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Abstract. We present a new description of the known large deviation func-
tion of the classical symmetric simple exclusion process by exploiting its
connection with the quantum symmetric simple exclusion processes and
using tools from free probability. This may seem paradoxal as free prob-
ability usually deals with non-commutative probability while the simple
exclusion process belongs to the realm of classical probability. On the
way, we give a new formula for the free energy—alias the logarithm of the
Laplace transform of the probability distribution—of correlated Bernoulli
variables in terms of the set of their cumulants with non-coinciding in-
dices. This latter result is obtained either by developing a combinatorial
approach for cumulants of products of random variables or by borrowing
techniques from Feynman graphs.

Contents

1. Introduction and Summary 126
2. Bernoulli Partition Functions and Combinatorics 129
2.1. Partition Lattices and Mobius Functions 129
2.1.1. The Lattice of Partitions of a Finite Set 129

2.1.2. Lattice of Partitions of a Graph 130

2.1.3. Mobius Functions 131

2.1.4. Chromatic Polynomials 132

2.2. Moments and Cumulants 133
2.2.1. Cumulants with Products as Entries 134

2.3. Non-crossing Partitions and Cumulants 136
2.4.  Cumulants of Bernoulli Variables 137

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00023-023-01320-2&domain=pdf
http://orcid.org/0000-0002-5492-8360
https://en.wikipedia.org/wiki/Krzysztof_Gawedzki
https://en.wikipedia.org/wiki/Krzysztof_Gawedzki

126 M. Bauer et al. Ann. Henri Poincaré

2.4.1. Non-coincident Cumulants 137

2.4.2. Free Energy 137

2.4.3.  Another Proof of Formula (36) 140

2.5.  Asymptotic Behavior and Legendre Transform 141

2.5.1.  Reduction to Trees 141

2.5.2. Gradient of the Free Energy 142

2.5.3. A Variational Principle 143

3. Bernoulli Partition Functions and Feynman Graphs 143

3.1. Integral Representation of log Z 144

3.2. Thermodynamic Limits 148

4. Classical SSEP and Free Probability 151

4.1. The Classical SSEP 151

4.2. The Quantum to Classical SSEP Correspondence 152

4.3. Non-coincident SSEP Cumulants from Free Cumulants 155
4.4. The Classical SSEP Large Deviation Function from Free

Probability 158

4.5. Equivalence with the Previously Known Formulation 159

Appendices 161

A Formalities 161

A.1 Formal Power Series 161

A.2 Formal Gaussian Integrals 161

A.3 Semiclassical Expansion 163

B Feynman Graphs and Rules 164

B.1 A Special Case 168

References 170

1. Introduction and Summary

The symmetric simple exclusion process (SSEP) [9,10,20] is an iconic model
of out-of-equilibrium classical statistical physics [16,25]. It describes particles
on a line, hopping to the left and right but with the exclusion rule that two
particles can never be at the same place. The SSEP played an important role
in the emergence of the so-called macroscopic fluctuation theory [5,6], which is
a general, phenomenological framework, suited for dealing with diffusive out-
of-equilibrium classical systems. A quantum version of the classical SSEP [2],
named Q-SSEP, has recently been defined. Q-SSEP extends the SSEP in the
sense that it keeps track of possible quantum mechanical interferences but in
such a way that the classical SSEP is recovered when looking at the average
behavior of quantum mechanical observables. It might play a role in a possible
quantum extension of the classical macroscopic fluctuation theory [4].
Interestingly, free probability techniques play an important role in the
study of the Q-SSEP, either in constructing its invariant measure [7] or in
deciphering its dynamics [14]. Since the classical SSEP is embedded in the
quantum SSEP, free probability also plays a role in understanding the known
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characteristics of SSEP, in particular its large deviation rate function. This
may sound surprising as free probability has been introduced in the mathemat-
ical literature [8,21,24,27] in order to deal with non-commutative probability
while SSEP belongs to the realm of classical probability. The purpose of this
manuscript is to explain this hidden role.

On the way, we solve the following problem, apparently simple but for
which we did not find an answer in the literature and which reveals nice con-

nections with combinatorial structures. Let b;, i = 1,--- , N, be a collection of
N Bernoulli variables, b; = 0 or 1 and let K, (b;,,- - ,b;, ) be their cumulants.
We call non-coincident these cumulants when the indices 41, - - , 4, are pair-

wise distincts (i.e., there are no p # ¢ such that i, = i,). Since b? = b; for all 4,
all other cumulants, and hence the joint distribution, are determined from the
non-coincident cumulants. Let Z[h] := E [ezi hibi], be the Laplace transform
of the joint distribution of the b;’s. To make contact with physics terminology,
we shall call it the partition function. It is clearly fully determined by the
non-coincident cumulants, since

Z[h =E lH(l +b; ei)l , (1)
K3
with e; 1= el — 1.

The question is then: How to compactly write W[h| := log Z[h], the
generating function of the cumulants, including coincident indices, in terms of
the non-coincident cumulants?

Of course, the answer to this question is easy when these variables are
independent, since then the generating function factorizes, Zgee[h] = [[;[1 +
gi €i], with g; := E[b;] the mean of b;, and

Wfree[h] = Zlog [1 + gzez] . (2)

It informs on cumulants at coincident points, say at order two E[b?]¢ = Kz (b;, b;)
= g;(1 — g;) or three E[b?]¢ = K3(bi, bi,b;) = g; — 3g? + 2g7, and similarly at

higher orders. To later make contact with large deviation rate functions, let
S[n] be the Legendre transform of Wh], that is: Stee[n] = maxys,y [Y2; hing

—Whree|]], then

Sl = 3 [metor (%) 4 (1= noptox (=) | 3

. K2
?

A simple formula such as (2) does not hold in the correlated case. Nev-
ertheless, as explained in Sect.2, W[h] admits a representation as a sum over
bipartite graphs whose weights are determined by the non-coincident cumu-
lants.

H.
WW=;£L%L§ w(£), ()
€Lab(H)

where the sum is over all connected bipartite graphs H with an arbitrary
number of black but at most N white vertices, and £ denotes a labeling of
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the white vertices by distinct integer indices in [1, N]. To such a labeling £ is
associated a weight w(L) described below, see equations (35,36).

Things simplify in the large N scaling limit if we assume that the non-
coincident cumulants scale in a specific way at large N. Namely, let us assume

that
1 i i 1
Kb = (o) (100 () @

for 1y, (%1, -+ , @) a collection of continuous functions and h; = h(+) for h(s)
a continuous function, then only trees contribute to the graph expansion of the
cumulant generating functions and W[h] ~ NF[h] at large N. In accordance
with physics terminology, we shall call F'[h] the free energy (per unit of vol-
ume). As explained in Sects. 2 and 3, the latter can be determined by solving
an extremization problem :

1
Flh} = max [/dx [log (1 + g(z)e(z)) — q(z)g(x)] + Fo [q]] ; (6)
)5a() Lo
with e(z) := e"®) — 1 and Fy[g] the generating function of non-coincident
cumulants,

n

Z nl @Z)n Ty, - ;zn) H (](.Z‘k)dl‘k. (7)

n>1 k=1

The extremization problem (6) has to be solved over all functions g and ¢ on
[0, 1], without specified boundary conditions. Comparing with the free formula
(2), we observe that F'[h] is given by a mean field like formula—the first term
[ dzlog (14 g(x)e(x))—with effective local density g(x) self-consistently de-
termined from the non-coincident cumulants—by coupling it to an external
field g(x) whose Boltzmann distribution is fixed by Fjp.

We shall apply this result to give a new presentation of the known large
deviation rate function in the classical SSEP. Recall that SSEP is a stochastic
model suited for describing transport and density fluctuations in many particle
systems out of equilibrium. Its rate function, denoted Issep[n], governs the rare
large density fluctuations in the sense that the probability that the SSEP
density profile n(z) approaches a given profile n(z) away from the mean, most
probable profile is exponentially small :

PIn() = n()] sy €N oerl ®)

with IV the number of sites. A more precise definition and description shall be
given in Sect. 4.

The derivation of the new formula we shall give uses three ingredients :
(i) the relation between SSEP and Q-SSEP [2]; (ii) the connections between
the invariant measure of the quantum SSEP and free probability [7]; and (iii)
the solution of the problem stated above.

Combining these first two ingredients leads to a representation of the
generating function for the non-coincident cumulants of the density in the
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classical SSEP in terms of appropriate free cumulants. Namely, let F§>%[a] be
the generating function of SSEP non-coincident cumulants, then

ngep[a] — Z %Rn(ﬂ[a])y

n>1

where R,, are the free cumulants of the function I} (x f dy a(y) viewed as
a random variable on the interval [0, 1] equipped Wlth the Lebesgue measure
as probability measure.

Knowing the generating function of the non-coincident cumulants, we
can then use the solution (6) of the problem stated above to write the large
deviation rate function as the solution of the following extremization problem :

Issep[n] = max (/1dx {n(x) log (?) + (1 —n(x))log ( ((

a(:a0) \Jo ) ) + q(x)g(x)} S”p[q]) :

9)
Comparing with the free formula (3), this formula has a mean field like self
consistent flavor, as does the formula (6). It also shows similarities with the
formula known in the SSEP literature [9,10,20] and we check in Sect. 4.5 that
they of course coincide. Its derivation is, however, different, as it makes a detour
through Q-SSEP and it reveals the hidden ingredients from free probability in
the classical SSEP large deviation rate function.

Since the SSEP large deviation rate function has initially been derived
using a matrix product ansatz for the SSEP stationary measure [9,10,13,20],
one may wonder if there is any connection between matrix product ansatz,
or more generally tensor network techniques, and free probability. In view of
the impact of tensor techniques in studies of quantum many-body systems,
such connection, if it exists, would provide further evidence for the possible
universal role of free probability tools in such systems [14,23].

The rest of the paper is organized as follows. In Sect. 2, we show how to
deal with cumulants of Bernoulli variables, using combinatorial techniques, and
we derive the variational problem associated with the large N limit. Another
approach to these results, using more standard Feynman diagram tools, is

presented in Sect. 3. Finally, in Sect. 4, we make the connection with the
Q-SSEP.

)
v)

2. Bernoulli Partition Functions and Combinatorics

The purpose of this section is to give some combinatorial properties of cumu-
lants, which will then be used to study the asymptotics of the free energy of a
family of Bernoulli variables.

2.1. Partition Lattices and Mobius Functions

2.1.1. The Lattice of Partitions of a Finite Set. The set-partitions of {1,...,n}
(or, more generally, of a finite set S) form a lattice for the inverse refinement
order, such that m < « if 7 is finer than . We denote by P, (or P(S5))
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this lattice. It has a maximal element 1,, (the partition with one part) and a
minimal element 0,, (the partition with n parts). Every interval [m1, m2] in this
lattice is isomorphic, as a partially ordered set, to a product

[77177T2] ~ H[Okp71k,,] (10)

p

where the terms in the product are indexed by the parts p of m, and k, is the
number of parts of 771 which are subsets of p.

2.1.2. Lattice of Partitions of a Graph. Let G be a finite, simple and loopless!
graph (all graphs considered below will satisfy these conditions) with set of
vertices V' and edges E and let Pg be the set of partitions of V' into connected
parts. Then, Pg C P(V) with equality if and only if G is a complete graph.
We endow this set with the inverse refinement order <g.

For every partition 7 of V' there exists a maximal partition 7* € Pg such
that 7* < 7. The parts of this partition are the connected components of the
parts of . It follows that the partially ordered set Pg is a lattice with

T \/07'(2:71'1 \/7T2 771Ang'2:(7T1/\7T2)*

Again there is a smallest element, O and a maximal element 1, whose parts
are the connected components of G, moreover every interval [mq, m2] is isomor-
phic to a lattice of the form Pg: for some graph G’.

Every partition m € Pg defines a graph G, whose vertices are the parts
of m and two vertices are connected by an edge if and only if the union of the
corresponding parts is connected in G. In terms of the graphs G, the covering
relations for the order on Pg can be described as the contraction of an edge:
m <@ T2 is a covering relation if and only if G, can be obtained from G,
by contracting some edge (and possibly removing spurious edges to keep the
graph simple).

IThere is a small terminology mismatch between communities here. In graph theory loopless
means that there is no edge with its two ends at the same vertex. For Feynman graphs in
physics, the term loop is used either for what is called a cycle in graph theory or a cycle
class in homology, and this is the convention used in Sect. 3 and the Appendix. This should
cause no confusion. Feynman graphs are neither simple—they may have multiple edges—nor
loopless in general. However, they are for the situations covered in Sect. 3.
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For example, here is P when G is a cycle of size 4. Each partition is
denoted by its associated graph G.

2.1.3. Mobius Functions. Recall that, for a partially ordered set, its zeta func-
tion is the function

C(rv,y) =1 ifx <y
=0 if not

The Mobius function p(x,y), defined for x < y, satisfies, for all x < z:
> @, y)(y, 2) = ba-
y;w<y<z

The Mobius functions for the lattices P,, and, more generally, Pa play an
important role in the following. The M&bius function on P,, is multiplicative
namely if [m1, 72] is as in (10) then

p(my, m2) = HU(OkP7 1k,)
p

and
0k, 1) = (=1)* (k= 1)!

In order to compute the Mobius function on Pg, we will need some facts about
chromatic polynomials.
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2.1.4. Chromatic Polynomials. A proper coloring of a finite graph G is a col-
oring of its vertices such that, for any edge, the adjacent vertices have different
colors. The chromatic polynomial of G, denoted x¢, is the unique polynomial
such that, for any integer £ > 1, the number of proper colorings of G with at
most k colors is equal to xg (k). If w, denotes the number of proper colorings
of G which use exactly r colors, then one has

ot =Y (1) ()

Since w, = 0 for r > |V| this shows that x¢ is indeed a polynomial.
For example, the complete graph with n vertices has

XK, (2)=()ni=2(z-1)(2—-2)...(z—n+1)
while, if T is a tree with n vertices, then
xr(2) = 2(z — 1)L
We note the following properties of the chromatic polynomial: if G is the
union of two disjoint graphs G, G3, then
xc(z) = xa, (2)xa, () (12)

whereas, if G is the join of G1,G3, namely V = V3 UV, and Vi NV, = {v}
with no edge joining V4 \ {v} to Vo \ {v}, then

1
xa(z) = SXa (2)XxGs (2). (13)
The Mobius function of P has been computed by Rota [26], one has
1(0a, 1a) = [2lxa(2), (14)

the coefficient of z in the polynomial x(z), moreover, if m; < 75 in Pg, then
[mr1, T3] ~ Pg for some graph G’ and

w1, m2) = (0, 1ar)
Note that, by (11), one has

(_1)7"—1
Elxa() = 32—, (15)
T
In the following we will use the notation u(G) = p(0g, 1¢) when the context
is clear.

The proof of (14) is based on inclusion—exclusion. The number of all
colorings of G using at most k colors is kY|, moreover any such coloring
determines a partition m € Pg into connected unicolor components, so that
the graph G, is properly colored. It follows that

V=3 xo. (k)
TE€Pa

and formula (14) is obtained by Mé&bius inversion, see [26] for details.
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2.2. Moments and Cumulants

Let A be a complex algebra with unit and ¢ : A — C a linear form such
that ¢(1) = 1. For most applications below .4 will be an algebra of complex
random variables defined over some probability space, in particular it will be
commutative, but it is not more difficult to consider here the general case of
an arbitrary algebra over the complex numbers.

The cumulants are a sequence of n-multilinear forms K,,n =1,2,... on
A, implicitly defined by

plar...an) = > Klay,... an) (16)
TEPn

with

Kq(ay,...,a,) = HK|p|(ai1,---,ai‘p‘) (17)

pem

the product being over the parts of m with p = {i1,...,i|p} and i1 < iy <
... <ijp|. This formula can be inverted to express the cumulants in terms of
the “moments,” i.e., ¢ evaluated on products. For example,

p(ar) = Ki(a1)
plaraz) = Ka(ar,az) + Kq(a1)Ki(az)

gives
Ks(ay,az) = p(araz) — p(ar)e(asz)
while

p(arasas) = Ks(ai,az,a3) + Ki(a1)Ka(az, as) + Ka(ai,a3) K1 (az)
+Ks (a1, a2)Ki(az) + Ki(a1) Ki(az2) Ki(a3)

gives

K3(a1,a2,a3) = p(arazas) — p(araz)p(as) — p(araz)p(az)
—p(a1)p(azas) + 2p(a1)p(az)p(as)

In the general case there is an expression using the Mdbius function on

Phn:

Kolar ) = 3 gnlar,. . an)u(m 1,)
TEPn

In the case where A is commutative the cumulants are symmetric multi-
linear forms and their generating function is

N . = 1 i %
log pleXir o] = 3 ~ > A A Ka(ar) (18)
n=1 I +...+in=n



134 M. Bauer et al. Ann. Henri Poincaré

where one sums over all sequences a; = (a;,,...,a;,) with 5 occurrences of
ay. Each such sequence determines a partition of {1,...,n} into parts corre-
sponding to the value of the indices. One can thus rewrite (18) as

N ovan = 1
logple>=1 M) =3 = 3, A Ku(ar) (19)
n=1" TeLP,

where the sum is over labeled partitions I' of {1,...,n} into at most N parts,
where each part v of T' has a label v(y) in {1,2,...,N} (the parts having

‘ot r_ ]
distinct labels) and A" =T cp A (-

2.2.1. Cumulants with Products as Entries. Let I' := v, U. ..Uy, be a partition
of {1,...,n} into intervals, i.e., each 7; is of the form {j; + 1,5, +2,..., 5111}
with 0 =71 <j2 < ... < jJg41 =M.
Let us define
K,I;(al, e ,an) = Kk(Al, e ,Ak)

where A; = aj,41aj,42...a;,,, the product of the a; with indices i € ; and,
more generally,

F:D
Ki(a1,....an) = [| K (ai, - ai,) (20)

pE™
Here, T'|,, is the partition of p € 7 induced by I'. Observe that one has also
K}:(al,...,an):K;A”(al,...,an). (21)
One has
K% (ay,...,a,) = Kr(a1,...,an)
Kl (ay,...,an) = @ox(ay...ay)
so that the K £ , for 0,, < T < 1, interpolate between cumulants and moments.

The following formula, attributed to Leonov and Shiryaev [19], expresses the
KT in terms of ordinary cumulants.

Theorem 1.

Kg(al,...,an)z Z Kq(ay,...,a,), for &>T. (22)

maVI=E£
In particular
Kl(a,a) = Y Kelan,... an). (23)
mrnVvIl=1,
Proof. This follows easily by comparing the two formulas:
plar-an) = S Kelar, o s0n) = ¥ (Spnvre Kalar, - an))

£>T

olay...an) =p(41... 4,) = > Kg(al,...,an)
[
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When I' = 0,, the formula (23) is trivially true and when I' = 1,, it is the
moments-cumulants formula (16). Also if £ # T one can use (21) to get

Kg(al,...,an):Kg/\f(al,...7an): Z Kq(a1,...,a,) (24)
TV (DAE)=E

In the general case, the formula (23) can be inverted. For this, we introduce a
graph G, r, whose vertices are the parts of 7, and there is an edge between p
and q if there exists a part v of T such that pN~ # () and ¢ N~ # (). One has
then

Theorem 2.
K,(a1,...,a,) = Z K};(al,...,an)u(Gmp) (25)
m:rVvl'=1,

Proof. This formula can be verified by plugging it into the right-hand side of
(22) and checking that it reduces to Kl (ai,...,a,) = KL (a1,...,a,) after
using the properties of the Mobius function.

Introducing the unknown function pr(7) such that

Kn(ar,....an) = Y Kl(a,...,an)pur(w)
mvIl=1,

and using (24) one has
Ko nan)= % KNar,... an)ur(n)

m:rvl=1,,

> > Ke(ai,...,an)pr(m)

mrVI=1, &(nAT)Vé=n

= Z Kﬁ(alw--»an) ( Z MF(W)>

&:evr=1, (A VE=n

so that pr has to satisfy

Zw:(ﬂ/\F)VSZﬂ pr(m)=1, if £=1,, =0 if not. (26)

Define an order relation on the set of partitions 7 such that 7 vI =1,
by requiring

m <rmg ifandonlyif m <m and m V(m AT)=rm

Indeed, if m <p my and 79 <p 73, then m V (m3 AT) > m V (ma AT) = mo;
therefore, m1 V (m3 AT) > m and m V (w3 AT) > w3 AT so that, finally
m V (m3 AT) > ma V (m3 AT) = m3. This relation is transitive as claimed.
Taking pr(m) = p([m, 1,]) where p is the Mébius function for this order yields
(26). It is easy to check that the interval [, 1,] for this order is isomorphic a
P, - One has thus pr(7) = [2z]xa, » = #(Grr)-

O

In the commutative case, one can define the cumulants K for any par-
tition I', not just interval partitions, since the cumulants are symmetric and
(22), (23), (25) still hold.
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2.3. Non-crossing Partitions and Cumulants

In this section, we define non-crossing cumulants which will be used later in the
asymptotic analysis of the Q-SSEP. Many information about the combinatorics
of the non-crossing cumulants may be found in the book by Nica and Speicher
[22].

A partition of {1,...,n} has a crossing if there exists two parts of the
partition and i < j < k < [ such that 7,k belong to the first part and j,1 to
the second part. Partitions without crossing are called non-crossing. The set
of non-crossing partitions of {1,...,n}, denoted NC(n), is a lattice under the
inverse refinement order, and each interval [my, 73] is isomorphic, as a partially
ordered set, to a product [ [, NC(k;) for some integers k;. The Mobius function
is again multiplicative and one has

/J'NC(n)(On7 1n) = (_1)n_lcatn71
where Cat,, = %ﬂ (27?
Non-crossing cumulants R,, are defined similarly as the cumulants K,

using an implicit formula:

plar...an) = Y Re(ar,...,an) (27)

TeNC(n)

) is a Catalan number.

which can be inverted as
Rn(a17~~-aan) = Z @ﬂ(a17'~~7an)NNC(n)(7Ta ]-n)
TENC(n)

Every partition m € P,, has a least non-crossing majorant 7. Using this one
can write

olar...an) = >, Kp(ar,...,an) = >, (Z Kﬂ(al,...,an)>

TEPn EENC(n) \ 7=

plai...an) = Y  Relar,...,an)
EENC(n)

from which one can easily deduce that
Re(ar, ... an) = Z Kq(ay,...,an).
mr=£
In particular, the relation
Ry(a1,...,an) = Z Kr(ay,...,an) (28)
=1y

expresses non-crossing cumulants in terms of cumulants. The formula can be
reversed using again the Mdbius function of a certain lattice Pg. For this,
define the crossing graph G of a partition 7 as the graph whose vertices are
the parts of m and two parts of m are connected if they contain a crossing.
Using this graph one has, by Md&bius inversion,
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Proposition 3.

Kn(a1,...,an) = Y Ral(a, ..., an)u(GS). (29)

=

An equivalent formula was first derived in [15] by different means, see
also [1].

There is also, for non-crossing cumulants, an analog of the formula (23),
due to Krawczyk and Speicher [17].

2.4. Cumulants of Bernoulli Variables

2.4.1. Non-coincident Cumulants. Let b;;7 = 1,2,...,N be a sequence of
(commuting) Bernoulli random variables, taking values in {0, 1}. They satisfy
b; = b; for all r > 1; therefore, all the information about the joint distribution
of the b; is contained in the 2V — 1 “non-coincident moments,” i.e., the quan-
tities E[b;, bi, ... b;, ] where 1 < i3 < ig < ... < i < N (here E denotes the
expectation), or in the 2 —1 “non-coincident cumulants” Ky (b;,, biy, - - -, bs,. )-
It is therefore of interest to express an arbitrary cumulant K, (b, ,...,b;, ), for
a sequence of indices 1 < j; < N, in terms of these non-coincident cumulants.

Let T be the partition of {1,...,n} such that k& and ! are in the same
part of T if and only if iy = ;. Using the fact that (b;)" = b; for any r > 1
we see that the I-cumulants defined by (20) and the formula (25) express any
cumulant as a polynomial in the non-coincident cumulants.

Kn(biy-osbi) = > Ki(bi,... b, )u(Grr) (30)

mVvIl=1,

2.4.2. Free Energy. Recall the generating function of the cumulants (19)

log E[ezz]‘vzl habi] — Z Z e (31)

rLl

One can use (30) in each term of this sum to obtain a sum over pairs (7, I'):

log Ele> Z = Z ( >, ki (bF)ﬂ(Gw,F)> S (32
m:aVvVi=1,

Let us introduce a labeled bipartite graph A, r with the parts of I' as set
of white vertices and the parts of 7w as set of black vertices. The white ver-
tices, corresponding to the parts of T', are labeled by 1,2,... (the indices of
the Bernoulli variables) each index appearing at most once. There is an edge
between a part of I' and a part of 7 if they have a non-empty intersection.
The condition 7 vV I' = 1,, ensures that this graph is connected. Observe that
one can associate to every edge of the graph a subset of {1,...,n} by taking
the intersection of the part of 7 corresponding to its black extremity and the
part of I' corresponding to its white extremity. These sets form a partition
of {1,...,n}, indexed by the edges of the graph, and one can reconstruct the
partitions 7 and I" from this edge-indexed partition by taking the union over
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edges adjacent to a white vertex to get the parts of I' or to a black vertex, to
get the parts of .

The graph G, r is obtained from the bipartite graph A, r by keeping the
black vertices and putting an edge between two such vertices if they have at
least one white neighbor in common.

The factor associated with the pair 7, I" can then be written as

ht
w(Grr) oy [TE (b (33)

where the product is over the black vertices ® of A 1 and, for each such vertex,
the factor

K(b') = Kk(bulvbu27"'vbuk)

the indices u1,u2,. .., u, being those of the white neighbors of e in A, r.
As an example, here is the graph A, r associated with the partitions

7 =1{1,2,5,8,14} U{3,6,10,12} U {4,7,9,11,13}
and
I ={1,5,13,14} U{2,6,8,9,11} U {3,4,7} U {10,12}

where we show, near each edge, the associated set:

O

{13}

{1,5,14}

RN

{6} (4.7}

/{10,12}

O

Let H be a bipartite connected graph (with at least two vertices), then
the pairs (m,T") such that H is the underlying unlabeled graph of A, can be
obtained by

1. Labeling the white vertices of H with distinct labels in {1,2,..., N} (we
call Lab(H) the set of such labelings).
2. Choosing a partition of {1,...,n} indexed by the edges of H.

Denote H*® the graph whose vertices are the black vertices of H and with edges
between vertices sharing a white neighbor in H. Using the fact that we are
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summing over partitions indexed by edges of H, which are counted by multi-
nomial coefficients, we see that the sum of all contributions (33) corresponding
to H is

WHT) 5 (e (34)

|Aut H|
LeLab(H)

where £ runs over all labelings of the white vertices of H by distinct indices

and
o=T[k6) II -« (35)

edges of H

(for any edge e of H one denotes e; := el — 1, where i is the index of the
white vertex adjacent to the edge e). The term |AutH|, as usual, is here to
avoid overcountings due to symmetries. The automorphism group is that of H
considered as a bipartite graph, i.e., automorphisms should send black vertices
to black vertices and white vertices to white vertices. We can thus rewrite (32)
as

Proposition 4.

WIh] = logE[ Z |Aut

> wL), (36)

ﬁELab(H)

where the sum is over connected bipartite graphs and the weight w(L) as in
Eq. (35).

Here, the graph H corresponding to the pair 7, I" above, with a labeling
by 1,2,5,6.

K2(bz,bg)

K3 (b1,b2,be)

K3(b1,b2,bs)

The graph H® is a complete graph with three vertices so that u(H®) = 2 and
there are no nontrivial automorphisms moreover the weight of the labeling is

w(L) = efeseseg K3(br, be, be) K2 (ba, be) K3(b1, ba, bs)
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2.4.3. Another Proof of Formula (36). We sketch another derivation of (36),
which does not rely on the theory of cumulants of products. One has

et Tl +eb) =1+ > ebs

i Ic{1,...,N};I#0
where ey is the product [[,.; e;. Using the moment-cumulant formula, we get
E[eX i hibi] =1+ er Y Kx(br) (37)
I£0 7weP(1)

and taking the logarithm

e 7+1
e DO S %
r=1 I#40  =eP()
One has
”
Yo Y ko] = Y [ Kabuen
1730 7\'673([) Iy,..., Ipmy..mr k=1
where we sum over I ..., I, non-empty subsets of [1, N] and 7 partition of
Iy.

We now introduce a bipartite graph with white vertices labeled by the
i € Uil and black vertices corresponding to the parts of the partitions 7.
There is an edge between a white and a black vertex if the index of the white
vertex is in the part corresponding to the black vertex. This bipartite graph
induces a graph structure on the black vertices: two vertices share an edge if
they have a common white neighbor. For each such graph, we have to sum
over all proper colorings of the black vertices using exactly r colors. Using
relation (11), we identify the combinatorial term associated with a graph to
the z coefficient in the chromatic polynomial of the black graph. By (12) this
coefficient is zero is the graph is not connected so that the sum can be taken
over connected graphs We leave details to the reader and give an example: it
is easy to see that the monomial

etes K1 (b1)? K1 (b2)>Ka(by, ba)
is obtained from only one graph H, the one depicted below.

® ®
N /
e
® o .

The graph H® is the joining of two complete graphs therefore u(H®) = 4
while |Aut(H)| = 8; moreover, there are two labelings of the white vertices by
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1, 2; therefore, the sum of coefficients of this graph is 1, which should be the
coefficient of the monomial.
On the other hand, one can obtain the coefficient of this monomial by ex-

panding the expression Lw? — iw‘l + %w5 (other powers of w do not contribute)

3
where

w=e1 K7 (bl) + €2K1(b2) + €1€2K2(b1, b2) + 8162K1(b1)K1(b2)
Using multinomial coefficients we find

1 3! 1 4l n 5 ]
32110 41! o512l
so that the weight of this graph is effectively 1.

2.5. Asymptotic Behavior and Legendre Transform

2.5.1. Reduction to Trees. We suppose now that, as N — oo, the non-coincident
cumulants have a specific asymptotic behavior: there exists some compact
space X, some functions py : [1, N] — X and continuous functions ,, on X"
such that as N — oo

Kn(bila ey bzn) ~ Nlin¢n(p1\7(il)7 ce 7PN(Zn)) (39)

Moreover the measures + >, 8, (i) converge to some diffuse measure ds on
Y. We are mainly interested in the case where py (i) = i/N and ¥ = [0, 1] but
the analysis works in greater generality and can be adapted to deal with other
topologies, e.g., lattices in higher dimension.

We will study the asymptotic behavior of the free energy and for this we
assume that the h; converge also to some bounded function h(s) on ¥. We can
then estimate the contribution of a graph H in (36). Indeed, the number of
labelings is

fwhite vertices

(N)ﬁwhite vertices ™ N
while, by (39), the contribution of the product of cumulants is of the order
O<Nﬁblack vertices—ﬁedges)

It follows that the contribution coming from trees, for which
fwhite vertices 4 fblack vertices — fedges = 1

is of the order O(N), while the contribution of other graphs is of lower order in
N. For H a tree, the combinatorial factor is u(H®) = [],(—1)¥~1(k; — 1)! the
product being over white vertices and k; being the number of black neighbors
of the white vertex indexed by ¢. This follows from the computation of the
chromatic polynomial for the complete graph and the formula for the joining
of two graphs given by (13). In this case, we can thus rewrite

p(H®) 1 ko1

————w(L)= — | | Ke(be —1)%7 (ko — 1)! i

i 110 = faway L0 TTE0% e = 01T
where the product [], is over white vertices and k, denotes the number of
neighbors of the white vertex o.
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2.5.2. Gradient of the Free Energy. Let us now compute ei%—evf in the large N
limit. Since, in the weight w(L), there is a factor e; for each edge adjacent to
a white vertex labeled ¢, one sees that this derivative is given by a sum over
pairs T, e of a tree T" and an edge e of T'

ow T
eiaTiNzT: &ET)l Y ww (40)

eedge of T Lieo~i

where we sum over all labelings £ such that the white vertex of e is labeled by 1.
Cutting the edge e splits the tree into two rooted trees, Ty and T, one of them
containing the black vertex of e as a root and the other the white vertex, with
labelings Lo, L,. The automorphism subgroup fixing e is the product of the
automorphism groups of these two rooted trees (that is, the automorphisms
fixing the roots): Aut.(T) ~ Aut(T,) x Aut(Ts), while the term

[TE0) Tk (ko — D)tes [] €
. o e'#e

splits into a product over the two trees. One can sum over all edges in the
orbit of e by Aut(T") (whose size is [Aut(T")|/|Aut.(T)) and get a sum

| aW 1
|Aut(T,)[[Aut(T,

z

P (Le)z7 (Lo)  (41)

7 i

T ecE(T)/Aut(T) )| Lieori

In this sum the weights 2?7, z7 are computed on labeled bipartite trees with a

177

black (resp. white) root and one has

T (Le) = €il oot (i, - - - H Ko H 1)k°_1(ko_1)!Hej

e£r00t

zZ,

for a tree with a black root, where K.o0t(b;, . . .) is the non-coincident cumulant
evaluated on b; and the neighbors of the black root. Similarly,

2 (Lo) = (=1 koo [T Ka(be) T (—1)F% (ko = 1)! ] ] &
. o#root e’
for a tree with a white root. Let us introduce the functions

Z |Aut T.)| < Zz (42)

o

Z |Aut |Zz (43)

If we compare the expression on the rhs of (41) with the product g;¢;, we
see that they coincide up to possibly some repetitions in the labelings in the
expansion of qg (since we consider the product of labelings of T, and Ty );
however, the number of terms with repetition in the labelings is of smaller
order in NN; therefore, as N — oo, one has

.. ow
" De; ~ 9i4;-
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One can depict the trees and the weights involved in the definition of the
functions g and q as follows:

2.5.3. A Variational Principle. Reasoning as in (2.5.2) by cutting the tree in
either (42) or (43) at its root to form a forest, we find the following relations
in the continuous limit between ¢(s), g(s), e(s) := eM®) — 1:

e(s) antey = 9(s)a(s)

(s)

4(5) = Tre(aem
o(5) = 52 Fola)

where Fy(q) is the large N limit of the generating functional of the cumulants:

Fy(q) = Z % /n q(s1)q(s2) ... q(sn)Un(s1,...,8,)ds1...dsy,

It follows that

Proposition 5. In the scaling limit, the free energy is obtained by solving the
following variational problem

lim iVV = ma [/[log(l +e(s)g(s)) — q(s)g(s)]ds + Fo(q) (44)

N—oco N 9,9

We shall use this variational formula in the case of SSEP in Sect. 4.

3. Bernoulli Partition Functions and Feynman Graphs

In this section, we employ standard field theory techniques (mainly the semi-
classical expansion and Feynman graphs) to encode the combinatorics of
Bernoulli cumulants.
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3.1. Integral Representation of log Z

We start with another description of log Z in terms of a graphical expansion.
The starting point is a somehow tautological representation of Z as a formal
Gaussian integral (see subsection A.2 and the following for some background
if needed).

The basic observation is that, J being an arbitrary index set, (););cs and
(A I)IEJ being formal variables (the notation I C J means that I is a finite,

non-empty subset of J):

/ (H W exp(—2z;Z;) (1 + /\12’1)>

icJ

exp Z)\[f] :1+ZX] Z A,
cJ I

&J TeP(I)

where A; := [],c; A (and analogously z; := [],c; %), P(I) is the set of
partitions of I and, for I # 0 and 7 : I = UaI, € P(I), Ax :== [[, Az, This
formula is checked by expanding

H(l +X121) =1+ ZX}Z}.

e 1&g
Concentrating on a given A;, formal integration amounts to selecting, in the
expansion of eXP(ZI,&J ArZp), precisely the terms involving the monomial
Z1, which by inspection come with an overall factor Znep( n M-

Though this is a formal integral, if the index set J is finite the result is

a polynomial in (\;);cs and ()‘I)I&J’ and can be evaluated for “numerical”
arguments. As established in the previous section, if b; are Bernoulli variables
then

i€J 1&g TEPU)

with notations as above. Thus, we may write

dz; Ndz; _ _
7 = / (H i exp(—2;Z;)(1 + eizi)> exp E K(by)z;
IcJ

icJ
In the sequel we do not distinguish between the formal variables (\;)ic.r,
()‘I)IEJ and their embodied counterparts (e;);c.s, (K (br)) which we shall
use in the formulee.

We can turn the crank of Feynman graphs and rules as recalled in Ap-
pendix B and subsection B.1. Writing

_1)k—1 _ ekzk

ieJ ieJ k>1

o
cJ’
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we infer that

log Z = Zw(G)
G

where the sum is over connected bicolored graphs with white and black vertices
whose edges carry a type @ € J, the type of the edges at a white vertex being all
the same (constraint o) and at a black vertex all different (constraint e). Each
white vertex with k edges of type i € J contributes a factor (—1)*~1(k —1)le¥

to w(G). Each black vertex with edges whose types build a subset [ cJ
contributes a factor K; to w(G). There a an additional factor 1/|Aut G| in
w(G). The two constraints (o) and (e) allow to “transfer” the types of edges
to the white vertices and to consider connected bicolored graphs with white
and black vertices, the white vertices carrying a tag ¢ € J and the tags of
white vertices connected to a black vertex being different.
We give some examples, assuming that J is a set of integers:

— Examples: A white vertex of order 4 associated to site ¢ = 3, with weight
(—1)*71(4 — 1)lej = —6e3, a white vertex of order 3 associated to site 7, with
weight (—1)371(3 — 1)!e2 = 2¢3 and a black vertex connected to sites 1,3,9,5
with weight K4 (b1, bs, bg, bs):

?5 9 ®——

()

— Example: A diagram
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with weight (reading more or less from left to right, in that simple case sym-
metries are “local” on the graph)

1 1
51{5(-1)2—1(2 — 1)!6251{56(—1)6_1(6 —1)eSK3 K367
(=1 = D)led (=122 = 1) K3 67(—1)" (1 — 1)les,

where K3, K36, K367 are a shorthand notation for the cumulants K;(bs),
K5 (b3, bg) and K3(bs, bg, br), respectively, a convention already used above.
The weight reduces to —60e5eges K3 K3 K3 g ;.
From now on, we could reproduce with very little changes the discussion
leading to the continuum limit, to which only tree diagrams contribute.
— Here is an example of a tree:

the computation of whose weight is left to the reader. We pause for a moment
to compare with the other (call it chromatic) graphical description of log Z
given in Sect. 2.4.

For this, we need to rewrite some previous formula, in particular Egs. (34)
and (35). In the chromatic description, instead of summing over unlabeled
graphs H and then over labelings by (distinct) elements of J := {1,--- , N}, we
can as well sum over graphs G whose white vertices are labeled by {1,--- , N}.
If G is such a graph, define w(G) =[], K(be) ] edges of G €ir SO that, if G
is obtained from an unlabeled graph H via the labeling £, to(G) = w(L). A
moment thinking shows that

1 1
(At | >, wll)=), Aua (@)
£eLab(H) G
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where the sum on the right-hand side is over the distinct graphs G that can
be obtained by labeling the white vertices of H, and AutG is the group of
automorphisms of GG respecting the labeling, which may be smaller than Aut H
because several labelings of H may induce the same G, as for instance in the
example (38). As all white labels of G are distinct, the automorphism group of
G is in fact very easy to describe: saying that two black vertices are equivalent
if they are connected to the same set of white vertices, Aut G is the group
of permutations of equivalent black vertices. The definition of the operation ®
for G can be copied on that of H® and clearly G®* = H*®. Thus, the complete
contribution of G to the free energy log Z in the chromatic description is

wG*)
Awcar(G)-

The graphs G we have used for the Feynman graph description have a
tag, an element of J = {1,--- , N}, assigned to each white vertex, but this is

not a labeling of the white vertices in general because several white vertices
with the same tag are allowed.? Consequently, their automorphism group is
more complicated to describe in general because it may permute white vertices
as well. But the definition of the monomial rv(G) carries over without changes
for Feynman graphs. On top of that, a white vertex of order k contributes a
multiplicative factor (—1)*~!(k — 1)!. Defining G° as the collection of white
vertices of G with their pending edges (i.e., one just removes the black vertices
from the picture) and 7(G°) = [T pite vertices of ¢ (—1)F 1k — 1)!, we can put
things together and write the complete contribution of G to the free energy
log Z in the Feynman graph description as &fig‘ w(G).

Working as above with (connected) graphs whose white vertices are tagged,
let us denote by Co (resp. Cr) the class of graphs involved in the chromatic
(resp. Feynman graph) expansion of log Z. We have just seen that Cc C Cp:
the chromatic graphical description which is tailored for the problem at hand
and is more economical because there are less graphs to consider. We have

logZ=Y MG G = 3 &) ).

ol |Aut G| &= |Aut G|

We may refine this identity using the obvious observation that for any
finite collection (possibly with repetition) of non-empty finite subsets of .J,
say (I;)aca there is a single graph G in Co with black vertices indexed by
the I,, i.e., “black” weight [[,. 4 K7, In particular, a graph G' € Cc can be
reconstructed from the sole knowledge of r(G), leading to the identity

w(G*®) n((G')°)
- UGS .
Awt G| 2 Awg| oréece
G'eCr, w(G)=w(G)

This result is perhaps more suggestive if one introduces a partial ordering
on Cp: for G,G" € Cr say that G’ %= G, or that G’ covers G if G is obtained
from G’ by identifying some white vertices carrying the same tag. This is
clearly a partial ordering on Cp. The maximal elements are the trees, and
the minimal elements are the elements of Co. If G’ = G, G has less white

2However, the tags of white vertices adjacent to a given black vertex are different.
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vertices than G’ and G has more loops than G’. The graphs G and G’ have the
same number of black vertices and the same number of edges, and in fact the
equality w(G) = w(G) holds. In particular, given G there are finitely many
G’ = G and the previous identity rewrites
n(G*®) n((G")°)
AutG| Z el for G € Cc. (45)

G'eCr,G'7G

The above argument gives a rigorous but indirect proof of this iden-
tity. A direct proof for trees is easy: if G in C¢ is a tree, there is only G
itself in the sum on the right-hand side (G is minimal and maximal for 3=),3
and the (—1)*~!(k — 1)!s coming from complete graphs chromatic factors in
1(G*) match precisely with Feynman graph contributions for white vertices
in n((G)°). Note, however, that the “Feynman trees” allow for several white
vertices with the same tag. They cover graphs with loops in the chromatic
expansion. In both the chromatic and the Feynman graph expansion, loops
are suppressed with respect to trees when the number of sites, |.J|, grows with-
out bounds. This is not in contradiction with the semiclassical expansion: for
a fixed number of white vertices, the factor suppressing trees with multiple
vertices carrying the same tag is just due to their rarity compared to trees
with all white vertices carrying a different tag, and this matches precisely with
the scaling in the covering formula. The partial order = on Cr suggests that
a recursive approach might help to give a direct proof of (45) in general, but
we have not tried to follow this path.

A final remark: the computation of |Aut G| in the class Cp is N P-hard,
just as is the computation of p(G*) in the class Cc, whereas the computation
of n(G°) in Cp or |[Aut G| in C¢ is trivial.

3.2. Thermodynamic Limits

One small thing that speaks in favor for the redundant description of log Z by

Feynman graphs is that it generalizes plainly to related counting problems.
Suppose for instance that J is finite, that e; does not depend on i and

K depends only on the size |I| of I C J.* We fix a family (¢)r>1 of formal

variables. We set e; := e and K; =: t if |I| = k. For I C J the number of

partitions of I made of m; parts of size 1, my parts of size 2, and so on with

. (0D kmy)! .
Zkzl kmy = |I| is Wk'(kf)mw leading to

|| 1 <ektk>mk
7 = I
; (|J|_Zk21 k’mk)! kl;[lmk! k!

3Thus, though the number of terms on the right-hand side of (45) can be arbitrarily large

for a general G € C¢, the overhead of using the Feynman graph description disappears in
the thermodynamic/continuous limit.

4Without bothering if this can happen for actual Bernoulli variables expectations, in fact
it does at least for the trivial case of independent identically distributed Bernoulli when e;
does not depend on ¢ because K7 is the |I|th power of a single variable expectation.
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where the sum is over sequences of integers m := (my, ma,---). The point is
that the combinatorics is precisely recovered in a formal Gaussian integral as

dz Ndz 2Z tr (Z\"
= iaded 1] L el
zZ / 5T exp( h) (14 ez) exp Z o (h)

1<k<|J|

Notice that &, whether a formal variable or a numerical value, plays a purely
spectator role in this formula. The expansion of Z in terms of Feynman graphs
would follow straightforwardly.

We use rescaled variables ®; =: (|J|)*~1t; for k£ > 1. Choosing h :=
(]J])~! and precising the variables involved in Z we are led to

dz Ndz 1 _ D
Z ®,) = - - log(1 —
) = [ gyt ST | T e k) + ) 7y
Thus, (]J|)~* plays the role that & plays in the general discussion of A.3 and
B and letting |J| grow without bounds with ®, := (®j)r>1 fixed we obtain
that in the thermodynamic limit

i log Z, 5/ (e, @)
m —"

= F*(e, ®,
| 7] = o0 | /] ()

where F*(e, ®,) = —g"h*—i—log(l—i—eg*)—l—Z:k>1 D h,:,k with (g*, h*) solving the

equations h = ﬁ and g = Zk>1 <I>k( The formal power series g (resp.

k— 1)
h) is what we denoted by U (resp. V) in the general discussion of subsection
A.3 and subsection B.1.

As a slight generalization of this extreme case, suppose that J is finite
and J = UgcaJ, is a partition of J indexed by some set A. Impose that e; is
the same for all s in a given J,, and write it as e,. Fix a family (¢;)r>1 where

each t;, is a symmetric function on A* and for I & J set K; =tg(ay, - ,ax)
if I ={iy, -+ ,ir} has size k and 4; € J,, for I = 1,--- k. The extreme case
is recovered when A is a singleton. The counting of partitions in the extreme
case generalizes straightforwardly and leads to the integral representation

dZ, Ndz _
_ a a = 1ol _
Z = / < | I ik exp(—24Za/R) (1 + €424) ) exp L|7(Zs)

a€EA
where
_ 1 _
Ln(Ze) = Z TR Z te(at, - ,0k)Za, - Zay-
1<k<N “ay,,aR€A

Again h is a spectator role in this representation. We use rescaled variables
@), =: (|J])* 'ty for k > 1. Choosing h := (|.J|)~! and precising the variables
involved in Z we are led to

dzZ, Ndz, 1
Z LX) o
(e / H 2im(l7))~1 P ([T
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x (Z(zaza + palog(l+ eqaza)) + Ly (z.)> ,
acA

where p, := |‘JJ"“ for a € A and

— 1
LN(Z.) = Z Ixl Z q)k(ala"' 7ak)§a1"'§ak~

1<k<N " ai,-,ar€A

Thus, there is a semiclassical expansion in powers of (|J])~!, with A, ®, and
(Pa)aca fixed. The first contribution, proportional to |J| is given by the saddle
point F*(e,, ®o) where F*(eq, Po) = = >, ca Guhis + D 0ca Palog(l+eagy) +
Loo(h?) with (g, hi)aca solving the equations h, = T, and go = g—;ﬂ(h.),
a € A. Thus, letting |J| grow without bounds with A, ®, and (pg)aca fixed
(this might require taking |J| along some subsequence) we obtain

i log Z) 7)(€a, o)
im —————~

= F* (e, )

The full semiclassical expansion is valid only for (p,)aca fixed, but this equa-
tion for the dominant contribution holds if the (p,)q.cas are allowed to depend
on |J| with corrections o((]J|)~!) and |J| — oo without restrictions.

This formula is a special case of Proposition 5 as we explain now. Take
(fr)k>1 a sequence of symmetric integrable functions, fi : [0,1]F — R and
consider the functional

Fle, fe,9,q) == —/

[0,1]

+Z/ fe(zr, - an) q(@n)dar - - - gq(ag)day,
E>1 0<z1 < <xp

o(2) g(z)da + /[ Bt ela)g(w)) d

where e, g, ¢ are plain functions. Note that the multiple integral could also be
written as % f[o,l]’c fe(z1, - zk) q(z1)dzy - - - q(x)day, because the diagonals
(where several x’s coincide) do not contribute. The general formulse come via
the extremization of F' with respect to the functions g and g. One way to
discretize this problem is to partition [0, 1] with measurable subsets (M, )aca
with size fMa dx = pg, > 0 for a € A and take e, g,q as simple functions,
explicitly

e(x) = ZealmeMU, g(x) = ZgalmeM,,, q(x) = ZQapgllmEMay
a a a

Taking ®, as the average of f, over rectangles, explicitly

(pk(ala”' 7ak) = fk(xlv"' amk) dxl dl’k,

: /
Pay * " Pay Mgy XX Mg,

(the diagonals where several ;s may coincide do count in the discrete object
®,) we find that the discretized version of F'(e, fe,g,q) is

7ZgaQa+2palog(1+eaga)+Z% Z (I)k(ala"' aak)qal"'Qalm

acA a€A k>1 ay, - ,a€EA
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which coincides as announced with the thermodynamic limit functional above,
to be extremized with respect to (ga,qa)aca. If one feels uneasy with formal
integrals in infinite dimensions and a semiclassical expansion with respect to
the formal parameter h, one might feel more comfortable with—still formal
but—finite-dimensional integrals and a semiclassical expansion with respect
to the actual number J of Bernoulli random variables. The general formulae
would then follow by a density argument via the approximation of the K (b)s,

IcJ by step functions.

4. Classical SSEP and Free Probability
4.1. The Classical SSEP

The aim of this section is to recall the definition of the classical SSEP and its
large deviation function. Results are taken from the SSEP literature [9,10,20]
where further details may be found.

The classical SSEP is a time continuous Markov chain describing particles
moving along a finite 1D lattice, with sites indexed by i = 1,--- | N (the sites
1 and i+ 1 are adjacent). Let 7; be the occupation number of the site i : 7, = 0
(resp. 7; = 1) if the site ¢ is unoccupied (resp. occupied). Each configuration
is specified by the data of these occupancies {7;; ¢« = 1,--- , N}. The particles
are allowed to jump on their nearby positions, to their left or right with equal
probability rate, if the target position is unoccupied. The allowed local moves
are therefore [01] — [10] or [10] — [01], while the local configurations [00]
and [11] are frozen. Particles are injected and extracted at the two ends of
the interval to drive the system out of equilibrium. The SSEP Markov matrix
is defined accordingly to take these moves into account in a natural way. We
denote by Egep the SSEP invariant measure (which is known to be unique).

One is interested in the continuum scaling limit N — oo, = i/N fixed,
0 < z < 1. The occupation configurations {7;} then become continuous density
profiles n(z) on the interval [0, 1]. In this scaling limit, the densities at the two
ends of the interval are fixed by the injection—extraction processes : n(0) = n,
and n(1) = ny, with n, and ny, specified by the injection—extraction rates at the
corresponding boundary. We shall use the convention n, = 0, n, = 1 (without
loss of generality).

In the scaling limit, the mean density profile interpolates linearly between
the two boundary densities : limy o0 Essep[Ti=[zn]] = * (with the convention
ng, = 0, np = 1). Fluctuations of the density profiles satisfy a large deviation
principle [11,12]. Namely,

P [Ti:[xN] ~ TL(.’L‘)] =N-—oo B_lesep[n] (46)

with Issep the so-called large deviation rate function.
Let Fisp be the generating function of the density cumulants in the
scaling limit. It is such that

Essep [eZi ”h"} =N oo € Fosenlh] (47)
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for h; = h(x = i/N) with h(z) a smooth function over the interval [0, 1]. If
the occupation configuration {7;} approaches the density profiles n(z), then
>, Tihi approaches N [dz h(z)n(z), so that Fie, can alternatively be defined
by Essep [eNfdx h($)“(I)] =, eNFerlPl Assuming Eq. (47) to be true implies
that the pth-order density cumulants scale like N17P in the scaling limit.

As is well known, the two functions Iyep[n] and Fysep[h] are related by
Legendre transform :

1
Fyseplh] = m(a§< {/ dz h(z)n(x) — Lssep[n]| - (48)

The large deviation function Fyep[h] has been given in the SSEP litera-
ture [9-12,20] as the solution of an extremization problem (with the convention
ng=0,n,=1):

P[] = max Flbigl. - Plhig)i= [ da flog (1 + g(o)e(a)) ~los(s/ ()]
(49)

with e(z) = e*) — 1, as above, and g(x) solution of the nonlinear differential
equation,

(1+g(x)e())) g"(x) = ¢' () e(x) , (50)

)
with boundary conditions ¢g(0) = 0 and g(1) = 1 (for n, = 0, ny = 1).
Equation(50) is the Euler-Lagrange equation for F[h;g] to be extremal with
respect to variations of g.
Expanding Fygeplh] in power of h yields the first few density cumulants
(up to sub-leading terms in 1/N) :

Essep[Ti:[zN]Ti:[yN]]c =-N"" .13(1 - Z/) )
Essep[Ti:[zN]Ti:[yN]Ti:[zN]]c =N—? 33(1 - Qy)(l - ’2)7
for 0 < z < y < z < 1. More generally, the nth-order SSEP cumulants scale

as N17" in the scaling limit, see Refs. [9,10,20]. We let 9$°P(z1,--- ,x,) be
the scaled cumulants, at non-coincident points, defined as

wzsep(xh tot 7xn> = 1\}E>noo Nn_lEssep [T[mlN] c T[rnN]]c 5 (51)

for x € [0,1], all distincts. The limit is known to exist and to be smooth
(actually piecewise polynomial) at non-coincident points.

4.2. The Quantum to Classical SSEP Correspondence

The aim of this section is to recall the definition of the quantum SSEP (Q-
SSEP) as well as its relation with the classical SSEP. Results explained below
are taken from Refs. [2,3] where further details may be found.

The quantum SSEP is a model of stochastic quantum dynamics describ-
ing fermions hopping along a 1D chain, with sites indexed by ¢ = 1,--- | N
(the sites ¢ and ¢ + 1 are adjacent). For an open chain in contact with external
reservoirs at their boundaries, the quantum SSEP dynamics results from the
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interplay between unitary, but stochastic, bulk flows with dissipative, but de-
terministic, boundary couplings. The bulk flows induce unitary evolutions of

the system density matrix p; onto e~ p, e?4H+ with Hamiltonian increments
N 4 _
dH, ='J Z (c}ch awy + c;cj“ dWi), (52)
j=1

for a chain of length L, where c¢; and c; are canonical fermionic operators,

one pair for each site of the chain, with {c;, C};} = 8., and W/ and W, are
pairs of complex conjugated Brownian motions, one pair for each edge along
the chain, with quadratic variations thj de = 673 dt. The contacts with the
external leads are modeled by Lindblad terms [18]. The resulting equation of
motion for the system density matrix p; reads

. 1
dpy = —ildHy, py] — §[dHt, [dHy, pi]] + Loary (pt)dt, (53)

with dH; as above and Lyqry the boundary Lindbladian. The two first terms
result from expanding the unitary increment p; — e @t p, e?4Ht to second
order as indicated by Ité calculus. The third term codes for the dissipative
boundary dynamics representing injection—extraction at the two the bound-
aries. We do not need here the precise expression for Lypqry, but the latter can
be found in the literature [2,4].

The classical SSEP is embedded in Q-SSEP because the average Q-SSEP
dynamics on density matrix diagonal in the particle number basis reduces to
the classical SSEP. At each site along the chain, the full |e) and empty |@)
states, with, respectively, one and zero fermion, form a basis of states and
diagonalize the particle number operators n; := cjci (with eigenvalue 1 or 0).
The states |n) diagonalizing all the particle numbers along the chain are thus
indexed by the classical configurations n = (71,--- ,7n), with 7; = 0,1, the
particle number at site i. A density matrix diagonal in this particle number
basis specifies a probability measure on classical configurations since it can be
written as pdiag = »_,, @n Iln, with IT,, := |n)(n| the projector on the classical
configuration n and @), a probability measureonn : ) Qn =1, Q, > 0.

By the Markov property of the Brownian motions, the average dynamics
deduced from Eq. (53) defines a semi-group on the average density matrix
pt := E[p;], generated by a Lindbladian Ly, :

8tﬁt = Essep (ﬁt) (54)

The latter is obtained by averaging the Q-SSEP stochastic equation of motion
(53). It preserves diagonal density matrices and thus defines a flow—a Markov
chain—on probability measures on classical configurations. Locally, Lsscp acts
as follows :

»Cssep(‘®®><'®®|) 0 )
Lssep(|20)(Te]) = J(—|20)(Te| + |02)02]) ,
Lsep(|02)(02]) = J(+|@0)(Te| — |02)02]) ,
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Lssep(|ee)0e]) =0 .

This coincides with the Markov matrix of the classical SSEP. This coincidence
also holds for the boundary processes. Thus, the average Q-SSEP dynamics,
when reduced to density matrices which are diagonal in the particle number
basis, is that of the classical SSEP, as claimed.

As a consequence, the generating function of the steady fluctuations of
the classical SSEP occupancies 7; = 0,1 can be expressed as a quantum ex-
pectation value w.r.t. the steady averaged Q-SSEP density matrix :

Essep [ezi thj] =Es [Tr (p eXi h‘"‘)} =Tr (ﬁoo eXi hﬁ”) , (55)

with n; = c;rci the quantum number operators, po, = Eoo[p] the mean Q-
SSEP state, averaged w.r.t. the Q-SSEP steady measure denoted E,. In par-
ticular, the multi-point correlation functions of the occupation numbers in the
classical SSEP coincide with the quantum expectation values of the number
operators w.r.t. to steady averaged Q-SSEP density matrix.

To complete this correspondence we need to express the quantum expec-
tation values of the number operators in terms of known data relative to the Q-
SSEP steady measure. The latter is constructed by looking at the expectation
values of the fermion two-point functions G;; := Tr(p c;c,-). It has been shown
[2] that the leading cumulants of this matrix are those for which the matrix in-
dices are organized along a loop, namely of the form E[Gi,4, - Gigin Giniy]©-
These cumulants scale as N'=" in the scaling limit. We let v (zy,--- ,x,) be
the scaled cumulants at non-coincident points:

Vi (e, smn) = lim N B [Gla e )+ Glag M M Glaa N v1]
(56)

for z;, € [0,1] all distincts. The limit is known to exist and to be smooth at
non-coincident points. Equations characterizing the 7 ’s have been written
and analyzed in [3]. They were later shown [7] to be related to free cumulants,
as we shall recall below.

Having introduced the main players, we can now state the relation be-
tween the non-coincident cumulants in the classical and quantum SSEP, see
Ref. [2].

Proposition 6. For 0 <z < 1 all different, we have
VP (@, 2n) = (_1)n—1 Z w#(xm"" 1T, ) (57)
€Sy /Ly
The sum s over all permutations o modulo cyclic permutations. There are

(n —1)! terms in the sum.

The relation (57) essentially follows from Wick’s theorem, see Ref. [2].
Together with the link between the Q-SSEP cumulants and free probability
that we shall describe below, Eq. (57) is the starting point of the following
new construction of the classical SSEP large deviation function.
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4.3. Non-coincident SSEP Cumulants from Free Cumulants

The aim of this section is, on the one hand, to relate the generating function
of non-coincident SSEP cumulants to free probability and, on the other hand,
to use this relation to derive a simple integral representation of this generating
function.

In order to avoid confusion between the large deviation generating and
rate functions as given in the previous SSEP literature [9-12,20]—namely
Fyseplh] and Igsep[n] defined above in Egs. (47, 46)—and the ones that we
shall determine using free cumulant techniques, we shall denote the latter
with script letters—mnamely Fssep[h] and Jgsep(n]. We shall prove in Sect. 4.5
that they (of course) coincide.

The Q-SSEP steady measure, and hence the functions 17, have been
shown to be related to free cumulants [7].

Proposition 7. Let the interval [0,1] equipped with the Lebesgue measure, de-
noted jir,, be viewed as a probability space. Let 1, = 19, be the indicator
function of the interval [0,2z] with 0 < = < 1. We have pp Iy, ---1,,) =
min(xy, - ,x,) =121 A ATy,

The loop-expectation values )} are identified as the free cumulants R,
of those random variables with respect to the measure py. Namely ,

Y (a1, an) = Ry Loy, 1) (58)

The proof of this fact relied on a combinatorial analysis, see Ref. [7] for a
set of characterizing equations for the steady cumulants 17 [3]. See Ref. [14] for
an alternative analytic proof based on analyzing the time evolution equations
of the Q-SSEP cumulants.

As an illustration, we write the first few terms for low values of n, using
the defining relation between moments and free cumulants [8,21,24,27]. For
n = 2, 3, we have :

VF (x,y) =x Ay —ay.,

V(2 y,2) = (@AyAz) —(@Ay)z— (@A 2)y— (yAz)z+2ayz

Ifo<z<y<z<l, weget

O (2,y) = 2(1—y)
Vi (@,y,2) = 2(1 - 2y)(1 - 2) .

For n < 3 there is no difference between free and standard cumulants. The
difference starts at n > 4. For n = 4, we have, for any order between the points
xj:
¢f($1’$27$3@4) =(z1 Awg Aag Axy)— (21 A o2 A 23)Zat O terms in total] )

+((z1 A 22)@3244 Of6 terms in total] ) — 3T1T2T3T4

—((a:l Axg) — aclxg)) ((953 Axy) — m3x4))

—((xl Axy) — x1x4)) ((1’2 Ax3) — $21’3)) .
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If we choose to order them on the segment [0,1], i.e., 0 < 1 < 3 < 23 <
z4 < 1, we get:

wf(:cl,xg,wg,m) =x1(1 — 3zg — 2w5 + broxs) (1l — z4) ,
wf(thg,m,xg) = x1(1 — 3z9 — 223 + braxs)(l — z4) ,
wf($1,$37.’172,$4) = .’131(1 — 49 — 3 + 5:1?2553)(1 — 1‘4) .

We observe that they depend on the ordering of the points on the line (for
n > 4). Higher-order cumulants can similarly be computed recursively. Of
course, the computation becomes more and more involved and we need to
package it.

Let us introduce the generating function of the classical SSEP non-
coincident cumulants—recall the latter are linked to the Q-SSEP expectation
values via Eq. (57). It is defined by

Folaso] = 30 U urrlal, vlal = / v (e, ) [ alw)da,

n>1 k=1

(59)

with 95°°P the scaled non-coincident cumulants. Here, v is simply a counting
parameter that we introduced for later convenience. To avoid confusion and to
allow for future comparison with the formula obtained in the SSEP literature,
we have used a specific notation for the SSEP large deviation function com-
puted using free cumulant technique. We set §ola] := Fola;v = 1]. Of course
we have §ola;v] = Folav].

Lemma 8. The generating function §o of the classical SSEP mon-coincident
cumulants can be expressed in terms of free cumulants R, w.r.t. the Lebesgue
measure as

golal =~ Tk 1), (60)

k>1
with Iy := [dx a(z)l,. Equivalently, ¥§Pla] = (=1)" "1 (n — 1)! Ry, (Iy))-

Proof. This is a direct consequence of the classical-to-quantum SSEP corre-
spondence (57) and the multi-linearity of the free cumulants which imply

wPlal = (=1)" 7 (n = 1)! Ro(Tja))- (61)
O

The function I, is a classical variable on [0, 1], equipped with the Lebesgue
measure, and Rn(]I[a]) its nth free cumulants. For a single, hence commuting,
variable, there is a simple relation between the generating function of the free
cumulants and that of the moments [8,21,24,27]. This relation goes through
the resolvent. We shall now explain how this yields to an efficient way to com-
pute the classical SSEP non-coincident cumulants and how it can be used it
to derive a simple integral representation of §gla.
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Let R, (2) be the generating function of the free cumulants R, (—Ij,)) :
*+ZR H[a] zp_l.
p>1

Let G(2) = pr (ZJF]I ) be the generating function of the moments p, (— [a}) :

Gla)(2 Z 2 1 pa])’

p>0

From Refs. [8,21,24,27], these two generating functions are inverse functions,
i.e., Ri4)(Glq(2)) = 2z, which reads

1+ Z R H[a [a] ( P = ZG[G] (2). (62)

p>1
Let b(z) = ff dya(y), so that b (z ) a(z) with b( ) = 0. As a function
on [0,1], we have I}, = —b since Ijq)(z fo dya(y)lyey = f dya(y). Thus,

‘P(_Hfa]) = foldx b(z)P =: bp? and

1 dz 1 dz
G = | o / —i (63)

We can turn the logic around and view x as a function of b: z(b) is then
interpreted as the cumulative probability for b, i.e., dx(b) is the probability
density for the variable b. The fact that = € [0,1] is then natural.

Formulas (62,63) yield a simple recursive way to compute the free cumu-
lants R, in terms of the moments bP and hence the generating function of the
classical SSEP cumulants. We have :

Rl(f]la]) =b,

72
Ro(— L) = b2
Ra(—lla]): 3525+ 25
Ry(—Tpy) = —ABD+ 10020 — 257 + 55" (64)

Higher free cumulants can be computed recursively. Using Eq. (61) this yields
the classical SSEP non-coincident cumulants. As a consequence :

Lemma 9. Let b(z) := — f dy a(y). We have the following integral representa-
tion of the generating function of non-coincident SSEP cumulants :

al = /0 dx log(z — b(z)) —z+1, with /0 . —dZ(y) =1 (65)

Proof. Recall that Fo[a;v] = Folav]. By definition, Eq. (59), we have
00, Jola;v] = ZUR [g) =1 —vRg(v),

k>1



158 M. Bauer et al. Ann. Henri Poincaré

with Ryg (z)::%+zp>1 tip(—l[q)) 2P~ as above. Thus, the relation Rj,)(Gq(2))
=2z becomes -

dy
z—b(y)

1

1 —v9yFola;v] = vz, withv= / (66)
0

We simply have to check that the function (65) is indeed solution of the above

equation, with the appropriate boundary condition. Assuming Fola] given by

the r.h.s. of (65), we have

Fola; v] = /0 dz loglv(z — b(z))] — vz + 1,

with fol % = v. Computing its derivative with respect to v, we get (using

that z = z[b,v] is actually a function of v and b)

vavso[a;v]lmﬂ(gj) (/Olz_dbf”(x)v)

The last term vanish by definition of z = z[b, v] and we get vO,Fola; v] = 1 —vz,
as required. It is easy to check that the function (65) has the appropriate
behavior at small v. g

This representation can also be used to recursively compute §ola;v].
Equation (66) can alternatively be written as

vO0,Bola;v] =1 —vz, with v=_Gy(2) . (67)

The last relation, v = G[q)(2), determines z as a function of v, recursively :

vz(v) = 1+ bv + (b2 — 52) v+ (03 —302b + 253) v?
ST — 4D B+ 10020 — 202 455 ) vt 4 -+
This is of course the generating function of the free cumulants of b, see Eq. (64).

This is a very efficient way to compute the multi-point SSEP cumulants at
non-coincident points.

4.4. The Classical SSEP Large Deviation Function from Free Probability

Once the generating function Fola] of non-coincident SSEP cumulants has

been identified, the SSEP large deviation generating function Fssep[h] can be

computed using the variational principle established in the previous Sects. 2 &

3:
1
Seseplh] = max Udm[log (1+ g(@)(e"™ = 1)) = g(x)g(=)] + Fold] | ,

2:a() LJo

(68)

with §olg] defined in Eq. (65). Since the rate function Jgsep is the Legendre
transform of the large deviation generating function, we have
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Corollary 10.

JSWM]=g3f%<ﬁuxP@ﬂ%(ggg4%1—mwﬂ%(i:ﬁg>+ﬂﬂﬁw]—%MO«
(69)

Proof. Using Eq. (68) and Jgsep[n] = maxp, (fold:c h(z)n(x) — Sssep[hD, we

write
1
Jsseplnt] = rg(aiq (/0 dz [h(x)n(:r) — log (1 + g(x)e(x)) + q(:c)g(x)] — So[q]> ,
(70)

with e(z) = e*) — 1. Here g and ¢ are determined as the functions for which
Sssep|h] takes its maximal value,

e(x)
qo) = ———— , glx) = :
D= e T St
The maximum of (70) is attained for

o (M@0 )
h“)lg(g@xl—nw»>’

(71)

from which we get

L) ) 1on()
“1one) T @) T T (72

Inserting this back into the expression the rate function yields

e[t [ (£ - s (122) ] -

The two conditions (71) or (72) can be relaxed in writing this expression as a
maximization problem (and simplifying the expression) as in Eq. (69). Indeed,
one can check that the extremization condition (69) yields the same conditions
for g and ¢ as in (71) or (72). O

1+ g(z)e(z)

4.5. Equivalence with the Previously Known Formulation

Finally, we present an explicit check that our new formula (68) for the SSEP
large deviation function is identical to the previously known formula (49).

To prove this equivalence, we first formulate differently, but equivalently,
the variational problem (49), as follows :

Fuoeplh] = mux Fihs 0], Flbi 6] = [ deflog (1+9(e) e(w) = f(@)a(a)] + V1)

where the functional V[f] is defined by
d
Y -1

1 1
VIf] ::/0 dz log (w — 4(z)) —w + 1, With/O w1 ,

with £(z) := — le dyf(y), so that ¢'(z) = f(x) with £(1) = 0. We view w as a
function of £ through the constraint fol wfié’(y) =1.

(73)
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To prove the equivalence between the two variational problems, we first
have to compute the functional derivative of V[f]. Chain rule implies

g% B ‘/01 (gﬁi))) (w dz@)) " (5;?;)) </ e 1) ‘

dy__ — 1. The definition of ¢
w—£(y)

The second term vanish due to the relation fol

as l(x) = — le dyf(y) implies gﬁ((i)) = —Ijz5yy- Thus,
VI _ 7 dy
= . 74
570~ by 1w i

The extremization conditions (49) read

7& . VISl mi
~ 1+e(x)g(z)’ 9(@) /o w—Ly)

f(z)

The relation fol wfif(y) = 1 implies the boundary conditions g(1) = 1. The
last condition is equivalent to 1/¢'(z) = w — £(x) with g(0) = 0, and hence to
(1/¢'(x)) = —0(x) = —f(z), with f(z) = %, which is then equivalent
to (50).

The last step consists in verifying that the extremum value coincide.
Thanks to the extremum conditions, written as ¢’(z)(w — ¢(z)) = 1, and the
boundary conditions on g and ¢, we have

/ e f(x)g(z) = / et (@)gla) = — / e b)) = 1w,

0

so that

1
Fm#ﬂmm_FMWMm:—(ﬁhﬂﬂﬂﬂ—w+1=0

It is now clear that the two extremization problems (49) and (68) are
equivalent, with the correspondence is w ~ z, £ ~» —l[4], so that Fesep[h] =
Fisep[h].
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Appendices

A Formalities

A.1 Formal Power Series

If R is any commutative ring with unit, S is an arbitrary index set and
Ae := (As)ses a collection of variables, we denote by R[A,], the ring of poly-
nomials and by R()\,) the ring of formal power series in the variables A,
with coefficients in R. We let R(Ae)>1 denote the ideal in R(A,) of for-
mal power series with vanishing constant coefficient. The rings R[\,] and
R(),) are again commutative rings with unit, so if J is a new arbitrary in-
dex set and z, := (2i)ics, Ze := (Zi)ics are new variables we may consider
for instance R[ze,Ze](Ae), the ring of formal power series in the variables A,
with coefficients in the ring R|[ze,Ze] of polynomials in z,,Z.. We note that
Rlze,Ze](Ne) C R(Ze,Ze, Xe). Notice that in R[ze,Ze|(Xe) the “constant” coef-
ficient is now a polynomial in R[ze,Ze| and this polynomial vanishes for mem-
bers of R[ze,Ze](Xe)>1. If F' is any formal power series in one variable and
L. (%¢;Ze) € R|ze,Zs](Ae)>1 then the composition F o Ly, (2e,Ze) is well de-
fined as an element of Rz, Zs|(Ae). For instance, if Ay, (ze,Ze) € R[Ze,Ze](Ne)
then Ay, (ze,Ze)elre 270) € R[z,,Z,](Na).

A.2 Formal Gaussian Integrals

From now on, the ground ring R is assumed to be a field of characteristic 0,
say R.
Our first aim is to make sense of

/ (g % exp(—zizi/h)> A, (Ze,Z6)

where 7 is yet another formal variable and Ay, (ze,Zs) € R[ze,Ze](Ne). The
result of integration will be a element of R(h,h=1, \,) and in fact Ay, (ze,Ze)
may contain £ explicitly (the notation is already heavy enough). It is useful to
notice that contrary to the other formal variables involved, /i can be specialized
to a numerical value without impact on most of the discussions that follow
(the semiclassical expansion below being an important exception) and then
the result of integration is in R(\,).

We define the integral by term by term integration of the A\o-formal power
series expansion of Ay, (ze,Ze) S0 we are left with the task of defining

dz; N dz; _ _

/ <H W exp(—zizi/h)> P(ze,7%)
icJ

for P(ze,Ze) € R[ze,Zs|. Imposing linearity, it is enough | to deal with mono-

mials in R[z.,Z,], i.e., expressions of the form [, 2"z =: 2"*Z" where

m;,m; € N and ZieJ m; + m;, called the degree of the monomial, is finite.
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For such a monomial we set

/ <H dzé'ﬂ/'f\r;iiZI oxp(—#iZi /h > Hzml Z = H(Smi,ﬁihmimib

i€J i€J icJ

a formula copied from the honest integral over the complex plane

/Cd;./;gz exp(—2Z/h)z"Z" = 8 mhm!,

which holds for m,m € N and 7 a complex number with strictly positive real
part.
Our main interest lies in the computation of

/ (H % eXp(_ZiZi/h)> exp L, (ze;Ze) /1

icd
where L), (2e,Ze) € R[ze,Ze|(Ne)>1. As exp Ly, (2e,7Ze)/h belongs to R[ze,Z]
(Xe) this is really a special case of the previous discussion.
We focus for a while on the case when the index set, J for the variables
(%e,Ze) is fixed. We denote by S(J) the set indexing monomials in (z,7Z),
ie.,

S(J) = {(mi,mi)iej, m;, m; € N for i € J, Zm,' +m; < +OO}
e

The variables indexed by S(J) are denoted by Ae := (A, m,)(me,ma)es()
and our goal is the computation of

dz; N dz; _ B
/ (.H T ’”) exp L(J)a, (22, Z0) /1

ied
where

L(J)A.(ZMEO) = Z H

(me,Me)ES(J) e

m7 777’7.1

< R[Z., Z.](A.)Zl.

The appearance of factorials in the denominator will simplify the forthcoming
formulee.

We call this special case “the” master integral. It contains all the infor-
mation to deal with the general case. Indeed, if B is an arbitrary set indexing
variables e := (As)sep, any L, (Ze,Ze) € R[ze,Ze](Xe)>1 can by expanded in
monomials:

2T ZTM

L. (2e,7s) = ; A(B)m, 7. H T;Tz,mzil,
(me,me)ES(J) i€J
where each A(B)m, m, belongs to R(Ae)>1. Notice, however, that the formal
power series A(B),, m, are not arbitrary: a given A\, appears in only finitely
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many A(B)m,, m, so that its coefficient in the A\, expansion of Ly, (2s,7Z,) is
indeed a polynomial in z,,Z,. Anyway,

/ (H % exp(—zizi/h)> exp Ly, (ze,Ze) /i

ic€J

is recovered from

/ (H % exp<—zz—zi/h)> exp L(J)a, (20, %) /1

i€
by substitution, for each (m.,7,) € S(J) of the formal power series A(B) . m.
for the formal variable Ay, 7, -

A.3 Semiclassical Expansion

As a warm-up exercise, the reader is invited to check that, as a formal integral
where z,%Z,u and U are formal variables,

/ dzzz‘trgz exp(—(z +u)(z +7)/h) = 1.

This simple identity, which can be read as translation invariance (indepen-
dently over z,Z so even if it is valid for its honest integral avatar in the complex
plane, this does not reduce to translation invariance of the Lebesgue measure),
plays an important role in the manipulation of (formal) Gaussian integrals. The
reader should also check the corollaries

/ PN xp(—23/h) exp(— (2] + uz) ) = /",

2imh

dz A d _
/ ;‘Ahz exp(—2Z/h) exp((7 — D)z + (1 — w)Z + Pu + pv — uv) /h) = /",
Y3

whose expansion in the new formal variables u, 7 yields a more general version
of translation invariance

[ o e e )z BBz ) ) = ™,

which also plays an important role in what follows.

We introduce collections ue := (u;)ic.s, Te := (U;)ics of formal variables
and use translation invariance:

/ (H % exp(—zizi/h)> exp Ly, (ze,Ze) /10

icJ
dEi A\ dZZ — _
— / <H —inh exp(—(z; + w;)(Z; + vJ/h))
ieJ
X exp Ly, (ze + Ue, Ze + Ts) /.

We infer that if Uy := (U;)ics, Ve := (Vi)ics are arbitrary elements of R(\e)>1
then
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/ (H % exp(—zizi/h)> exp Ly, (2e,Ze) /I

i€J
dz; A\ dz; N
-/ (,H T (e + U + vi>/h>>
ic€J
x exp Ly, (2e + Us,Ze + Vo) /I
We claim that for any given Ly, there are unique members Uy, Vﬁ in R(Ae)>1
such that
Y +UNGE+V,) = La(ze + US 70 + V)
ieJ
has an extremum in z, and Z, at 0. Indeed the extremum equations are
— 0L, — 0L —
Vi=—="U.,V. Ui=—"U.,V.

for i € J, and existence/uniqueness of (U}, V,) follow from a tedious but
straightforward recursive argument on the degrees in the (z,z;) of Lj,.

Set F* := =3, UV, + Ly, (Uz,V.), a member of R(Ae)>1. Then,
=2 (E UG+ Vi) + Ly (e + UL 20 + V) = F,
ieJ

+Y 2% =t L}, (24, %)
ieJ

belongs to R[ze,Ze](Ne)>1 (this fact concerns the A,-expansion) and involves
only terms of degree > 2 in (zo,Ze). Consequently, a simple power counting
argument shows that

/ (H % eXp(_ZiZi/h)> oxp L3, (%, %4 ) /1

icJ
belongs to R(h, Ae) (no h~! involved) and that the constant term is 1. Putting
everything together leads to

dz; \dz; _ _ n
/ (g % exp(zizi/ﬁ)> exp Ly, (%e,Zs)/h = exp FY, /h + %h”F/{.)

where each F;T) belongs to R(\e)>1. This h-expansion is the formal version of
the saddle point expansion. We shall soon see a diagrammatic interpretation

of this result.

B Feynman Graphs and Rules

We turn to graphical rules allowing the computation (in principle) of the mas-
ter integral.
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Consider a A,-monomial in the expansion of exp L(J)a, (%e,%e)/f. It
comes with:

— A coefficient which is proportional (the coefficient is in R) to a (ze, Ze)
monomial, and this monomial survives integration (gives a nonzero con-
tribution) if and only if for each i € J the power of z; and Z; are equal,
say n;. In this case, we say that the given A,-monomial is balanced. Then,
its integral is [ ;. ; nq!.

— A combinatorial denominator, a product of factorials. If A, m, appears
to the power k in the monomial, it contributes a multiplicative factor
k'(TT;e, ms!m;!)* to the combinatorial denominator. The k! comes from
the expansion of the exponential function, and the other factor from the
definition of L(J)a, (2, Ze)

We translate the first fact as follows. For (m,,m,) € S(J), we represent
Aoy [Liey 220 as a vertex with m; outgoing edges and m; incoming
edges carrying the tag i. Thus, a term in the expansion of exp L(.J)a, (ze, Zs)/h
is represented as a collection of vertices with pending edges. We represent the

integration as a black box in which all the edges meet:

— If the number of incoming edges and outgoing edges carrying the tag
1 € J are not equal, the integration yields 0.

— If both equal n;, integration yields a factor n;!. The obvious but crucial
observation is: n;! is precisely the number of ways to pair the incoming
edges of type i to the outgoing edges of type 4, that is, the number of ways
to organize the inside of the black box so that no pending edge remains.
For each such choice of pairing, opening the black box reveals an oriented
graph, in which each edges carries a type i € J. Conversely, given such
a graph, breaking each edge in two pending edges (keeping track of the
type and the orientation) one reconstructs a term in the expansion of
exp L(J)A, (Ze,Ze) /B

We stress that the graphs the appear in this graphical representation have
their edges oriented and tagged but:

— They are not simple. For instance several edges with the same tag and
orientation may join two vertices. Moreover they may have tadpoles.
— Neither the vertices nor the edges are labeled.

So we pause for a moment to establish the definitions. A (labeled) oriented
graph with edges tagged by J is given by the following data: finite sets V, B+,
arbitrary maps t*: E¥ — J, a*: E* — V, and a bijection b: Et — E~
such that t~ o ¢7b = t*. Though there are slightly simpler (but equivalent)
definitions, this one is well suited to make contact with the graphical repre-
sentation of the master integral. If v € V and et € E*, we view v as a vertex,
et as an outgoing edge tagged with t*(e™) pending at vertex a*(e™) and e~
as an incoming edge tagged with ¢~ (e') pending at vertex a~(e”) and the
(eT,e7) is an oriented edge (made by two pending edges) tagged with i € J if
e~ =b(et) and t*(e™) =i (in which case t~(e™) = ¢ as well). The definitions
ensure that, for each i € J, (t7)71(i) and (t7)~!(i) have the same size.
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To (V, E*,t*,a%) (i.e., forgetting b for a moment), we may associate a
balanced Ao-monomial (one whose integral gives a nonzero result): if vertex v
has m; outgoing pending edges and m; incoming pending edges tagged with 4,
it contributes a factor A,,, m, to the A,-monomial. Then, b describes a wiring
inside the integration black box.

Two graphs (Vl,Eitli,aI—L,bl) and (V27E2i,t§t,a§t,b2) are equivalent if
there are bijections w: Vi — Vi and ¢*: Ef — EF such that t o ¢F =t
aQi o¢pT = wo af and by 0 97 = ¢~ o by. Clearly two equivalent graphs
yield the same associated balanced A,-monomial. Notice that, tautologically,
if (Vi, BE,t5,a,by) and there are bijections w: Vi — Va and ¢*: Ef — E,
then (Va, By, t5 o (¢F) "1, woaf o (¢F)~1, ¢~ oby o (¢1)1) is an equivalent
graph.

Take a graph (V, E*,tT, a*,b). Consider triples (w, ¢*), where w: V —
V and ¢*: E* — E* are bijections such that t* o ¢* = t* and a o ¢p* =
w o a*. Such triples form a group under composition. The conditions that
(w, ¢F) must satisfy mean that one may

— Arbitrarily permute the pending edges at a given vertex if they have the
same orientation and tag

— Arbitrarily permute vertices (with their pending edges) if they have the
same environment, that is if for each orientation and tag they have the
same number of pending edges of that orientation and tag.

Thus, the order of this group is seen to match exactly the combinatorial de-
nominator that comes with the balanced A,-monomial associated to the graph.

Moreover by construction (V, E* t* a% b) and (V, E*,t*,a*, ¢~ obo
(¢7) 1) are equivalent graphs. If ¢~ ob = bo¢™ the action of the triple (w, o)
fixes the graph. This condition defines a subgroup of the above group. This
subgroup is (called) the automorphism group of the graph.

Forgetting about set theoretic issues, an unlabeled graph is informally
an equivalence class of labeled graphs. More concretely, given the size m of V/
and n of E*, we may take arbitrary bijections from V to [1,m] (we define
[1,0] := 0) and from E* to [1,n] to define an equivalent graph, so we may
for instance define an unlabeled graph as a graph with vertex set [1,m] and
edge set [1,n] for some (m,n), modulo equivalence.

Back to our graph counting problem. Given a balanced A,-monomial
(one whose integral gives a nonzero result) of degree m in the expansion of
exp L(J)a, (ze,Ze)/Hi, with degree 2n in (ze,Z.) we may take V = [1,m] to
label the m “A,” factors, and E* = [1,7n] to label the n “z,” and “z,” factors.
This defines the maps t*,a®. The wiring inside the integration black box
defines the bijection b and we end with a (labeled) oriented graph with edges
tagged by J. In general, different wirings may yield equivalent graphs (i.e., the
same unlabeled graph) and it is more economical to group systematically such
equivalent wirings. By the above discussion, this replaces the combinatorial
denominator by the size of the automorphism group. In what follows, and
unless obvious from the context, the term “graph” means “unlabeled graph.”
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If G is such a graph, we denote by Aut G its automorphims group, whose
cardinal is |Aut G|.
To summarize, we have obtained the following result:

— The master integral has a graphical expansion in formal power series

/ (H % exp(—zizi/h)> exp L(J)a, (2e,Ze) /i = Zw(G)
icJ G
where the sum is over all unlabeled oriented graphs whose edges carry a
type i € J.
— The weight w(G) of a graph is computed as follows:

— The edges incident at a vertex define a vertex type (me, ) € S(J)
counting how many incoming and outgoing edges of each type are
incident, leading to a factor A, =, i in w(G).

— Each edge contributes a factor f in w(G).

— There is an overall factor 1/|Aut G| in w(G).

We give a few examples. For concreteness we take J to be the standard alpha-
bet J :={a,b, -+ ,y, 2z} (of which we use only a subset in the examples!).

— Example: A vertex with 3 outgoing and 2 incoming edges of type f,
and an incoming edge of type w. It is convenient to use a compact notation,
additive or multiplicative for instance, and denote the corresponding coupling
by Ags o7 7 (additive, chosen below) or A ;2 (multiplicative):

AN
AN

— Example: A diagram

b —_—
e k
— bd h
\g/\\ h
—_—

with weight
1 2
orhavedyieanim e aharn sy 5

The symmetry number 1/2! comes from the two equivalent outgoing type b
edges at the vertex on the left.



168 M. Bauer et al. Ann. Henri Poincaré

Letting n,(GQ), ne(G), ni(G) and n.(G) denote, respectively, the number
of vertices, edges, loops and connected components® of G, we observe that the
overall power of /i in w(G) is n.(G) — n,(G), which is also n;(G) — n.(G) by
a standard topological relation. At this point, we may pause to ask why it
is worth to bother going from the plain “black box expansion” version of the
master integral to the “graphical” version: after all, one black box gives rise to a
whole family of graphs. One of the advantages of the graphical representation
is that it behaves very nicely from the combinatorial viewpoint: the weight
w(@G) factors nicely over connected components, so that

/ <H % exp(z,;z,;/h)) exp L(J)a, (20, 70) /= exp Y w(G)

i€J G
where now the sum is over all connected oriented graphs whose edges carry a
type i € J, the weight being computed as before. The power of i in w(G) is
simply n;(G)—1 if G is connected, and comparing with the semiclassical expan-
sion in Sect. **A.3 we infer that for the master integral the (z,, Z, )-extremum
F(J)), = F(J)S\_.l) of >>,c; 2ziZi—L(J)a, (2, Zs), and the corrections F(J)E\”.),
n=20,1,--- are given by

F(J)S\".) =hr" Zu)(G) forn > -1,
G

where the sum is over connected oriented graphs with n+ 1 loops whose edges
carry a type i € J.

B.1 A Special Case

We turn to a special case—one that suffices for our main interest—and change
notations accordingly. We denote by S and S arbitrary sets, and introduce for-

mal variables Ay := (Ag)ses and Ae := (Ag) 5. The formal Gaussian integral
of interest is now

/ (H L exp(zz-zi/m) exp(Ly, (24) + T, (7)) /1
icJ imh

where Ly, (z.) and Ly, (Z,) belong to R[z,](Ae)>1 and R[Z.](As)>1, respec-
tively. Thus, the “function” that we integrate against the Gaussian measure
splits as a product of a “holomorphic function” and an “anti-holomorphic func-
tion,” and we are really dealing with a special case of the general discussion.

The semiclassical expansion carries through. The splitting between z,
and Z, leads to the extremum equations

OTx, —

— 0Ly

Vi = —= U. Ur, == — V.
with solution (U7, V.) and extremal value F* := dict UV, — Ly, (U3) —
Lyn(V)

5Loops and connected components are defined by discarding the orientation. For instance,
connected means there is a path, possibly not respecting the orientation of edges, between
any two vertices.
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There is also a (restricted) master integral version adapted to the split-
ting. The index set J for the variables (ze,Z,) is fixed but we consider only
monomials purely in z, or in Z,. We denote now by S(J) the set indexing
monomials in z SO

S(J) = {(mi)iej, m; € N for i € J, Zmi < Jroo} .
i€J
The variables indexed by S(J) are denoted by Aq := (A, )(m.)es(s)- The set
indexing monomials in Z, is denoted by S(J) and the variables it indexes by
A.. We specialize the general graphical rules to compute the restricted master
integral

/ (H dz; Ndzi exp(—zizi/h)> exp(L(J)x, (24) + L(J)a. (Z)) /1,

bt 2imh
where
_ i _
L(J)z,(ze) := Z Am, H 77114 € R[za](Ae)>1,
me€S(J) ieJ Y
and
_ - zZ _
Laz) = Y Aw [] 5 € REzJ(Ad)=1
Me€S(J) ies v

Instead of one general family of vertices, we are led to consider two special
families of vertices. For m, € S(J), we represent A,,, [[,c; 2" as a white
vertex with m; outgoing edges carrying the tag i, while for me € S(J) we

represent Ay, [[;c; 2" as a black vertex with m; incoming edges carrying
the tag 4. Thus, there is an expansion of the restricted master integral as

/ (H M eXp(—ZiZi/ﬁ)> exp(L(J)K. (2e) + L(J)a,(Za))/h = Z w(@)

2imh
e G

where the sum is over all bicolored (white,black) graphs whose edges carry
a tag i € J. The weight w(G) of a graph is computed as before, though in
this restricted case slightly simpler rules could be given to compute the au-
tomorphism group. Note that the colors of vertices allow to reconstruct the
orientation, edges going from white to black vertices. The restricted master in-
tegral exponentiates as exp ) - w(G) where now the sum is over all connected
bicolored graphs whose edges carry a tag i € J.

We give a few examples. We take again J to be the standard alphabet
J:={a,b,--- ,y,z}.
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— Example: A white vertex with 6 (outgoing) edges, 3 with tag f, 2 with
tag y and 1 with tag a, with weight Aqisf424:

Y Y

or simply

f f

— Example: A black vertex with 5 (incoming) edges, 2 with tag r, 2 with tag
I and 1 with tag u, with weight Ay, or o

with weight (reading more or less from left to right, in that simple case sym-
metries are “local” on the graph)

1
*Afc 91 A2n1A3n+nA2a+2f+2nA*+k,A2a+kAa+z+kA2kA21+k,A
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