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1. Introduction

We revisit the construction of the Euclidean two-dimensional P(®) quantum
field theory model also known as the P(®)s model. The main new contribu-
tion is a simple construction of the infinite volume measure of this model using
the stochastic quantization technique and the verification of all Osterwalder—
Schrader axioms with the exception of clustering. By the Osterwalder—Schrader
reconstruction theorem [26], this yields the existence of the theory in the
Lorentzian signature that satisfies all the Wightman axioms possibly with the
exception of the uniqueness of the vacuum. Let us point out that the proof
of the invariance of the infinite volume measure under all of the Euclidean
transformations of the plane, which is one of the Osterwalder—Schrader ax-
ioms, is quite non-trivial. In fact, finite-volume measures, which are typically
introduced in the intermediate steps of the construction, are usually invariant
only under a certain subset of the Euclidean transformations. The novelty of
the approach taken in the present work is to study finite-volume P(®)s mea-
sures defined on spheres in the intermediate steps of the construction. Such
measures are invariant under the action of the three-dimensional Lie group
of the rotations of the sphere. (In contrast, measures defined on a torus are
only invariant under the action of the two-dimensional Lie group.) To prove
the Euclidean invariance of the infinite volume measure, we crucially use the
fact that the symmetry groups of the plane and the sphere have the same
dimension.

Fix n € 2Ny, n > 4, and a real polynomial
n
P(T):Zame’ TER, ao,...,an_leR, anzl/n
m=0

Let Sgr be a round two-dimensional sphere of radius R € Ny with the metric
induced from R3. The Laplace-Beltrami operator on Sy is denoted by Ag, and
the canonical Riemannian volume form on Sg is denoted by pgr. For R € N,
a probability measure ur on 2'(Sg) is defined by

pr(de) == ZLReXp <—/ A:P(o(x)): pR(dX)) vr(de), (1.1)

Sr

where A € (0,00) is the coupling constant, Zr € (0,00) is the normalization
factor, vg is the Gaussian measure on 2'(Sg) with covariance Gg = (1 —
Ag)~! and : » : denotes the Wick ordering. The measure pup is called the
P(®)2 measure on Sg. In Sect. 2, we review the construction of this measure
based on the Nelson hypercontractivity argument [24]. By construction, ug is
invariant under rotations of Sp. Let jr : R? — Sp be the parametrization of Sg
by the stereographic coordinates. By jifiitr, we denote the measure on 7' (R?)
obtained by the push-forward of ug by the pullback j% : 2'(Sg) — &/ (R?).
The main result of the paper is the following theorem.
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Theorem 1.1. The sequence of measures (Jpi1R) ReN, ON ' (R?) has a weakly
convergent subsequence. Every accumulation point pu of (7p810R) ReN,. 15 invari-
ant under the Fuclidean symmetries of the plane and reflection positive. More-
over, there exists a ball B C ./ (R?) with respect to some Schwartz semi-norm
centered at the origin such that for all f € B it holds

/ exp(6()") u(de) < 2. (12)

Remark 1.2. Any accumulation point p of (J381r)ren, is called the P(®),
measure on the plane.

Remark 1.3. The bound (1.2) implies that p is non-Gaussian as Gaussian mea-
sures do not integrate functions growing so fast. Moreover, the Osterwalder—
Schrader regularity axiom [26] is an immediate consequence of this bound.

Remark 1.4. By the above theorem, p satisfies all the Osterwalder—Schrader
axioms [26] possibly with the exception of the cluster property (the decay
of correlation functions). It is known that the P(®); measure on the plane
is unique provided A € (0, 00) is sufficiently small [16]. In general, uniqueness
does not hold and the model exhibits phase transitions [17, Ch. 16]. The cluster
property is only expected to hold in pure phases. Our construction of the P(®)s
measure does not need any smallness assumption on A\. However, it does not
give any information about the uniqueness of the infinite volume limit or the
decay of correlation functions. In what follows we set A = 1.

Proof. The existence of a weakly convergent subsequence of (jifur)ren, fol-
lows from tightness and Prokhorov’s theorem. The proof of tightness is pre-
sented in Sect. 6 and uses parabolic stochastic quantization combined with a
PDE energy estimate. The invariance of p under the Euclidean symmetries is
established in Sect. 9 and is based on the fact that for all R € N the measure
(R is invariant under the group of rotations of Sg. The proof that u is reflec-
tion positive is given in Sect. 8 and is based on the fact that for all R € N the
measure pp is reflection positive. The bound (1.2) is proved in Sect. 7 with
the use of the Hairer—Steele argument [21]. O

The P(®); model has been extensively studied in the literature and is
arguably the simplest example of an interacting QFT. The overview of vari-
ous approaches used to construct this model can be found in the books [18,28]
and the review article [29]. Since the finite-volume P(®), measure is absolutely
continuous with respect to the free field measure, the construction of the model
in finite volume is quite elementary and was given by Nelson in [11,24]. We
also mention constructions of the P(®)2 models on de Sitter spacetime, whose
Euclidean counterpart is a sphere [6,15,22]. The construction of the infinite
volume P(®)s model directly in the Lorentzian signature including the verifi-
cation of the Haag—Kastler axioms was carried out in the early 70’s by Glimm
and Jaffe [17]. The construction was later revisited in the Euclidean setting.
For A > 0 sufficiently small, a complete construction of the Euclidean P(®)
model and the verification of all of the Osterwalder—Schrader axioms includ-
ing exponential decay of correlations was given in [16] (see also [17,18]) using
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the cluster expansion technique. Let us also mention an alternative technique
based on the correlation equalities that works for all A positive and polynomi-
als P(7) = Q(7) —h 7 such that @ is an even polynomial and h € R, which was
originally developed in [20] (see also [18,28]). We stress that the method of
our paper works for all A positive and all polynomials P bounded from below.
In order to control the infinite volume limit we have to prove certain bounds
for moments of the regularized measures uniform in both the ultraviolet and
infrared cutoffs. To this end, we use the parabolic stochastic quantization and
the energy method. Let us note that a similar approach has already been used,
for example, in [1,2,19] to construct the ®3 model. The analysis of the above-
mentioned references can be trivially adapted to the case of the much simpler
P(®)2 model. Let us point out that in [19] the infinite volume measure is
constructed as a limit of a sequence of measures defined on tori of increasing
size. The symmetry group of the torus consists of translations, reflections and
rotations by a multiple of 7/2, and it is easy to prove that the infinite volume
measure also has these symmetries. However, it is not clear whether it is invari-
ant under all rotations. In the construction of [2], an infrared cutoff preserving
the rotational invariance was used. The rotational invariance of the infinite
volume limit is then obvious. However, the translational invariance is far from
clear as it is explicitly broken by the infrared cutoff. In [1], infinite volume limit
was not investigated. In the present work, we study P(®); measures defined
on spheres of increasing radius. In order to show the invariance of the infinite
volume P(®), measure under all Euclidean transformations, we take advan-
tage of the fact that the symmetry groups of the plane and the sphere have
the same dimension. We remark that using the strategy of this paper it should
also be possible to construct the infinite volume ®3 measure and prove its in-
variance under all Euclidean transformations of R? by appropriately adapting
the analysis of [2,19].

The plan of the paper is as follows: In Sect. 2, we introduce the P(®)
measure (i y on the sphere Sp with a certain UV cutoff N € N, in the fre-
quency space and prove the convergence of g n as N — oo to the measure
g formally given by Eq. (1.1). We also investigate a certain auxiliary measure
,u% n» Which coincides with ugr ny when g = 0. The auxiliary measure p%y N 18
used in Sect. 7 to prove the bound (1.2). In Sect. 3, we study the stochastic
quantization equation of the measure p%y N+ We also introduce a related sto-
chastic PDE obtained with the use of the so-called Da Prato—Debussche trick
that, in contrast to the former SPDE, is well defined in the limit N — occ. In
Sect. 5, we apply the energy technique to prove a certain a priori bound for the
latter SPDE. The a priori bound is uniform in both the radius of the sphere R
and the UV cutoff N and is the main ingredient in the proof of the existence
of the infinite volume limit of the measures up, which is presented in Sect. 6.
In order to make sense of the infinite volume limit, we have to first identify
the measure pg on 2’'(Sg) with a certain measure on .#/(R?). To this end, we
use the stereographic projection of the sphere S onto the plane R? whose def-
inition is recalled in Sect. 4. Section 8 is devoted to the proof of the reflection
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positivity. In Sect. 9, we show that an infinite volume P(®), measure is invari-
ant under translations and rotations. The proof relies on the invariance of the
finite volume measure g on 2’'(Sg) under all rotations of the sphere S and
some elementary properties of the stereographic projection. More specifically,
we use the observation that if the radius R of the sphere is very big, then the
Euclidean transformations of the plane are well approximated by appropri-
ately chosen rotations of the sphere. In Appendix A, we recall the definitions
and collect useful facts about various function spaces used in the paper. Ap-
pendix B contains some auxiliary results. In Appendix C, we prove uniform
bounds for moments of norms of Wick polynomials of regularized free fields.

2. Ultraviolet Limit

In this section we recall the construction of the P(®)2 measure on Si based
on the Nelson hypercontractivity estimate [24]. We first introduce the measures
(1r,N)Nen, with the UV regularization and show that the limit imy_.o ptr, v =
1R exists in the sense of weak convergence of measures. For R, N € N, we
define the bounded operators Ggr, Kg n @ L2(Sr) — L2(Sgr),

GR = (].—AR)717 KR,N = (1—AR/N2)71

and a probability measure on 2’(Sg)

e (46) = 52— exp (= [ P600) e ) or(a)) v (o),

)

where vg n is the Gaussian measure on 2’(Sg) with covariance Gpy :=
Kr NGRKR,N,

CR,N = / (b(X)2 VR,N<d¢) = TI'(KR)NGRKR’N)/ZLTFRQ (21)
2'(Sr)

is the so-called counterterm and

- gk (=1)*m! K 2k
P(T,C) = Zam Z mCT 5 T,CGR.
m=0 k=0

Note that by Lemma B.1 there exists C' € (0,00) such that for all N, R € N,
it holds

lecr,n —1/2m log N| < C. (2.2)

Observe also that P(¢(x),cr,n) is obtained by Wick ordering P(¢(x)) with
respect to the regularized measure vg y. Accordingly, the sum over £ in the
definition of P(7,c¢) amounts for ¢ > 0 to 7 + ¢™/?H,,(7/c'/?), where H,,,
m € Ny, are the Hermite polynomials, cf. Appendix C.

Actually, in order to establish the bound (1.2) we will study a more
general class of probability measures

11k v (dg) == 77, O (0(9)" /1) pr,N (d), (2.3)
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with g € C*°(Sg) such that

19IIZ,. sy sm) < 1/2, 1ARIIT, iy sm) < 1/2- (2.4)

The usefulness of the measure ,u% N comes from Lemma, 7.2, which says that in
order to show the bound (1.2) it is sufficient to prove a certain uniform bound
for some finite moment of the measure H?z, n- In Lemma, 2.1, we show that the
measure ,u%) n is well defined. Proposition 2.7 implies in particular that for
every R € N, the sequence of measures (u%v ~N)Nen, converges weakly to a
measure denoted by p%. If g = 0, then u% coincides with the P(®), measure
on Sg, which is denoted by pgr. Moreover, the measures p% and pp are related
by a formula analogous to (2.3).

Lemma 2.1. For all R,N € Ny and g € C*(Sg) such that ||g||7£n/(n71)(SR) <

1/2 the measure M?%,N is well-defined and both vr N and ,w}’%,N are concentrated
on LA(Sg) C 2'(Sg).

Remark 2.2. We identify implicitly a function ¢ € L;(Sg) with a distribution
¢ € 2'(Sg) defined by ¢(f) = (g, f) =[5, () f(x) pr(dx).

Proof. By Lemma C.6, the measure v n is concentrated on L3(Sg). By the
Sobolev embedding Li(Sg) C L, (Sg) stated in Lemma A.9, the bound ¢(g)" /n
< l9ll7, sp)/2n and the boundedness from below of the polynomial 7 —
P(r,cp,n) — 7"/2n the function

USx  Lu(Sk) 3 6 exp <i¢(g)" - /S P(6(x), crv) pR(dX)> € (0,0)

is bounded and continuous. Moreover, Zr v 27, x = |U% y L1 (27 Sr)wrn) = 1
by the Jensen inequality and Lemma C.1. This proves the claims about the
measure py - O

Definition 2.3. We define Xi to be the Gaussian random variable valued in
2'(Sr) with mean zero and covariance Gr. We set X v := Kr nXR,

im: S (=1)*m! k 2k
Xpn(x) = Z m(%w) Xpn (x),
P k!
Xi'n(h) = : X' (%) h(x) pr(dx),
R
YR,N = Z amX}gL]:V(lgR),
m=0

Vi n =YrN — Xrn(9)"/n,

where h € Loo(Sg) and 15 denotes the characteristic function of the set B C
Sk.
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Remark 2.4. By Lemma C.6, it holds Xg y € L3(Sg) C L,(Sg) almost surely.
In particular, Y}%, n is well-defined. Moreover, for positive measurable F' we
have
EF(XR N) exp(—YIg N)
F 9 v(do) = . :
/ (¢) :U/R,N( (b) Eexp(_Y}%N)

Lemma 2.5. Let X be a real-valued random variable such that X > 0. Suppose
that the function F : [0,00) — [0,00) is continuously differentiable and such
that F(0) =0 and F' > 0. Then it holds

EF(X)= /OC><> P(X > t) F'(t) dt.

Lemma 2.6. There exists A € (0,00) depending only on the coefficients of
the polynomial T — P(7) such that for all 7 € R and ¢ € (1,00) it holds
P(1,¢) > 7"/2n — Ac™/?,

Proof. By the Young inequality for allm € {0,1,...,n—1}, k € {0,1,..., [ ]},
a € Rand 0 € (0,1) there exists C' € (0,00) such that for all ¢ € (1,00) and
7 € R it holds

atm ek > 5 Ot
To conclude, we apply the above bound to all terms of the polynomial P(7,¢)
but the term 7" /n and choose ¢ € (0, 1) sufficiently small. O

Proposition 2.7. Let R € Ny and g € C*(Sg) satisfy the bounds (2.4). There
exist random variables Xr € 2'(Sg), see Definition 2.3, and Y = Yg —
Xgr(9)"/n € R such that Eexp(—Y}{) < oo and for all bounded and continuous
F: 2'(Sg) — R and p € (0,00) it holds
Jim EF(Xp ) exp(=p Y ) = BF(Xg) exp(—pYi)-

Proof. By Vitali’s theorem it suffices to establish that (F(Xgn)
exp(—p Y3 y))Nen, converges in probability to F(Xg)exp(—pY}) and is uni-
formly integrable. The convergence in probability follows from Lemmas C.7

and C.8. To show uniform integrability, it is enough to demonstrate that
(Eexp(—pY3 y))Nen, is bounded for all p € (0,00). By Lemma 2.5, we have

Eexp(—pY}%N) <1+ E(exp(—p (Y}g)N A0))—1)
=1 +/0 P(—p (Y x N O) > t) exp(t) dt (2.5)

=1 +/ P(—pYg y > t) exp(t)dt.
0
By Lemma 2.6 for every R E N+, there exists A € (0, c0) such that for all M €
N, it holds Y, R M 2 —AcY R, M Consequently, by adding the latter inequality

to =Yy > 24 cR M, for every R € N there exist ¢, C' € (0,00) such that for
all NV, M e Ny it holds

P(_Y}g,N > 2A CZ{JZVI) < P(|ng N Ylg ul > Acn/z
< exp(—ccr,m A2/n pg1/n? )Eexp(ch/" |Y1§7N - Y}‘%MP/") <C exp(—Ml/"z)7
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where the last bound follows from Lemmas C.7 and C.8, the Nelson hyper-
contractivity estimate stated in Lemma C.2 and the estimate (2.2) for the
counterterm cg ps. As a result, by the bound (2.2) for every R € Ni and
p € (0,00) there exist ¢, C' € (0,00) such that for all N € N and ¢ € [0, 00) it
holds

P(—pY3 y > 1) < C exp(— exp(ct?/™)).

The above bound together with Eq. (2.5) imply that (F(Xr,n)exp(-p Y3 y))Neav,
is uniformly integrable. This finishes the proof. O

3. Stochastic Quantization

In order to show the existence of the infinite volume limit of the P(®)s model
and prove the bound (1.2), we have to establish appropriate bounds for mo-
ments of the regularized measure p%, 5 uniform in R, N € N,. To this end, we
shall use the so-called parabolic stochastic quantization technique. We study
a certain stochastic process evolving in fictitious time whose stationary dis-
tribution coincides with the Euclidean QFT measure. The process satisfies
a nonlinear stochastic PDE that is called the stochastic quantization equa-
tion. More specifically, to prove desired uniform bounds we apply the energy
method, which relies on testing the equation by the solution itself and estimat-
ing the terms that are not positive. Because of the UV problem, the stochastic
quantization equation of the measure u%, ~» that is Eq. (3.2), becomes singu-
lar in the limit N — oo. For this reason, we cannot apply the energy method
directly to Eq. (3.2). We use the so-called Da Prato-Debussche trick that is
based on the observation that the most singular part of the solution @%ﬂ N
of Eq. (3.2) coincides with the solution Zp n of the stochastic quantization
equation of the Gaussian measure vp n, that is Eq. (3.1). It turns out that
Eq. (3.5), which is satisfied by the process ¥}, y := % v — Zg N, is not sin-
gular in the limit N — oo. The application of the energy method to Eq. (3.5)
is the subject of Sect. 5.

Definition 3.1. For R € [1,00), we define (Wg(t, *)):c[0,00) to be the cylindrical
Wiener process on Ly (Sg), see [10, p. 53].

Definition 3.2. For R, N € [1,00), we set Qr n := (1 — Ag)(1 — Ag/N?)2.
We study the following stochastic ODEs, which coincide with the sto-
chastic quantization equations of the measures vr y and /ﬁ%’ N Tespectively:
dZp,n(t,*) = V2dWr(t, +) = Qr.nZrn(t, +) dt, (3.1)
d®Y, n(t,+) = V2dWk(t, *) — Qr NPy (t, +) dt
—P/ (@ (b, ) crn) dE+ (D y(t9))" gdt,  (3.2)

where P'(7,¢) := 0, P(r, ¢). The unique mild solution Zr ny € C([0,00), L1(Sr))
of Eq. (3.1) with the initial condition

Zpn(0,%) = zr N € L3(Sg)
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is given by
t
Zpn(t, ) = e_tQR’NZR,N +/ e~ (t=5)Qr N \/idWR(S, ‘) (3.3)
0

fort € [0, 00), see, e.g., [10, Sec. 5.2]. By definition the mild solution of Eq. (3.2)
with the initial condition

q’%{,N(Oa ) = ?%,N € Ly(Sr)

is the stochastic process % y € C([0,00), L3(Sg)) such that for all ¢ € [0, 00)
it holds

t
DY (t,e) =e19mN Y+ / e (m9QrN (V2 dWi(s, +)
0

_Pl(éf’]%,N(& ')a CR,N)dS + (Q?%,N(Sv g)>n—1g dS) : (34)
The mild solution ¢%  exists and is unique, cf. [10, Sect. 5.5].

Definition 3.3. The stochastic processes Zpr n, @%J\, € ([0, 00),
Li(Sg)) are the unique solutions of Eq. (3.3) and Eq. (3.4), respectively, with
random initial data zr y and qb%’ N respectively, such that zg y and ¢%, N are
independent of (Wr(t, +))tc(o,00) and Law (2g N, ¢ y) = VRN X i 5+ We also
define the process

W =By — Zny € C([0,00), L(Sn)).

Remark 3.4. The processes Zp n,P% n, Vi n € C([0,00), L5(Sg)) are well-
defined because the measures vg y and ,u% ~ are concentrated on L3(Sg).

The following lemma expresses the fact that the measures vr x and ,u%,q N
are invariant for Eq. (3.3) and Eq. (3.4), respectively.

Lemma 3.5. For allt € [0,00), it holds
Law(Zr,n(t,*)) = VRN, LaW(SP%N(t, +)) = /‘g%,N'
Proof. See [10, Sec. 8.6]. O
Lemma 3.6. It holds
v v € C((0,00), Ly(Sr)) N C((0,00), L3(Sk)) N C((0,00), Ly *(Sr))
and the following equality
Ok Ny = —QrNYE n — P'(Wh N + ZrN,cron) + (Wh n + ZrN)(,9)" g

(3.5)

is satisfied in C((0,00), Ly *(Sr)).

Proof. We first note that

U n(te) = e "N (0% v — 2rw)

- /O em (7 dmw (Pl(@}]%,N(S? *)s CR,N) - (@?%,N(S’ g))n_lg(°)> ds.
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It holds ¢% y—2r.~n € L3(Sgr) and P'(®%, y, cr.n) € C([0,00), La(Sgr)) almost
surely by Lemma A.9. The statement follows from the regularizing properties
of the semigroup (e™"@RN )10 o). O

Definition 3.7. For [ € {0,...,n —2} and m € {l,...,n — 1}, we define
Al 2= —Qmg1 (M4 D)1/ (m = DL,

where (@m)me(1,...,n} are the coefficients of the polynomial P(7).

,,,,,

Definition 3.8. By definition Z}%N :=1and forme{l,...,n—1}

m: g (=1)Fm! k ym—2k
2N = D G Cno) 2R
Note that it holds
n—2n—1
P'(W, y + Zrn,crn) = (T y N ama ZE @)
=0 m=l

where P’(1,¢) := 0, P(t,¢). Consequently, Eq. (3.5) can be rewritten in the
form
(O + Qr.N)Ph N + (%%,N)n_l

n—2n—1

=D D ama ZEN (W) + (P + Zrv)(+,9))" 9 (3.6)
=0 m=l

4. Stereographic Projection
Definition 4.1. For R € [1,00), we define
Sk = {x = (x1,%2,%3) € R¥|x? +x% +x2 = R?}.

For R € [1,00) and x,y € Sg we denote by dr(x,y) the length of the shortest
curve in Sg C R? connecting x and y. For R € [1,00) we denote by pr the
rotationally invariant measure on S normalized such that pr(Sg) = 47 R2.
For R € [1,00) we denote by Ar the Laplace-Beltrami operator on Sg. We
denote by A the Laplace operator on R2.

Definition 4.2. For R € [1,00), the map jg : R? — Sg \ {(0,0,R)} C R3 is
defined by (cf. Fig 1)

R (4Rx1,4Rxo, 23 + 23 — 4R?)

AR? + x3 + a3 ’
We call (z1,72) = 2 € R? the stereographic coordinates of x € Sg\ {(0,0, R)}.
We denote by % the pullback by 7z and set wr(z) := 16R*/(4R? + 22 + 23)%.

JR(3617332) =X= (XI,X27X3) =

Remark 4.3. If f € C(Sgr), then 75f = fojyr € C(R?). Note that for f €
C2°(IR?) the function foy,' € Co(Sk\{(0,0, R)}) has unique smooth extension
to Sg. If € 2'(Sg), then 756 € .7/ (R?) is defined by (750, f) := (¢, (wi' f)o
g5') for all f € C°(R?).
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(xl) XQ} 'R)

FIGURE 1. Stereographic projection

Remark 4.4. In what follows, the function wg will play a prominent role. Note
that the measure pg and the Laplace—Beltrami operator A on Sg written in
the stereographic coordinates take the following forms wg(z) dz and wj' (z)A.
More precisely, the following identities

£(x) pr(dx) = / Sf@ wr(e)de,  JhAR = wil AL
Sr R2

are true.

5. A Priori Bound
Note that Eq. (3.6) takes the following form in the stereographic coordinates
@+ (1 —wg' (@) A) (1 — wg' (@) A/N?)?)Jp¥E n (8 ) + (JRPE n (8 2)"
n—2n—1

=3 > ama I ZE N (6 x) R Nt @)
=0 m=l

+RWE N+ ZrN)(t wRIRY)"  IRg(). (5.1)
In this section, we prove an a priori bound by multiplying both sides of the
above equation by vr, ]}‘%%g%’ N» Where vy is a suitable weight, and integrating

over R?. The bound is stated in the proposition below and is used in the next
section to prove the existence of the infinite volume limit.

Definition 5.1. Let v, := ;> w}, where L € [1,00) is fixed as in Lemma 5.4.

Remark 5.2. The precise choice of the weight vy is not of much importance.
It is convenient to use a weight that decays polynomially and express it in
terms of the function wg introduced in Definition 4.2. The prefactor ﬁ
guarantees that the L;(R?) norm of the weight is bounded by 1 and the decay
rate is chosen so that the estimate stated in Remark 5.5 is true.
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Proposition 5.3. There ezist k € (0,00), C' € (0,00), p € [1,00) and a ball
B C Z(R?) with respect to some Schwartz semi-norm centered at the origin
such that for allt € (0,00) and R, N € Ny, R > L, as well as all g € C*°(Sg),
wWRrIRY € B, it holds

8Ou e (I, o o) + 13RI i,
n—1
<CZHJRZRN( )Hp " (R2,01/7)’
k=0

Proof. After multiplying both sides of Eq. (5.1) by vr)z%% v, integrating over
space and applying Lemma 5.4 and Remark 5.5, we obtain

1/2 0l n (£ 2117 2202y F L2 IVIRYE N (1, ')lliz(RQ,Uim)

1 2
+1/8 l7r¥% N (¢, )HLL(RQ,vi/") < Rﬁz,) (t )+R( ) (1),

where
n—2n—1
1 *
RN = 303 [ s @) shZis " (60) il () o,
=0 m=I1

2 * n— * *
RN () = (GiPh x + Zran) (b wisig))" ™ (Grlh ) (8 0L779)-
By Lemma A.8 for every 6; € (0, 1), there exists C; € (0,00) such that

n—1
1)
Rin (O] < Co 3 W Ziinc(t o)l g o
k=0

+01 [ VarPR v ()7 @20ty T OUIIRY R N (6 T o

where &k = 0 term of the sum above is a constant. Furthermore, by Holder’s
inequality and elementary estimates there exists Cy € (0, 00) such that for all
d2 € (0,1) it holds

2
RN O] < C2 03 15 v ()} a1y + C2 08 T ZaN ] e g )

provided

7Ui/n)a

—1 —1
oS g0l @y V 0z wrIRI L 2

R2) S 62.

-1
Vlvy, /anJ*Rg| L 1y

We choose 61,02 such that 61 < 1/2 and 01 + C5 6% < 1/16. This finishes the
proof. O
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Lemma 5.4. There exists L € [1,00) such that for all R € [L,00) it holds

(4) <\IlvUL(_wlglA)\II)Lg(RQ)21/2HV\IJHiZ(Rz‘wglﬂvi/?)_1/8”\11H2Lz(R2Yw};1/2vi/2);
(B) <lI/’UL(7wI_%1A)2\I’>L2(]R2)21/2||A\P||12(R2,w§1vi/2)71/8||\P||12(R2,w§lv}/2)!
(C) <\IJ,'UL(fw}_zlA)S\IOLQ(R?)Zl/QHVA\I’HzLQ(RQ,wEs/zvi/z)71/8”\11”12(]]%2Yw§3/2vi/2)-

Proof. There exists C' € (0,00) such that for all L € [1,00), R € [L,00) it
holds

Vw,'?| < Cwy'?/L,  [Vu)?| < Cv/?/L.

2
LQ(RQ,wgl/Qviﬂ)
applying the Leibniz rule and the Young inequality. Estimates (B) and (C) are
obtained analogously, with the help of the following auxiliary inequalities

This gives readily (A) by integrating by parts in H%WH and

NAVIIE: 2 2
||V\II||L2(R2,w;{1v}/2) S 2“A\I/||L2(R2,wgl’l)i/2) + 2||\I’||L2(R27wglvi/2)7
o0 |12 2
||V\II||L2(R2,UJE3/2'U£/2) + HA\I}||L2(R2,UII_33/2U£/2)

SAIVAT|? oo sre e 4T
R L

2 2
Lo(R2,w La(R2,wi? ?v}/?)

valid for sufficiently big L € [1,00) and all R € [L,00). The latter inequalities
are proven by the same token as (A). O

Remark 5.5. For all L € [1,00), R € [L,00) and p € {1,2,3}, it holds

—p/2 (n—2)/2n
) < g oy

||\I/||L2(R2,w§p/2vi/2 120 noy (B2)

H\IJHL,L(RQ,U;/") S”\IIHL,L(R?,Q/")'

6. Tightness

Proposition 6.1. Let k € (0,00). There exists a ball B C . (R?) with respect
to some Schwartz semi-norm centered at the origin and a constant C' € (0, 00)
such that for all R € Ny, R> L, N € Ny and all g € C*(Sg), wripg € B,
it holds

J 15RO g e 106) < €.
Remark 6.2. By Proposition 2.7 with F' =1 and Lemma C.10, we obtain
J 1R e oy 5(09) = i [0l e (00) < C.

By Theorem A.5 (C), the embedding L.~ (R?, vi/n) — L2%(R2, vi/n) is com-
pact. As a result, by Lemma B.4 the sequence of measures (jifir)ren, on

L;2%(R?, vi/ ") is tight and by Prokhorov’s theorem it has a weakly convergent
subsequence.
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Proof. Recall from Lemma 3.5 that Law (9% y(t,+)) = pr n for all ¢ € [0,00).
Hence,

J 1501 gy 1 (40) = BN (1)

Since Law(Xp n) = Law(Zg n(t,¢)) for all ¢t € [0,00) by Lemma C.10 and
Proposition 5.3 we have

SOE i ()2 g ey + Bl () ) < C
for some constant C; € (0,00) 1ndependent of g, R, N and t. The above in-
equality implies that for all T € (0, 00) it holds
1 [T
o RN U

8 i« 8 i
<Ci— *EH]R‘II‘?{,N(Z .)||i2(R27U}‘/2) + fEH]R‘II%,N(Oa ')HQLQ(R%@“)

CRN

<Ci+

where

Cr. = 8E[yr¥% (0 < BE[UE N (0, +)lI7,s,) <

’.)”L (R2, 1/2) =

for every R, N € N, and R > L. Using the fact that ]}‘%@%’N and yLZgr, N are
stationary in time one deduces that

* n 1 r *
EHJR@%,N(Ov')||L;»(R27vi/n):f/o E”]RQS?-?,, (t, )|| *(R?, 1/n)dt

< CEIRZn 0,7 g i)

T
C
| Bl (g

where ¢ = 2"71. By Lemma C.10, there exists Cy € (0,00) such that for all
R,N € N, it holds

Ell7rZr.N(0, )17 - < C,.

27 (R20p/™)

Combining the bounds proved above, we obtain

. 59 N cCrN
EH]R@RN(O’ )||L;~(R2,vi/n) S CCI + CCQ + T

for all T' € (0,00). Choosing T' = Cr,n concludes the proof. O

7. Integrability

Proposition 7.1. There exists a ball B C . (R?) with respect to some Schwartz
semi-norm centered at the origin such that for all f € B the bound (1.2) holds
true.
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Proof. Tt follows from properties of the stereographic coordinates that for all
[ € Z(R?) and R € N there exists gg € C*°(Sg) such that wryjg9r = f. Let
B be contained in the ball from the statement of Proposition 6.1 and suppose
that f € B. Note that for arbitrary ¢ € 2'(Sg) it holds

¢(9r) = (1rO) (WRIRIR) = (95:¢)(f)- (7.1)
Then by Lemma 7.2 it holds

[0 Glan) /) nn(a) < exp (& [ oton utintas)).

Note that the expression on the LHS is integrable by Lemma 2.1. The iden-
tity (7.1), Holder’s inequality and Proposition 6.1 yield

A =1
/¢ 9r)" nan(dd) < Clvy /an]*RgRHz??/m—U(Rz)

A —— T
<C ||UL wRJRgR||LZ/(n71)(R2)

for some constants C',C' € (0,00) independent of R, N and gg. Choosing the
ball B so that ||v’1/"f||’£~ @ S n/2C for all f € B by the above in-

equalities and Proposition 2 7 we obtain

[ e (o) /) ntds) = Jim_ [ exp (6lgn)" /) unx (d0) < 2

This concludes the proof. ]
Lemma 7.2 [5, Lemma A.7]. Let (0, F, ) be a probability space, F': QO — R
be a measurable function such that exp(F) € L1(Q, 1) and
exp(F(¢
() v S u(d0)
J exp(F(¢)) p(de)

It holds
[ e(FE@) (o) < exp ( [ o uF(d¢)> .

8. Reflection Positivity

In this section, in Proposition 8.5, we establish the reflection positivity of every
accumulation point of the sequence (jj81r)ren, of measures on .’(R?). To
this end, we leverage the fact that the finite volume measure pur on 2’(Sg) is
reflection positive.

Definition 8.1. For all R, N € [1,00) we set
SIZS,N = {(Xl,Xg,X;g) S SR| +x; > 1/N}, SR,N = SE,N US;C,N

Sﬁ = UNE[LOO)SIZE,N'
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Definition 8.2. Let R € [1,00). A functional F' : 2'(Sg) — C is called cylin-
drical iff there exists k € Ny, G € C°(RF) and f; € C2(Sg) := C*(Sgr),
1e{l,...,k}, such that

F(¢) = G(¢(f1),-- -, o(fk))- (8.1)

The algebra of cylindrical functions is denoted by Fg. The subalgebras of Fr
consisting of functionals of the form (8.1) with supp f; C S}iz, le{l,... k},
or such that supp f; C SEN, l € {1,...,k}, are denoted by .7:1% and ]—"ﬁN,
respectively. The definitions of F and F* are analogous to the definitions of
Fr and ]-}t with Sg and Sﬁ replaced by R? and the half-plane {(x,75) €
R?| + 21 > 0}, respectively.

Definition 8.3. Let R € [1,00). For f € C°°(Sg), we define Orf € C™(Sg)
by the formula (O f)(x1,%2,x3) := f(—x1,X2,x3). For ¢ € 2'(Sg), we define
Or¢ € 2'(Sg) by the formula (Ore, f) := (¢,Orf) for all f € C>*(Sg).
For f € C*(R?), we define Of € C°°(R?) by the formula (©f)(x1,x2) :=
f(—z1,29). For ¢ € .7"(R?), we define O¢ € .#'(R?) by the formula (0¢, f) :=
(¢,0f) for all f € .#(R?).

Remark 8.4. Note that y5;,0r¢ = ©75¢ for all ¢ € Z'(Sg).

Proposition 8.5. Let i1 be a weak limit of a subsequence of the sequence of mea-
sures (Jptpr)ren, on . (R?). For all F € F* it holds [ F(0¢)F(¢) p(dp) >
0.

Proof. 1t is enough to prove that
/ FOF (&) (Jptur) (d6) = / FO70)F (/10) 1r(d9)

- / FUROROF (/) pn(dd) > 0

for all R € Ny and F € F*. By Definition 8.2 and Remark 4.3 for every
F € F* it holds F o g5 € F4. Hence, the last bound above follows from the
reflection positivity of the measure pg. O

For completeness, we prove below the reflection positivity of the mea-
sure up on 2'(Sg), which is stated in Lemma 8.12 (D). Note that the UV
cutoff in the definition of the measures pg n, introduced in Sect. 2, breaks
the reflection positivity, cf. [3]. For this reason, in this section we work with
a different UV cutoff. We introduce a free field X r,Ny with a UV cutoff that
preserves the reflection positivity, see Lemma 8.12 (B), and show that the
measure g can be approximated, see Lemma 8.11 and Eq. (8.2), by measures
with a UV cutoff that are reflection positive, see Lemma 8.12 (C).

Definition 8.6. Fix h € C°°(R) such that supph C (=1,1),h=1on[-1/2,1/2]
and 27rfooo h(#)6do = 1. For R,N € Ny the operator Kgn : La2(Sg) —
Ls(Sg) is defined by its integral kernel

K n(x,y) = N*h(N dg(x,y))-
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Remark 8.7. Note that formally for R = co we have Sz = R? and dr(x,y) =
x — y| as well as [y, Koo n(z,y) dy = 27 [7° h(0) 0d0 = 1.

Definition 8.8. Let ¢p n := Tr(IA(R,NGRIA{R’N)/MrRQ. By definition XR,N =
Kr nXR,

R [m/2] (—l)km' D ok
m:o, I S N X m—
Lien = kzzo (m — k) Rie RN X
X (h) = : X (%) h(x) pr(dx),
R
YR,N = Z amX}g,L]:V(]-SR)v
m=0
Yiy=> amX;%(lgh),
m=0

Y/R,N = i/}{N “l’}}]{]\]ﬂ
where h € Lo(Sg) and 15 denotes the characteristic function of the set B.

Remark 8.9. Note that XR,N introduced above and Xp n introduced in Def-
inition 2.3 are free fields on Si with different UV cutoffs. We use the same
symbol N € N, to denote both cutoffs.

Remark 8.10. By Lemma C.6, it holds Xpy € Li(Sg) C L.(Sg) almost
surely. In particular, YR} N, f/R, ~ are well-defined. Moreover, there exists C €
(0,00) such that for all N, R € Ny it holds |égr,ny — 1/27m log N| < C by the
bound (2.2) and Remark C.5.

Lemma 8.11. For all R € Ny and all bounded and continuous F : 9'(Sg) —
R, it holds

Nlim EF(XR’N) exp(fYR,N) = th ]EF(XR,N) exp(fYRyN).

Proof. The proof follows the strategy of the proof of Proposition 2.7. By Lem-
mas C.7 and C.8, the sequences (F(Xp n) exp(—Y/RJ\;))NGNJr and (F'(Xg,~)
exp(—Yg,N))nen, converge in probability to F'(Xr)exp(—Yr). To conclude,
we show that the above-mentioned sequences are uniformly integrable by re-
peating verbatim the argument from the proof of Proposition 2.7. O

Lemma 8.12. The following statements hold true for all R, N € N,:
(A) If F € T}, then EF(OpXRg)F(XR) > 0.
(B) If F € F}} y, then EF(©r X n)F(Xgn) > 0.

(C) IfF S f;{N, then EF(@RXR7N)F(XR’N) exp(—?R,N) > 0.
(D) For all F € Ff; it holds [ F(©re)F(¢) ur(de) > 0.



P. Duch et al. Ann. Henri Poincaré

Proof. For the proof of Item (A) see [12, Theorem 2]. To prove Item (B),
observe that

EF(OrXrN)F(XpN)=EF(Kpn(OrXp))F(KrnXr),

where we have used the fact that @RIA(R,NXR = KR,NGRXR. By the support
property of the kernel IA{RJ\/(X, y) if F € .7:11;1\,, then the functional ¢ —

F(K r,N®) belongs to F;;. Consequently, the statement follows from Item (A).
To prove Item (C), note that

EF(@RXR,N)F(XR,N) exp(—f’R’N)
=EF(OrXR,N)exp(—Yg x)F(Xpn) exp(—Y7 y).
Denote H()A(RN) = F()A(RJV) exp(—f/g:N). It holds

EF(@RXRJ\])F(XR,N) eXp(—Y/RJv) = ]EH(G)RXR,N)H(XR,N)-
The RHS of the above equality can be approximated by a similar expression
with H replaced by some functional belonging to .7-";3" ~- As a result, Item (C)
follows from Item (B). Let us turn to the proof of Item (D). First note that
for any F' € .7-';{ there exists M € N, such that F' € }}L’M. Hence, it suffices
to show that [ F(©rd)F(¢) ur(dg) > 0 for all R, M € Ny and F € Ff .
To establish this claim, we note that by Lemma 8.11

/ F(Or)F(¢) pr(dg) = lim EF(©rX5x)F(Xn.x) exp(~Yrx) (8.2)

0 E exp(fYR,N)
and use Item (C) together with the fact that fE,M C ]—“EN forall N > M.
O

9. Euclidean Invariance

In this section, we establish the invariance under the Euclidean transformations
of the plane of every accumulation point u of the sequence (581r)ren, of
measures on .'(R?). We use the fact that for every R € N the measure ur
is invariant under the rotations of the sphere Si. The proof of the rotational
invariance of p is straightforward as the rotations Ry , of the sphere Sy around
the x3 axis are mapped under the stereographic projection to the rotations
R, of the plane R? around the origin. Hence, for every R € R, the measure
JRiur on ' (R?) is invariant under the rotations around the origin and the
same is true for every accumulation point u. The proof of the translational
invariance of p is more complicated. There is no rotation of the sphere Sg
that is mapped under the stereographic projection to the translation 7, of
the plane R? in the x; direction. In particular, for every R € R, the measure
JRiur on .#'(R?) is not invariant under the translations. In order to establish
the translational invariance of an accumulation point g we first prove that
the rotations 7g . of the sphere Sp around the x; axis are mapped under the
stereographic projection to certain transformations Sg , of the plane R? and
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subsequently show that the transformations Sg o converge to the translations
7, of the plane R? in the x; direction as R — oo.

Definition 9.1. For o € R the maps R, 7, : R? — R? are defined by
Ra(z1,22) := (21 cosa + zo sin o, 7 sin v — x5 cos ),
To (w1, 22) := (21 + @, 2),
For R € N4, a € R, the maps Rp.a;Tr,a : Sk — Sg are defined by
Rp,a(x) = (x1 cosa + xg sin a, x; sin o — Xg oS @, X3),
TR,a(x) = (x1 cos(a/R) — x3sin(a/R),x2,x1 sin(a/R)
+ x3cos(a/R)).

where x = (x1,X2,X3) € Sg. For R € Ny, @ € (—R, R) the map Sg,o : Br —
R? is defined by

Snan,22) = 2(Rsin(a/R)(1 — (22 + 22) /4R?) + 21 cos(a/R), x2)
AT 1 4 cos(a/R) + (1 — cos(a/R)) (23 + 73) /AR? — x1/Rsin(a/R)’

where Bp := {z € R? | |z| < R}.

Remark 9.2. For all R € Ny and o € R it holds RraJr = JrRa. For all
R e N, and o € (—R, R) it holds Tr oJr = JrSR,o O1 BpR.

Definition 9.3. Let « € R and R € N,.. For f € C>(R?) we set

RLfi=foRa € CX(RY),  Tifi=foT, € CX(RY)
and for ¢ € 2'(R?) we set

Ri¢:=¢oR", € 7'(R?), Trp:=¢oT", € 7'(R?).
For f € C*(Sg), ¢ € Z'(Sr) we define Ry ,f, 75 ,f € C*(Sg) and R} .9,
T4 .9 € Z'(Sr) by analogous formulas.
Definition 9.4. Let R € N;, a € (=R, R). For f € C°(R?), we set

Skaf = foSpa € C*(Bg).
For ¢ € 9'(R?), supp ¢ C Bg, we define Sha® € 7' (R?) by
(Shad ) 1= (6, det(TSp,_a)Sh_of)

for all f € C>°(R?), where det(TSg,_,) denotes the Jacobian, i.e., the deter-
minant of the tangent map of Sg _,.

Remark 9.5. For all a € R, a € N2 and M € (0,00), there exists C' € (0, 00)
such that for all z € By and R € (|a| V M, c0) it holds

Tr.oJr(z) = JrSR.a(x) and |0°Sp.o(z) — 0To(x)] < C/R.

Noting that T7_, = 1 we conclude that for all @ € R and f € C>°(R?) there
exists C' such that for all sufficiently large R € N, it holds

H det(TSR,fa)S;%,—af - T—*afHLé(Rz’vgl/Z) < C/R
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Remark 9.6. Let us note that the algebra of cylindrical functionals F separates
points in L;l(RQ,U}J/z) C 2'(R?). Hence, if uj, j = 1,2, are Borel probability
measures on Lz_l(RQ,vim) such that py(F) = po(F) for all F € F, then
p1 = pg2 by [14, Theorem 4.5(a), Ch. 3].

Proposition 9.7. Let p be a weak limit of a subsequence of the sequence of
measures (J5piur)ren, on ' (R?). It holds p(F) = p(F o RY) and p(F) =
w(F oT2) for all bounded and measurable F : ./’ (R?) — R and all o € R.

Proof. Suppose that the sequence of measures y&fpgr on ./ (R?) converges to
v along the subsequence (Ras)aen, - By Remark 6.2, the measure 4 is concen-

trated on L H(R2, vi/ 2). Hence, by Remark 9.6, without loss of generality, we
can assume that F' € F is a cylindrical functional. Note that by the rotational
invariance of the measure pp it holds

pr(Fr) = pr(FroRE o), pr(Fr) = pr(Fro 1% ,)
for every Fr € Fr and a € R. By Remark 9.2 we have R}, o j; = jp o R} -
Hence, for every F' € F we obtain

p(FoRy = F) = lim _jp, fur, (FoR; — F)

= Jim pry, (FoRg ok, —FoJr,)

= Mm pgy (Fo g, o Ry —Foik,)
(URadtRa — R)(F) = 0.

This finishes the proof of the rotational invariance.
Let us turn to the proof of the translational invariance. Note that by
Remark 9.2 for every F' € F and all sufficiently large R € N it holds

Trbur(F) = pr(F o) = pr(FojpoTh )
= ur(Fo8g 0 Jr) = Jpiur(F o Sg ).
Remark 9.5 implies that for every o € R and F € F there exists C € (0, 00)
such that for all 1) € L, *(R?, v]l;/ %) and all sufficiently large R € N, it holds

F(Shat) = FITZ0)| < (C/R) 110l e
By Proposition 6.1 and Holder’s inequality, we obtain that
/9’(SR) ||'7R¢HL2_1(R2}’U}‘/2) MR(d(b)

is uniformly bounded in R € N. Hence, for all « € R and F' € F it holds
Jim Jrpiur(F o Sk o — FoT1y) = 0.

lim
M —o0

Consequently,
pF oIy = F) = lim gg, bugy, (F o1y = F)
= Jim gk, 80ry (F oSk o — F) = lm Gk, B1ry — p)(F) = 0.
This finishes the proof. O
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A Function Spaces

Definition A.1. We say that w € C*(R?) is an admissible weight iff there
exist b € [0,00) and ¢ € (0,00) such that 0 < w(z) < cw(y) (1 + |z — y|)°
for all z,y € R? and for every a € N¢ there exists ¢, € (0,00) such that
|0%w(z)| < cqw(zx) for all x € RY.

Definition A.2. Let w be an admissible weight, p € [1,00] and @ € R, n € No.
By definition, L,(R%, w) is the Banach space with the norm
1fllz, ®ew) = lWflL,®a)-

The weighted Bessel potential space Ly (R? w) is the Banach space with the
norm

Hf||Lg(Rd,w) = H(l - A)a/2f“LP(Rd,w)-
We also set L9 (R?) = L% (R%,1). The weighted Sobolev space W' (R%, w) is
the Banach space with the norm
1fllwr @) = 2aend, jaj<n 107 FIIL, Re,w)-

For R € (0, 00) the Bessel potential space Ly (Sg) on the round sphere Sp C R4
of radius R is the Banach space with the norm

£y sr) == (L = AR)** fllL, (1)

where L,(Sg) is the L, space on Sg with respect to the canonical measure pg
on Sg.

Remark A.3. The following facts are standard: Let w be an admissible weight,
p € [1,00), @ € R and n € Ny. The norms |[+||ra(raw) and [|we||Larae) are
equivalent. The Sobolev space W' (R?,w) coincides with the Bessel potential
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space Ly (R?, w) with equivalent norms. The Bessel potential space Lg(Rd, w)
coincides with the Triebel-Lizorkin space FSy (R, w) with equivalent norms.
Furthermore, the Bessel potential space L (R% w) is continuously embedded
in the Besov space B;‘VOO(]Rd, w) and the Besov space B (R, w) is continu-

ously embedded in the Bessel potential space LY (R? w). These facts can be
obtained, e.g., from [32, Theorem 6.5, Theorem 6.9] and [30, Sec. 2.5.7]. We
note that [32, Theorem 6.5 (iii)] is useful to pass from oo =0 to o € R.

Remark A.4. For o € R and p,q € [1,00], we have the following generalized
Holder inequality
1 1
|<f7g>L2(Rd,w1/2)| < C ||f||Lg(]Rd,w1/P) ||g||L;D‘(Rd7w1/q)7 5 + a = 17

where (e, +) 1, (R 1/2) is the scalar product in Lo(R%,w!/?) and the constant
C € (0,00) depends only on the weight w.

Theorem A.5. Let w,v be admissible weights and
—00 < ag < ay < 00, 1<p <p2 <oo.
(A) The embedding L3 (R, w) — L2 (R%,v) is continuous if
p2 <00,  ar—d/pi>az—d/ps and sup v(z)/w(r) < cc.
z€R?
(B) The embedding L3} (R, w) — L2 (R, v) is continuous if
ay —d/pr > ay and  sup v(z)/w(x) < co.
z€R?
(C) The embedding LS} (R, w) — L52(R%,v) is compact if
P2 < 00, ay —d/p1 > as —d/py and  lim v(z)/w(x) = 0.

|| —o0
Proof. Parts (A) and (C) follow from [13, Sec. 4.2.3, Theorem] and the equiv-
alence between Lg(Rd7w) and FﬁQ(Rd,w) mentioned in Remark A.3 above.
Part (B) is covered by [13, Sec. 4.2.3, Remark] and the embeddings stated in
Remark A.3. O

Theorem A.6. Let w be an admissible weight, o € [0,00) and p,p1,p2 € [1,00)
be such that 1/p = 1/p1 + 1/pa. Then there exists C € (0,00) such that for all
JeLy (R4, w'/Pr) and g € Ly, (R, w'/P2)

1f9llg e wrrey < Cllfllg ®awiim) 19lLg, ®ewr/ee)-

Proof. The statement follows from the equivalence of the norms ||'HL;< (RY,w)
and [|we|[ s (ra), the fractional Leibniz rule [23, Ch. 2] and Theorem A.5 (A).
Alternatively, one can use [8, Lemma 5]. O

Theorem A.7. Let w be an admissible weight, p1,p2 € [1,00), a1, € R,
0 € (0,1) and
1 6 1-46
a=0a;+ (1—-0)as, -—=—+ .
P n b2
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There exists C' € (0,00) such that for all f € Ly} (R, wl/Pry 0 L2 (R?, wl/P2)
it holds

1Lz et sy < C It sy 115 sy

Proof. The statement is a consequence of the equivalence of the Bessel poten-
tial spaces L9 (R, w) with the Triebel-Lizorkin spaces F (R%, w), mentioned
in Remark A.3, and the Holder inequality, cf. [8, Sec 3]. O

Lemma A.8. Let w € L1(R?) be an admissible weight, n € {3,4,...}, 6§ €
(0,00) and k € (0,2/(n — 1)(n — 2)). Then, there exists C € (0 7oo) and p €
[1,00) such that for allm € {1,...,n—1}and ¥ € L}(R? w'/?)N L, (R, w'/™),
Z € L;"(R2,w1/p) it holds

‘<Z7 \Ilm>L2(R2,w1/2)| < C ||Z||25N(R27wl/p) + d HV\I]”%Q(R?;WU?)
+O VN7, g2 01/m) T 6

Proof. Let 1/r = (1—k)/n+k/2,1/¢=m/r and 1/p’ =1 —1/q. By Holder’s
inequality

|<Z7 e >L2(R2 11)1/2)| <C HZHL ®(R2,wl/P") H\Ij ”LN(R2 wi/a)s
for some C' € (0,00). Theorem A.6 implies that
||\I/m||L’;(Rd,w1/q) < c ||‘1/||Tf(Rd7w1/T)

and Theorem A.7 implies that

12 et ey < C 12y g oy 1L )
for some C € (0, 00). Combining the above bounds, we obtain

mk m(l—k
0™ g vy | < C N2 s N g oy I G

for some C' € (0,00). Hence, by Young’s inequality for every d € (0, 00) there
is C' € (0, 00) such that

O Iy g2 /2y + O NPT, 82 001/m)-
(A1)

|<Z7\I] >L2(R2 1/2)‘<C||Z||p ’”(R2 wl/p')

We observe that by Holder’s inequality and the assumption w € L1 (IR?) for all
g, € [1,00) such that ¢ < r there exists C' € (0, 00) such that [|[[ 1 (g2 w1/4) <
Cl*llz, (g2 w1/7)- Hence, the bound (A.1) implies the statement of the lemma
with 1/p = (2 — k(n — 1)(n — 2))/2n. O

Lemma A.9. Let p € [2,00) and o = 1 — 2/p. Then, there exists C € (0,00)
such that || f||z,sr) < CIfllgsg) for all f € L§(Sr) and all R € [1,00).

Proof. See, e.g., [7, Theorem 6] or [33, Theorem II.2.7(ii)]. O
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B Mathematical Preliminaries

Lemma B.1. Let x € (0,00). There exists C € (0,00) such that for all R, N €
[1,00) it holds

oo (20 +1)
e ; 2R2 (14101 + 1)/R?) (1+ 11+ 1)/ (NR)*)*

—log(N +1) <C.

Proof. Observe that the expression in the statement of the lemma coincides
with

/OO (2|l +1)d
o 2RZ(1+ [1J([1]+1)/R?) (1 + [1J([1] +1)/(NR)?)"

e dl
_/0 1+ +QQ+D/N)
The absolute value of the above expression is bounded by
/OO‘ (2|Rl] +1)/R
o 200+ [RIJ(LRI] +1)/R?) (1 + [RI|(LRI] +1)/(NR)?)"

1
S (1+D(1+ (1 +1)/N) .

Using 0 < I — |RIl|/R < 1 we show that there exists C' € (0,00) such that the
above expression is bounded by
C+ / h ‘ ! — ! di<c.
o |@+DA+12/N2)  (1+1)1+(1+1)/N)
This finishes the proof. O

Definition B.2. Let X be a topological space and let (yi,)nen, be a sequence of
probability measures defined on (X', Borel(X)). The sequence (ji, )nen, is tight
iff for every € > 0 there exists a compact set K. C X such that p,(K.) > 1—¢
for all n € Ny. The sequence (pn)nen, converges weakly if for every bounded
F € O(X) the sequence of real numbers (p,(F))nen, converges.

Theorem B.3 (Prokhorov’s theorem). Let X be a separable metric space. A se-
quence of probability measures (fin)nen, on (X, Borel(X)) is tight iff there ex-
ists a diverging sequence of natural numbers (an)nen, such that the sequence
(Ha, Jnen, converges weakly.

Lemma B.4. Let X', be separable normed spaces such that 1 : X — Y is a
compact embedding and let (fin)nen, be a sequence of probability measures on
(X, Borel(X)). Assume that there exists M € (0,00) such that [, ||| x pn(dz) <
M for alln € Ny.. Then, the sequence of measures (Vn)nen, on (Y, Borel()))
defined by

Un(A) == p, (171 (A)), n €Ny, A€ Borel()),
18 tight.
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Proof. Let € >0, Lo := {x € X|||z||x < M/e} and K, :=1(L.). Observe that
K. C Y is compact. It holds

L= va(KD) < 1= (L) = palllalle > M/e) < /M /X ]2 p () <

This finishes the proof. O

C Stochastic Estimates

We recall from [25, Section 1.1.1] some basic definitions related to the Wiener
chaos. Let h be a real, separable Hilbert space with scalar product (-, -)j.
We say that a stochastic process X = {X(h)|h € b} defined in a com-
plete probability space (€2, F,P) is a Gaussian process on h if X is a cen-
tered Gaussian family of random variables such that E(X(h)X(g)) = (h, 9)s
for h,g € h. Now let H,,n € Ny, be the Hermite polynomials. We denote
by ‘H,, the closed linear subspace of L%(£),P) generated by random variables
{H,(X(h)),h € b,||h]ly = 1} and call it the Wiener chaos of order n. The
subspace @,_, Hy is called the inhomogeneous Wiener chaos of order n.

In our case, Q= 2'(Sg), F =Borel(?), P=vp is the Gaussian measure

with covariance G and b= L, (Sg). Observe that X'y =cpg! NH (Xr.N/

C}%/?v) The choice of the counterterm in (2.1) is dictated by the assumptions

of Lemma C.1.

To facilitate the application of Lemmas C.7, C.8 below in the proof of
Proposition 2.7, we recall that convergence in L2 (€2, [P) implies convergence in
probability, and that the latter property is preserved under composition with
continuous functions.

Lemma C.1. Let XY be two random variables with joint Gaussian distribu-
tion such that E(X) =E(Y) = 0 and E(X?) = E(Y?) = 1. Then, for all n,m
we have

E(H,(X)Hn(Y)) = 0nmn!(E(XY))".
Proof. See [25, Lemma 1.1.1]. O

Lemma C.2 (Nelson’s estimate). For every random variable X in an inhomo-
geneous Wiener chaos of order n € Ny, cf. [25], and every p € [2,00) it holds

" 1 X 2/n
E[XPP]* < vap— 1} E[X?]}, Eexp (”") <o
6E [X 2] "
Proof. The first bound follows from the Nelson hypercontractivity of the
Ornstein—-Uhlenbeck operator (see, e.g., [25, Theorem 1.4.1] or [24]). The sec-
ond bound is an immediate consequence of the first one. O

Definition C.3. For an operator H : Ly(Sg) — Lg (SR) we denote by H(e, )
its integral kernel (if it exists) such that (Hf)(x fs (y) pr(dy).
Similarly, for an operator H : Lo(R?) — LQ(R2) We denote by H(s,») its
integral kernel (if it exists) such that (Hf)(z) = [5. H (y) dy.
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Lemma C.4. There exists C € (0,00) such that for all R, N € N, it holds
1 (1— Ap)/N?

L kpal <o LR
1_AR/N27 | R,N|_C 1—AR/N2 )

|Krn| <O

where Kg n is introduced in Definition 8.6.
Remark C.5. Recall that Kr y = (1 — Ag/N?)"!, Ggp = (1 — Ag)~! and
the counterterms cgr n, ¢r n were introduced in Eq. (2.1) and Definition 8.8.
Note that the operators Gr, Kr,n, IA(RVN commute. Using the above lemma,
we obtain

K% v — Kyl < |Kry — Krn||Kry + Kr x|
(1 - Ag)/N?
<2C(CH1) ———F——.
R Ty vy o

Consequently, it holds
lérn — crn| < Tr(|KR v — Ki v|GR) /AT R?
<20(C+1) [Tr((1— Ag/N?) (1 - AR)™)
~Tr((1 - Ag/N?)72(1 — Ar)™")
+Tr((1 — Ap/N?)7*(1 — Ag)~")/N?] /(4T R?).

By Lemma B.1, the RHS of the last inequality above is bounded by a constant
independent of R, N € N.

Proof. Note that [A(R,N = Zz}io (2 l—|—1)TI‘(IA(R,N’PR7l) PR,l: where PR,Z : Lo (SR)
— Ly(Sgr) is defined such that (2141)Pg, is the orthogonal projection onto the
eigenspace of the operator —Ap corresponding to the eigenvalue I(I + 1)/R2.
Consequently, by the triangle inequality for the commuting self-adjoint op-
erators it is enough to show that there exists C' € (0,00) such that for all
R,N € N} and [ € Ny it holds

(1411 +1)/R*N?) |Te(Kg xPry)| < C,
ITr((1 — Kr.n)Pry)| < C(1+1(1+1))/R2N?.

(To obtain the second bound in the statement of the lemma one combines
both estimates in (C.1).) Recall that [4, Theorem 2.9] the integral kernel of
Pr, is given by Pr(x,y) = P(x-y/R?)/4nR?, where P, is the [-th Legendre
polynomial. Hence, it holds

(C.1)

Tr(Kp nPri) = 27 /O 1 Py(cos(f/RN)) RN sin(6/RN) h(8) d6.

Using the fact that RN sin(0/RN) < 6, |Pi(cos )| <1 (cf. [4, Sec. 2.7.5]) and
(1 +1)Pi(cos?) sin®) = —93(sin ¥ Py(cos?)) + Oy (cos ) Py(cos 1))

(cf. [4, Sec. 2.7.2]) we show the first of the bounds (C.1). Next, using that
27 [ Oh(0)dd = 1, we obtain that

Tr((1 — Kpn)Pry) = 27 /Ol(Pl(cos(Q/RN)) RN sin(0/RN) — 0) h(6) d6.
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We note the estimates
0<1— Pcos(¥)) <114 1) (1 —cos(9))/2 <I1(1+1)09*/4,
0 <1 —sin(9)/9 < 9?/6,

where the second inequality follows from

1
d
L= Pi(w) = (1) = Pw) = [ - Plw)do < (1 =) U0+ 1/2
(cf. [4, Sec. 2.7.5]). This shows the second bound in (C.1) and finishes the
proof. O

Lemma C.6. For every N € N, there exists C € (0,00) such that for all
R € N 1t holds

(4) E|Xrnl2 s, < R2C?,
(B) E|Xn |2y, < B2C*.

Proof. Recall that XpN = KpnXRr and Kpny = (1 — AR/NQ)il. Conse-
quently,

B[ X N7 60 = EI(L— Ar)V2(1 = Ar/N*) ' XR|7, 5,

By Fubini’s theorem and the fact that EXr(x)Xg(y) = Gr(x,y), where Gg =
(1 —Ag)™!, we obtain
E[|XrNI7 e, = Tr((1 — Ar/N?)72) < N Tr((1 - Ar)™?)

(oo}

B Z N4 (204 1)

3 (L+11+1)/R?)?
Now, Item (A) follows from Lemma B.1. Thanks to Lemma C.4 the proof of
Item (B) is the same. O

Lemma C.7. For every k € (0,00), § € [0,2] there exists C' € (0,00) such that
for all R, N € Ny it holds

(A) IE||XR||2 < R?C?,
(B) E| Xr —XR N||
(C) E||Xr — Xgn|?

< R2 02 N725
< R?C?N~—%,

L;"%(SR)
L;"%(SR)
Proof. Ttem (A) follows from Item (B) and Lemma C.6 (A) since, clearly,
| Xg, N||L2 rsn) < I XRN Ly sR)- To prove Item (B) note that

E||Xgr — Xrn|? =Tr((1-Ag)™ " °(1 - (1 - Ag/N*)™1)?)

Ly"°(Sr)
o0

N=20(2]
SN 2Te((1-Ag)~'F) = Z a1 J;;gw

Now, Item (B) follows from Lemma B.1. Thanks to Lemma C.4 the proof of
Item (C) is the same as the proof of Item (B). O

Lemma C.8. Let R € N;. There exists a real-valued random variable Yr and
C € (0,00) such that for all N € Ny it holds
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(A) B <C?,

(B) E(Yr — Yrn)? < C2N-n,

(C) E(Yg — Yrn)? < C2PN-Vn,

(D) E(YR,N — Y/RJ\/)Z < C? Nt

Remark C.9. Recall that n € 2Ny, n > 4, is the degree of the polynomial

P and the random variables Y y and 3737 N,Y& n are introduced in Defini-
tions 2.3 and 8.8, respectively.

Proof. To prove Items (A) and (B), it is enough to show that for every m €
{1,...,n} there exists C' € (0, 00) such that for all N, M € N it holds

EXG (L) (Xt — Xihs) (Is) < C2 (N A M)
Let GR,N,M = KR,NGRKR,M~ By Lemma Cl
EXR'N(Isx)(XE'N — Xi') (1sg)

! /S (Grwn (5 y)™ = G (5,9)™) prldx)pr(dy).

R
Consequently, using Holder’s inequality we obtain that for every m € {1,...,n}
there exists C' € (0, 00) such that for all N, M € N, and x € Sg it holds
[EX )N (1s,) (X RN — X)) (1s,)]
< CI(Gr,nN — GrN M) )L, 2) (IGR NN (e, ')HZL,:(E;) + I1GRr N, M (s, ')||ZL,:(é;))

m—1

< CIGr NN = Grna) (o5 )L, @) (1Gr,N N (s, ')||7L'1,f(§z§) F1Gr N M (o5 L s2))

2
R

m—1 m—1

=C(Gr,N,N = Gr,N,a) (% )L, ) (IGR, NN (5 T ey + 1G RN M (5 )T 500)s

where in the last step above we used the fact that G y n is invariant un-
der rotations and C' = (47 R?)2=2m/"(C ¢ = (4rR?)™/"C. By the Sobolev
embedding stated in Lemma A.9, there exist C,C (0, 00) such that for all
N e Ny it holds

(GrvN = Grv) (%I, 6y < CINGRrNN = Grov ) (%, °)||ig"*2>/"(s3)
= (4rR) 1O (Te[GY /K2 (Kpoy — Krar)?]) < C (N AM)~2/m,
The last estimate above follows from the bound
Tr [G%H)/nKJ%L,N(KR,N — Krm)?]
< Tr[(1—Ap)~ /(1= Ag)/N? + (1 = Ag) /M |M/7]
<2(NAM)™"Tr[(1 - Ag)~ D/
and Lemma B.1. By an analogous reasoning we obtain
G RN~ ()T ) < ClGR NN (X, ')||i<2nfz)/n(SR)
= (47R) T C (e[ KE y]) <O (C2)

for some constants C,C' independent of N and m. This proves (A) and (B).
Thanks to Lemma C.4 the above estimates are also valid when Xg y is replaced

with XRJ\/' and GR,N,M is replaced with GYR’NyM = KR,NGRKR,M~ Hence, (C)
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follows. To prove Item (D) note that for every m € {1,...,n} there exists
C € (0,00) such that for all N € N; and x € Sg it holds

]EX}ZLN(]‘SR\SR,N)XRH:LN(]‘SR\SR,N) S ||GR7N7N(.’ .)HTm(SR\SR,N XSR\SRVN)

<NGrNN ()T smsnnxsn < C/NIGr NN T 0);

where in the last step we used the rotational invariance of G r,N,~ and the
fact that the volume of Sg \ Sg,n is bounded by C'/N. To conclude the proof
of Item (D), we use an analog of the bound (C.2) with G n n replaced by
G r,~,n and Hoélder inequality. O

Lemma C.10. Let m € Ny, p € [1,00), & € (0,00) and L € [1,00). There
exists C € (0,00) such that for all Ry N € N, R > L, it holds

BIXHN ) oy <€ i Ela(Xe = XanIE_ oy i) =0,

Proof. By Jensen’s inequality, it suffices to prove the statement for p € 2N, .
Let ¢ = (4/k) V4. There exists C' € (0, 00) depending on p and « such that for
all R, N € N} it holds

ElRXEN? . o 1/m)
-1 K *
< Mlopwy 2 IE(Q = 2) 75 XER (DI, ooy

< CIB((L = &) 23 XER (D12 s

where the last bound is a consequence of Lemma C.2. Recall that EXp v ®
XR,N = GR,N(‘, '), where GR,N = KR,NGRKR,N~ By Lemma C.1
Ejp X' @ pXigh =m!GEy,  Gry = (Ur @ IR)GRN (")

Hence, by Fubini’s theorem and explicit formula for the kernel in terms of
spherical harmonics

E(1— A) "2 X @ (1— A) 2 X s,
=m! ((1-A)"2® (1-A)""?)Gp \ € C(R* x R?).

Since for F' € C(R? x R?) it holds sup,cgs F(x,2) < sup,cge sup,cge F(,y)
we obtain

(L = 8) ™2 XER (2], 2 i)

< m! Stylpr WA -2 1e@1-A)")GCEy) ()l @)

—m'Supw WL 1= 2)")CEN) () 2 ge)-
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By Theorem A.5 (B), there exists C' € (0,00) such that for all R, N € Ny the
above expression is bounded by

sup w () (1 (1= A)2)E8 ) (2 9) | oo 2y
Y

= sup (10 (1= 8) )G v) (@)

|LQC(R2,w1L/q)

~m
félé’z 1GR ~(z, '>||L&‘(R2’wi/q)

up to a multiplicative constant C', which depends on m. The first equality above
follows from the fact that for F € C(R*xR?) it holds sup, ¢z sup,ege F(2,y) =
SUp, cg2 SUP,eg2 F(2,y). By Theorem A.5 (B), since ¢ > 2/k, the above ex-
pression is bounded by

. m
;él]lg? ||GR,N(Ia .)||Lq(R27wi/q)

IN

~m
sup G R~ (s )L, r2, w0t/

= sup [[Gr (%)L, 60
XESR

— m < m
XSGUSI?? |G R~ (x, ')”Lmq(SR) = CXSGUSI; |G R~ (x, °)||L;"“?*2>/"W(SR)

= C(4nRY) ™™/ 2 [Tr(Gry(1 — Ag)mI=2/maG , \)™/2,

The first bound above is true because R > L. The second bound is a con-
sequence of the Sobolev embedding stated in Lemma A.9, since ¢ > 2/m.
The first of the bounds from the statement of the lemma follows now from
Lemma B.1 applied with N/ = 1 and &' = 2/mgq. To prove the second of
the bounds, we use exactly the same strategy as above with m = 1 and the
operator Gg, n replaced by (1 — Kr n)Gr(1 — Kg.n). O
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