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The Wasserstein Distance of Order 1 for
Quantum Spin Systems on Infinite Lattices

Giacomo De Palma@® and Dario Trevisan

Abstract. We propose a generalization of the Wasserstein distance of or-
der 1 to quantum spin systems on the lattice Z¢, which we call specific
quantum W; distance. The proposal is based on the W; distance for qu-
dits of De Palma et al. (IEEE Trans Inf Theory 67(10):6627-6643, 2021)
and recovers Ornstein’s d-distance for the quantum states whose marginal
states on any finite number of spins are diagonal in the canonical basis.
We also propose a generalization of the Lipschitz constant to quantum in-
teractions on Z¢ and prove that such quantum Lipschitz constant and the
specific quantum W, distance are mutually dual. We prove a new continu-
ity bound for the von Neumann entropy for a finite set of quantum spins
in terms of the quantum W; distance, and we apply it to prove a continu-
ity bound for the specific von Neumann entropy in terms of the specific
quantum W, distance for quantum spin systems on Z%. Finally, we prove
that local quantum commuting interactions above a critical temperature
satisfy a transportation-cost inequality, which implies the uniqueness of
their Gibbs states.

1. Introduction

Let X be a finite set endowed with the distance D and let 4 and v be probability
distributions on X. A coupling between p and v is a probability distribution
on two copies of X with marginal distributions equal to p and v, respectively.
The theory of optimal mass transport considers p and v as distributions of a
unit amount of mass, and any coupling 7 prescribes a plan to transform the
distribution  into the distribution v, i.e., w(z,y) is the amount of mass that
is moved from x to y for any x, y € X. Assuming that the cost of moving
a unit of mass from z to y is equal to D(z,y), the cost of the coupling 7 is
equal to E(x y)~-D(X,Y). The Monge-Kantorovich distance between p and
v is given by the minimum cost among all the couplings between p and v [1-
3]. Such distance is also called earth mover’s distance or Wasserstein distance
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of order 1, often shortened to W; distance. The exploration of the theory of
optimal mass transport has led to the creation of an extremely fruitful field
in mathematical analysis, with applications ranging from differential geometry
and partial differential equations to machine learning [3-6].

The Hamming distance constitutes a natural choice for the distance D
when X is a set of finite strings over an alphabet. The W; distance with re-
spect to the Hamming distance is called Ornstein’s d-distance and was first
considered in [7], together with its extension to stationary stochastic processes.
Originally introduced as a tool for the classification of stationary processes in
ergodic theory, since then it has found further applications in probability the-
ory, such as the statistical estimation of processes [8-12], information theory,
such as coding theorems for a large class of discrete noisy channels with mem-
ory and rate distortion theory [13,14] and recently also machine learning, as a
peculiar case of Wasserstein auto-encoders [15,16].

Ref. [17] proposed a generalization of the W7 distance to the space of the
quantum states of a finite set of qudits or spins, called quantum W distance.
The generalization is based on the notion of neighboring quantum states. Two
quantum states of a finite set of qudits are neighboring if they coincide after
discarding one qudit. The quantum W; distance proposed in Ref. [17] is the
distance induced by the maximum norm that assigns distance at most 1 to any
couple of neighboring states. Such quantum W3 distance recovers Ornstein’s
d-distance in the case of quantum states diagonal in the canonical basis and
inherits most of its properties. The quantum W; distance has found several ap-
plications in quantum information theory. In the context of statistical mechan-
ics of quantum spin systems, a connection with quantum speed limits [18] has
been found. Furthermore, transportation-cost inequalities have been proved,
which upper bound the square of the quantum W; distance between a generic
quantum state and the Gibbs state of a local quantum commuting Hamilton-
ian with the relative entropy between the same states [19]. Such inequalities
have been applied to prove the equivalence between the microcanonical and
the canonical ensembles of quantum statistical mechanics [19] and to prove
limitations of variational quantum algorithms [20,21]. Moreover, the quantum
W, distance has been applied to quantify the complexity of quantum circuits
[22]. In the context of quantum state tomography, the quantum W; distance
has been employed as quantifier of the quality of the learned quantum state,
and the transportation-cost inequalities have led to an efficient algorithm to
learn Gibbs states of local quantum commuting Hamiltonians [23,24]. In the
context of quantum machine learning, the quantum W; distance has been
employed as cost function of the quantum version of generative adversarial
networks [25-28]. Furthermore, the quantum W; distance has been applied in
the context of differential privacy of a quantum computation [29,30]. Finally,
the quantum W; distance has been extended to general composite systems
[31], which include the case of a finite tensor product of C* algebras, but also
provides a way to define a quantum W distance between quantum channels.
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1.1. Our Contribution

In this paper, we propose a generalization of the W distance to quantum spin
systems on the lattice Z¢ [32-35] based on the quantum W; distance of Ref.
[17]. Quantum spin systems on infinite lattices play a key role in quantum
statistical mechanics since they provide a model to study the thermodynamic
limit of infinite size of the system. Such limit is necessary to define phase
transitions and to identify the properties of the system that are independent
on boundary effects and boundary conditions, and more generally to make a
clear distinction between the local and the global properties of the system.

We define the specific quantum W; distance between two translation-
invariant states as the limit of the distance between their marginal states on
an hypercube divided by the volume of the hypercube for the volume of the
hypercube tending to infinity (Definition 4.1). Contrarily to the trace distance,
the specific quantum W; distance has an intensive nature that makes it suit-
able to capture the closeness of states that are locally similar but become
perfectly distinguishable globally, such as Gibbs states at close but different
temperatures. We provide in Definition 4.2 an equivalent definition of the
specific quantum W; distance that does not require the limit. We propose a
generalization of the Lipschitz constant to quantum interactions on Z? (Defini-
tion 5.2), and we prove in Theorem 6.1 that the specific quantum W distance
and the Lipschitz constant are mutually dual.

We prove in Proposition 7.1 that the specific quantum W distance recov-
ers Ornstein’s d-distance in the case of quantum states whose marginal states
on a finite number of spins are all diagonal in the canonical basis. We prove
in Proposition 8.1 a Poincaré inequality stating that for any product state,
the variance of the local Hamiltonians associated with an interaction grows
linearly with the volume. In Theorem 8.1, we prove a Gaussian concentration
inequality for the maximally mixed state of a finite set of spins, and we apply
it in Corollary 8.1 to prove an upper bound to the pressure of a quantum
interaction on Z¢ in terms of its Lipschitz constant.

In Theorem 9.1, we prove a continuity bound for the von Neumann en-
tropy in terms of the W3 distance. The bound applies to quantum systems
made by a finite number of spins or qudits and states that the difference be-
tween the von Neumann entropy of any two quantum states divided by the
number of spins is upper bounded by a universal function of the ratio between
the W7 distance and the number of spins. The bound of Theorem 9.1 contains
only intensive quantities, and thanks to this property we apply it to prove a
continuity bound for the specific von Neumann entropy in terms of the specific
quantum W distance (Theorem 10.1). Theorem 9.1 improves [17, Theorem 1],
which is a weaker continuity bound for the von Neumann entropy in terms of
the W7 distance. Contrarily to the bound of Theorem 9.1, the bound of [17,
Theorem 1] cannot be expressed in terms of only intensive quantities, and
therefore such bound would not be sufficient to prove a continuity bound for
the specific von Neumann entropy. Besides the applications to quantum spin
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systems, Theorem 9.1 can be useful in quantum Shannon theory in the con-
text of rate-distortion theory, which addresses the problem of determining the
maximum compression rate of a quantum state if a certain level of distortion
in the recovered state is allowed [36-43].

In the remainder of the paper, we apply our W distance to study the
statistical mechanics of quantum spin systems on infinite lattices. We propose
a definition of wi-Gibbs state as a translation-invariant state such that the
W1 distance between its marginal state on a hypercube and the Gibbs state
of the local Hamiltonian on the same hypercube scales sublinearly with the
volume of the hypercube (Definition 11.1). If an interaction admits a w;-Gibbs
state, then such state is unique (Proposition 11.1) and is an equilibrium state
of the interaction (Proposition 11.2) in the sense of Kubo-Martin—Schwinger
[33]. In Sect. 12, we consider transportation-cost inequalities for interactions
on the quantum spin lattice Z¢. Such inequalities imply the uniqueness of
the Gibbs state of the interaction (Theorem 12.1) and a continuity bound
for the specific entropy in terms of the specific relative entropy with respect
to the Gibbs state (Proposition 12.2). Finally, we prove that transportation-
cost inequalities are satisfied by interactions that contain only terms acting on
single spins (Corollary 12.1) and geometrically local commuting interactions
above a critical temperature (Theorem 12.2 and Theorem 12.3).

The paper is structured as follows. In Sect. 2, we introduce quantum spin
systems on the lattice Z¢ and in Sect.3 we present the quantum W; distance
and the quantum Lipschitz constant of Ref. [17]. In Sect.4 and Sect.5, we
generalize the quantum W; distance and the quantum Lipschitz constant, re-
spectively, to quantum spin systems on the lattice Z%. In Sect. 6, we prove the
duality between the specific quantum W7 distance and the Lipschitz constant
and in Sect. 7 we prove that the specific quantum W; distance that we propose
recovers Ornstein’s d-distance. In Sect. 8, we prove the quantum Poincaré and
Gaussian concentration inequalities for product states. In Sect.9, we prove
the continuity bound for the von Neumann entropy in terms of the W dis-
tance, and in Sect. 10, we prove the continuity bound for the specific entropy in
terms of the specific quantum W distance. In Sect. 11, we introduce the notion
of w1-Gibbs state. In Sect. 12, we present and prove the transportation-cost
inequalities for Gibbs states. We conclude in Sect. 13 presenting some perspec-
tive applications of this work. “Appendix A” recalls some relevant properties
of the quantum W; distance. “Appendix B” contains some auxiliary proofs,
and “Appendix C” contains the proof of the auxiliary lemmas.

1.2. Related Approaches

Several quantum generalizations of optimal transport distances have been pro-
posed. One line of research by Carlen, Maas, Datta and Rouzé [44-50] defines
a quantum Wasserstein distance of order 2 from a Riemannian metric on the
space of quantum states based on a quantum analog of a differential structure.
Exploiting their quantum differential structure, Refs. [46,47,51] also define a
quantum generalization of the Lipschitz constant and of the Wasserstein dis-
tance of order 1. Alternative definitions of quantum Wasserstein distances of
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order 1 based on a quantum differential structure are proposed in Refs. [52—
55]. Refs. [56-58] propose quantum Wasserstein distances of order 1 based on
a distance between the vectors of the canonical basis.

Another line of research by Golse, Mouhot, Paul and Caglioti [59-69]
arose in the context of the study of the semiclassical limit of quantum me-
chanics and defines a family of quantum Wasserstein distances of order 2 built
on a quantum generalization of couplings. Such distances have been generalized
to von Neumann algebras [70-72].

Ref. [73] proposes another quantum Wasserstein distance of order 2 based
on couplings, with the property that each quantum coupling is associated to
a quantum channel. The relation between quantum couplings and quantum
channels in the framework of von Neumann algebras has been explored in [74].
The problem of defining a quantum Wasserstein distance of order 1 through
quantum couplings has been explored in Ref. [75].

The quantum Wasserstein distance between two quantum states can be
defined as the classical Wasserstein distance between the probability distribu-
tions of the outcomes of an informationally complete measurement performed
on the states, which is a measurement whose probability distribution com-
pletely determines the state. This definition has been explored for Gaussian
quantum systems with the heterodyne measurement in Refs. [76-78].

2. Quantum Spin Systems on Infinite Lattices

In this section, we introduce the setting of quantum spin systems on infinite
lattices and fix the notation for the paper. For more details, the reader is
encouraged to consult the books [32-35].

2.1. Algebra and States

We associate to each = € Z? the single-spin Hilbert space H, = C9. Let Fyq
be the collection of all the finite subsets of Z?. We associate to each A € Fya
the Hilbert space

Ha = Q) He (2.1)
zEA
For each A € Fya, we denote with Ll the algebra of the linear operators acting
on Hp equipped with the operator norm, which we denote with || - ||oo. For
any A’ C A, i,/ can be canonically identified with a subalgebra of {{,. This
identification will always be implicit.

We denote with Oy C Uy the set of the self-adjoint linear operators
acting on Hy, and with OF C O, the set of the traceless self-adjoint linear
operators acting on Hy. We denote with Sy C Oy the set of the quantum
states acting on Hj, i.e., the positive semidefinite linear operators with unit
trace, and with Try the partial trace over Hj. We say that p € Sy is a product
state if there exists a collection of states {p, € Sz} ., such that

pP= ®pz~ (2'2)

zeEA
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Some results of this paper do not require the lattice structure of Z¢ and apply
to generic finite spin systems. If A is a generic finite set, we still define Hj,
Tra, Up, On, (’)K and Sp as above.

The strictly local algebra of the spin lattice Z% is

&= | da, (2.3)
AEF,a

and is equipped with the norm inherited from the operator norm of each U,.
The quasi-local algebra 174 is the completion of illzof with respect to such norm,

which we still denote with || - ||oo. For any (not necessarily finite) I' C Z9, we
define
Up = U Ux C Uzpa, (2.4)
X€F,q, XCT
where the closure is with respect to the | - | norm in 7. When T is finite

or I' = Z%, (2.4) is consistent with the previous definitions. We denote with
Or the set of the self-adjoint elements of Ly-.

A quantum state p of the spin lattice Z¢ is a positive linear functional on
UUya with p(I) = 1. We denote the set of the quantum states of Z?¢ with Sya.
Analogously, for any (not necessarily finite) I' C Z¢, a quantum state p of T’
is a positive linear functional on Ur with p(I) = 1. We denote with Sr the set
of the quantum states of I'. If I" is finite, this definition is consistent with the
previous one by setting for any A € Ur

p(4) = Trr [p A]. (2.5)

Let IV C T C Z% and let p € Sp. The marginal state prr of p on I' is the
restriction of p on Up.. If T" is finite, we have

prr = TrF\F’p~ (26)

Since }.llZ"dC is dense in 7a by construction, any p € Sz« is completely deter-
mined by the collection of its marginal states (pA)AG}'Zd. We say that p € Syza
is a product state if for any A € Fza the marginal state py is a product state.

We associate to each x € Z? the translation operator 7,, which is the
automorphism of ;4 that sends U to Up,, for any I' C Z¢. With some abuse
of notation, we denote with 7, also the automorphism of Sz« such that for any
p € Sza and any A € Lya we have

(rap) (72 A) = p(A). (2.7)
With some further abuse of notation, for any I' C Z¢ we denote with 7, also
the isomorphism between Sr and Sr., such that (2.7) holds for any p € Sr
and any A € Up. We say that p € Sya is translation invariant if 7,p = p for
any € Z% We denote with Séd C Sya the set of the translation-invariant
quantum states of Z.
For each a € Ni, we denote with A, the box

d
Ag={z€Z': —a<z<a}, |Au\:H2ai, (2.8)
i=1
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where inequalities between vectors hold for each component. Given a sequence
(n)

(a("))neN C Ni, we say that a(™ — oo if a;  —ooforanyi=1,...,d.
Definition 2.1 (Trace distance). The trace distance on Sza is the distance in-

duced by the norm on iyq: For any p, 0 € Sz,

T(p,0) = gsup{lp(4) ~o(A) - A€ thy, Al <1} (29)

Proposition 2.1. The trace distance on Sza is the supremum of the trace dis-
tances between the marginal states: For any p, o € Sza,

T(p.0) =5 sup lloa — oal;. (210)
AEFpq
where || - ||1 denotes the trace norm on Up given by
|All, = TraVATA,  Aed,. (2.11)
Proof. See Sect. B.1. d

Definition 2.2 (Specific entropy [33, Proposition 6.2.38]). The von Neumann
entropy of a quantum state p acting on a finite-dimensional Hilbert space is
[79-81]

S(p) = —Tr[plnp]. (2.12)

The specific entropy of p € Séd is the entropy per site in the limit of infinite
volume:

s(p) = lim = inf
()= 0 IR = B A

(2.13)

Definition 2.3 (Specific relative entropy [82]). The relative entropy [79-81] be-
tween the quantum states p and o acting on a finite-dimensional Hilbert space
is

S(plle) = =Tr[p(lnp—Ino)]. (2.14)

The specific relative entropy between the states p, o € Séd is the relative
entropy per site in the limit of infinite volume:

(2.15)

whenever the limit exists.

Remark 2.1. s(p||o) = 0 does not imply p = o. Indeed, let py = [0)(0|®* and
oa = 5 (J0)(0[®A + [1)(1|®4) for any A € Fza. Then, S(palloa) = In2 and
s(pllo) = 0.
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2.2. Interactions

An interaction @ is a collection of observables ((I)(A))Aefzd’ where ®(A) € Oy
for any A € Fza. We can associate to ® the formal Hamiltonian

Hi, = Y ®(A). (2.16)
AEF,q

In general, the series (2.16) does not converge not even weakly, and H, g’d cannot
be defined as an element of ;4.

We can define for any A € Fza the local Hamiltonian on A with open
boundary conditions

HY = > ®(X) € Oy. (2.17)
XCA

An interaction ® is translation invariant if ®(A + ) = 7,(P(A)) for any A €
Fya and any x € Z®. For r > 0, we denote with B, the set of translation-
invariant interactions satisfying

@, = > e e),, < oo (2.18)
OEAEde

The specific energy observable of ® € B7, is

Es= > T € Oga (2.19)
OEAG.'FZd

and satisfies [33, Proposition 6.2.39]

1
lim —— |H§’a - > 7mEs

v [l ver,

= 0. (2.20)

o0

Therefore, for any p € Séd we have that p(Eg) is equal to the average energy
per site of p in the limit of infinite volume:

lim @ =p(FEs). (2.21)

a— 00 |All|
2.3. Gibbs States
Let ® € B},. For any A € Fza, the local Gibbs state of ® on A with open
boundary conditions is the Gibbs state of Hy

@
efHA

Wi = € Sh. (2.22)

Trye HR
Since the temperature can always be reabsorbed in the interaction, in the

whole paper we set it to one.

Remark 2.2. The states (wﬁ’)Ae]__ . defined in (2.22) are not necessarily the
Z

marginal states of a single global state w € Sza.
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The pressure of ® € B}, is [33, Theorem 6.2.40]

o InTr e_Hf
P(®) = lim ——=" " = sup (s(p) — p(Es)). (2.23)
a— 00 |Aa| PESZI

The states p € SZ, that achieve the supremum in (2.23) are called equilibrium
states of @ and satisfy the Kubo-Martin-Schwinger condition [33]. We denote
with S.q(®) the set of such states. For any ® € BJ,, Seq(®) is nonempty,
convex and compact with respect to the trace distance.

3. The Quantum W, Distance

Ref. [17] introduced the following generalization of the Wasserstein distance
of order 1 and of the Lipschitz constant to quantum systems made by a finite
number of spins. Since Ref. [17] does not require the lattice structure of Z<, here
A denotes a fixed generic finite set. The quantum W; distance is based on the
notion of neighboring quantum states. The states p, 0 € Sy are neighboring
if there exists x € A such that Tr,p = Tryo. The quantum W; norm is the
maximum norm that assigns distance at most 1 to each couple of neighboring
states:

Definition 3.1 (W; norm). Let A be a finite set. We define for any A € OF

1 . -
1Ay, = 2mm{Z |aw
zeEA

t AP € OF, Tr, A =0, YAl = A} .

1
zeEA

(3.1)

The quantum Wi distance on Sy is the distance induced by the quantum
W1 norm: For any p, o € Sy,

Wilp,o) = llp = ollw, - (3:2)

Definition 3.2 (Lipschitz constant). Let A be a finite set. We define the depen-
dence of H € Oy on the site x € A as

O H =2 HA\I?G%A\I | H — Hava| - (3.3)

The quantum Lipschitz constant of H € Oy is
H|, = 0. H. 34
|#], = maxo, (3.9
Proposition 3.1 ([17, Proposition 8]). The quantum Wy norm and the quantum
Lipschitz constant are mutually dual, i.e., for any A € OF we have

I1Ally, = max {Tra [AH] : H € O, ||H||, <1} (3.5)
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4. The Quantum W Distance for Infinite Lattices

In this section, we extend the quantum Wasserstein distance of order 1 of Ref.
[17] to the quantum states of the spin lattice Z?. As for the entropy and the
relative entropy, we define a specific quantum W; distance, which we denote
with wq, as the W distance per site in the limit of infinite volume:

Definition 4.1 (Specific quantum Wi distance). For any p, o € Séd we define

ioa, — onllw
wilp,0) = lim ===
a

(4.1)
Remark 4.1. We define the specific quantum W; distance only for translation-
invariant states since the limit (4.1) may not exist for generic states in Sza.
Proposition 4.1. The limit in (4.1) exists for any p, o € Séd and s equal to

lpa, —on, le

wy(p,0) = sup (4.2)
aeNd Al
Moreover, wy s a distance on Séd.
Proof. For any a € Ni, let
fla) = llpa, —onllw, - (4.3)
Givena € N4, k€ Nand i€ {1,...,d}, let
b= (a1, ...,a;+k, ..., aq), c=(ay, ..., k, ..., aq). (4.4)
We have
Ay = Ay —ke) U(Ae+a;e), (4.5)

where e; is the i-th vector of the canonical basis of R?. Then, we get from
Proposition A.3 and from the translation invariance of p and o

w, — f(a) + f(c).
(4.6)

Then, f is superadditive in each variable, and we have from the multidimen-
sional Fekete’s lemma Lemma C.1

) > Npaa—kes = Ong—ke:llw, T 1PAc+ase; = TActaies

f@ _ o 1@

. (4.7)
=00 IAa| a€Nd IAa|

The nonnegativity and the triangle inequality for w; follow from the
nonnegativity and the triangle inequality for Wy, respectively. Let w; (p, o) =
0. Then, (4.2) implies

lpr, —oa,lly, =0 VaeNI, (4.8)

ie., pr, = oa, for any a € Ni. Let A € Fza4, and let us choose a € Ni such
that A C A,. Then,

pa = Tra\apa, = Tra\a0n, = 0a, (4.9)

hence p = o. g
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The specific quantum W; distance is always upper bounded by the trace
distance:

Proposition 4.2. For any p, o € Séd, we have

wi(p,0) < T(p,0). (4.10)
Moreover, for any a € Ni we have
A0 = o lly < 2[Aafwi(p,0). (4.11)

Proof. We have

-0 (a) — (b)
wi(p,0) = sup HpAQA—Aa”Wl < sup w < T(p,0), (4.12)
a€N? |Aal aeN%

where (a) follows from Proposition A.1 and (b) follows from Proposition 2.1.
From Proposition A.1, we have for any a € N‘i

lor, = onallwy < lloas = oaully
|Aal T 2|Ad]
The claim follows. O

wi(p,0) > (4.13)

The specific quantum W; distance admits an equivalent definition, which
directly generalizes Definition 3.1 to infinite lattices and does not require the
limit over hypercubes.

Definition 4.2. We define for any o, p € Séd,

lp—oall,, =inf {c >0:3p,0' €8Sya: plzd\o = O'lZd\O7

pA—O‘A:cZ(Txp/)A—(TxO'/>A VAEde}. (4.14)
zEA

Let us collect some basic properties of the quantity defined above.

Proposition 4.3. The infimum in (4.14) is attained for some ¢ > 0, p' 0’ €
Sza. Moreover, given sequences (pn)neN, (On)nen C Séd, weakly converging,
respectively, toward p and o, then

o= 0ollw, < linniig(l)f on = onllw, - (4.15)

Proof. Both statements follow from the weak sequential compactness of Sza,
together with the fact that for every A € Fq, the restriction map on states
p +— pa is weakly continuous. Considering a sequence (¢, ph,, 00 )nen such
that lim, ¢, = ||p — ol|w, and, using compactness to extract converging sub-
sequences, assume that lim, p!, = o/, lim,, 0/, = ¢’. By continuity, we deduce
that ¢, p/, o satisfy the conditions in (4.14), hence they are minimizers. A
similar argument gives (4.15). O

The rest of this section is devoted to showing the equivalence between
Definition 4.1 and Definition 4.2.
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Theorem 4.1. For o, p € Séd, we have
wi(p,0) = |[p = 0l|w, - (4.16)

We split the proof into several intermediate results. We begin with the
following upper bound.

Lemma 4.1 (Upper bound). For o, p € Séd, we have

01(p,) < [lp = llu, - (4.17)

Proof. Given ¢ > 0, p/, 0/ € Sza as in the right-hand side of (4.14), for any
a € Ni, we write the identity

pr. —OA, = Y C (P(AIQ) - Uf\?) ; (4.18)

TEA,
where we define, for x € A,, the states pg\‘? = (72p')a, and a/(\i) = (720" )a, -

Using (2.6), it follows that
Tropfl) = Tr [(me)a) = (T )aie = Tobln,apor (419)

and similarly with Ul(\i)7 so that Tr, pg\ma) = Trza/(i) for every x € A,. Therefore,
by definition of Wi on Sp,, we have the inequality

18, — oaullwy < clAal. (4.20)
Dividing both sides by |A,| and letting a — oo, we deduce wy (p, o) < ¢, hence
(4.17). O

To establish the lower bound, we consider a periodic approximation of
the marginal states over a box A,. We write, for any a € Ni and k € Z4,

2ak = (2a:k;)%_; . (4.21)

Proposition 4.4 (Periodic approximation). For o, p € Séd, and a € N, define
pt, 0% € Séd as follows:

ﬁa:| ‘ZTx®TZakpAa; |A|

TEN, kezd

&

§ Tx ® T2akOA,

TEA, kezd
(4.22)

Then, we have

0 . lpA, — onallw
a _ a < a a 1
||p a ||w1 — ‘Aa|

Proof. We introduce first some notation. For disjoint sets R, S C Z¢, write

QR .S = <® TQakPAa> ® <® TQQkUAa> , (4.24)

kER keS

(4.23)

which we further simplify to ap = ag s whenever S = Z%\ R. With the above
notation, we have

%

\A | Z TeQlzd |A | Z Tl - (4.25)

zEA, TEAN,
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For x € A,, let ¢, > 0 and pg\za), 01(\? € Si, be such that

Trzpya) = Tfa:"}\? ) PA, —OA, = Z Cg (PE\IJ - 0-1(\?) ) (426)
TEA,
and introduce the states
ﬁ(m) = QR,,5, ® pg\aca) R 5@ = QR,.S; @ 0'/(\32) s (427)

where Ry, Sy are disjoint sets with Ry U Sq = Z%\0, to be specified in (4.41)
below (their precise definition will be relevant only later). Notice that

Tr,p®) = AR,y ® TrrPSxxa) = ap,.s, @ Trzal(i) = Tr, 5" (4.28)
hence, for every z € Z¢, A € Fya with z + 2 ¢ A,

(TZ ﬁ(@)A _ (Tz&(“)A 7 (4.29)

Moreover,
Z Ca (ﬁ(“) - 5(‘”)) = QRy,5, ® Z Ca (pfa) - Uz@) = ary,s, @ (Pr, — 0n,)
€A, €N,
= aryn — on, (4:30)
We assume that ¢ = > ) ¢, > 0, otherwise (4.26) yields ps, = oa,

hence p* = &% and (4.23) holds since ||p* — 5%||w, = 0, by choosing ¢ = 0 and
any p' = o’ € Sza. Therefore, letting p, = ¢, /c, we define the states

p = prT_xﬁ(m) , o = prT_x&(I) . (4.31)
TEA zEA

By (4.28), we have the identity

Tl“()p/ = prTronmﬁ(x) = szszTrm/B(x) = szszTr:r&(w) = TrOUI-

zeEA zEA zEA
(4.32)
If we prove that, for every A € Fya,
i =k =) (yp)a — (70")a) . (4.33)
yeEA
then
17 = 5y < c, (43)

and (4.23) follows. To show (4.33), we write explicitly

e D )a = () = 32 3 e (i = (ry25)a )

yeEN yeAzel,

Z Ca Z(Ty—xﬁ(x))A - (Ty—x5(r))A

TEAN, yeEA

Yo Y (TP = (16 (4.35)

xEA, zEA—x
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FIGURE 1. Representation of Ry C Z? (left) and its trans-
lated Ry 4+ e; = Ry U0 (right)

where the last line follows letting z = y — . Using (4.29), we extend the
summation over z € A, for any A’ € Fya such that

ANOJ(A-a). (4.36)
TEA,
Then, exchanging again the order of summation and using (4.30),

S e YA - (15D = 3 S e (A — (1:59))

TEA, zEN zEN €A,
(4.37)

= > (m2ar,0)a — (Tzar,)A (4.38)
zeN

We now specify the sets A’ and Ry in such a way that the above summation
is telescopic and yields (4.33). First, we let

A= (Ao +2ak), (4.39)
keN,

with b € N sufficiently large so that (4.36) holds. Then, recalling (4.25), to
obtain (4.33) it is sufficient to prove that

Z (TQakOéRduo)A - (TQakaRd)A = (aza)a — (ap)a - (4.40)
k€A,

The following recursive definition for the subsets Rq C Z?\ 0 serves exactly
this purpose. We let

Ri=Z_, Ry=(Z""' xZ_)U(Rq_1 x 0) , (4.41)

so that
R;U{0} = Rg+ey, (4.42)
where we write e; € Z¢ for the natural basis vectors, for i = 1,...,d (see

Fig.1).
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Ay Ay

FIGURE 2. The rectangle A, with b = (2,2) is highlighted,
providing an example of the general identity (4.44): in this
case, (Ra+2e1) N Ay (left) equals (Re —2e1 +e2) N Ay (right)

We decompose the right-hand side in (4.40) as a double summation, over
ki and k\y = (—b1, ko, ..., ka), so that, for fixed k\;, we find a telescopic sum

E T2ak\1 ¥Rg+e1 — T2ak\; ¥Ry = E T2ak\1 “Ry+(k1+1)er — T2ak\1 ¥Ry+kier
0<k1<2b; 0<k; <2by
= T2aky; XRy+2bre; — T2aky; ¥Ry - (4.43)

Since A C A’, and
(Rgq + 2b1eq —|—k\1) NAy,=(Rqg+ e —l—k\l) N Ay, (4.44)
(see Fig. 2), it follows that

(T2aky, ORy+2b1er )A — (T2aky, ORy)A = (T2aky, ¥Rgtes)A — (T2aky, YR,)A -
(4.45)

We further proceed decomposing the summation upon ko and
k\l,z = (_b17_b27k37"'akd)7 (446)

so that we obtain a similar telescopic sum. By iterating the same argument up
to summation over kg, we eventually conclude that

Z (TzakaRduo)A - (TQakOéRd)A = (T—2abOéRd+2bded)A - (T—QabaRd)A s

keAy
(4.47)
which gives (4.40) since
(Rq + 2bgeq — 2ab) N Ay = Ay, (Rg—2ab)NA, =10, (4.48)
thus the proof is completed. O

Using the above construction, we establish the following lower bound,
hence completing the proof of Theorem 4.1.

Lemma 4.2 (Lower bound). For o, p € S%,, we have

wi(p;0) 2 [|p = 0|, - (4.49)
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Proof. With the notation of Proposition 4.4, we argue that the states p* weakly
converge to p. For any fixed b € Ni, if x € A, is such that Ay, C A, + x, then

Tz ® T2akPAy = PA, - (4.50)
kezd Ab

Therefore, denoting by G, C A, the set of such z’s, we write

- G
paAb = |Aa||pAb + Z T ® T2akPA, (451)
@ 2€AN\Ga kezd Ay
Since |G| = [As]| —[As|, it follows that, as a — oo, p§, converge in Sy, toward

pA, - This holds for any b € Ni, hence we obtain the desired weak convergence
in Sza of p* toward p. By (4.15), Proposition 4.4 and Proposition 4.1 we have
the inequalities

lp = ollw, <liminf|p* — (.,
a— o0

< limsup 7 — 59, < sup L2 —allWa _ ) 0y 4 59)
P A
and the proof of (4.49) is completed. O

As a consequence of the above argument, we also obtain that the peri-
odic approximations always converge with respect to the specific quantum Wy
distance.

Corollary 4.1. With the notation of Proposition 4.4, we have

lim wy(p*,6%) = wi(p,0). (4.53)
a— 00
Proof. In (4.52), all inequalities must be equalities, hence the limit. O

5. The Quantum Lipschitz Constant for Infinite Lattices

In this section, we extend the definition of quantum Lipschitz constant of Ref.
[17] to interactions on the quantum spin lattice Z9.

The first step toward defining a Lipschitz constant for interactions is to
extend to Oza the definition of dependence on a site:
Definition 5.1. For any H € Oz« and any z € Z¢, we define

0,H =2 inf |H-Al_. (5.1)
AcO,

2\ z

Proposition 5.1. For any A € Fza, any H € Op and any x € A, (5.3) and
(5.1) are equivalent.

Proof. See Sect.B.2. O

We can now define the Lipschitz constant for interactions:
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Definition 5.2 (Lipschitz constant). We define the Lipschitz constant of ® €
B, as the dependence of the formal Hamiltonian Hg’d on the site 0:

1@, =80 > @A), (5:2)

0€AEF, 4

where the series converges absolutely in the || - ||oc norm.

The Lipschitz constant of ® is also equal to the dependence on a fixed
site of the local Hamiltonian on a region in the limit of infinite volume:

Proposition 5.2. For any ® € B}, and any x € 74, we have
lim 0,Hy = ||®,- (5.3)

Proof. We have

o, — 0. H2 | D (1), —aHE | = I8, 80 S @A)

0eACA,—x
(b)
< 9 > O(A) <2 > 19(A)]l
0eAE€F a:ALAa—2 0eNEF,a:ALAo—2

(5.4)

where (a) follows from the translation invariance of ® and (b) follows since dy
is a seminorm. Since

> IRl < 2], < oo, (5.5)
OEAE.FZd
we have
T [, -0, HF [ <20m > @A) =0. (5.6)
0eAEF a:ALA—2
The claim follows. O

5.1. Physical Equivalence

Different interactions may give rise to the same formal Hamiltonian. Such in-
teractions are called physically equivalent. The concept of physical equivalence
between interactions was formally introduced in [83-85]. We adopt the defini-
tion of [86, Section 4.7] and [82,87]. The reader can find more details in [88,
Section 2.4.6].

Definition 5.3. The interaction ®, W € B}, are physically equivalent if any of
the following equivalent conditions holds:
1. The local Hamiltonians of ® and ¥ normalized by the number of sites
differ only by a constant in the limit of infinite volume:
HE — HY

lim
|Aql

a—00

- w(Eéfoj)]I = 0, (57)

(oo}

where w € Séd is the uniform distribution, i.e., wy = % for any A € Fpa.
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2. ® and ¥ generate the same time evolution: For any A € Uya and any
t € R, we have

7D 7D e W
eiHAatAe—lHAat _ ezHAatAe—lHAat 0. (58)

oo

lim
a— 00

3. For any A € 4°¢, we have

Zd )
> @A) - ¥(A), Al =0. (5.9)
ANeF 4

Proposition 5.3. The interaction ® € B, is physically equivalent to the null
interaction iff ||®|, = 0.

Proof. e Let ® be physically equivalent to the null interaction. Let

K= Y @@, (5.10)

0EAEF,a
where the series converges absolutely in the || - || norm. We have for any
Ae o

ANEF,a 0€AEF, 4

therefore K € Oza \ 0 and || @[/, = dg KK = 0.
o Let ||®||, =0. Let K be as in (5.10). We have

2 inf ||K—H|,=dK=|®|,=0 5.12
gut loe = B0 K = [[®[l, =0, (5.12)

74\0

therefore there exists a sequence (K (”))n en © Ogza\o such that

1m]K7mm —0. (5.13)
Then, K € Oga\g, and for any Ay € Uy we have
> [®(A), Ag] = [K, Ag] =0. (5.14)
AEF 4

Let us prove that for any A € Fz4 and any A € Uy we have
ST [B(X), Ax] =0 (5.15)
XE]:Zd

by induction on the size of A. We have already proved the claim for |A| =
1. Let us fix € A. By linearity, we can assume that Ay = A, ® A\,
with A\, € U\, We have from the inductive hypothesis

Yo [e(X), Arw An] = D (19(X), A Ax,
XeF,a XE€F,q
+4; [2(X), Apva)) =0.
(5.16)

The claim follows.
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6. Duality for the w; Distance

Using Theorem 4.1, we prove the following dual formulation for the specific
quantum W; distance.

Theorem 6.1 (Duality). For p, o € Séd, we have
wi(p, @) = sup {p(Es) — 0(Ea) : @ € Ba, [0, <1} . (6.1)

The result extends Proposition 3.1 to infinite spin systems, but unlike
the finite dimensional case, in general there is no reason for the supremum in
(6.1) to be attained in B,.

Proof. Let ® € Bj, with ||®]|z <1, and let ¢ >0, p', 0’ € Sza be as in (4.14).
For a € N% and A C A, € Fza, we have

p(®(A)) — o (D(A) = Y mp (D(A)) — 70p (B(A))
TEA,
=c Y p@A-x)-d(@A-2x). (6.2)
TEA,
If ¢ A, then 0 ¢ A — x, hence p'(®(A — x)) = o' (P(A — z)) because py_, =
ol .. Therefore, the sum above can be restricted upon = € A, i.e., 0 € A — z.
We then sum upon A € Fy« and make a change of variable A’ = A — x,
obtaining

p(@(N) —o(@(A) P(B(A — 2)) — o' (B(A — )
OEAXQ:AG |A‘ OeAzg:Aa :;\ |A|
—e Y (@) - o (@A) )
OGA/G}-/d |A |
" (6.3)

where g,(A’) denotes the number of pairs (z, A) with z € A C A,, 0 € A, such
that A’ = A — z. Notice that the above is a finite sum, since we may restrict
upon A’ C Ag,, otherwise g,(A") = 0. Moreover, for every such pair (z,A), it
must be x € —A’, since 0 € A. Therefore, for every A’ € Fyza with 0 € A/,

ga(A) . ga()
< =
] <1, and alLr{)lO ] 1,
since every pair (z, A) with x € —A’ and A = x4+ A’ satisfies x € A C A, if ais
sufficiently large. Therefore, by the dominated convergence theorem for series,
we deduce that

0<

(6.4)

i S se@)BE - Y sew). 6

OEA'E]‘-Zd

a— 00

0eN’ ede

and similarly for o’. The left-hand side in (6.3) converges to p(Fe) — 0(Eg)
as a — 00, hence we obtain the identity

p(Bs)—o(BEs)=c Y p(RA)— Y (@A) (6.6)

0EANEF,q 0EAEF
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Given A € Ogayg, since p/Zd\O = O'/Zd\o, we have p'(A) = o’(A), thus

S od@m)- Y d@ay =4 3 en)-4

OGAG]:Zd OGAG.FZd, OGAG}—Zd

o[ > em) -4 (6.7)

0EAEF,q
<2( Y ow) -4 . (68
0EAEF,q -
Being A € Oza\( arbitrary, we deduce the inequality
Y Ae@w) - Y d@W) <o)<, (6.9)
0EAEF,q 0EAEF,q
which from (6.6) gives
sup {p(Fs) —o(Es) : ® € Bja, || @], <1} <c. (6.10)
Recalling that ¢ and p’, o’ are chosen as in (4.14), we deduce
sup{p(Ee) —0(Eg): ® € By, |2], <1} <[lp = 0llwy,  (6.11)

i.e., inequality > holds in (6.1).
For the converse inequality, given any H € Op, with | H||, < 1, we define
the translation-invariant interaction

H
PH(A) == (6.12)
A
if A=A, + 2 for some z € Z?, ®(A) = 0 otherwise. Notice that & € By,
and

307'_9¢H 83;H
[P TR > <|H[L<1. (6.13)

TEA,
Since p, o € S2,, we have p(7,H) = p(H), o(1,H) = o(H), hence

zEA, @ @

The duality for the quantum W; distance on the finite lattice A, yields

lpa, — on, llw,

™ =sup{p(Epn) —0(Een): H € Op,, ||H||, <1}

<sup{p(Es) —0(Es): ® € B4, |®|, <1} . (6.15)

Letting a — 0o, we obtain inequality < in (6.1), hence the thesis. O
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7. Recovery of Ornstein’s d-Distance

As in the finite dimensional case, the specific quantum W7 distance between
states recovers Ornstein’s d-distance, when restricted to diagonal states in the
canonical basis, i.e., p € Sza such that, for every A € Fya, pp is diagonal in
the basis (|z)(2])ze[qa-

There is indeed a correspondence between probability measures p on [¢
and such states, defined by mapping p to the diagonal state p € Syza such that,
for every A € Fya,

}Z

pr= > palz)lz)(zl, (7.1)
z€[qt
where ux denotes the marginal of © on A. Since states are determined by their
collection of marginals, (7.1) completely determines p.

The correspondence is clearly invertible, arguing similarly on the space of
probability measures [¢]%. With a slight abuse of notation, we write |z)(x| €
Sya for the diagonal state corresponding to the Dirac probability measure
concentrated at x € [q}zd, so that one can also write

péwmwmmw, (7.2)

where integration is in the sense of Pettis (also called weak integral).
Given two shift-invariant (i.e., stationary) probability measures u, v on

the infinite product space [¢)%", Ornstein’s d-distance [7,13] is defined as

- W-
d(p,v) = sup M7 (7.3)
aeN4 |Aa|
where, for A € Fz4, W1 denotes the classical optimal transport distance with
Hamming cost on [¢]*, i.e.,
Wi (pasva) = min > h(z,y)w(e,y), (7.4)
el ), y€E[q]®

with C(ua, va) being the set of couplings between the probability distributions
KA, VA, and

h(z,y) =i € A+ @i #yi}l - (7.5)
This distance is usually defined only in the case d = 1, but the extension

to d > 1 is straightforward and informally discussed already in [7, Appendix
4].

Proposition 7.1. Given stationary probability measures p, v on [q]Zd, let p,
s Séd denote the associated diagonal states,

pzﬂwmmmmm o= [ laliv(o). (7.6)

[q)%

Then, we have

wi(p,0) = d(,v). (7.7)
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Proof. For every A € Fya, we have, by [17, Proposition 5],

loa = oally, = Wi (pasva). (7.8)
Choosing A = A, for a € N, dividing by |A,| and letting a — oo yields the
thesis. O
Ornstein’s d-distance (7.3) can be equivalently defined [13, Theorem 1]
as
dpv)=_min > hley)mo(@y), (7.9)
Y e yelal

where C! (11, ) denotes the set of stationary couplings between the probability
distributions u, v, and g is the marginal density of 7 at 0. Definition 4.2 to-
gether with Theorem 4.1 provides a similar characterization for quantum spin
systems, where stationary couplings are replaced in (4.14) by representations
of the difference the states as series of translates. In fact, if the states p, o are
diagonal, we can also restrict minimization in (4.14) to diagonal states p’, o',
corresponding to probability measures p/, v/, obtaining the following further
equivalent representation of Ornstein’s distance.

Zd

Corollary 7.1. Given stationary probability measures u, v on [q]* , we have

d

d(p, v) = min {c >0:34, v probability measures on [q)”" : Hza\o = Vza\o

MA_VAZCZ(TmMI)A_(TxV/)A VAEde}. (7.10)
zEA

To our knowledge, duality for Orstein’s d-distance is not explicitly dis-
cussed in the literature. A result can be obtained directly from Theorem 6.1
for diagonal states, simply noticing that the supremum may run among in-
teractions ® such that each ®(A) is also diagonal, i.e., corresponding to a
function

FA): [ — R, (7.11)

depending only on the coordinates in A. Let us denote by Bg’ddiag the set of

translation invariant diagonal interactions satisfying (2.18). The Lipschitz con-

stant of f € BI'1%8 coincides with the oscillation of the function on [g]%",

7,4
re Y f(A)(2) (7.12)
with respect to the 0-th coordinate, i.e.,

11l = sup{ S (W @) - FA)W)) : 2y € [ @k = i for every k € 2%\ 0} .

0EAEF,q

(7.13)
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The specific energy of f is identified with the function on [q]Zd

zep(r)= Y f(ﬁ\)f:”) (7.14)

0EAEF,q
With this notation, Theorem 6.1 yields the following result.
2

Corollary 7.2. Given stationary probability measures u, v on [¢]*, we have

d(p,v) = sup {/[ » ef(z)dp(z) — /[ - ef(z)dv(z): f € B;;ﬁdiag’ £, < 1} .
al? a?
(7.15)

8. Quantum Concentration Inequalities

8.1. Poincaré Inequality

In this section, we prove the following quantum Poincaré inequality stating
that for any interaction ®, the variance of the local Hamiltonian on A, on
a product state scales at most linearly with the volume of A, in the limit
a — 00, and the proportionality constant is upper bounded by the square of
the Lipschitz constant of ®:

Proposition 8.1 (Poincaré inequality). Let w € Sza be a product state. Then,

for any interaction ® € B}, we have

Var,,, HY

lim sup —— e A < ||<I>Hi (8.1)
a— 00 |Aa|

8.1.1. Proof of Proposition 8.1. The proof of Proposition 8.1 is based on its

counterpart for quantum spin systems on finite lattices:

Proposition 8.2 (Quantum Poincaré inequality [20, Lemma F.1]). Let A be a
finite set, and let w € Sp be a product state. Then, for any H € O we have

Var, H = Tr [w (H — Tr[wH] 11)2} <Y (9.H). (8.2)
zEA

The key step in the proof of Proposition 8.1 is the following proposition,
which states that the Lipschitz constant of ® is equal to the quadratic average
of the dependence of the local Hamiltonians of ® on the sites in the limit of
infinite volume:

Proposition 8.3. Let ® € BJ,. Then,

) 1 2 2
lim — AHY ) = |97 . 8.3
Jim |Aa|x§a< x) =llel (8.3)
Proof. We fix e > 0. Let N € Nand 0 € Ay € Fza, ..., 0 € Ay € Fza such

that

> [P(A)][o <€ (8.4)

0EAEF, 4, A#A1, ..., A
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Let aENi such that A;U...UAn C A, and
|O0HY —[|®[|,] < 2e. (8.5)
We have
> [P(A)] <€ (8.6)

0EAEF,q, AZA,
Let us fix z € Z%. For anybENi with b > a £+ x, we have A, C Ay, — x and
(b)
daHY, — 00 HY,| @ oo, — oot | < o0 (HY, . —HE ) =00 > e
ACAy—a, AZAq

= > o(A) <2 > (M) < 2€,

0EACA,—z, AZA, 0EACA,—z, AZA,

(8.7)

where (a) follows from the translation invariance of ® and (b) follows since 9
is a seminorm. We then have

|0.Hy, — @], | < 4e. (8.8)
Let b > a, such that any x € A,_, satisfies b > a+z. We have from Lemma C.4

So@HY) = Y (@.HR) + Y (0.HY)

xENy TEANy_q xEAb\Ab,a
2 2
< |Ap-al (1[I +4€)° +4(|As] — [Ap—a]) @I, (8.9)
therefore
lim sup — z (0-Hy,) ? < lim sup <|Ab_a| (1], +4€¢)+4 <1 — lAb_al) ||<I>Hi)
b— oo | b‘ zEA, b— oo |Ab| ‘Ab|
= (||®], +4€)*. (8.10)
Since € is arbitrary, we get
2 2
lim su O HY ) < ||| . 8.11
msup |Ab| S (0.HE) < |of? (8.11)

TEN

If [|®]|, = 0, the claim follows from (8.11). If ||®||, > 0, we can choose € <
| @], /4. We then have

N (0:HE) > Y (0:HE) > Mal (10, - 407, (8.12)
zENp TzEANy_ 4

and

[Av—al 2 2
hbxgggf Z (0.HE)® > lim inf ™ (|1®]|, —4€)* = (@], —4e)°.

mGAb
(8.13)

Since € is arbitrary, we get

2
hﬁgﬂ ™ > (0.HY) 2> o). (8.14)
zENp
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The claim follows. O

We can now conclude the proof of Proposition 8.1. We have from Propo-
sition 8.2 and Proposition 8.3
Vary, H}f’

lim sup < <limsup —
a— 00 ‘Aa| a— 00 | a‘

> (9.HY) Y =(1e)2.  (8.15)

xEN,
The claim follows.

8.2. Gaussian Concentration Inequality
In this section, we prove the following Gaussian concentration inequality (The-
orem 8.1) for quantum spin systems on finite lattices and apply it to prove an

upper bound to the pressure of an interaction in terms of its Lipschitz constant
(Corollary 8.1).

Theorem 8.1 (Gaussian concentration inequality). Let A be a finite set and let
w € Sp be a product state with full support. Then, for any H € O we have

1
InTrpeff e < Try [w H] + 3 Z (8,H)*. (8.16)
TEA

Remark 8.1. Ref. [17] proved the following Gaussian concentration inequality:

Theorem 8.2 ([17, Theorem 3]). Let A be a finite set and let w = % € Sy be
the uniform distribution. Then, for any H € O\ we have

A
+ % IH|? . (8.17)

InTrpee < Try [w H]
Upon replacing the constant % by %, the inequality (8.17) is implied by
(8.16).

Proof. We will prove the claim by induction on the size of A. For A = ()
equality holds in (8.16). Let us fix € A, and let Ag = A\ . Let Hp, € Oy,
such that

O0.H =2|H — Hy, || - (8.18)
We have
[H = Try [we Hll| o = [[H = Hay — Tra [wa (H — Hp)lll
<2||H — Hp, ||, = 0. H. (8.19)
Using the inequality
nh e
e <Tivet, j<a, (5.20)
we get
ho,H o H)?
ol ) < SONOH o )y O (8.21)
C0,H
therefore

2
Tr, [wgg eH—Trm[me]] < B E2 (8.22)
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For any y € A, let Hy\, € Op\, such that

OyH =2||H — Hayyl| - (8.23)
We have
Oy Try [weH] < 2| Try [weH] — Try [waH vy ||| < 2||H — Hyy || = 0,H.
(8.24)

We then have
InTrpef "« = InTrp exp (H — Try (we H] + Inwy + Try [wa H] + Inwa,)

a

(a) oo
< ln/ Tra [eTrI[w_,LH}Hn way (w;l —|—t)71 eH—Tr,[w, H] (w;l —|—t)71] dt
0

oo
_ lan\er |:6Trw[uIH]+ln “ao Try |:6H—Trz[wa_.H]/ (w;1 +t)—2 dt:”
0

—In T‘I’AO |:€Tr”” [we H]+1n wy, Try {wz erTrl [UJIH]}}

() 2
v (0. H)

+1n rI\rAUeTrz [wy H]+1n wy,

QI | om+ ] Y @ o)

B 2 yEANg

(d) 1 )

< TrafwH] + 5 > (0,H)?, (8.25)
yeEA

where (a) follows from the Golden—Thompson inequality with three matrices
[89], (b) from (8.22), (c) from the inductive hypothesis and (d) from (8.24).
The claim follows. O

Corollary 8.1. Let ® € Bj, and let w € Séd be the uniform distribution, i.e.,
wp = % for any A € Fga. Then,

32
P(®) <Ilng+ % —w(Eg). (8.26)
Proof. We have
In Trp e Hia (a) 1 2 W (Hff )
P(®) = lim —2 " T lng+ lim [~ O, HE )2 — T "Aa)
a—00 ‘Aa| a—oo \ 2 |Aa| =y ( A“) |Aa|
3|2

® ] 2”L —w(EBs), (8.27)
where (a) follows from Theorem 8.1 and (b) from Proposition 8.3 and (2.21).
The claim follows. g

9. W; Continuity of the von Neumann Entropy

In this section, we prove the following continuity bound of the von Neumann
entropy with respect to the quantum W; distance:
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Theorem 9.1 (W; continuity of the von Neumann entropy). Let A be a finite
set. For any p, o € Sy, we have

I56) - S@) _, (lo=clw Y lo-oly, o
s (P ) ¢ P e ) o

Theorem 9.1 generalizes to the quantum setting the following continuity
bound of the Shannon entropy with respect to the classical W; distance:

Theorem 9.2 (W, continuity of the Shannon entropy [90, Proposition 8]). Let

A be a finite set. For any two probability distributions p, v on [q], we have
Wi, v
5 - 5091 < Ialra (“2ED) L Wi 1), ©2)

The quantum continuity bound (9.1) is identical to the classical bound
(9.2) upon replacing ¢ by ¢?. Such replacement is necessary, since the von
Neumann entropy does not always satisfy the classical bound (9.2) [17].

Remark 9.1. Ref. [17] proved the following weaker continuity bound for the
von Neumann entropy in terms of the W distance:

Theorem 9.3 ([17, Theorem 1]). Let A be a finite set. For any p, o € Sy,
1S(p) = S@) < g (lp—0llw,) + llp = olly, n (¢* |A]) , (9.3)
where for any t > 0
gt)=(t+1)In(t+1) —tint. (9.4)
Due to the term In |A|, the bound (9.3) does not have the right scaling
with respect to |A| to prove a continuity bound for the specific entropy in
terms of the specific quantum W; distance. On the contrary, Theorem 9.1 will
be crucial in the proof of such a bound, which will be the subject of Sect. 10.
9.1. Proof of Theorem 9.1

The proof of Theorem 9.1 is based on the following notion of distance operator:

Definition 9.1 (Distance operator [91, Section 2], [92, Definition 15]). Let V
be a subspace of Hp. For any k =0, ..., |A|, we define the fattening Vj, of V
of radius k as the span of the linear operators acting on at most k sites applied
to a vector in V:

Vi =span{OY) : [¢) € V, O € Uy : X CA, |X| <k}, (9.5)
such that
V=V, C...C V] =Ha. (9.6)
We define the distance operator of V as the linear operator Hy, € Oy that has
eigenvalue k on V, N Vj- , for each k =0, ..., |A].

The following Proposition 9.1 provides the link between the distance op-
erator and the W, distance:
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Proposition 9.1. Let V be a subspace of Hy, and let p, 0 € Sy such that the
support of o is contained in V. Then,

1= lly, > Tea [p Hy). (9.7)
Proof. Since Try [0 Hy] = 0, it is sufficient to prove that ||Hy||; < 1. For any
k=0, ..., |A|, let II; be the orthogonal projector onto Vj, such that
Al
Hy =) (I-1I). (9.8)
k=0

For any x € A, let
Vo =span{OJy) : |P) €V, O clx : X CA, | X| <k, ze€ X}, (9.9)
and let Il , be the orthogonal projector onto Vy, ;. We have Vi1 C Vi, C Vg,
therefore
0 <1y —I, <IIj — ;. (9.10)
The subspace Vj, ; is invariant with respect to the action of any unitary opera-

tor U € . Then, Il , commutes with any such U, and therefore Iy, € Op\,-
Then,

[A] |A| |A|
OpHy =0, Y ([—=Tx) =0 > =0, »_ () — Tl z)
k=0 k=0 k=0
() || 1Al |A] (®)
< | — i z) S —Mpy)|| =1, (9.11)
k=0 k=0 -
where (a) follows from Lemma C.2 and (b) follows observing that I, — IT;_;
is the orthogonal projector onto Vi N V/i'—r The claim follows. g

We first prove Theorem 9.1 when o is proportional to an orthogonal
projector:

Proposition 9.2. Let V be a subspace of Hy, let I1 be the associated orthogonal
projector and let
II
7T dmV
Then, for any p € Sn we have

(9.12)

S(p) —IndimV < |A| hy (IIP-;IM) +lp = olly, In(¢* = 1). (9.13)
Proof. For any 0 <t <1, let
¢(t) = ha(t) +tIn (¢* — 1), (9.14)
and let
o= ollw, = Al w. (9.15)
The claim becomes
S(p) <IndimV + [A] ¢(w). (9.16)
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¢ is increasing in [O, 1-— q%} and decreasing in {1 - q%, 1] with

60)=0,  o(1-%) =l  o()=Im(F-1).  (9.17)

Let 0 <w* <1— q% satisfy

d(w*) =1Ing. (9.18)
If w > w*, the claim is trivial. Indeed, if w* <w <1 — q% we have
¢(w) > p(w") = Ing, (9.19)
Whileifl—q%<w§1wehave
6(w) > 6(1) = In (¢* — 1) > Ing. (9.20)
We can then assume w < w*.
Let Hy be the distance operator of V. For any k = 0, ..., |A[, let W}

be the eigenspace of Hy, with eigenvalue k, let Py be the orthogonal projector
onto W, and let py, = Trp [p Pi] be the probability that a measurement of Hy,
on p has outcome k. Let

[A| P,
0= . .21
P = 2Pk G (9:21)
k=0
We have
0 < S(pll7) = 5(5) - S(p). (9.22)
For any z € {0,...,¢* — 1}A, let H(z) be the number of components of x that
are different from 0, and for any k =0, ..., [A[, let
Dy = [H\(k)| = Hx e{0,..., -1} H(x) = k}‘ . (9.23)

Let X be a random variable with values in {O, G - 1}A distributed as fol-
lows. Let the probability distribution of H(X) be p, and for any k =0, ..., |A],
let the probability distribution of X conditioned on H(X) = k be uniform,

such that the probability of z € {0,...,¢* — 1}A is

P(X = g) = 2

= : 9.24
Diro) (9.24)

Since H(X) has the same probability distribution as Hy measured on p, we
have
EH(X) =Trp [p Hy] =: |Alu. (9.25)

By the maximum entropy principle, the Shannon entropy of X is upper bounded
by the Shannon entropy of the Gibbs distribution of H with average energy
|A| w:

S(X) < [A] o(w). (9.26)



4266 G. De Palma and D. Trevisan Ann. Henri Poincaré

We then have

A I
() d Did
S(p) < S(7) = prIn lmW’“ Z DedimV - Gimy + 5(xX)
k=0 k=
©
< IndimV + |A| ¢(u), (9.27)

where (a) follows from (9.22), (b) from Lemma C.3 and (c¢) from (9.26). We
have from Proposition 9.1

w > Tralp Hy] _ u, (9.28)
Al
hence
P(u) < p(w). (9.29)
The claim follows. O

Without loss of generality, we can assume S(p) > S(o). For any k € N
and any & > 0, let Py s be the d-typical projector of 0¥ i.e., the orthogonal
projector on the sum of the eigenspaces of ¢®* with eigenvalues contained in
[e=k(S(@)+0) o=k(S(@)=0)] " P ;5 satisfies [79-81, Section 5.5]

o®k > ¢=kS@+) p o (9.30a)
InTrp P
lim inf % > S(o) — 4. (9.30D)

The property (9.30a) implies

InTrp P
BTATkS r;? M3 < S(o) + 4, (9.31a)
1 P s Qk InTrp Py 5
- —_— <S 06— ———. 9.31b
k (TrAPM < (o) + k (9:31D)
We have from (9.31a) and Proposition 9.2
®k Pr.s
S (p®*) — InTrp Py Hp IS
5(p) - 5oy < SPTN TIPS s W 1,
k kA
(9.32)
We have
Py Rk Prs
[t o PN Tt P et
kA - kA k|A|

(a) 2 Py s
< —9( —== ®k
sw+ \/k (TI‘AP]C’(; 7 )

(b)
 NICERTE Lo CES
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where (a) follows from Proposition A.3 and Proposition C.1, and (b) follows
from (9.31b). We get from (9.30b)

®k _ _Prs

p Tra Py

lim sup H = TIWE < 4206 (9.34)
k—o0 kA

We then get from (9.32)
S(p) — S(0) < |A| & (w+2\f5) +4, (9.35)

and the claim follows taking the limit 6 — 0.

10. w; Continuity of the Specific Entropy

A fundamental consequence of Theorem 9.1 is the following continuity bound
for the specific entropy in terms of the specific quantum W; distance:

Corollary 10.1 (w; continuity of the specific entropy). The specific entropy
satisfies the following continuity bound with respect to the specific quantum
Wy distance: For any p, o € Séd, we have

15(0) = 5(0)| < ha (wi(p, 7)) + wr(p, o) In (% 1), (10.1)
where

ho(t)=—tlnt— (1 —t)In(1—1¢), 0<t<1 (10.2)
1s the binary entropy function.

Proof. The claim follows from Theorem 9.1: We have
15 (pa,) = S (oa,)]

15(p) = s(0)| = lim

a— 00 |Aa‘
loa. — onallw oA, — onallw
< lim hg( = 2 1)—1— “ 2 1lnq2—1>
amoee ( |Adl [Aal ( )
= hy (wi(p,0)) + wi(p,0)In (¢° — 1) . (10.3)

11. w;-Gibbs States

We define the w-Gibbs states of the interaction ® as the translation-invariant
states whose marginal states have a W; distance from the local Gibbs states
of ® that scales sublinearly with the volume:

Definition 11.1 (w;-Gibbs state). Let ® € BJ,. We define for any p € Séd the
specific quantum W; distance between p and ® as the limit of the W distance
per site between the marginals of p and the local Gibbs states of ®:

_ @
wi (p, ) = limsup HPAa “As

a—o0 | Adl

We say that the state w € S7, is a wq-Gibbs state of ® if wy(w, ®) = 0.

|Wl. (11.1)
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We also define for any ® € B}, and any p € Séd the specific relative
entropy between p and ® as the limit of the relative entropy per site between
the marginals of p and the local Gibbs states of ®:

P
s(plle) = Jim S22allR)

W

= P(®) = s(p) + p(Ea).  (112)

We have s(p||®) > 0, with equality iff p € S¢q(®).
An interaction can have at most one wi-Gibbs state:

Proposition 11.1 (Uniqueness of the wi-Gibbs state). Let ® € BJ, have a
w1 -Gibbs state w € Séd. Then, for any p € Séd we have

wi(p, ®) = wi(p,w). (11.3)
In particular, ® can have at most one wi-Gibbs state.

Proof. We have

>
, loa, = @R, lyy, = loa. —wn,llw
w1 (p, @) — wi(p,w)| = |limsup W1|A | -
a— 00 a
@
WA, — W
< lim sup H Ao |W1 =wi(w,®)=0. (11.4)
a—o0 |Aql

If also p is a w1-Gibbs state of ®, we have
w1 (p,w) = wi(p, @) =0, (11.5)
hence p = w. The claim follows. g

If an interaction admits a wi-Gibbs state, then such state is also an
equilibrium state:

Proposition 11.2. We have for any ® € B}, and any p € Séd

S(p1B) < ha(wi(p,®)) + wi(p, ®) (n (> — 1) +2]®],) . (11.6)
In particular, if ® has a wi-Gibbs state w € Séd, then w € Seq(P).
Proof. We have

S (one b)) _ . S(R) = Slons) + Tra, [(pn, — ) HE,]

s(pl®) = Jim —=¢ = = Jlim ™
(a) . HpAa - w?\)a ||W1 HpAa - w?\)a W1 2
2 i (hz ( ol )y B (i (g7 1) + 210, )
= ha(wi(p, ®)) + wi(p, ®) (In (q2 —1)+2[2],), (11.7)

where (a) follows from Theorem 9.1 and (C.16). The claim follows. O
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12. Quantum Transportation-Cost Inequalities

Definition 12.1 (7'CI). The interaction ® € B}, satisfies a Transportation-Cost
Inequality (TCI) with constant ¢ > 0 if the square of the specific quantum W,
distance with respect to ® is upper bounded by § times the specific relative
entropy with respect to @, i.e., if for any p € Séd we have

wi(p,®)” < 5 s(p]®). (TCI)

A fundamental consequence of (TCI) is the uniqueness of the equilibrium
state of ®:

Proposition 12.1 (Uniqueness of the equilibrium state). Let ® € B}, satisfy
(TCI). Then, ® has a unique equilibrium state, which is a wi-Gibbs state.

Proof. Let w € Se¢q(®). From (TCI), we have
wi(w, ®)? < gs(waI)) ~0, (12.1)

therefore w is a w;-Gibbs state of ®. Since the w;-Gibbs state is unique, the
equilibrium state is unique, too. O

Another property of the interactions satisfying (TCI) is the following
upper bound to the variation of the specific entropy in terms of the specific
relative entropy:

Proposition 12.2. Let ® € B}, satisfy (TCI) and let w € Séd be its unique
equilibrium state. Let w* be as in (9.18). Then, for any p € Séd such that

2’[1)*2

s(p[®) <

; (12.2)

we have

s(6) = sl < ha (/S 6l9)) + /5 stollo)m a2 -1). (123)

Proof. From Theorem 12.1, we have that w is a w1-Gibbs state of ®. We then
have

15(0) — 5(@)] 2 ho(wn(p,w)) +wn(pyw)In (¢ — 1)
< o ( cs(p@) el 2y 2

2 2

where (a) follows from Theorem 10.1 and (b) from Proposition 11.1 and (TCI).
The claim follows. 0

In the following, we will prove that (TCI) is satisfied by interactions
containing only single-site terms (Sect. 12.1) and local commuting interactions
at high temperature (Sect. 12.2).
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12.1. Product States
The simplest setting where (TCI) holds is when the interaction contains only

terms acting on single spins and the associated Gibbs state is a product state.
Ref. [17] proved the following TCI for product states on finite lattices:

Theorem 12.1 (Quantum Marton’s Transportation Inequality [17, Theorem
2]). Let A be a finite set and let o € Sy be a product state. Then, for any
p € Sy we have

IAI

lo = alliy, < 5 S(pllo). (12.5)

Theorem 12.1 implies the following TCI for product states on Z%:

Corollary 12.1 (TCI for product states). Let w € Séd be a product state. Then,
for any p € Séd we have

wilp,w)? < 3 s(pll). (126)

Therefore, any ® € B}, that contains only terms acting on single spins (i.c.,
such that ®(A) =0 for any A € Fza with |A| > 2) satisfies (TCI) with ¢ = 1.

Proof. The claim (12.6) follows from Theorem 12.1: We have

2
2 _ iy PR~y o S(onallon) _ sollw) -
wi(p,w) Tatee A7 Camee 2[Al 2 (12.7)

Let ® € B}, contain only terms acting on single sites. We have for any
A€ Fga
—P(x)

wh = ® Te =Q)ws, (12.8)

zEA

therefore there exists a product state w € SZ, such that wy = w} for any
A € Fza. We have wi(p,w) = wi(p, ®) and s(p||w) = s(p||®), therefore (12.6)
implies (T'CI) with ¢ = 1. The claim follows. O

12.2. Local Commuting Interactions at High Temperature

A more general setting where (TCI) can be proved is the case of geometrically
local commuting interactions, where each spin interacts with a finite number
of spins and all the terms of the interaction mutually commute.

Ref. [19] proved the following TCI for Gibbs states of local commuting
interactions on a finite lattice employing a quantum generalization of Ollivier’s
coarse Ricci curvature [93,94]:

Theorem 12.2 (High-temperature TCI for local commuting interactions [19,
Theorem 4 and Proposition 9]). Let ® € B}, be geometrically local and com-
muting, i.e., each spin interacts with at most N spins where

N = U X| < oo, (12.9)
0EXEF,q: B(X)#£0
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and [®(X), ®(Y)] =0 for any X, Y € Fga. Let

JirZ
M= mf (( Iel, 4 1) e 19, q 34y/14e2 Hdél\r(2+4 1;7)
2|, 2?0 + 4e—“) : (12.10)
and let us assume that
k=1- (2N —1)(N —1)M > 0. (12.11)
Then, for any A € Fza and any p € Sy we have
2N2|A|
— A W, = 7_ D) A . .
o=l < 2B (k) (12.12)
In particular, ® satisfies (TCI) with
4N?
J— e*l{
Remark 12.1. Choosing in (12.10)
In =t —
= L‘fﬂq (12.14)
™+ 5

we get M < O (||®],) for [|®||, — 0.

Another strategy to prove TCIs for quantum spin systems on a finite
lattice is to prove that suitable local quantum Markov semigroups that have
the Gibbs state as unique fixed point satisfy a modified logarithmic Sobolev
inequality [19,95-97], which states that the semigroup contracts exponentially
the relative entropy with respect to the Gibbs state. Ref. [97] proved that
above a critical temperature, the Gibbs states of commuting nearest-neighbor
interactions satisfy a modified logarithmic Sobolev inequality. Exploiting this
result, Ref. [19] proved the following TCI for such Gibbs states:

Theorem 12.3 (High-temperature TCI for nearest-neighbor interactions [19,
Theorem 5]). Let & € B, be a nearest-neighbor interaction, i.e., ®(A) = 0 for
any N € Fza that contains at least two sites that are not neighboring. Then,
there exists a critical inverse temperature 3. > 0 such that for any 0 < B < 3.
there exists cg > 0 such that for any a € Ni we have

2 cg|Ag
pe g%s(ma wAa). (12.15)

HPAa — Wy, -

In particular, 3 satisfies (TCI) with ¢ = ca.

Corollary 12.2. All the interactions satisfying the hypotheses either of Theo-
rem 12.2 or of Theorem 12.3 have a unique equilibrium state.

Remark 12.2. The uniqueness of the equilibrium states for all the interactions
® € B}, such that » > logq and [|®|, < i has been proved in [98].
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13. Perspectives

In this paper, we have proposed a specific Wasserstein distance of order 1 for
quantum spin systems on infinite lattices. We expect the proposed distance to
be a powerful tool in the study of the statistical mechanics of quantum spin
systems, quantum dynamical systems, and tomography of quantum states:

1. The specific quantum W7 distance can be employed to study the diameter
of the set of the equilibrium states of an interaction close to a thermal
phase transition. Above the critical temperature, the equilibrium state is
unique and the diameter is zero, while below the critical temperature the
diameter is strictly positive. The limit of the diameter of the set of the
equilibrium states as the temperature tends from below to the critical
value, and in particular whether such limit is zero or strictly positive,
can be employed to characterize the phase transition.

2. In [7], Ornstein proposed the d-distance as a natural metric for the classi-
fication of stochastic processes and singled out a large class (the so-called
B-processes), containing, e.g., all mixing Markov processes, such that a
fundamental isomorphism theorem holds: two processes are isomorphic if
and only if their entropies coincide. The isomorphism here is in the sense
of dynamical systems, i.e., a measurable and invertible transformation
mapping one probability measure to the other. The specific quantum W,
distance could provide a useful analytical tool toward establishing anal-
ogous results in the setting of quantum dynamical systems [99].

3. The statistical problem of estimating a stationary ergodic process, in
a given family, from the observation of a single sample path of length
n can be quantitatively addressed using Ornstein’s d-distance. In [8], it
is proved that an empirical block scheme, i.e., the product probability
naturally obtained from the observed frequencies on sliding window of
length k, converges in the d-distance, as n grows, toward the target pro-
cess, provided that it is a B-process and k grows at least logarithmically
with respect to n. Exploring the quantum analogue of this and related
results, e.g., for discrimination between two sampled processes [9], may
extend the scope of the recent works [23,24] on tomography of a quantum
state and stimulate novel approaches, particularly when the number of
accessible independent copies is extremely constrained.
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A. Properties of the Quantum W; Distance

Proposition A.1 ([17, Proposition 2]). For any finite set A and any A € O,
we have

1A]

1
SIAlL < 1ALy, < 2 jay,. (A1)

-2
Proposition A.2 ([17, Proposition 5]). Let A" C A be finite sets. Then, for any
A € OF such that Try/A = 0 we have

¢ —1
q2

1Allw, < IANTHIA]] - (A.2)

Proposition A.3 (Superadditivity [17, Proposition 4]). The quantum Wi dis-
tance is superadditive in general and additive for product states, i.e., for any
two disjoint finite sets A, A’ and any p, o € Sapns we have

lp—ollw, > llpa —oallw, +lloar —oarllyy, » (A.3)
and for any pa, on € SA and any ppr, oar € Spr we have

oA @ par — on @ onrllyy, = llpa — oallyy, +lloar —onrlly, - (A4)

B. Auxiliary Proofs
B.1. Proof of Proposition 2.1

Proposition. (2.1) The trace distance on Sgza is the supremum of the trace
distances between the marginal states: For any p, 0 € Sza,

1
T(p,0) =5 sup |[lpa —oall,, (B.1)
2 ANeF,a

where || - ||1 denotes the trace norm on Ly given by

JAl, = TraVATA, A€y (B.2)
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Proof. Since illzodc is dense in 74, we have

2T(p,0) = sup |p(A) —o(A)| = sup sup  [p(A) —o(A4)]
Aeu’zf;:HAHoogl AEF, a4 Actly:||Allc<1
= sup sup |Tra [(pa —oa) Al = sup [lpa —oall; -
AG]:Zd Aetp:||Allo <1 A€fzd
(B.3)
The claim follows. O

B.2. Proof of Proposition 5.1

Proposition. (5.1) For any A € Fza, any H € Op and any x € A, (3.3) and
(5.1) are equivalent.

Proof. Let
0, H=2 min |H—-A|_, 0,H=2 inf |H—-A|_. (B4)
A€O£\ & A0,

2\ z

We clearly have 8, H < 8, H. Let wza\p € Szaya be the uniform distribution
on Z4\ A, and let Wy : ;s — U, be the completely positive unital linear map
such that for any A € Uyq and any pp € Sa

Trp [pa VA (A)] = (wza\a ® pa)(A). (B.5)
Let A € Ozay\,. We have for any py € Sy and any unitary operator U, € i,
Tra [pa U WA (A) Us| = Trp [Uy pa UL WA(A)] = (wza\a ® Uz pa Uf) (A)
= (wza\a © pa) (UL AUL) = (wzann @ pa)(A)
= Tra [pa ¥a(A)] , (B.6)
therefore U Wx(A) U, = Wx(A), hence Wp(A) € Oy\,. We then have
0. H <2||H—-Ux(A)|| =2||Va(H - A)| <2|H-A|,, BT

where the last inequality follows since W, is completely positive and unital.
We then have 0, H < 0,H. The claim follows. O

lloo [

C. Auxiliary Lemmas
Lemma C.1 (Multidimensional Fekete’s lemma [100]). Let f : N¢ — R be

superadditive with respect to each variable, i.e.,
flry, o, xi+t oo, xq) > flon, ooy Tiy ooy a) + floeg, ooy by ool T4)
(C.1)
forany xq, ..., xzq, t e Nand anyi=1,...,d. Then,

lim @) = sup & (C.2)
T—0 Ty ...2T4 xENixl"'xd
Lemma C.2. Let H € Oy be positive semi-definite. Then, for any x € A,

0,1 < |[Hl|, - (C3)
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Proof. We have

||| [ H || | H|]
——=1I<H - X[ < =2y 4
2 - 2 - 2 ’ (C4)
therefore
A
0.,H <2|H 5 < |H| - (C.5)
The claim follows. O
Proposition C.1. Let Ay, ..., A be k copies of the finite set A. Then, for any
p € SA,..A, and any o € Sy we have
2 2 X
|0 = %[y, < 2KIA]7 S (p]lo®*). (C.6)

Proof. The proof follows the same lines as the proof of [17, Theorem 2]. We
have

k
o — o®’“||w1 < Z Ha®(i71) ® pa;.ne — 02 @ Pa, . A, w
im1

1

(a) k
< |A| Z lloA,..aw — 0 @ passy..as H1

i=1

m Kk
< |A] Z \/25 (PA,..A |0 ® PAy. Ay )
i=1

k
= A1 /2 (S(pa) + S(pasra) = S(pa.a,) + S(oa. 1))

=1

i=1

c k
(g) N J 2k (S(pa,) + S(pa,sr..a) — S(pa,..a,) + S(oa,ll0))

= [A] \/ﬂ\j i (S(pa.) + S(pallo)) = S(p) = |Al\/2k S (pllo®k) .
- (1)
(a) follows from Proposition A.2 observing that
Tra, [Cr®(i71) & PA;. Ay — c¥'® pAHl...Ak} =0; (C.8)

(b) follows from Pinsker’s inequality; (c) follows from the concavity of the
square root. The claim follows. O

Lemma C.3. We have

dim Wy < Dy dim V. (09)

Proof. Let Ag, ..., Ap_q be a basis of C9*¢ with Ag = L. For any = €
{0, ..., =1} let

Ap = Q) As,, (C.10)

€A
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where each A,, acts on the site i. We have

Wi € span{A.[¢) : [9)) € V, H(x) < k}. (C.11)
We also have
Wi—1 Cspan{A.|[v): |¢) e V, H(z) < k—1}, (C.12)
and since Wy, | W)_1, we have
Wi Cspan {A,|¢) : |¢) € V, H(x) = k}. (C.13)
Therefore,
dim Wy, < [H ™' (k)| dim V. (C.14)
The claim follows. g

Lemma C.4. Let ® € B},. Then, for any A € Fza and any v € A we have

9. Hy < 2|9, (C.15)
and

IHR], <212, - (C.16)
Proof. We have

a.HY <2 Y o). P2 3 e,

zeXCA 0eEXCA—z
<2 Y fle(X)], <22, (C.17)
0eEXEF,a

where (a) follows from the translation invariance of ®. The claim follows. O
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