that

there exists ¢, € R,n € N, such that
TQn(C)’CSC((O,oo)) is essentially self-adjoint (%)
if and only if ¢ > cy,.

As one of the principal results of this paper we indeed establish the exis-
tence of ¢, satisfying ¢, > (4n — 1)!11/2°", such that property (*) holds.

In sharp contrast to the analogous lower semiboundedness question,

for which values of ¢ is TQn(C)‘ bounded from below?,

C§°((0,00))

which permits the sharp (and explicit) answer ¢ > [(2n—1)I1]*/2*" n € N,
the answer for (*) is surprisingly complex and involves various aspects of
the geometry and analytical theory of polynomials. For completeness we
record explicitly,

c1=3/4, ca=45, c3=2240(214+ 7v1009) /27,

and remark that c, is the root of a polynomial of degree n — 1. We
demonstrate that for n = 6,7, ¢, are algebraic numbers not expressible
as radicals over Q (and conjecture this is in fact true for general n > 6).
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1. Introduction

Consider the 2nth-order differential expression

d2n
Ton(c) = (_l)nde" + x%’ x € (0,00), n€N, ceR, (1.1)

and introduce the underlying preminimal and symmetric L?((0,00);dx)-
realization

man(9) e 0,000 (12)

and its closure, the associated minimal operator Ty, min(c) in L2((0, 00); dx),

Ton,min(c) = 7-271(6)’0?:((0,00))' (1.3)

The principal question to be posed and answered in this paper is the
following:

For which values of ¢ € R is Tay min(c) self-adjoint (equivalently,

for which values of ¢ € R is 1oy, ) essentially self-adjoint)

()] oge (0,00
in L?((0,00); dx)? (1.4)

For the notion of (essentially) self-adjoint Hilbert space operators see, for
instance, [27, Sect. V.3], [39, Sect. VIIL.2], [45, Sect. 3.2], and [52, Sects. 4.4,
5.3].

In the special case n =1 it is well known that the precise answer is (see,
e.g., [46]),

(1.4) holds for n =1 if and only if ¢ > ¢y = 3/4. (1.5)

A priori it is not clear at all that this extends to n € N, n > 2, that is,
it is not obvious from the outset that

there exists ¢, € R,n € N, such that
. . o . (1.6)
Tgn(c)‘cgo((oyoo)) is essentially self-adjoint if and only if ¢ > c,.
Our principal new results, Theorem 4.5 and Corollary 4.7 assert that
(1.6) indeed holds for some ¢,, € R satisfying

cn > (An—1I/2°" neN. (1.7)



Homogeneous Half-Line Differential Operators

The proof of the existence of ¢, in (1.6) (satisfying (1.7)) is surprisingly
complex and involves various aspects of the geometry and analytical theory of
polynomials. Explicitly, one obtains

1 =3/4, 3 =45, c3=2240(214 + 7V1009) /27,
190309441
/2625188010911 + 1805760+/— 292368607

cs = 2835 <13711 +

+ 6/2625188010911 + 1805760+ —292868607 > (1.8)

and we note that in this context that ¢, is the root of a polynomial of degree
n — 1. In addition, we demonstrate that for n = 6,7, ¢, are algebraic numbers
not expressible as radicals over QQ; we conjecture that this actually continues
to hold for general n > 6.

Before explaining some of the strategy behind the proof of the existence
of ¢,,, and for the purpose of comparison and exhibition of a sharp contrast to
the essential self-adjointness problem (1.6), we briefly record the precise bor-
derline of semiboundedness of the minimal operator Ty, min(c), which permits
a remarkably simple and explicit solution as follows:

Ton.min(c) is bounded from below, and then actually, Ton min(c) > 0,n € N,

[(2n — 1)1)2

if and only if ¢ > — o2

(1.9)

This is a consequence of the sequence of sharp Birman—Hardy—Rellich inequal-
ities, see Birman [5, p. 46] (see also Glazman [17, p. 83-84])

00 —1)mz2 [
[ aelrm@p = B [ anamn o,
feCy((0,00)), neN.

(1.10)

For more details on (1.10) see [16] and the extensive literature cited therein.

Returning to (1.6), our subject at hand, we recall that 7o, (c)|Coo((0 )
S ,00

is essentially self-adjoint in L?((0,00);dx) if and only if Tgn(c)|coo((0 ) is in
S ,00

the limit point case at = 0 and & = co. However, since for all ¢ € R, cz 2" is

bounded on (g, 00) for all € > 0, Tgn(c)lcoo((o soy) 1§ automatically in the limit
0 s

point case at * = oo and hence it suffices to exclusively focus on whether or

not TQn(C)‘CSO((Opo)) is in the limit point case at z = 0.

In this context one observes that 7o, is said to be in the

()] 5= 0,00
limit point case at an interval endpoint a € {0, 0o} if precisely n solutions of

Ton(Q)y(p, -5¢) = py(p, -5¢), peC\R (1.11)
(i.e., precisely half of the solutions) lie in L?(I,;dz), where I, is an interval
of the type Ip = (0,d) if @ = 0, and I, = (d,00) if a = oo, for some fixed
d € (0,00).
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To decide the limit point property of 7o, at z = 0, one next

()l e (0,000
argues that it is possible to choose g = 0 in (1.11), restricting « to the interval
Iy = (0, d), which then leads to a special Euler-type equation which generically

has solutions of power-type
y;(0,2;¢) = Cjx®® 1< 5 < 2n, (1.12)

with a;(c), 1 < j < 2n, being the solutions of the underlying discriminant or
indicial equation,
2n
Dy, (z5¢) = 1_[[,2'—(]'—1)]—|—(—1)"c=07 z e C. (1.13)

j=1
In exceptional cases, where some of the «y(c) coincide, (1.12) is replaced by
v (0,25 ¢) = Crz® @ P(In(z)), (1.14)

where P(-) is a polynomial of degree at most 2n — 1. Since we are interested
in whether or not y;(0,z;¢) € L?((0,d); dz) for some d € (0,00), the presence
of logarithmic terms is irrelevant and the deciding L?-criterion for solutions of
Ton(¢)y(p, +;¢) = 0 simply becomes

Re(aj(c)) > —1/2, for L*-membership,

1.15
respectively, Re(a;(c)) < —1/2, for non-L*-membership. (1.15)

In conclusion, to settle the essential self-adjointness problem (1.6) one
needs to establish the existence of ¢,, € R such that precisely n roots a;(c) of
Dy, (-;¢) = 0 satisfy Re(aj(c)) < —1/2 for ¢ > ¢,. (Equivalently, precisely n
roots ay(c) of Da,(-;c) = 0 satisfy Re(ay(c)) > —1/2 for ¢ > ¢,.)

Turning briefly to the content of each section, we note that Sect.2 in-
troduces minimal and maximal operators associated with general differential
expressions Ty, of order 2n, n € N, in L?((0, 00); dz) and reviews the underly-
ing facts on deficiency indices of the minimal operator 15, pin, including Ko-
daira’s decomposition principle. Section 3 discusses perturbed Euler differential
systems and investigates the underlying deficiency indices for the minimal op-
erator associated with 79, (c) in (1.1). In addition, some of the basic theory of
first-order systems in the complex domain going back to Fuchs, Frobenius, and
Sauvage, in versions championed by Hille and Kneser, is summarized. More-
over, the special examples 15(c) and 74(c) are treated explicitly. Properties of
the (real part of the) roots a;(c) of D, (-;¢) = 0 are the center piece of our
principal Sect. 4, culminating in Theorem 4.5 and Corollary 4.7 which settle
the essential self-adjointness problem (1.6). The techniques involved are related
to the Grace-Heawood theorem [38, p. 126], the Routh-Hurwitz criterion, and
Orlando’s formula [13, § XV.7]. Appendix A shows with the help of Galois
theory that cg is an algebraic number that cannot be expressed as radicals
over Q; we conjecture this actually remains the case for all ¢,,, n € N, n > 6.

Finally, some remarks on the notation employed: We denote by CM*V
M, N € N, the linear space of M x N matrices with complex-valued entries.
Iy represents the identity matrix in CV. The spectrum of a matrix (or closed
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operator in a Hilbert space) T is denoted by o(T). The abbreviation Ny =
NU {0} is used.

2. The Deficiency Indices of T5,, 1in (C)

In this section we briefly recall the notions of deficiency indices and limit point,
respectively, limit circle cases associated with maximally defined differential
operators, generated by formally symmetric differential expressions 79, on in-
tervals (a,b) C R, of even order 2n, n € N, and then specialize the results to
the particular case 79, (c) at hand. We will primarily follow [7, Sects. XIIL.2,
XIIL.6], [34, Sects. 17.4, 17.5], [53, Sects. 3, 4] and also refer to [2, § 126], [23],
[24], [29], [30], [51, Chs. 2—4] for relevant background material.
Assuming (a,b) C R we suppose that

Pm, T are (Lebesgue) measurable and real-valued a.e. on (a,b), 0<m <n,
prn >0, 7> 0 (Lebesgue) a.e. on (a,b),
(1/pn), Pm € Lige((a,b);dz), 0<m <n—1, (2.1)
and introduce the quasi-derivatives

ul =, WM = 0<m<n—1,

ul = p, (w7,

w1 = —(u”)l + Pr_gu
ul I = (Y g, T 2<j<n—1,
ul? = f(u2"71)/ + pou = r(Tenu). (2.2)

Here the formally symmetric differential expression 7y, of order 2n is given by

n

(rant) (@) = 3 (= 1) (pm (2)y ™ (@))™, @ € (a,0). (2.3)

m=0

Given (2.1)—(2.3), the maximal L?((a,b); rdz)-realization (in short, the
maximal operator), Toy, maq, associated with 7o, is then defined by

T2n,maa:f :T2nf7
f € dom(Ton maz) ={g € L*((a,b); rdz) |gm € ACjoc((a,b)), 0 <€ <2n—1;
Tong € LQ((a,b);rdx)}. (2.4)

Introducing the preminimal operator

T2n,minf = T2nf7

(2.5)
f € dom (TQn,mm) = {g € dom(T%p,maz) | Supp (g) compact}

in L?((a,b);rdr), one can show that TQ'n,,min is densely defined, symmetric,
and closable. Hence, defining the minimal operator in L?((a, b); rdx) associated
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with 79, as the closure of T2, min,

Ton,min = TQn,min7 (2.6)
one can prove the well-known fact
T3 min = Tonmaz,  Tonmae = Ton.min, (2.7)
and thus 75, ymas is closed. Moreover, if
pm € C™((a,b)), 0<m <n, (2.8)
one can introduce
Tanmin = Tonlcge (@aiy (2.9)
and then also obtains
Tommin = Tanmin = Tan.min- (2.10)

Introducing the Lagrange bracket

Z U= (2)0Pr=il () — ulP=Il(2)oU = (2)], z € (a,b), (2.11)
j=1
one infers for (d,e) C (a,b) Lagrange’s identity via integrations by parts

(@) { (T @0(x) — 00 (r2n0) ()}

d
= [, v]e — [, v]a = [u,v].[,_, (2.12)

Moreover, if u(f, - ) and v(y, - ) are solutions of

(renu(m, -))(x) = pu(m, x),
(TQTLU(/L"? ))(ZL‘) pv ( I)a ne (Cv T e (aa b)7 (213)
then
%[U(E v, )]a =0, x € (a,b). (2.14)

Finally, we also recall the known fact,
dom(Ta, min) ={g € dom (T2 maz) | for all b € dom(Tor max) :
[h,gla =0=[h,gls }.
In the following, the number of L?((a, b); rdz)-solutions u(p, - ) of

(2.15)

T2nu(,u’ﬁ:7 ) = /’[’iu(/’bi7 : )a with ilm(ﬂi) > 07 (216)

is denoted by nt(Ton min) and called the deficiency indices of Tap min. This
notion is well defined as 14 (T2 min) is known to be constant throughout the
open complex upper and lower half-plane. As a result, one typically chooses
1+ = +i. Since the coefficients of 75,, are real-valued, one obtains by a result
of von Neumann [49] that

0< ny (TQn,min) =n_ (TQn,min) < 2n. (217)
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Finally, given d € (a,b), and denoting by Toy, min(maz),(a,d) and
Ton,min(maz),(d,b) the corresponding minimal or maximal operator with the
interval (a,b) replaced by (a,d) and (d, b), respectively, where d is now a reg-
ular endpoint for Tgn‘( g and T2n|(d7b), one has (cf. [2, p. 483-484])

a7

4 (TZ’rL,min,(a,d)) = n—(TQn,min,(a,d))a N4 (TQn,min,(d,b)) =n-— (TQn,min,(d,b))y
n < n:t(TQn,min,(a,d)) < 2”7 n < n4 (TQn,min,(d,b)) < 2”7
(2.18)

and the Kodaira decomposition principle (see, e.g., [7, Corollary XIII.2.26],
34, p. 72])
n4 (TQn,min) = N4 (T2n,min,(a,d)) +nt (T2n,min,(d,b)) —2n (219)
holds.
Remark 2.1. Given the fact that d € (a,b) is a regular endpoint for 7o, (4,4
and 7oy |(q,), the particular (and extreme) case where
ni (TQn,min,(a,d)) =n (resp., N+ (TQn,min,(d,b)) = n) (220)

is the precise analog of Weyl’s limit point case at @ = a (resp., x = b) in the
classical second-order case n = 1, that is, for 7| (4,q4) (resp., 72|(4,)). Hence, we
will apply this limit point terminology also in the 2nth-order context in the
following. In particular, if

ni(TQn,min,(a,d)) =Nn= ni(T2n,min,(d,b))a (221)

then 72,,|(4,4) is in the limit point case at a and b and (2.19) yields accordingly
that

Nt (Tan,min) = 0 (2.22)
in this case. Thus, (2.21), and hence (2.22), is equivalent to
Ton.min = Ton max is self-adjoint in L*((a, b); rdz), (2.23)

which in turn is equivalent to

TQn,Tnin is essentially self-adjoint in L?((a, b); rdz). (2.24)
If in addition hypothesis (2.8) holds, then each of (2.21)—(2.24) is also equiva-
lent to

i;gmmm is essentially self-adjoint in L?((a, b); rdz). (2.25)

All other cases, where 1 < ng (Top, min) < 2n, describe various degrees of
limit circle cases of oy, With ny (T2, min) = 2n representing the extreme case.
o

In the bulk of this paper we are particularly interested in the special case
where

2n

pa(®) =1, pu(z)=0,1<m<n-—1, po(z)=ca ",
r(z) =1, x € (0,00), (2.26)
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that is, in the concrete example

d2n
Ton(€) = (—1)" T + x% ze(0,00), neN, ceR,  (2.27)

denoting the associated (pre)minimal and maximal operators in L?((0, cc); dx)

by T2n,min(c)7 T2n,min(c)7 T2n,min(c)a T2n,maz(c)7 etc.
In particular, we are interested in the question,

“for which values of ¢ € R is Top min(c) self-adjoint

. (2.28)
(resp., T'2n.min(c) essentially self-adjoint) in L*((0, 00); dx)?”

3. Perturbed Euler Differential Systems and Their Deficiency
Indices

In this section we will prove that it suffices to focus on the spectral parameter
p = 0 when trying to determine the number of L?((0, d); dz)-solutions y (s, - )
of

Tan(Q)y(p, z) = (=1)"y ™ (1, @) + ca™*"y(p, x) = py(p, ),

(3.1)
x€(0,d), peC,neN, ceR,

for fixed d € (0,00) (e.g., one could simply choose d = 1). In particular, the
deficiency indices of the underlying minimal differential operator To, min(c)
can be determined from the knowledge of the number of L?((0, d); dz)-solutions
of y(0, -), that is, one can reduce (3.1) to the far simpler case p = 0.

To prove the p-independence of the number of L?((0,d);dz)-solutions
y(u, -) of (3.1), we find it convenient to employ a bit of the celebrated theory of
regular singular points (singular points of the first kind) for first-order systems
of differential equations in the complex domain, going back to G. Frobenius
[9], L. Fuchs [10-12], and L. Sauvage [40-44]. The theory is aptly summarized
in a number of treatises, we just mention [3, p. 17-36], [6, p. 108-135], [13,
148-164], [18, p. 70-92], [19, p. 105-131], [20], [21, p. 182-198], [22, p. 342-352),
[25, p. 356-372, Ch. XVI], [36, Ch. V], [48, Ch. 4], and [50, 216-235].

In the following ¢ € C\{0} (resp., ¢ € D(0; R)\{0} ={¢C e Cl|0< [¢]| <
R} for some fixed R € (0,00)) represents the complex analog of z € (0,d)
in (3.1) and we will study first-order systems of differential equations of the
particular form

Y'(¢) = CTAQY(Q), (3-2)

where Y (-) represents either an N x 1 solution vector or an N x N solution
matrix, N € N, which generally is multi-valued, and A(-) is an N x N entire
(resp., analytic in D(0; R)) matrix-valued function,

AQ) =D Anc™ (3.3)

meENy
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The very special structure (at most a first-order pole of the coefficient matrix
at z = 0) of the right-hand side of (3.2) then leads to a rather special structure
of solutions as described in the following.

As a warm up we briefly discuss the pure Euler situation where A(-) is
actually a constant matrix Ag € CV*¥_ that is, we consider

Y'(¢) = ¢ AY (€), (3.4)
with fundamental (typically, many-valued) matrix solutions of the form
Y(Q) = ¢4C = Ao, (3.5)

where C' € CN*¥ is nonsingular (i.e., deten (C) # 0). Transforming Ay into
its Jordan normal form Ay = TAyT~! for some nonsingular T € CV*V | and
setting Y () =TY () yields

Y'(¢) = ¢ A Y (Q), (3.6)

hence one can assume without loss of generality that Ay is in Jordan normal
form. In this case Ay is represented as a block diagonal matrix consisting
possibly of a diagonal matrix D and possibly of a number of nontrivial Jordan
blocks of varying r x r, 1 < r < N, sizes, denoted by J,.(ag). In particular, if
Jr(cyg) is of the form

ayq 1 0 0
0 o 1 0
Jr(aq) = : . ag € 0(Ay), (3.7)
0 0 0 1
0 0 0 g
then
1 In(¢) [In(¢)]?/[2] () 1/ [(r = 1]
0 1 In(¢) ()] 2/[(r — 2)!]
CJr(aq) = (% . : ,
0 0 0 In(¢)
0 0 0 1

(3.8)

explicitly demonstrating the appearance of powers of logarithms of ¢ in (3.5)
in the case where Ay has an eigenvalue o, whose algebraic multiplicity strictly
exceeds its geometric one. In particular, the eigenvalues o, of Ay are deter-
mined via the characteristic equation for Ag, also called the indicial equation,

Dn(z) = deten (2Iny — Ap) =0, z€C. (3.9

The general, or perturbed, Euler case (3.2) leads to analogous results as
follows.
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Theorem 3.1 (Hille [21], p. 192-198, Kneser [28]). Given the matriz A(-) €
CN*N in (3.3) entire (resp., analytic in D(0; R)), the perturbed Euler differen-
tial system (3.2) has a fundamental set of (generally, multi-valued) solutions
Y; € CN*1 j=1,...,N, of the form,

Yi(Ga) = Y pimg(in(¢) (™, 1< <N, (3.10)

meENy

where «g runs through all distinct eigenvalues of Ay (i.e., all elements of
0(Ay)), determined via Dy(-) = 0, and pjmq(-) € CN*! are polynomi-
als of degree less than or equal to N — 1. The series in (3.10) converges for
0 < |¢] < oo (resp., for 0 < || < R).

In this context we also refer to Sections 4.3, 4.4, particularly, Theorem
4.11, in Teschl [48], for a succinct treatment of the Frobenius method for first-
order systems with a pole structure as in (3.2).

We also note that a fundamental matrix solution of (3.2) can be obtained
in analogy to (3.5) in the pure Euler case. In particular, under the spectral
hypothesis that

a(Ag) N{c(4o) +Z} =0, (3.11)

it was proven by Fuchs [11,12] (cf. Hille [22, Theorem 9.5.1]) that the perturbed
Euler differential system (3.2) has fundamental matrix solutions of the form

Y(¢) = Z Cp (™INTA0C Cy=1Iy, Cre CV*N 1 €N, (3.12)
meENy

where again C € CV*V is nonsingular.

The case where the spectral assumption (3.11) on Ay is violated is much
more involved!. What follows is a shortened description of Hille [22, Theo-
rem 9.5.2], a modified version of Frobenius’ method: If (3.11) does not hold,
fundamental matrix solutions of the perturbed Euler differential system (3.2)
are of the form

M
Y(C) = Z[IH(C)]] Z Cm,] CmIN+AOOa CO,O = [MqINa C’M,J € CNXNa
7=0 mENg

(3.13)

and once again C' € CV*¥ is nonsingular. A characterization of M in (3.13)
is possible, see, for instance, [22, p. 342-352].

We conclude this overview by specializing the 1st-order N x N perturbed
Euler system (3.2) to the Nth-order scalar case (a special case of which is
depicted in (3.1)). Consider the scalar Nth-order differential equation

y M () +by-1(Qy N+ + 51Oy () + bo(Qy(¢) =0, (3.14)

1n fact, we quote Hille [22, p. 344] in this context: ... A number of arguments are available
in the literature all of them more or less corny. What I shall give here is not the corniest;

”
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where the coefficients b;(-), 0 < j < N — 1, are of the form

b;i(Q) = Na;(0), a;(Q)= D ajmC™ (3.15)

m&ENy

with a;(-) entire (resp., analytic in D(0; R)). The scalar ODE (3.14) subor-
dinates to the perturbed Euler differential system (3.2) upon identifying A({)
with the N x N matrix

0 1 0 0 0
0 1 1 0 0
0 0 2 1 0
0 0 0 3 0
(3.16)
0 0 0 0 1
—ao(¢) —a1(¢) —az(¢) —as(C) - .. (N —=1) —an-1(¢)

and identifying Y'(¢) with (Y1({),...,Yn(¢)), where the solutions Y;(-) €

CN*1 are given by

Yi() = (i) mn ()T 4in(@Q =0, 1< k<N,
(3.17)

with y;(-), 1 <j < N, linearly independent solutions of (3.14). In this scalar
context the matrix Ag € CV*¥ in (3.3) is thus of the form

0 1 0 0o ... 0
0 1 1 0 0
0 0 2 1 0
0 0 0 3 ... 0
Ao = : : : : : (3.18)
0 0 0 0o ... 1
—ap,0 —G1,0 —A2,0 —A3,0 -- - (N - 1) —AaGN-1,0

and hence the eigenvalues o, of Ay prominently figuring in the solution (3.10)
are determined via the indicial equation (3.9), Dy(-) = 0, where

DN(Z> = det(cN (ZIN — Ao)

N N—k
—(r=1)], 0<k<N-1,
_ Z aN_1.0 Hr:l [Z (T )] = — an,o = 1’ z e C.
s 1, k=N,

(3.19)
Given these results we can return to the half-line differential expression

Ton(c) in (3.1), the special case of the scalar case (3.14) with N = 2n and
(frequently explicitly indicating the c-dependence of the coefficients)
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bj(C;c) = Oa 1 SJ S 2n — 13 bO(C7C) = (71)HCC72n - (71)n/u’7 M S (Ca

(3.20)
equivalently,
aj(Ge) =0, 1<j<2n—1, ap(¢e)=(-1)"c—(-1)"u¢*, peC.
(3.21)
In this case the indicial equation further reduces to
2n
Doy (z5¢) = H[z G-+ (-D"=0, zeC. (3.22)
j=1

Thus, we can state the following result.

Theorem 3.2. Let ¢ € R, u € C. Then for any d € (0,00), the number of
L2((0, d); dzx)-solutions of Tan(c)y(p, -) = py(ps; - ), denoted by # 2 (T2n(€)|0.0))
1s independent of p. In particular,

n < #r2(720(0)|0,0) < 2n. (3.23)
Moreover, the deficiency indices n4 (Tgmmm( ¢)) (with Tay, min(c) representing

)
the closure of T2n(0)|c,oo((0 soy) L?((0,00);dx)) equal

nit (TZn,min (C)) = #Lz (’Tgn (C)‘(O,d)) —N. (324)
and hence
0 < nt(Ton,min(c)) < n. (3.25)

In particular,

Ton.min(c) is self-adjoint (equivalently, .I:Qn,min is essentially self-adjoint )

in L*((0,00);dx) if and only if #1- (7—2“(6)|(07d)) =n.
(3.26)

Proof. The p-independence of #2 (Tzn (c)|(0’d)) follows from the structure of
the solutions Y; in (3.10), the fact that for each d € (0, 00), the power z* lies
in L%((0,d); dz) if and only if Re(a) > —1/2, independently of the presence of
any logarithmic factors, and finally that only the spectrum of Ay determines
the powers ¢ in (3.10).

Since ¢ € R, 79, (c) possesses an anti-unitary conjugation operator (ef-
fected by complex conjugation of elements in L?((0,00);dr)) and one obtains
by (2.17),

ny (TQH’MWI(C)) =n_ (TQnmzn(C)) (327)

Moreover by a special case of Kodaira’s decomposition principle (2.19) for
deficiency indices,

Nt (Ton,min(c)) = na (Tgn(c)}cgo((o’d))) +ny <T2"(C)|Cg°((d,oo))) —2n

=n4 (7—277,(0)‘080((0,5{))) -

= #12 (T2n(C)|(o,d)) - n, (3-28)
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since

Nt (Tgn(c)lcgo(( dm))) =n. (3.29)

Relation (3.29) holds since 7o, (c) is regular at d and, as =" is bounded on

the interval [d, 00) (cf. [34, Sect. 14.7]), T2, (c) is in the limit point case at oo
since (—1)"d?" /dx?" is in the limit point case at co. Moreover, by (2.18),

n < ng (m(c)lcgo((o, d))) < 2n, (3.30)
implying (3.23) and (3.25). O

Remark 3.5. (i) The independence of # 2 (72, (c)|(0,4)) With respect to y per-
mits one to choose the by far simplest situation by taking y = 0 when counting
the number of L?((0, d); dx)-solutions of 7o, (¢)y(it, - ) = py(p; - ). This in turn
grants one to focus on solutions of the simple power-type 2% as in (3.10) (ig-
noring the possibility of additional logarithmic factors which, however, cannot
influence the L?- or non-L2-behavior of solutions near z = 0). In particular,
considering

Yo(x) = 2*P(ln(x)), =z € (0,00), a € C, (3.31)
where P(-) is any polynomial, then for all d € (0, ),
Yo(-) € L*((0,d);dz) if and only if Re(a) > —1/2. (3.32)

Thus, by (3.10), Re(«) > —1/2, respectively, Re(a) < —1/2, is the criterion
deciding whether or not a particular solution with power-type behavior z¢
(again, ignoring possible logarithmic factors) contributes to # 2 (Tgn(C)|(07d)).
(#i) It will be shown in Corollary 4.8 that any permissible integer value for
#(T2nl(0,4)) in (3.23) actually is attained for some c € R. ¢

Remark 3.4. One observes that Da,(-;c) possesses the symmetry
Don(—(1/2) + n+ 2) = Dap(—(1/2) + n — 2). (3.33)

In particular, at z = 0 one obtains

Don((—1/2) +n) = <Hg—1/2 )

= (-1)" ([(%2_2”1)”] +c> . (3.34)

Consequently, for ¢ = —[(2n—1)!1]? /22" one has a double zero at o = k—(1/2)
and there are two solutions of the type

y1(0,2,¢) = 2k~ (/2 Y2(0, 2, ¢) = 2~/ In(z) (3.35)
in this case. ¢

Next, we now recall the special situation n = 1 which is explicitly solvable
for general spectral parameter p in terms of Bessel functions as follows:
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Ezample 3.5. Assuming the case n =1 in (3.1) we consider

—y" () + ez 2y(p, x) = py(p, x),

3.36
weC, ze(0,00), ceR. ( )

The associated characteristic equation
Dy(z¢) =2(2—1) —c=0, (3.37)
has the following two complex-valued solutions

ai(c) = (1/2) — Ve + (1/4),

ag(e) = (1/2) + Ve + (1/4),
choosing the principal branch for [-]'/? with branch cut (—oo, 0], such that

2= 12002 — et /2 e [0,00), ¢ € (—m, 7. (3.39)

(3.38)

With this convention in place one checks that for all ¢ € R, one has the
ordering,

Re(ai(c)) < 1/2 < Re(az(c)). (3.40)
(o) Generic case: Suppose ¢ € R is such that
[a1(c) — as(e)]/2 € Z. (3.41)

Then the nonhomogenous differential equation (3.36) has the following funda-
mental system of solutions (cf. [1, No. 9.1.49, p. 362])

yi(pa;c) = (m/2)p YO 22V 2] ) (12 ?a),
y2(p, x5 0) = sin(my () 7 22T o (' 22),

uweC, xe(0,00), (3.42)
where
v(e) = e+ (1/4), y€[0,00), c€eR. (3.43)

(Thus, v(c) € {[0,00)\Np} Ui(0,00) in the generic case.)

(6) Exceptional Cases: Suppose ¢ € R is such that

[a1(c) — aa(0)]/2 € Z, (3.44)
then
c=k*—(1/4), keN,. (3.45)
More precisely, for k € Ny,
[ (c) — as(c)]/2 = £k if and only if ¢ = k? — (1/4). (3.46)
Furthermore,
a1(c) = as(ce) if and only if ¢ = —1/4. (3.47)

In the exceptional case, where v(¢) = k € Ny, one obtains

(k2 = (1/2)) = (/22 (0 %),
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y2 (p s k2 = (1/2)) = p* 222 [ = Vi (0" 22) + o In(p) Ji (0 ?2)],

pweC, ze(0,00), ce {kz—(1/4)}k€N0. (3.48)

Here J,;(-) represent the standard Bessel functions of order x € C and first
kind, and Y% (-) denotes the Bessel function of order k € Ny and second kind
(see, e.g., [1, Ch. 9]). Moreover, one verifies (cf. [1, p. 360]) that

W(yQ(M7 ',0)7?}1(% ,C)) = 1a ne (C7 ceR (349)

(here W (f,g) = f¢’' — f'g denotes the Wronskian of f and g), and that the
fundamental system of solutions y1 (i, -; ¢), y2(u, -, ¢) (3.42), (3.48) of (3.36) is
entire with respect to u € C for fixed x € (0,00), and real-valued for p € R.

As p — 0, the fundamental systems of solutions (3.42), (3.48), upon
disregarding normalization, greatly simplify to

2, ¢ e R\{-1/4},
2 2n(z), c=—1/4;
x € (0,00), (3.50)

y1(0,250) =2, ceR, y2(07$§0)={

underscoring once again the advantage of choosing = 0.

One observes that in accordance with (1.9) (see also (1.10)) and Re-
mark 3.4, the logarithmic case in (3.50) occurs at ¢ = —1/4, that is, precisely
at the borderline of semiboundedness of Tiin 2(c).

Thus, determining whether or not Re(a;(c) > —1/2, j = 1,2, one con-
cludes that

1, if ¢>3/4,

3.51
2, if ¢<3/4. (3:51)

#12(72(0)|(0,0)) = {

Remark 3.6. In view of the next example, where n = 2, in fact, in view of
the general case n € N, it might be interesting to rewrite the Bessel function
solutions in the case n = 1 in terms of the corresponding generalized hyperge-
ometric function and Meijer’s G-function as follows: In the generic case, where
¢ € R is such that [o;(c) — a2(c)]/2 € Z, the nonhomogenous differential
equation (3.36) has the following fundamental system of solutions

p®

- 4) ’
pa®

- 4> ’

weC, ze(0,00). (3.52)

. _ ay(e
yl(/%xvc) =z i )OFl (14_01(6)2&2(6)

. _ as(e
yg(u,x,c) =T 8 )OFl (1+a2(c)2a1<c)

Here ¢F; (

b | ) represents the generalized hypergeometric function given by
1

oFi(, =3 & e\, e, (3.53)

'7
keNg (bl)kk
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with (a)r denoting Pochhammer’s symbol,

k—1
(@o=1, (a)e=[Jla+j)=T(a+k)/T(a), kEN, acC. (3.54)
Jj=0

In particular, oF} (b

C) is entire in ¢ € C and

1

4) = 1+ 0(0). (3.55)

¢—0

of1 <b1

In the exceptional case, where v(¢) = k € Ny, one obtains

_ pa?
4 )
2
. 1.2 _ k, —k/2..1/2,~2,0 nx
yo (p, 2k = (1/2)) = T(k +1)2°p P Go (k/2;k/2 B 4)
+ I:ﬂ_(_l)k-‘rlik-‘rl + ln(/,l/):l $k+(1/2) OFl (1

peC, ze(0,00), ce{k*—(1/4

11 (u,x; k2 — (1/2)) = gF+ (/2 py (

1+k

+k

)}kGNo'

Here Meijer’s G-function, G’g:g(

. ), is given by a Mellin—Barnes-type

C1,C2
integral,

2,0
a5 (

where C is a contour beginning and ending at +oo encircling all poles of I'(¢; —
s), j = 1,2, once in negative orientation, and the left-hand side of (3.57) is
defined as the (absolutely convergent) sum of residues of the right-hand side.
The exceptional case where ¢; and co differ by an integer is treated by a
limiting argument. (For more details, see [14].) ©

Q) = % /c ds C*T(c1 — $)T(ca — 9), (3.57)

C1,C2

For details on generalized hypergeometric functions and Meijer’'s G-
function we refer, for instance, to [4], [8, Ch. IV, Sects. 5.3-5.6], [31, Ch. V],
[32, Ch. V], and [35, Ch. 16], [37, Sect. 8.2].

Ezample 3.7. Assuming the case n = 2 in (3.1) we consider

y" () + cxy(p, x) = py(p, x),

3.98
z € (0,00), peC, ceR. (3:58)

The associated characteristic equation

Dy(z¢) =2(z—1)(#—2)(#—3) —c=0, z€C, ceR, (3.59)
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has the following four complex-valued solutions,

o (c) = 3_\/5+4m:/
az@)::s_ 54 1_0: /2,
/
/

2

)

(3.60)

az(c) = [3+\/b—4V1—c| /2,

ay(c) = 3+\/5+4\/1fc_

2; ceR,
employing the principal branch (3.39) for [-]'/2. With this convention, one
checks that for all ¢ € R, one has
Re(a1(c)) < Re(az(c)) < 3/2 < Re(as(c)) < Re(as(c)). (3.61)
(o) Generic case: Suppose ¢ € R is such that
[aj(c) —aj(c)]/A € Z, forall 1<j,j <4, j#j. (3.62)

Then the nonhomogenous differential equation (3.58) has the following funda-
mental system of solutions,

4
. _ .a1(c) Hx
Y1 (Ma X, C) =T o3 (1+a1(c)4a2(c) 1t al(c)zag(c) ,1+a1(c)zo¢4(c) 256

. — QQ(C) E !
My T5C) = X
y2( b ) 04’3 (1 QQ(C)Zal(c)’l o¢2(c)74a3(c)’1 02(0)20‘4(0) 256

:c4>
)
4

€T

.2 .as(e) HE
y3(.u’v'ra C) =z o3 (1_"_&3((‘,);01(6),1_’_ ag(c)zag(c)71+a3(c)za4(6) 256> »
1,4

;

y4(u,x,c) =z oF3 ayle)—aq(e) ay(e)—an(c) ag(e)—az(c)
1+ 4 - 1 71_;’_ 4 - 2 71_;'_ 4 - 3 256

weC, ze(0,00).
(3.63)

Asymptotically,
yj(p, 3 ¢) i xo‘j(c)[l +O0(z)], 1<j5<4, (3.64)
T

and thus, the four functions are indeed linearly independent.

Here OFg(

. ) represents the generalized hypergeometric function
1,02,03

given by

£ (
03 b1,b2,b3

_ 2 : Ck )
C) N keNo (b1)k(b2)k (b3)rk! b1,b2,b3 € C\{-No}, ¢ € C.
(3.65)
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Again, 0F3<

C) is entire in ¢ € C and
b1,b2,b3

g) = 1+0(0). (3.66)

oFs(
b1,b2,b3 ¢—0

That these functions are in fact solutions of (3.58) can be confirmed by di-
rect verification using the differential equation for generalized hypergeometric
functions.

(8) Exceptional Cases: Suppose ¢ € R is such that

[aj(c) — aji(c)]/4 € Z for some 1 < j,j <4, j#7, (3.67)
then
either ¢ = 1 — 20k + 64k*, or, ¢ = —(9/16) + 10k* — 16k*, &k € Nj.
(3.68)

More precisely, for k € Ny,
/4 = £k implies ¢ =1 — 20k? + 64k*,

[a1(c) — as(c)]/4 = +k implies ¢ = 1 — 20k? + 64k*,
aq(c) — ay(c)]/4 = £k implies ¢ = —(9/16) + 10k“ — 16
ja1(c) — aa(e)]/4 = +k impl 0710 +108° 1ok,
as(c) — as(c = +k implies ¢ = —(9/16) 4+ 10k* — 16k™, .
[a2(c) — as(c)]/4 = £k impli (9/16) + 10k* — 16k
[aa(c) — ay(c)]/4 = £k implies ¢ = 1 — 20k? + 64k%,
[as(c) — au(c)]/4 = £k implies ¢ = 1 — 20k? + 64k
Furthermore,

a1(c) = ag(c) if and only if as(c) = as(c) if and only if c=1 (3.70)
and
as(c) = as(e) if and only if ¢ = —9/16. (3.71)
If ¢ =1, then
ar(l) = az(1) = [3-V5]/2, as(l) =as(l) = [3+V5]/2, (3.72)

and a fundamental system of solutions is given by,

4
1) = VA2 B
yi(p,z;l) =w ofs (l,l_f,l_f 256 )

V5
1

2,0 pu’

yg(,u7x; 1) = GO:4 (3\/5 3—v5.3+v5 345 ) )
8 ? 8 ’ 8 ’ B 256
4

1) = £BHVE2 ) He (3.73)

yalp, 7 1) = ofs (LH{F,H“E 256 )’

4
2,0 ur

y4(,u,33; 1) = G0,4 (3+\/§ 3+4v5.3-v6 3-5 ) )

g0, A I S 256

nweC, ze(0,00).
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Asymptotically,

v, 1) = ozl In(a)[1 + O(w)),
z|0

(3.74)

ya(p, ;1) i a3V (2)[1 + O(2)].

Here Meijer’s G-function, G(Q)ZZ(

. ), is again given by a Mellin—

C1,C23C3,Cq
Barnes-type integral,

T(c; — s)T(eg — 9)

2,0 _L/ s
C) - 2mi CdSC Fl—cs+s)T(1—cy+s)’

0,4

(3.75)

(Cl ;€23C3,C4

where C is a contour beginning and ending at +oco encircling all poles of I'(¢; —
), j = 1,2, once in negative orientation, and the left-hand side of (3.75) is
defined as the (absolutely convergent) sum of residues of the right-hand side.
The exceptional case where ¢; and co differ by an integer is once more treated
by a limiting argument.

If c = 1 — 20k? + 64k*, k € N, then

ay (1 — 20k + 64k%) = _3—4k—\/5—16k2_/27
_3—4k+\/5—16k2_/2,

( )
az (1 — 20k? + 64k*)
( )
( )

(3.76)
as(1 — 20k + 64k%) = [3+4k— V5 — 16k2]/2,
(1 — 202 + 64k) = [3 4+ 4k + /5 — 16k2_/27
and a fundamental system of solutions is given by,
Y1 (u, x; 1 — 202 + 64k4)
= G20 ,ux4
T V0,4 \ 3-4k—/5-16k2 3+4k—\/5-16k2  3—4k+\/5—16k2 3+4k+\/5—16k2 ﬁ ’
s ) s ; s ) S
Yo (,u, x;1 —20k2 + 64k4)
= G20 /m;4
T V0,4 | 3—ak+V5-16k2 3+4k+v5-16k2 3—4k—/5-16k2 3+4k—+/5—16k2 % ’
8 ’ 8 ’ 8 ) 8

ys (1, ;1 — 20k + 64K*)

. [(3+4k)—v/5—16kZ]/2
=z ofF3 1tk 1+k— \/5—416k2 - \/5—416162

ya(p, 231 — 207 + 64k*)

puat

256 )’
— B+ +VE-T6R7]/2 1 Lfl .
-7 R VS PRV TSRV T YT B

weC, xze(0,00). (3.77)
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Asymptotically,
y1 (251 — 20k% + 64k") = B4R =VE=I6R2 /21 (1)1 + O(x)),

z|0
(3.78)
yo (1, 231 — 20k + 64k") = 2B AR FVE=I6R2 /21 ()1 + O(2)].

z|0

If ¢ = —9/16, then
a1(—9/16) = [3 - V10] /2,
as(—9/16) = az(—9/16) = 3/2, (3.79)
as(—9/16) = [3 +v10] /2,

and a fundamental system of solutions is given by,

4
) _ .[3-v10]/2 H
yl(/L»xa*g/lG) —:17[ 1/ ok} <1_\/4T071 f 1— 256)
. _9/16) = £3/2 . #»T
yQ(M7CL'a 9/ 6) T 043 < 11— 256
2,0 Hx 3.80
y3(:u7x; _9/]‘6) = G0,4 (3 3.3-10 3410 ' 256) ) ( )
8787 8 ’
4
ya(p, w3 —9/16) = 2B+VI0/2 oy .
256
nweC, ze (0,oo).
Asymptotically,
y3(p, x, —9/16) = c3x3/ 2 In(z)[1 4+ O(z)]. (3.81)
One observes that the case ¢ = —9/16 is once more precisely the border-

line of semiboundedness of T,.4(c) again in accordance with (1.9) (see also
(1.10)) and Remark 3.4.
If ¢ = —(9/16) + 10k — 16k, k € N, then

a1 (= (9/16) + 10k* — 16k*) = (3 — 4k) /2,

as (= (9/16) + 10k — 16k*) = [%W}/z
as( — (9/16) + 10k — 16k) = [3+ /10— 16k /2,
as( — (9/16) + 10k* — 16k*) = (3 + 4k) /2,

and a fundamental system of solutions is given by,

y1 (1, 75 —(9/16) + 10k* — 16k*)
pt
256 )’

(3.82)

e
— V0,4 | 34k 344k .3-110-16k2 3+1/10—16k2
8 *» 8 ) ) 8
Y2 (1, 23 —(9/16) + 10k* — 16k*)

_ x[3—\/10—16k2]/2 F
053 \ 8-2v/10-16K2 8—4k—1/10—16k2 8+4k—1/10_16k2
8 ) 8 ) 8

pat
256 )
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y3 (1, 23 —(9/16) + 10k* — 16k*)

— p[3+VI10-16k%]/2 oF3s (HZW’SMHQW’SHHW g?;) ,
ya (p, ;—(9/16) + 10k* — 16k*)
4
— B2 [ (1+k,8+4’€\/8m,8+4’°+ﬁm g;) ;
uweC, e (0,00). (3.83)
Asymptotically,
y1 () o czB2[1 4 O(2)] + BT/ 2 In(2)[1 + O(x)].  (3.84)

Once more, as p — 0, the fundamental system of solutions of (3.58)
considerably simplifies to

(0, 50) = 29, ya(0,25¢) = 2229,
3(0,z;¢) = 2239y, (0,2;¢) = 24 ce R\{1,-9/16}, (3.85)
yi(0,231) = 2PV g (0,0:1) = 2PV 2 In(a),
ya(0,:1) = 2PHVI2 0y (0,051) = 2PV (), e=1,  (3.86)
'A% (07 €3 _9/16) /25 y3(0a € _9/16) = .133/2,
y3(0, 2; —9/16) 232 n(z), ya(0,2;-9/16) = 2BTVI/2 o= _9/16;
€ (0, 00). (3.87)
By inspection, one verifies that 74(c)y; (0, -;¢) = 0, 1 < j < 4. Alternatively,
one can apply the theory of nth-order Euler differential equations as presented,
for instance, in [6, p. 122-123].
Thus, determining whether or not Re(a;(c) > —1/2, 1 < j < 4, one
concludes that

2, if ¢>45,
#r2(ra(0)|0,0) =<4, if —(T1)/2* <c <45, (3.88)
, i e < (1) /2%

w

(Explicitly, (7!1)/24 = 105/16.)

Without going into further details we note that also the higher-order
examples n € N, n > 3, can be explicitly solved in terms generalized hyperge-
ometric functions and Meijer’s G-function (this is discussed in [14]).

4. On the Real Part of the Roots of Do, (-;¢), c € R

For n € N and ¢ € R, let Dy,(-;c¢) be the polynomial given by (3.22) and
note that all of its coefficients are real. The goal of this section is to determine
how many of the roots of Dy, (-;c) have real part > —1/2. Results of this sort
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are typically approached by using the Routh-Hurwitz criterion. We propose a
different approach here, even though Hurwitz’s ideas still play a central role.

Let us begin by fixing some notation. For ¢ € R, let the roots of Do, (-;¢) =
0 be denoted «;(c), j =1,...,2n. By the continuous dependence of the roots
of a polynomial on the coefficients (see [33, Theorem (1.4)]), we may choose
our labeling such that each «;(c) is a continuous function of ¢ and

Re(a1(c)) < Re(az(c)) < --- <Re(ap(c)) <--- < Re(az,(c)), ceR.

Note that Re(a;(0)) = «;(0) = j — 1 for j =1,...,2n. The fact that
Dy, (-;0) has 2n distinct real roots > —1/2 (4.2)

will be of crucial importance in all that follows.

Ezample 4.1. Figure 1 shows the graphs of the real parts of the roots of Dg( - ;¢)
as functions of ¢ € R. The scale for the z-axis has been chosen such that
z = "% for ¢ > 0 and = = sgn(c)|¢['/® for ¢ < 0. The dotted lines show
the graphs of the real parts of the roots of ()% — ¢ = 0 as functions of c.
One notes that these dotted lines are straight lines precisely because of our
special choice of scale for the z-axis. Furthermore, as ¢ — +oo, the graph of
each function Re(a;(c)) approaches one of these straight lines asymptotically.
One observes that for ¢ < 0, one has Re(ai(c)) = Re(az(c)) < Re(as(c)) =
Re(aa(c)) < Re(as(c)) = Re(ag(c)). Similarly, for ¢ > 0, one infers that
Re(ai(c)) < Re(az(c)) = Re(ag(c)) < Re(as(c)) = Re(as(c)) < Re(ag(c)).
As will be shown later, we have

1 2240 (214 — 7/1009
Re(ai(c)) < —- iff ¢< ( ) ~ —693.0
2 27
10395
> —— ~ 1624
or c> 6 62.4,
1 2240 (214 — 7/1009
Re(az(c)) < —3 iff ¢< ( 57 ) ~ —693.0 (4.3)
2240 (214 + 7+/1009
or c¢> ( i ) =~ 36201.2,
27
1 2240 (214 + 7/1009
Re(as()) < —5 iff ¢> ( 24; ) ~ 362012,

where the algebraic numbers on the right are roots of the quadratic equation
27¢% — 958720c — 677376000 = 0. If j € {4,5,6}, then Re(a;(c)) > —1/2 for
all c e R.

The proof of our main result, Theorem 4.5, concerning the real parts of
the roots of Day,(-;c¢), ¢ € R, will depend on three lemmas. The first lemma
states that for any ¢ € R, the polynomial Da,(-;¢) cannot have more than
two roots (counting multiplicity) having the same real part. More precisely,
we have the following result:
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Reaq;

Re ag

Re a5 = Re Qg

Reay = Reag

Reas = Reay

//, \\ N
I I T I I ~ ¢
~10000 -1000 100 -10 -1 1 T0~J00 . 1000 100%\
.7 A1-693.0,-0.5) (162.4,-0.5) AN (36201.2,-0.5) Lo
b " &

Reas = Reag

Rea; = Reap

Reay

FIGURE 1. Graphs of the real parts of the roots of Dg(-;c¢)
as functions of ¢ € R

Lemma 4.2. For j,j' € {1,2,...,2n} and c € R,
Re(a(c)) = Re(aj(c)) implies |j — j'| <1, (4.4)

Furthermore, if Re(a;(c)) = Re(ay (¢)) and |j—j'| = 1, then a(c), ajr(c) ¢ R
and oj(c) = ajr(c).

Proof. Let ¢ € R and note that
A Do(z:0) = L (Do (2:0) + (“1)"¢) = L Dyo(:0), z€C. (45)
dz 2n(%;C _dZ 2n %3 C _dZ 2n(%; V), z . .

In particular, Do, (-;c¢) and Day,(-;0) have the same critical points. By (4.2)
all of the roots of the derivative of Ds,(-;0) are real and simple,  (4.6)

and hence it follows that Ds,(-;c) does not have real roots of multiplicity
greater than two. Moreover, since ¢ € R, all roots of Da,(-;¢) are real or com-
plex conjugates. Arguing by contradiction, suppose the polynomial Da,,(-;c)
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has more than two roots (counting multiplicity) having the same real part.
Then
there exist two roots z1, 22 € C of Da,(-;c¢) such that

Re(z1) = Re(z2) and 0 < Im(z1) < Im(z3).
We now use the Grace-Heawood theorem to obtain a contradiction. More

precisely, we use the following corollary of (the proof of) the Grace-Heawood
theorem, which is stated on page 126 of [38] as a “Supplement”:

(4.7)

If z1, 29 € C are two distinct roots of a complex polynomial of degree
> 2, then neither of the two closed half-planes whose boundary is the
perpendicular bisector of the line segment [z1, 23] is devoid of any
critical points of the polynomial.

When applied to the two roots z1, 22 of Day(-;c¢) as in the claim, this leads
to a contradiction as follows. Note that the perpendicular bisector of the line
segment [z, zo] in our situation is of the form {z € C | Im(z) = yo}, where
Yo := [Im(z1) + Im(22)]/2 > 0. Now recall that by (4.6) all the critical points
of Dy, (-;c¢) are real. Thus, the closed half-plane {z € C|Im(z) > yo} would
be devoid of any critical points of Dy, (-;c). This is the desired contradiction.

O

The second lemma is concerned with the asymptotic behavior of the real
parts of the roots of Dy, (-;¢) as ¢ — +oc.

Lemma 4.3. For j € {1,2,...,2n} and c € R,

1m1Rd%@»_{_“’1<3<7’ (4.8)
c—+o0 +oo, n+1<j<2n,
and
—00, 1<53<n—-1,
lim Re(oj(c) =<n—(1/2), n<j<n+1, (4.9)
o +00, n+2<j5<2n.

Proof. For the purpose of this proof, let f(-) be the polynomial given by
f(2) == Day(z+ (n—(1/2));0), zeC. (4.10)
The half-integer n — (1/2) is the center of mass of the roots of Da,(-;0) and

hence the center of mass of the roots of f(-) is 0. In other words,
2n
if we write f(z) = Zajzj, then as,—1 = 0. (4.11)
§=0
For zp € C, it will be convenient to define polynomials f(-;z9) and g(-;z0)
by
f(z20) := f(2) — 22", g(z;20) := 2> — 22", ze€C. (4.12)
One notes that if 23" = (=1)""l¢, then f(z;20) = Dan(z — (1/2);¢) for all
z e C.
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Next, let ¢ > 0. We claim that there exists a real number R > 0 such
that if |z9| > r, then the polynomial f(-;zy) has a unique root in the open
disc U(zp;e) := {z € C||z — 29| < e}. Notice that g(-;zp) has a unique
root in U(zp;€), namely zp, as long as |zg| is sufficiently large. Thus, one
can use Rouché’s theorem as follows. Let M := max{|asn—2|,.. ., |a1], |ao|}. If
|z0] > 1+ ¢ and z € OU(zp;¢€), then 1 < |z| < |z9| + € and hence (keeping in
mind (4.11))

1 (25 20) — g(2; 20)| = |agn_22""2 + ...+ a1z + ao|
< lazn—2|l2[*" 72 + - + |asll2] + |ao|
<Mz 2+ 42|+ 1) (4.13)
< (2n—1)M|z*"2
< (2n — 1)M(|zo| +)** 2.
Furthermore, if |z9] > 1 + €, then the minimum of |g(-; zo)| on the boundary

OU (zp; €) is attained at z = (|z9| — €)20/|%0| and hence for every z € U (zp;€)
one has

l9(23 20)| = 2" = 25"| = [(20] — €)*" — [ 0]*"|

:€|(‘ZO|—6)2”*1+~~-+(‘ZO|—5)+1|. (414)

One notes that if |zg| is sufficiently large, then
el(lzol =)'+ 4 (J2o] — &) + 1] > (2n — 1)M(|20] + )" % (4.15)

since the left-hand side is a polynomial in |zg| of degree 2n — 1 (with positive
leading coefficient) and the right-hand side is a polynomial in |zg| of degree
2n — 2 (with positive leading coefficient.) Therefore, if |zo| is sufficiently large,
then
9021 20)| > [£(2520) — glz520)| for every = € OU(z032)  (4.16)

and hence, by Rouché’s theorem, f(-;z9) and g(-;29) have the same number
of roots (counted with multiplicity) in U(zo;¢). It follows that there exists
some R > 0 such that if |z9| > R, then f(-;z0) has a unique root in the open
disc U(zp;¢).

We can now complete the proof of Lemma 4.3. For ¢ € R, let the roots
of

[z—(n—(1/2))*" +(-1)"c=0, z€C, (4.17)
be denoted 3;(c), j = 1,...,2n. One can choose a labeling such that
Re(f1(c)) < Re(fa(c)) < --- < Re(Bn(c)) < --- <Re(fan(c)), ceR. (4.18)

There is a statement analogous to Lemma 4.2 for the roots 3;(c), j =1,...,2n.
In light of this, there is a “canonical” labeling for both the roots «;(c) and
Bj(c) such that if 1 < j < 2n and Re(a;(c)) = Re(aj+1(¢c)) [resp. Re(B;(c)) =
Re(3;1(c))), then Im(a;(c)) < Im(a;1()) [resp. m(3;(e)) < Im(B;11(0))].
The roots of (4.17) are trivial to determine and a straightforward (but some-
what tedious) analysis shows that the asymptotic behavior of Re(f;(c)) as
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¢ — %00 is given by (4.8) and (4.9), respectively, with «;(c) replaced by 3;(c),
j=1,2....2n.
Now for £ > 0 and |c| > 0, by the Rouché argument from above applied
to zo = Bj(c),
laj(c) — Bi(c) <e, j=1,2...,2n. (4.19)
Therefore, the asymptotic behavior of Re(5;(c)) as ¢ — +oo is given by (4.8)
and (4.9), respectively. O

Finally, the last lemma is related to the Routh—Hurwitz criterion, adapted
to our situation. This takes some preparation. For ¢ € R, one first expands
Dy (2 — (1/2);¢) as a polynomial in z,

Doy(z — (1/2);¢) = q2n2®" 4+ q2n—12"""" + -+ @12+ [qo + (=1)"c], (4.20)

and then considers the associated (2n x 2n) Hurwitz matrix,

@2n—1  q2n—3 G2n—5 "°° 0 0 0
q2n Gn-2 Qen-4 : : :
0 q2n—1 42n-3
' Q2n  q2n—2 0
Han(c):= : 0 qn qo+(—1)"c
: : 42n Q1 0
0 Q2 qo+(—1)"c
: g @ 0
0 0 U qa 92 qo+(=1)"c

(4.21)

One notes that ¢; € Q for all j € {0,1,...,2n}. Furthermore, one observes
that ¢ only occurs in the even rows. This implies that the function det (Ha, (- ))
is a polynomial of degree n with rational coefficients. By Laplace expansion
along the last column,

det (H2n(c)) = [qo + (=1)"c] hn—1(c), (4.22)

where h,,_1(-) is a polynomial of degree n — 1 with rational coefficients. There
is a simple closed expression for qg, which is reminiscent of the expression on
the right-hand side of (1.9):
(4n — 1N

22n '
Formula (4.23) is easily proved by induction using that

qo = (4.23)

2n

qo = Dan(=1/2;0) = [T1j — (1/2)]. (4.24)

j=1
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Lemma 4.4. For j € {1,2,...,2n} and ¢ € R, if Re(a;(c)) = —1/2, then
det(Han(c)) =0, (4.25)
that is,
c=(=1)""q0, or, ho_1(c) =0, (4.26)
where hy_1(-) is given by (4.22).
Proof. Note that the roots of the polynomial (4.20) are just the roots of
Doy (-5 c) shifted by 1/2, that is, roots of the polynomial (4.20) are «;(c) +

(1/2), where j € {1,2,...,2n}. It then follows from Orlando’s formula (see
13, § XV.7]) that

haoi(@) = T Alan(e) + 1/2) + g (e) + (1/2)]). (4.27)
1<j1<j2<2n

Next, let 7 € {1,2,...,2n} and ¢ € R such that Re(a;(c)) = —1/2. First

suppose «j(c) € R. Then «(c) = —1/2 and D, (—1/2;¢) = Dap(—1/2;0) +

(—1)"c = 0, which implies that ¢ = (—1)""!gy. Next, suppose that a;(c) ¢ R.

By Lemma 4.2, there exists some j'€{1,2,...,2n}, j#j’, such that a; (c)=

a;(c). Then [a(e)+(1/2)]+[ejr (¢)+(1/2)] =0 and hence h,,—1(c)=0 by (4.27).

O

We now have all the necessary ingredients to prove the main result of
this section, Theorem 4.5. In this context we will use the floor and ceiling
notation: One recalls that for n € N, [n/2]| denotes the greatest integer less
than or equal to n/2; similarly, [n/2] denotes the least integer greater than or
equal n/2. Thus, for n € N, one has

(/2] = In/2] +1=(n+1)/2 ifnisodd, (428
In/2] =n/2 if n is even.
Recalling Remark 3.3 (i), one obtains for ¢ € R, d € (0, c0),
# (72n(¢)|(0,a)) = the number of j € {1,2,...,2n} such that Re(a;(c))
> —1/2. (4.29)
Theorem 4.5. (i) For every n € N, n > 2, there exist n real constants
) <@ <o (4.30)
such that the following items (a)—(c) hold:
(a) ForceR, de (0,00), one has

n, if e>cl,
n+2(n—k), if B <e<cFY and [n/2] <k<n-1,
. k k
# (200 (0.0y) = { 21 if P <e<I™ and k= |n/2, (4.31)
n+2k+1,  if < <e<cY and1 <k < |n/2],

n+1, if CSC»(,LI).
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(b) The constant cg"/ﬂ) is given by the formula

dn — 1)
(/2D = (_qyn-1 (= D

53 (4.32)
(¢) The constants cﬁf), cg), .. cgn/ﬂfl), cﬁ”m“), e ™ are the roots of

the polynomial h,—1(+) of degree n — 1 with rational coefficients. In ad-

dition,

(n) (4n — I 1/2 n, 2n

et > BT 2°7(2/e)"n""[1 + O(1/n)]. (4.33)
(i1) For n =1 one obtains
1, if ¢>3/4,

= 4.34
# (2(9)l(0.a)) {2’ if c<3/4 (4.34)
Proof. (i) The constants cﬁﬂ), .. .,c%") will turn out to be the roots of the

polynomial det(Ha,(-)) of degree n given by (4.21). However, it is not clear,
a priori, that det(Ha,(-)) has n distinct real roots. For that reason, we will
have to define our constants differently.

Next, we recall that the polynomial Dy, (-;0) has 2n distinct real roots,
namely the nonnegative integers «;(0) = j — 1, where j € {1,2...,2n}.
In particular, Re(a;(0)) > —1/2 for all j € {1,2...,2n}. By Lemma 4.3,
if 1 < j < n—1, one has lim.._o Re(e;(c)) = —oo and hence {c <
0|Re(a;(c)) = —1/2} is nonempty by continuity; similarly, if 1 < j <n, then
lim._.o Re(ej(c)) = —oo and hence {¢ > 0|Re(ej(c)) = —1/2} is nonempty
by continuity. Now, for 1 < k < n, define
® min{c € R|Re(an—2x+1(c)) = —1/2} ifl1<k<|n/2|
ey =

" max{c € R|Re(asgk_[n/ap)-1(c)) = —1/2} if [n/2] <k <n.

(4.35)

One notes that if 1 < k < [n/2],then 1 <n—-2k+1<n-1and cgf) < 0;

similarly, if [n/2] < k <mn, then 1 < 2(k — [n/2]) —1 < n and e > 0. By
(4.1), we then obtain

(D) < e << 2D << 20 <L < ) < ()

(4.36)

Next, we use Lemma 4.2 to show that all the inequalities in (4.36) are strict.
Suppose B = Y for some 1 < k < [n/2] — 1. Then Re(an_%ﬂ(cgk))) _

Re(an_gk_l(c%k))) and since |(n—2k+1)—(n—2k—1)| = 2 > 1, this contradicts

4.4). The same argument also yields a contradiction if c;k) = cgﬁl) for some
( g y

[n/2| < k <n — 1. Therefore, all the inequalities in (4.36) are strict.

We can say a bit more about the constants cﬁ}"/ 20) and cﬁ}"/ 2J+1).
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Claim 4.6. We have
/2D < —gy <0 < go < /AT, (4.37)
where qo = D2y, (—1/2;0) as in (4.24).
By (4.36) and the discussion leading up to it, the claim follows if we show
that for ¢ € R, the polynomial Dy, (-;c) has no roots with real part equal to
—1/2 if |¢| < go. To prove the latter, we will use a simple argument due to

Tallis and Gordon [47, Theorem 1(a)]. Consider the polynomial f(-) given by
f(z) :== Dan(2 — (1/2);0), z € C. By (3.22),

f(z) = H [(z—-(1/2)) -G -1l = H - (- (1/2)], zeC.

(4.38)

Note that Da,(-;c¢) has a root with real part equal —1/2 if and only if f(-)+
(—1)"c has a root on the imaginary axis. Suppose f(ib) + (—1)"c = 0 for some
b € R. Then

2n 2n
el = If@)l =TTl -G —@/2) =[] - /2] =a, (439
j=1

j=1
which proves Claim 4.6.
Combining (4.36) and (4.37) implies

4dn — 1N '(4n)
(M > go = ¢ = : 4.40
=0 92n 94n—1T(2n) (4.40)
Stirling’s formula (see, e.g., [1, No. 6.1.37]),
T(z) _=_ (@027~ A1+0(1/2)], (4.41)
| arg(2)[<m

then yields (4.33).

By Lemma 4.4, det (Hgn ((;5[“))) = 0 for every 1 < k < n. Since the
constants ¢/ are distinct and since det(Ha,(+)) is a polynomial of degree n,
the polynomial det(Hs,(-)) does not have any other roots. Furthermore, one
of the constants ¢!’ must be equal to (=1)"1go and the other n—1 constants

must be the roots of the polynomial h,_1(-), see (4.22). If n is odd, then
(—1)""1gy = qo > 0 and it follows from (4.37) and (4.36) that D — g0
similarly, if n is even, then (—1)""1gy = —qo < 0 and it follows from (4.37)

and (4.36) that ) — g0, In either case, in light of (4.28), we have
an/z]) — (_1)n—1

n—1

qo- Thus, recalling the formula for gy from (4.23), we obtain
(4.32). This completes the proof of parts (b) and (¢) of Theorem 4.5.

Before we prove part (a), we recall that by the continuity argument given
in the first paragraph of this proof, for every 1 < j < mn — 1, there exists some
¢ < 0 such that Re(a;(c)) = —1/2. By our observations above, this ¢ must be

one of the constants ) with 1 < k < [n/2]. Similarly, for every 1 < j < n,
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there exists some ¢ > 0 such that Re(a;(c)) = —1/2 and, by our observations
above, this ¢ must be one of the constants i) with [n/2] +1<k<n.

We will now prove part (a) in the case when n is odd. Then n — 1 is even
and n—1 = 2|n/2| = 2(n—[n/2]). By Lemma 4.2 and since n—1 = 2|n/2], for
every 1 < k < |n/2], there are exactly two distinct j, 7' € {1,2...,n—1} such
that Re (aj (cﬁ,’“))) = Re (aj,(c%’“))). Furthermore, cSLLn/QJH) = cSJ”/Q” = qo
and o (cg"/ﬂ)) = —1/2 € R. By Lemma 4.2 and since n—1 = 2(n—[n/2]), for
every [n/2]+1 < k < n, there are exactly two distinct 7, j € {2,3...,n} such
that Re (aj (c%k))) = Re (aj/ (csmk))) The resulting situation is summarized in
Fig.2a. We now use Fig.2a to understand how the value of # (72,(c)|(0,4))
changes with ¢ € R. For ¢ < b, Fig.2b shows that Re(a;(c)) > —1/2 if
and only if n < j < 2n. Therefore, # (Tgn(c)ko,d)) =n+1forc< D As e
increases beyond csll), the value of # (Tgn(C)|(0,d)) jumps from n+1 to n+3 since
for cg) <c< cgf), Re(aj(c)) > —1/2 if and only if n — 2 < j < 2n (assuming
that n > 3). As ¢ increases more, the value of # (Tgn(0)|(07d)) increases by 2
each time c crosses one of the constants i) until ¢ reaches c{"/ 2“), when the
value # (Tgn(6)|(07d)) only increases by 1 from 2n — 1 to 2n. From then on, the
value of # (721(c)|(0,4)) starts decreasing by 2 each time ¢ moves beyond one of

the constants cﬁf) until, finally, ¢ passes csln), and we have # (Tgn (C)|(0,d)) =n

since for ¢ > c%"), Re(ej(c)) > —1/2 if and only if n +1 < j < 2n. The result
is the piecewise-formula for # (72,(c)|(0,4)) stated in part (a).

In the case when n is even, the argument is, mutatis mutandis, the same.
The situation is summarized in Fig.2b. The result is the same piecewise-
formula for # (72,,(c)|(0,4)) stated in part (a).

(#4) This has been discussed in Example 3.5. U

Corollary 4.7. For every n € N, there exists a positive constant ¢, € R such
that

{c eR | # (Tgn(c)|(07d)) = n} = [cp, 00), (4.42)
and thus,
Ton min(c) is self-adjoint (equivalently, T%,mm 18 essentially self—adjoint)
in L*((0,00);dx) if and only if ¢ > cy,.
(4.43)
In addition,

(4n — )N

c1 = 3/47 Cp = Cgln) > >on ., n e N7 n > 2 (444)

(see (4.30), (4.31), and (4.40)).

Put differently, Corollary 4.7 asserts there exist no “islands” (i.e., inter-
vals or its degeneration to points) of nonessential self-adjointness for 7o, (c)

|5 (0,000 T €2 n-
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Re(a;(c))
O /2D [ 2D [(n/2141) L ()
| | | | | c
R G e R
Re(an_1(¢)) ... Re(az(c)) Re(ai(c)) Re(as(c)) ... Re(an(c))
Re(an—2(c)) Re(ev (c)) Re(az(c)) Re(an—1(c))
(a) n odd
Re(a;(c))
D (/2= (/2] [ A2 (n/2042) L ()
| | | | | c
e NN N
Re(an—1(c)) ... Re(as(c)) Re(ai(c)) Re(az(c)) Re(as(c)) ... Re(an(c))
Re(an—2(c)) Re(az(c)) Re(a1(c)) Re(az(c)) Re(an-1(c))
(b) n even
FIGURE 2. The constants c%k)
We explicitly record the following exact expressions:
Cc1 = 3/47
Cy = 45,
c3 = 2240(214 4 7v1009) /27 ~ 36201.1645283357,
190309441
cqg = 2835 13711 +
{”/2625188010911 + 1805760+/—292868607
+ </2625188010911 + 1805760+ —292868607 )
1292868607 . 1 _1 [ 9v292868607
876128400 cos 1 an -1 9v/292868607
V127 3 466120
~ 117089256.9368802. (4.45)
Corollary 4.8. For every n € N and every m € {n,n+1,--- ,2n}, there exists

some ¢ € R such that # (T2n(c)|(0,0)) = m.

Proof. By Theorem 4.5, as ¢ increases from ¢ < 0 to ¢ > 0, # (Tgn(c>|(0’d))
takes on the values

n+1l,n+3,...,2n—2,2n,2n—1,2n—3,...,n+2,n, ifnisodd, (4.46)
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and
n+1,n+3,....2n—3,2n—1,2n,2n —2,...,n+2,n, ifniseven. (4.47)
In either case, # (Tgn (c)|(07d)) takes on all integer values from n to 2n. O

In particular, Corollary 4.8 proves that every possible integer in the in-
terval [n,2n] in (3.23) is attained for some ¢ € R.

Ezample 4.9. If n = 3, then qo = 10395/64 and

18 435 4881/8 0 0
—1 —505/4 —12139/16 ¢ — 10395/64 0
ha(c) =1 0 18 435 4881/8 0
0 ~1 —505/4 —12139/16 ¢ — 10395/64
0 0 18 435 4881/8
= —5832¢? 4 207083520c + 146313216000, ¢ € R. (4.48)
The roots of hy(-) are 2240 (214 + 71/1009) /27. Therefore, by Theorem 4.5
one finds
3, if 2240 (214 4 7V/1009) /27 < ¢;
5, if 10395/64 < ¢ < 2240 (214 + 71/1009) /27;
# (TG(C)|(o,d)) = )
6, if 2240 (214 — 7V/1009) /27 < ¢ < 10395/64;
4, if ¢ <2240 (214 — 7V1009) /27.
(4.49)
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Appendix A. Some Conjectures

In this section, when dealing with polynomials, we will view them as elements
in a polynomial ring as in abstract algebra. We will review some standard
notational conventions and basic results. Let X be an indeterminate (formal
symbol). We denote by Z[X] (resp. Q[X]) the ring of polynomials in the in-
determinate X with coefficients in Z (resp. Q). A polynomial f(X) € Q[X] is
called irreducible, if it has positive degree and it cannot be written as a prod-
uct f(X) = g(X)h(X), where g(X),h(X) € Q[X] are polynomials of degree
strictly less than the degree of f(X).
Conjecture A.1. Forn € N, n > 2, the polynomial
X () hn—1(X Al

In—1( )-—W n—1(X) (A1)

is a monic irreducible polynomial in Q[X] of degree n — 1 with Galois group

Sn_1. In particular, for n > 6, the constants 021)76512)7 L. cﬁ["/ﬂ‘l,cg"m“),

(n)

.., ¢y are algebraic numbers that are not expressible in radicals over Q.

Proof for n = 5. We have

g4(X) = X* — 5237598744576 X3 /5 — 3477424021724410819117056 X2 /3125
+ 2933863158888223380395161288704.X /125 (A.2)
+ 246639641224100448713004224731938816/55.

Let g4(X) := (3125)* g4(X/3125). Then g4(X) is a monic polynomial of degree
4 with integer coefficients. Reducing the coefficient of modulo 19, one obtains

g1(X) = X* +11X? + 3X? + 11X + 15 mod 19. (A.3)
It is easy to check that X* +11X34+3X2 +11X + 15 is irreducible modulo 19.
By Gauss’ lemma, it follows that g4(X) is irreducible over Q. O

Proof for n = 6. We have

g5(X) = X® — 15354318108567042605X * /729
— 333441081709503846926848000000X % /3

+ 4983404391409567436628431599042560000000 X 2
+ 8770826733513986444066497798757941248000000000000.X
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— 2088913117666248881257824386993081779822264320000000000000
(A4)

Let g5(X) = (729)° g5(X/729). Then g5(X) is a monic polynomial of
degree 5 with integer coefficients. Note that g5(X) is irreducible over Q if and
only if g5(X) is irreducible over Q. Furthermore, the Galois group of g5(X)
is isomorphic to the Galois group of g5(X). To prove the irreducibility and
to compute the Galois group, we reduce the coefficients of g5(X) modulo the
primes 23 and 109:

05(X) = X° +5X* + 11X% + 7X? + 13X + 16 mod 23, (A.5)
G5(X) = (X2 4 38X + 24)(X + 42)(X + 41)(z + 11) mod 109. (A.6)

It is easy to check that X° 4+ 5X* + 11X3 + 7X2 + 13X + 16 is irreducible
modulo 23. Therefore, the polynomial g5(X) is irreducible over Z and also over
Q by Gauss’ lemma. It also follows, by a theorem due to Dedekind (see [26,
Thm. 4.37]), that the Galois group of the polynomial g5(X) contains a 5-cycle.
Since the reduction of g5(X) modulo 109 is the product an irreducible qua-
dratic polynomial and three linear polynomials, Dedekind’s theorem implies
that the Galois group of g5(X) contains a transposition (2-cycle). A subgroup
of S5 that contains a transposition and a 5-cycle is S5. Since S5 is not a solv-
able group, Galois’ theorem, implies that g5(X) is not solvable and hence cg
cannot be written in terms of radicals. g

The same idea can be used to prove the conjecture for larger n. The
following table shows what primes are used to verify the conjecture for 4 <
n <12.

We conclude with a vexing open conjecture:

Conjecture A.2. One has (recalling Cn = c%"))
en ~ (207 /7). (A7)

and refer to [15] for numerical evidence in this context.
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