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Abstract. Two decades ago, Lieb and Loss (Self-energy of electrons in non-
perturbative QED. Preprint arXiv:math-ph/9908020 and mp-arc #99—
305, 1999) approximated the ground state energy of a free, nonrela-
tivistic electron coupled to the quantized radiation field by the infimum
Eq,a of all expectation values (¢er ® Ypn|Ha,a (et @ Vpn)), where Ho a
is the corresponding Hamiltonian with fine structure constant a > 0
and ultraviolet cutoff A < oo, and ¢ and v, are normalized electron
and photon wave functions, respectively. Lieb and Loss showed that
cal/?\3/2 < Ean < ¢ 1a?/"A"/7 for some constant ¢ > 0. In the present
paper, we prove the existence of a constant C' < oo, such that

EQ,A
Fl o2/7 A12/7

holds true, where F7 > 0 is an explicit universal number. This result
shows that Lieb and Loss’ upper bound is actually sharp and gives the
asymptotics of Fo A uniformly in the limit @ — 0 and in the ultraviolet
limit A — oo.

_1| < ¢ a/105 p—4/105

1. Introduction and Result

Soon after the discovery of quantum mechanics almost a century ago by Heisen-
berg and Schrédinger, the quantization of the radiation field was formulated by
Born, Heisenberg, and Jordan and by Dirac [11,15], and about seventy years
ago quantum electrodynamics (QED) was formulated by Feynman, Schwinger,
Tomonaga, and Dyson [16,18,34,38], laying the foundation to answer the ques-
tion whether light rays consisted of particles or waves that was open for several
centuries. Besides being conceptually satisfying, QED is one of the most suc-
cessful theories with quantitative predictions that match experimental data by
more than eight decimals.
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In spite of its success for applications, however, QED is still lacking essen-
tial parts of its mathematical foundation to this very day. Namely, all known
formulations require unphysical regularizations at large, ultraviolet, and/or
small, infrared, photon energies. The original (relativistic) QED was shown to
be perturbatively renormalizable [17], but its nonperturbative renormalizabil-
ity is wide open. One alternative route to approach the ultraviolet problem is
to resort to simpler models, especially those that replace the relativistic by a
nonrelativistic particle, known as nonrelativistic QED or Pauli—Fierz Hamilto-
nians. In fact, considerable progress has been made in the past three decades on
the construction of the infrared limit, i.e., the construction of a theory without
regularization at small photon energies [5-7,9,21] for these models. The con-
struction of the ultraviolet limit has been successfully carried out for some of
these models, notably the Nelson model by a Gross transformation [23,33], the
spin-boson Hamiltonian [14], and Frohlich Hamiltonians [22,22,30]. Another
alternative is to replace the fully interacting model by an effective mean-field
theory [19,20,25].

One approach among these is a simplifying variational model proposed by
Lieb and Loss in 1999 [31]. Their starting point is the Pauli-Fierz Hamiltonian

- N 2
17, — al/QAA(x)> + Hyp (1.1)

3

1
Hon = 5

of a nonrelativistic spinless particle (modeling the electron), minimally coupled

-

to the quantized radiation field. Here, +V, is the (particle) momentum oper-

ator, and A (z) = flk\SA (e=F=a* (k) + e**a(k)) % is the magnetic
vector potential in Coulomb gauge and cut off for momenta larger than A in
magnitude. Moreover, H,, = [ |k| a*(k) a(k) dk is the energy of the radiation
field, and « &~ 1/137 is the (dimensionless) fine structure constant. The Hamil-
tonian H, A is an unbounded, self-adjoint operator on the domain dom[Hj o] C
Hel ® Fpn of the noninteracting Hamiltonian Hy g = %(—A) ®@1pn+ 1a @ Hpp,
see [26,28], where H = L?(IR?) is the space of square-integrable functions on
R3, and Fpn is the Boson Fock space over the space L?(R3 x Zy) of square-
integrable, purely transversal vector fields, see Sect. 2 for a precise definition.
Note that H,, A > 0 as a quadratic form. The (nonnegative) ground state
of the energy of the system is characterized by the Rayleigh—Ritz variational
principle as the infimum of all energy expectation values of the system,

Eg(a,A) = inf{(\IJ |H, A 0) ‘ U € Ho @ Fon, ||¥] =1 } (1.2)

Lieb and Loss restricted [31] the variation in (1.2) to wave functions of product
form ¥ = ¢ ® 1, with normalized ¢ € Hq and ¢ € Fyp, to obtain a new
approximation and upper bound FErp(a,A) > Eg(a, A) to the ground state
energy, i.e.,

By (o, 8) = inf {Ea a(6,6) | 6 € Ha, w0 € Fon, 6] = o =1}, (1)
5&,A(¢7¢) :<¢®w|Ha,A(¢®w)> (14)
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Note that upper bounds on the ground state energy are of particular interest
here because the ultraviolet problem is about the understanding of the diver-
gence of Fgs(a, A) — 00, as A — oo. We henceforth refer to Egs. (1.3)—(1.4)
as the Lieb—Loss Model.

In Theorem 1.1 in [31], Lieb and Loss proved the existence of two universal
constants Cq,Cy € RT such that

Cra'/2 A2 < Bri(oA) < Cpa®TAM/T, (1.5)

This is the first of a series of results of Lieb and Loss in [31], extending their
model to N > 2 fermions or bosons, taking the electron spin into account by
studying the Pauli operator, and replacing the nonrelativistic kinetic energy
by a pseudorelativistic one. Lieb and Loss also demonstrate in [31] that the
bounds in (1.5) hold true for the actual ground state-energy Eqs(c, A), too, and
they sketch an argument that up to a multiplicative constant, the right side of
(1.5) is also a lower bound to Err (o, A). Note that the Lieb-Loss model does
not take the renormalization of the electron mass into account, and the actual
value of Epry,(a, A) is of limited quantitative use in physics. The significance of
Eq. (1.5), however, lies in the fact that the formal perturbation expansion of the
ground state about the photon vacuum yields Egs(a, A) ~ CaA?. In contrast,
Eq. (1.5) says that this grossly overestimates the ground state energy; it is a
warning sign that perturbation theory may not be adequate to construct the
ultraviolet limit.

The main result of this paper is the derivation of the asymptotics of
Err(a,A), as A — oo or @« — 0. That is, for any given 0 < o < 1 and A > 1,
we first reduce the minimization of £, o over pairs (¢,v) of normalized vectors
in Her X Fpn to a minimization over normalized positive vectors ¢ = |¢| € He,
by showing that Epr(a,A) = infyen,, 4)=1 5a7A(|qb\,U|¢|Q), where Q € Fpp,
is the normalized vacuum vector and Uy is a Bogoliubov transformation that
parametrically depends on |¢|. We then compare the effective energy functional
Ean(18]) = Ean(19], UjsQ) to the auxiliary classical functional

1,2
Fo(9) = 5[Vell, + Blel, (1.6)
for B = (32)/2A% and all ¢ € YV := H'(R3) n L'(R®), where ||f[|, :=

([|f(x)[P dz)'/P denotes the usual LP-norm, here and henceforth. It is not
hard to see that
Fy =inf{Fs(9) [ €Y, [8]>=1} (1.7)
satisfies the scaling relation
Fy = Y7 Ry, (1.8)
and in [24], the second author shows that the infimum in (1.7) is actually
attained and strictly positive, in particular,
F > 0. (1.9)

Our main result is estimate (1.10), showing that the upper bound on
Err(a,A) in (1.5) is actually tight.
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Theorem 1.1. There exists a universal constant C' < oo such that for all o > 0
and A > 1, the estimate
Erp(a, A) 4 4

Rt~ 1S CamaT (110)

—Ca®A~® <
holds true.

We briefly sketch the derivation of (1.10). The intermediate steps yield
further insight on the minimizer of the Lieb—Loss model. The latter is described
in detail in Sect. 3.3.

(1) For technical reasons, we introduce an infrared cutoff ¢ > 0. The case
o = 0 can be dealt with by a continuity argument in the limit o — 0 using
standard relative bounds on A,. We do not give details of the argument
but refer the reader to [6].

(2) We first analyze the functional £, 5. A direct computation yields

Eun(@8) = 50|+ (o] H(oP, {5 Tl . (1.11)

where (-|-)# denotes the scalar product on the photon Fock space Fpn
and Hlp, ] is for p: R® — R* and 9 : R? — R? given as

mﬂ:mm-/uﬁ<wx

+f/ : z)dz. (1.12)

In Theorem 4.4, in Sect. 4.1, we demonstrate that by a suitably chosen
Weyl transformation Wy, the term linear in the fields, i.e., proportional
to v = Im{¢ %qﬁ}, can be eliminated up to an additive constant in the
transformed Hamiltonian. The minimization of the energy functional con-
sequently enforces the reality of the wavefunction ¢. More precisely,

8&,A(¢7w) > 8a7A(‘¢|,W¢¢)~ (113)
Defining
Ean(0) = it {Eun(0,0) [V e R, Il =1}, (119)
we therefore have that

We pause to remark that due to (1.15), the ground state energies of the
Hamiltonian operators in Eqgs. (1.7) and (1.9) in [31] coincide. Hence,
Theorems 1.1 and 1.2 in [31] are actually bounds on the same number.
Our present result in Theorem 1.1 sharpens this as the constants C7 and
Cs in [31, Theorem 1.2] are shown to agree and the difference to be of
lower order in A and higher order in «.

We further remark that there is an alternative derivation of (1.15) by
using that the semigroup generated by H, x is positivity improving, if the
Hilbert space is represented as a space of square-integrable functions of
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the particle position and the magnetic vector potential, as was shown by
Hiroshima in [27,29]. This leads to a variant of the diamagnetic inequality
which can be used to establish (1.15) (see also Eq. (14.4) in [37]).
Equation (1.15) guarantees that we can assume without loss of generality
that ¢ = |¢| > 0, and in this case,

Ean(68) = %ll%ll§+<¢] (o + 5 [ 1) 23 (@) d*) w>f. (1.16)

In Theorem 4.5, in Sect. 4.2, we give an alternative proof for the obser-
vation of Lieb and Loss that

it {(u] (Hon+ 5 [10@P B@ @) w) | v e Fm ol =1}

:%TI‘{U—AI%—Q@‘(M’Q — \/—Am}, (117)

where Oy o = a(27r)_3PCXU’A(q5*)*(é*)XU’APC, with xoa = 1[o? <
—A,; < A?] being the characteristic function of momenta with mag-
nitude between o and A, (;AS* denoting convolution with (;37 and Po =
1 (ﬁr) = 0| being the projection onto divergence-free vector fields, i.e.,
vector fields in Coulomb gauge.

The heart of the proof of Theorem 4.5 is the determination of the
Bogoliubov transformation Up, (4) which diagonalizes the quadratic effec-
tive Hamiltonian H(|¢[2,0) on the left side of (1.17). While the general
procedure to determine Up,_(4) is well-known, the details of the explicit
computation are involved. As a future project, it is planned to conju-
gate the (fully interacting) Hamiltonian with Up, (4) and to separate in
the obtained operator Ug, () Ha,AUg, ()7 the diagonalized quadratic part
from a remainder which, hopefully, is less singular than the former in the
ultraviolet limit.

Inserting (1.17) into (1.14)—(1.15), we arrive at

~ 1,2 1

Ean(8) = S[V[; + 5X(205.0). (1.18)
for ¢ = |p| > 0, where

X(A) = Tr(s/\k|2 TA- |k|> and (1.19)

(6%
Opa = ——=Pc Yo 2 yon Pe, 1.20
®, @) C Xo,A 9(%)” Xo,a Po (1.20)

with ¢(x) = ¢(iV,) denoting the corresponding Fourier multiplier (with
respect to the momentum representation).
In Sect. 5, we introduce the infima

Eip) (e, ) ¢=inf{f§a,A(¢L) ‘ oL € YL}, (1.21)

F{ ::inf{]:g(qSL) ‘ o1, € YL}, (1.22)
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of the Lieb—Loss functional Ery,(c, A)(¢r) and the auxiliary functional
Fs(¢r) under variation only over compactly supported functions ¢z €
Yy, == H*(B(0,L)) and compare these infima to Fry(«,A) and Fjs by
means of the IMS localization formula. Here, B(z,r) C R3 denotes the
open ball of radius r > 0 centered at = € R3, as usual. More specifically,
we prove in Theorem 5.1 that

EX(a,A) — CL72 < Ep(a,A) < EXY(a,A), (1.23)
L — L
FY —cr?<p < BV, (1.24)

for some universal constant C' < oo and all L > 0. Consequently, the
leading orders of Ery(a, A) and Fj, respectively, are determined by their
behavior on compactly supported functions.

The sixth step carried out in Sects. 6 and 7 is to find upper and lower
bounds for all compactly supported ¢ = |¢| € Y, := H'(B(0,L)) on
X(©4, o). In Theorem 6.1, we prove the existence of a universal constant
C < oo such that, forall 0 <e <1, L > 1/A, and ¢ € Yy,

1 da 4
§X(2®¢,a) Vi A oLl
<Ceaz A’ +a202 AZ) |gp]i + Ce 2 A2 L2 ||V (1.25)

This is complemented by the lower bound in Theorem 7.2 which asserts
that there exists a universal constant C' < oo such that, for all L > 1/A
and ¢ € Y7,

1 4o 1,7 .8 3
5X(2050) — (/g A%llocly > ~Cat ASLE [lor|f. (1.26)

Estimates (1.25) and (1.26) suggest to compare the functional §a7A(¢) =
3IVEl3 + 3X(204.0) to Fpan (@) = 3lVel3 + Bla, A)ll[ with
Bla,A) = ,/%A3 which is done in Sect. 8. Indeed, this leads us to

introduce the family of auxiliary functionals (F3)s>0, defined on YV :=
HY(R3) N LYR?) ¢ HY(R3) as

1,2 2
Fa) = 3|96l + 81, (1.27)
and their infima

Fs =inf {Fs(p) | €Y, [l¢]2=1}. (1.28)

This family of functionals is analyzed by direct methods of the calculus
of variations in detail by the second author in a separate paper [24], and
here we describe its properties only briefly.

— For fixed 8 > 0, the functional F3 possesses a minimizer, which is
unique up to translations, nonnegative, spherically symmetric and
decreasing. In particular, its infimum Fjp is attained and hence a
strictly positive minimum.
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— For all § > 0, both energy and minimizer are uniquely determined
by their scaling behavior in 3 and universal constants corresponding
to the case # = 1. In particular, F} > 0 is a universal positive
number and Fjg = 37 Fy.

— The Euler-Lagrange equation, which corresponds to the inhomoge-
neous Helmholtz equation (—A — pu?)¢ + 8 = 0, yields an explicit
characterization of this minimizer in terms of the zeroth Bessel func-
tion jo of the first kind.

~ The scaling relation Fj3 = 3%/7F; and the numerical value of Fy >
0 can also be obtained in the following way: Introduce ¢y (z) :
N3/2¢(\x), for any ¢ € Y with [|¢|l2 = 1 and A > 0, so that |px[2 =
1, too. Then, F(¢x) = A ||Vo||3+BA~3/2||¢]1, and a minimization
over A > 0 yields

7 /9N\3/7 3/7
Fa) = 1(5) B (Ivel I8l

> Z(Z)S” BT T, (1.29)
4\3

where the last step uses Nash’s inequality in three spatial dimen-

sions, and Cj is the optimal constant computed in [12]. Moreover, in

[12] it is shown that the lower bound (1.29) is attained, and therefore

= %(%)3/703?3/7 > 0. We are grateful to one of the anonymous
referees for pointing this short derivation out to us.
In Sect. 8, we use the information on the auxiliary functional and espe-
cially the scaling relation F = 3*/7Fj to finally derive (1.10), formulated
again as (8.3) in Theorem 8.1. In order to simultaneously control the er-
rors on the right side of (1.25) and the localization error of order O(L~?),
we choose & 1= a*/105A=4/105 and [, := o17/105 A=88/105 4 arrive at the
upper bound in (1.10). Similarly, we choose L := o/ A=409/49 t0 obtain
the lower bound in (1.10) from (1.26) and the localization estimate.
Note that the lower bound suggests that the length scale ¢(a, A)
of the particle in the ground state of the Lieb—Loss model is of order

U, A) = o™ PATT, with 7 = {2 ~ 0.82.

2. The Lieb—Loss Model

The Lieb—Loss model is a variational model for the study of the ground state
energy of a system containing a single nonrelativistic spinless particle which
is minimally coupled to the quantized radiation field. The dynamics of such a
quantum system is generated by the Pauli-Fierz Hamiltonian

1/ - . 2
Hogn = 5(z'v+\/a,4(,,A(x)) + Hyn, (2.1)

which we define here as a quadratic form on H* (R?’)@D(N;f), where H! (R3) C
L?(R3) is the Sobolev space of square-integrable functions whose gradient is
square-integrable, as well, and D(N;f) C Fpn denotes the subspace of finite
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photon number expectation value of the photon Fock space §pn. The latter
is the boson Fock space over the one-photon Hilbert space b, i.e., it is the
orthogonal sum §pn = @ZOZO S; of n-photon sectors, where 55( =C-Qis
the one-dimensional vacuum sector spanned by the normalized vacuum vector
Q, and for n > 1, the n-photon sector S " .— s, [hpol] bpol, is the subspace
of the n-fold tensor product of by, of totally symmetric vectors.

The one-photon Hilbert space hpo1 := L?(Sy,a X Zs2) is the space of square-
integrable, divergence-free vector fields ko E(E+)f(k:,+) + E(l;,f)f(k, =)
supported in the momentum shell S, 5 == {k € R® : o < |[k| < A} C R3
which excludes momenta of magnitude below the infrared cutoff ¢ > 0 and
above the ultraviolet cutoff 1 < A < oo. The two transversal polarizations
are parameterized by the polarization vectors ¢(k,+) L k that are chosen so
as to form an orthonormal frame (%/|l§|,€(l;7+),€(l;,—)) in C ® R3, for all
ke SU7A\{6}. Of course, the map k — €(k) is assumed to be measurable and,
for convenience, chosen to be real, €(k, &) € R3, almost everywhere in R3 x Z,.

In (2.1), the field Hamiltonian

Hy = dr(Jk|) /\k| (2.2)

represents the energy of the radiation field, and

Apa) = / o T 4 oa(k)eRT) dk (2.3)

is the quantized vector potential (in Coulomb gauge). In (2.2), (2.3), we denote
elements of Sy A X Zg 3 (k,7) by k := (k: 7) and then further —k := ( 3 T),
|k‘| = |k‘|,]€ X = kll‘l—l—k‘gmg-‘rkgl‘g,fF dk‘ = ZT: o<|kl<A (k‘,T)dSkJ.
Furthermore, we use creation and annihilation operators a*(k) and a(k), for
k € Sy A X Zsy, in (2.2) and (2.3). These are operator-valued distributions con-
stituting a Fock representation of the canonical commutation relations (CCR)
on Sph, i.e.,

[a(ky), a(ks)] = [a* (K1), a*(k2)] = O, (2.4)
la(k1), a*(k2)] =6(k 2), a(k)2 = 0, (2.5)

for all k; = (761,7'1),162 = (762,7'2) € Soa X Zg (integrated over ki and ko
against test functions), where §(k; — ka) = 53(121 - 122)571 - Finally, the
photon number operator entering the definition of the domain D(N, 1/ 2) is
given by Npy := [ a*(k)a(k) dk.

The Lieb-Loss model is defined by the Lieb-Loss (energy) functional
Euon t HL(R?) x D(N1/2) — R which results from varying only over products

¢ ® 1) of normalized wave functions of the particle ¢ € L?(R?) and the photon
state 1 € §pn in the Rayleigh-Ritz principle, i.e.,

Eaon(¥) = (0 @Y | Haon (¢ @ 1)) (2.6)
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Note that given a fixed ¢ € H'(R?) and varying only over ¢ € D(Nl/z) the
Lieb-Loss functional ¥ — &L, (¢, 1) becomes the expectation value in ¢ of a
Hamiltonian that is quadratic in the boson fields. More specifically, a simple
computation shows that

Eunn(@0) = 3|0l + (v] HOP, m{ETa)) v) . (27

where (-|-)5 denotes the scalar product on the photon Fock space §pn and, for
fixed p: R® — RT and ¥ : R?* — R3, the quadratic Hamiltonian H|p, 7] is given
as

Hip, 7] := th+% / p(x) A2 \(z) Pz + Va / B(x) - Aga(z)dPz.  (2.8)

As we show below, it turns out that the minimal values of the Lieb-Loss
functional is attained for positive wave functions. To exhibit this, we define

= |¢| € HY(R*RJ) and choose v € H!(R?;R), for a given ¢ € H!(R?;C),
so that

re”, |<;5|2 :7"2, Im{aﬁ(b} = y2 @’y, (2.9)
V7|13 + (V12 (2.10)

¢
IV9ll3

and thus

_ 1 = 1. = -
Eualre, 0) = IVl + 5 Ir¥a13 + (v HG, 12 99) w) . (211)

Although convenient, the explicit parametrization of Couloumb gauge by po-
larization vectors E(l_%, +) tends to obscure the picture by introducing a seeming
dependence of the model on the choice of E(%, +), which, however, should be
physically meaningless. For this reason, we choose the one-photon space to be
the Hilbert space

b= Pc[L*(So,n:C® R?)]
={re (s, nCar?) | vheson: kL) (2.12)

of divergence-free, square-integrable vector fields, where Pz € B [L2 (Son;C®
R3)] is the orthogonal projection acting as [P f] (l_%) = Pl«j-f(l;) = f(l::) -
P f (l?;)7 with P; : R® — R?® being the projection in R* onto the unit vector
k /||Ik| € S2. Note that for any arbitrary, but fixed, choice of polarization vectors
basis {e(k +), ( )}keSU,A described above, the map

E: bpot — b, [Ef](k) = &k +) f(k,+) +Ek,—) f(R,—)  (2.13)

is unitary, with [Eflf](%,:lz) = [E*f](l::, +) = E(%,:I:) . f(E), and allows us to
switch between the photon representations, if necessary.
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Accordingly, the photon Fock space we use is §pn = Fp[h], the bosonic
Fock space over divergence-free vector fields. On §pn, we have a Fock repre-
sentation of the CCR of the form

[a(ky, 1), aka, )] = [a*(F1,11), a*(k2,v0)] = 0, (2.14)
[a(ky, 1), a* (ko v0)] =0(ky — ko) (P3: . a(k)Q =0,  (215)

for all ky,ky € Sy.p and 11,15 € Zs, as operator-valued distributions, or
[a(f), alg)] =[a"(f), a*(9)] = O, (2.16)
la(f), a*(9)] =(f|Pog), a(f)2 = 0, (2.17)

for all f,g € b, where we write

Z/f,, “(k,v) &k, al(f Z/fl, a(k,v) d°k.

(2.18)

)V17V2

for all f = (f1, f2, f3)* € b. In this representation, the operator AU7A(x) of the
magnetic vector potential becomes A(z) = (A1 (z), Ax(z), Az(x)), with

Ayu(z) = a*(mu(z)) + a(my ()
3 —_— o
:Z/{mu)y(az,l_é) a*(k,v) +my(x, k) a(k,u)}d?’kz, (2.19)

- 1[0 <|k| <A
My (T, k) = [U <| |—' ]
(2)3/2 |k|1/2
and the Hamiltonian H(r?, r? @7) in (2.11) turns into
H(r?, r2V7)
o 2 N2 = 2
ot 5 / (r(z)A(z))” d®z + \/a/ (r(z) Vy(2)) - (r(z) Alz)) d*x.

(2.21)

(Pfj)wj etk (2.20)

Note that the dependence of &(z) on the cutoff parameters 0 < ¢ < 1 and
1 < A < oo is not displayed anymore.

3. Bogoliubov Transformations

Next, we analyze the infimum of ¢ — <w| H[TQ,TQ%’Y}Q/)% as P € D(Nl/z)
varies over normalized states, by means of Bogoliubov transformations. For a
suitable definition of these in the present context, the choice of the antilinear
involution J : h — h defined by

[JFI(k) = f(=k) (3.1)
plays a key role. Before using J, we recall a few facts about antiunitary maps
and generalized creation and annihilation operators.
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3.1. Antiunitary Maps and Generalized Field Operators

For a general complex Hilbert space h the Riesz map R : h — h*, ¢ — (¢
is a canonical isomorphism from h onto its dual h* = B[h; C|]. Moreover, R is
antiunitary, i.e., it obeys (R(f)|R(g))n+ = (g|f)n. Note that R is not the only
antiunitary map from h to h*, for if u : h — h and v : h* — h* are unitary
operators on h and h*, respectively, then vo Rou: h — h* is antiunitary, too.
Conversely, any antiunitary from h to h* is of this form.

In the present paper, we prefer to work with an antiunitary J which addi-
tionally constitutes an antilinear involution or real structure. Given a general
complex Hilbert space h, these are antiunitary bijections J : h — h, which obey

2 =1 and Yfgeh: (J(HIgn = (glH)n (3.2)

Given an antiunitary involution J : h — h, we can define the maximal J-
invariant subspace

hR:{f€h|Jf:f}§h, (3.3)
which is a R-linear subspace of h. Writing f € h as f = f; + ifo, with f; :=
L(f+Jf) ehand f, :== L(f —Jf) € h, we obtain a direct sum decomposition
h = hg @ ihg. Similar to antiunitary operators h — h*, antiunitary involutions
h — h are not unique. This gives us freedom to make a suitable choice for the
problem to solve, namely (3.1) in the present case.

To define Bogoliubov transformations it is convenient to use generalized
creation and annihilation operators which were first introduced by Araki and
Shiraishi in [2, 3] to describe the second quantization of one-body Hamiltonians.
Bogoliubov transformations are also discussed in detail in [8,36]. Given an

antiunitary involution J : h — h, the generalized creation and annihilation
(field) operators A%, Ay : h @ h — B[D(NY/2);F,(h)] are defined by

Aj(feldg) = a’(f) talg) and Ay(f&lg) = a(f)+a*(g9), (3.4
for any f, g € h. Note that

ANF) = A%(JTF), with J = (3’ é) (3.5)

being an antiunitary involution on héh. The vectors in héh which are invariant
under J are of the form y & Jy, with y € h. They form a real subspace

(hoh)y = {Gehah|G=JG} = {ydJly|ych} = qlh], (3.6)
where q : h — (h @ h) 7 is the real-linear map

q = (ﬁ) ,  with adjoint q":(h@&h)y —h, qg° = (1a J)~ (3.7)

One advantage of the generalized formalism consists in encoding all orderings
in the second quantization of operators, so that we need not worry about
imposing normal-ordering. The price for this is the slightly modified form of
the canonical commutation relations (CCR), the generalized field operators
obey, namely

[Ay(F), A3(F)] = (F| SF'), (3.8)
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where S is a natural symplectic form on h @ h given by

S = (é _01> (3.9)

3.2. Second Quantization and Bogoliubov Transformations

Next, we introduce the second quantization of one-photon operators. Let J :
h — h be an antiunitary involution and {F;}$2; C h @ h an orthonormal
basis. For T = T* € Blh @ h] and y € h, we define their second quantization
dI'[T',y] € B[D(Npn); Spn)] by
(o)
dLy[T,y) = Y (F|TE;) Aj(F) As(Fy)

i,j=1

+ Z {(Fila(y)) A3(F) + (Fi| a(y)) As(Fi) }- (3.10)

Note that the definition (3.10) of dI'j[T,y] is independent of the choice of
the orthonormal basis {F;}32, C h @ h. Moreover, dI')[T, y] is self-adjoint on
D(Npn) and dT')[T, y] is semibounded, provided T' > 0. Finally, [a(f), a(g)] =0
and [a*(f),a*(g)] = 0 imply that dT'y[(2Y),y] = dly[(,4,7%7),y], and we
can and will henceforth always assume that

b* = Jb), for T =T = (& 5 = (% 1Y) (3.11)

A second advantage of the generalized creation and annihilation operators
is that their use eases the definition of Bogoliubov transformations. We recall
that Bogoliubov transformations are unitary transformations U on Fock space
Spn which preserve (3.7) and are linear in the field operators, i.e., they act as

Ua*(f)U* == a*(Uf) +a(IVf)+ (nlf), (3.12)

for all f € h, where U and V are linear operators on h and n € h. The
Bogoliubov transformations form a group which is the semidirect product of
the group of homogenous Bogoliubov transformations and the group of Weyl
transformations. That is, every Bogoliubov transformation U can be written
as a composition

U=UgW, = W,Up (3.13)

of a homogeneous Bogoliubov transformation Ug and a Weyl transformation
W, or a composition of a Weyl transformation W, and Ug, but with p # n,
in general.

Homogeneous Bogoliubov transformations Up are the special case n = 0
of (3.12). In terms of the generalized field operators, they assume the form

U JVJ)

vV U (3.14)

where the form of B is determined by (3.5), i.e., 7B = BJ, and (3.12). Note
that this makes explicit use of the antiunitary involution J : h — h. The
homogeneous Bogoliubov transformation Upg is unitary iff it leaves the CCR

Up A5(F)U% = A5(BF), B = B(U,V) = (
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invariant and preserves the norm of the vacuum vector Q € Fpn, which is
equivalent to

B*SB =8, BSB* =S8, and Tr(V'V) < co.  (3.15)

The second identity in (3.15) is actually a consequence of the first, as the
latter implies the invertibility of B, and then the second identity follows from
the uniqueness of the inverse. The requirement that V' be a Hilbert—Schmidt
operator is known as the Shale-Stinespring condition. A simple computation
shows that the second quantization dI'y[T,y] of T and y transforms under a
homogeneous Bogoliubov transformation Ug with B = B(U,V) as

Updly[T, y| Uy = dI[BTB*, 39" Bq(y)]. (3.16)

Weyl transformations W, are the special case U = 1, and V' = 0 of (3.12).
They act on the generalized field operators as

W, A5(F) W), = A5(F) + (a(n) | F). (3.17)

The unitarity of W,, is equivalent to the requirement n € h. Another simple
computation shows that the second quantization dT')[T,y] of T and y trans-
forms under a Weyl transformation W,, as

W, dT[T, ) W; = dT5 [T, y+ Sa"Ta(n)] + (1] a*Ta()) + 4Resly).
(3.18)

3.3. The Lieb—Loss Model in Terms of Second Quantization

We turn to the analysis of the Lieb—Loss model. Note that dT")[T,y] depends
on the choice of the antiunitary involution J : h — . For the analysis of the
Lieb—Loss model it is of key importance to choose the antiunitary involution
J : h — b with corresponding real-linear map ¢: h — (h @ h); as

Vieh keSon: [JfI(k) = f(—F) (3.19)

because with this choice the operator T : hr @ hr — bhr @ br leaves the real
subspace hr @ hg of h @ b invariant, and the vector y € hg is contained in the
real subspace hr C h of J-invariant vectors, as is discussed below.

We identify H(r?, 7"2%’)/) with dI" ;[T o, Yr,~,a], for suitably chosen T .
and ¥y, ~,«. We state the result in form of Lemma 3.1.

Lemma 3.1. Let J : h — b be defined by (3.19) and v,y € H'(R?). Then, the
Lieb-Loss functional (2.11) is given by

; 1 2 1, 2 1
Eaaalre” ) =S IV + 5 1r913 + 5 (¥] A0 [Tra, vroa] ¥)
(3.20)

where

— 2k2+@ro¢ era —
Tra = K77 (' |@m e ) k|12, (3.21)

T,
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with |k| denoting the multiplication operator [|k|f](%) = |k|f(l::) (Fourier
multiplier), and ©,, being a nonnegative, J-invariant, self-adjoint Hilbert—
Schmidt operator, ©, o = ©; , = @;{a = J0O, oJ > 0 given by

@7‘,04 = (I);a (I)T,ou (I)r a = (f*) PC Xo,As (322)
(B, 15 Ky v) = a2 (2m) 20 (B — B) (PE) X (), (3.23)
where [Xoaf] (l::) = 1o < |l::| < A]f(l::) is a multiplication operator, and

7% is the convolution operator [ f](l::) = ff(lz: - lg’) f(l;') d3K', where 7 =
Flr] denotes the Fourier transform F[r](k) := (27)=3/2 [ e~ % r(z) d3z of r,
normalized as to preserve the L?-scalar product.

Furthermore, Yy .o = J[Yr~.a] € hr is given by

yrwa:|k|_1/2q)* f[r@’y] =
Urmar 1) = Z / F1712 02 (R o) Flr oo ) dp. (324)

Proof. We first observe that

-y 8 [ 43 (alr@yme(@)) A (afr@)my(@)]) @'
= gan [ (G Gr)wre o] e

where ©, o : h — b is the bounded operator given by the integral kernel

kY20, 0 (kv K V) K72 = Z/ar ) my o (2, k) my (2, F) Pz,
(3.26)

recalling the definition m#’,,(x,lﬁf) = (27T)_3/2|7€|_1/2X07A(]:))(P]»j‘) e~k

v
from (2.20). As J(e'*e,) = e'* e, we have that J[r(z)m,(x)] = r(z)m,(z)
and hence

Oraq = JO, o = Opod = JO, o J. (3.27)

Moreover, using the Plancherel theorem, we have that
Ora = @/, Pra, (3.28)
where @, , = a'/? (27r)’3/2(f*)chg,A|l::\*1/2 is defined by the integral kernel

al/? .

o (P 105 Ky v) = @) Pk (P),, Xoa (k) (3.29)
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i.e., 7 is the convolution operator [ f](k) = J #(k—k') f(k')d®K', convolving
f with the Fourier transform

.7:[7'](%) = f(l_%) = /e_ik'””r(ac)(2:)963/2 (3.30)

of r, normalized as to preserve the L?-scalar product.
Similarly, we obtain

al/? /Tz(x) Vy(z) - A(z) d*z
3

_ /1/2 (0" () 91 (@) mu(a) + 0 (r* (@) Dur(@) my (@) }

w

(0l (@) By (@) mu(2)]) + As (gl (@) V() - (@) b da

p=1

1
= 5 dI'; [0 5 yr,w,a]y (331)

where 9, .o € b is given as

Yroy.o Z/ z) o my, (2, k) . (3.32)

Note that Jm,(z) = m,(z) implies y,. ya = J[yr ~,a] € br and the Plancherel
theorem yields ., o = |k|~1/2 ®F  F[r V), i

Yyl = / |I<:\_1/2 N k VP, u) .7-"[7“ a,ﬁ] (p) d*p. (3.33)

O

4. Minimization over Photon States

4.1. Weyl Transformations and Positivity of the Electron Wave Function

In this section, we show that the optimal electron wave function is nonnegative.
More precisely, given any normalized complex-valued electron wave function
¢ € H'(R®), we show that the Lieb-Loss functional for the electron wave
function |¢| € H'(R3) yields a lower value, if minimized over all photon states.
This is done by a suitable Weyl transformation that eliminates the term in the
Hamiltonian which is linear in the field operators. The proper choice (3.19)
of the antiunitary J is of key importance for the construction of this Weyl
transformation. Equally important is the observation that the energy shift
induced by this Weyl transformation is balanced by the term %||rV~||3 that
vanishes for real ¢. As is already remarked in Step (2) of the sketch of our Proof
of Theorem 1.1 in the introduction, there is an alternative way of showing that
the optimal electron wave function is positive by using that the semigroup
generated by H, A is positivity improving.
We start with a preparatory lemma whose simple proof is omitted.
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Lemma 4.1. Let x € B[b] be a bounded operator and § € RY. Then,

5(524—&*&)_1 kY < 1. (4.1)
Lemma 4.2. Let J : h — b be defined by (3.19), r,y € H'(R?), and T} o, O a,
and Yr 0 € br as in (3.21)~(3.24). Then, there is a unique 1.~ € bhr such
that

1 *
Yry,a = 561 Tr,a q(nr,'y)- (42)
Moreover, as a quadratic form,
dFJ [Tr,a; y'r','y,a} > Wm«,«, dFJ [Tr,aa O] W:hw - ||7‘V’Y||§ (43)

Proof. We first compute that
_ 2|k +© S} 1 _
* _ 1/2 o o 1/2
¢ Twa= 2 0) (A Gre) (T 11

= k|72 (20k[* + Ora + JOsa + Orod + JO, o J) |k T2, (4.4)
so 7y~ sought for fulfils
ey = k|72 (2012 + Oro + JOr g + Opad + JO o) ||/ 20, .
(4.5)

If J was any general antiunitary map, the determination of 7, from (4.5)
appeared to be fairly complicated, but thanks to our choice (3.19) of J we
have that O, = JO, o = O, J = JO, oJ and y, v o = JYr~,a. Therefore,
Yr.y.a is an element of hg which is left invariant by ¢*T;.aq = [k|~1/2(2]k|? +
40,.,)|k|7Y/2. Moreover, ¢*T} oq > 2|k| > 20 -1 > 0 is strictly positive and
hence invertible, due to ©, , > 0. (Here, the infrared cutoff o > 0 comes in
handy.) It follows that

My = [K[Y2 (B2 +20,0) " B[V gy r0 € ba (4.6)
and
(e | 1R (R + 2000 172 0y )
= (2 Y | (B2 +2000) 7 K12 yrry0)
= (FIrV] | pa (K2 + 207, @0) ™ @, FIr 997 )

IN

(FIr¥] | FIr ) = 191, (4.7)
estimating (|k[>+207 ,®,.,) "' < (024287 ,®,.,) " and then using Lemma 4.1.
We obtain the assertion from here by (3.18). O

As a corollary of Lemma 4.2, we now find the following lower bound on
the Lieb—Loss functional defined in (1.4).

Corollary 4.3. Let ¢ € H'(R®) and ¢ € Fpn be normalized wave functions.
Then, there exists a unitary Weyl transformation W such that

goz,A (st/(/)) > ga,A(|¢|7Wd>w)‘ (48)
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As a consequence, it follows that the partial minimization of the Lieb—
Loss functional

Ean(6) = inf {Ear(00) | ¥ € Fon, 0l =1}, (4.9)

over photon wave functions [see (1.14)] allows us to restrict the minimization
over electron wave functions to nonnegative functions.

Theorem 4.4. Let J : h — b be defined by (3.19) and suppose that ¢ € He is
normalized and ¢ € H*(R?). Then,

~ ~ 1,2 1
804,A(¢) > 804,A(‘¢|) = §HV|¢|H3+ilnf{a(dFJ[ﬂdﬂ,ou 0])}a (410)

where 0(A) C R denotes the spectrum of a self-adjoint operator A and Ty is
as defined in (3.21)-(3.23).

4.2. The Ground State Energy of Ty

In this section, we show that the infimum of the spectrum of 1dI';[T},), 0]
equals X (04|, ), as defined in (1.19) and (3.21)-(3.23). This fact had already
been observed in [31], and we give an alternative and detailed proof here. More
specifically, we prove the following theorem in this section.

Theorem 4.5. Let J : h — b be defined by (3.19), suppose that ¢ = |p| €
H'(R®), and let Ty o and Oy, be given as in (3.21)~(3.24). Then,

inf {0 (A0 [T.0,0)} = Tr( (/K2 +2040 — [H).  (411)

Inserting (4.11) into (4.10), we immediately obtain the following Corol-
lary.

Corollary 4.6. Let J : h — b be defined by (3.19) and suppose that ¢ = |¢| €
He is normalized and ¢ € HY(R®). Then

—~ 1,= 2 1
Ean(@) = 5[Vl + 3T (y/ b +20650 — 1K) (412)
where Oy o is defined in (3.22)—(3.23).

Proof (Proof of Theorem IV.5). The first step in our proof rests on an obser-
vation made in [4] that given a nonnegative Hamiltonian H representing an
interacting quantum system, it holds true that
inf {Tr(p'/?Hp'/?)} = inf {Tr(p'/?Hp'/? is puref, 4.13
b AT PHp ) = it {Tr(p*Hp'?) | p is pure},  (4.13)
where qfDM denotes the set of quasifree density matrices. In other words, for
the computation of the Bogoliubov-Hartree—Fock energy of the system, one
may restrict the variation over all quasifree states to pure states. This state-
ment may be viewed as a generalization of Lieb’s variational principle [32]. In
Lemma 4.7, the observation from [4] is applied to the Hamiltonian dI";[T} 4, 0]
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and yields the statement that its ground state energy is the lowest vacuum ex-
pectation value of all homogeneous Bogoliubov transforms of dI';[Ty , 0],

inf {o (AT [T).0,0)} = inf{m\UB AT [T}, 0] U 2) ‘ B € Bog,,[h] }
(4.14)

where Bog ;[h] is defined in (4.22).

Next, an application of Lemma 4.8 with a := 2|k|, b := |k| /204 . |k|~'/2,
and d := 0 yields the following lower bound on the vacuum expectation values
on the right of (4.14) in terms of |v|, where v € L£2[p] is the lower left matrix
entry of B of the Bogoliubov transformation Up,

(QUp AL [Ts,q,0] UBQ)
> inf {Tr[2|k|1/2v2|k|1/2 + @qlb/§|k|71/2( m) |k| 1/2@1/2]}.
UELZQ[P)],UZO ’
(4.15)

The infimum on the right side of the lower bound (4.15) is explicitly computed
in Lemma 4.9, using 0-1 < a :=2|k| < A-1,b:= k|20, 4|k ~/2 > 0, and
d := 0 again. Consequently,

inf{<Q\UBer[T¢a, 0] U0 ’BEBogJ[h]} > Tr[\/k;2+2@¢,a - |k|}.

(4.16)

We finally define

P e e W N (T T T T

% 1= —u, m - 5 _yi/2+y*—1/2 >‘1</2_‘_y*—1/2 )
(4.17)
1 _

V. g(yi/Q V) >0, oy o= BTV 20,0 KTY? > 1,

(4.18)

in accordance with (4.46) and (4.52). Then, by (4.62), Oy, € L£?[h] implies
that y. — 1 € £2[p] which is equivalent to v, € L2[h], thanks to (4.59), and
thus 1 —y; ' = y. — 1 —4v? € L2[h]. Moreover, as |k| and Oy , are J-invariant,
so are y, and hence also v, and /14 v2. It follows that B, € Bog,[b] is a
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homogeneous Bogoliubov transformation. Finally,

B, Ty B:
5 <2k| 0) B 4B [FI=/200 o K712 K720 a1\
* 0 0 * * |k|_1/29¢,a\k|‘1/2 |k\_1/2®¢,a|k\_1/2 *
e L B S A LI CEEE
11 420 YRR Y204 o KTV 2y P 2y VR R Y20 4 o K|V 2y

2 = =y ) I P+ u ) =y P K| (= g

+2y;1/2|k’|_1/2@¢7a|k|_1/2y;1/2 +2y*1/2|k|_1/2@¢,a|k|_1/2y€1/2)
4.19

SO

(U, T[Ty, 015, 9) = (0] T [B.To0B,019)
= S Te [ — g2 K G2 =y %) 4 2y Rk 20k
= LI[IR 2yt - DM 4 2012k 2y k202
= %TY[\/W* K|+ K[ (ot = 1)[RY2 + 2@¢,a|k|71/2y:1|k|*1/2]
- %Tr[\/mf k] — (K 4 20,5.0) k| /2y k| /2 — Ikl}
=S ] (4.20)
]

The proof of Theorem 4.5 given rests on Lemmata 4.7-4.10 which we
state and prove below. The first step in our derivation is an observation made

in [4] which may be viewed as a generalization of Lieb’s variational principle
[32].

Lemma 4.7. Let J : h — h be an antiunitary involution and T = T* € Blh @ h]
be nonnegative, T > 0, then

inf {o(dr,[T,0])} = inf{m\UB AT, [T, 0] U0) ’ B € Bog,h] } (4.21)

where

v Jvl . «
Bog,[h] := {B = (V JUJ) ‘ B*SB=S, Te(V'V) < oo} (4.22)

denotes the set of generators of homogeneous Bogoliubov transformations.

Proof. Suppose that H > 0 is a nonnegative Hamiltonian on F,;, and define
its Bogoliubov—Hartree—Fock energy by

Eppr(H) := inf {Tr{p1/2Hp1/2} ’ pEDM, pis quasifree}, (4.23)
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where D0 := {p € B[Fpn] | 0 < p < Tr{p} = 1} denotes the set of density
matrices on Fpn. In [4], it is shown that the Bogoliubov-Hartree-Fock energy
is already obtained by taking the infimum over all pure quasifree states,

Eppr(H) = inf {Tr{pl/2 H p'/?} ‘ p € DM, p is quasifree and pure}.
(4.24)

Since dI';[T}4|, 0] is quadratic in the field operators, its ground state energy
agrees with its Bogoliubov-Hartree—Fock energy,

1nf{0(dFJ[T,O])} = EBHF(dFJ[T,O]) (425)

On the other hand, the pure quasifree density matrices ppure € D9 are pre-
cisely the rank-one orthogonal projections ppure = [UpW;Q)(UpWr Q[ onto
Bogoliubov and Weyl transforms Uz W} of the vacuum vector 2, using that,
U3 = Usp~s is a homogeneous Bogoliubov transformation, for B € Bog[h],
and W) = W_, is a Weyl transformation, for n € h. Thus, we obtain

inf {o ([T, 0]) }
- inf{<Q|W,,tUB dTy[T, 0] U W7 Q) ’ B e Bog,lhl, ne h}

— inf {(Q[dT,[BTB", ~L¢"BTB"qn]®)

+ (n|¢* BT B*qn) ‘ B € Bog,h], n€ h}, (4.26)
using (3.16) and (3.18). Since
(Q|dT, [BTB*, —¢"BTB*qn|QY) = (Q|dl,[BTB*,0]Q) (4.27)
and
(nlg*BTB*qn) > 0, (4.28)

it follows that the infimum on the right side of (4.26) is attained for n = 0.
U

Lemma 4.8. Let j : h — h be an antiunitary involution. Let a € Blh] be a
bounded, b € L2[h] a Hilbert-Schmidt, and d € L*(h) a trace-class operator
such that all three are nonnegative and commute with j, i.e., a = jaj > 0,
b=jbj >0, d=jdj > 0. Furthermore, let B € Bog;[h], with Bog;[h] as defined
in (4.22). Then,

_ fa+d b
T = ( N d+b) > 0, (4.29)

and
(QUp dLy[T, 0] U3Q)

> inf {’H{an +b(v— 1 +112)2 +d(1 —&—vz)} ’ v >0, Tr(v?) < oo}.
(4.30)
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Proof. First, we note that

it T = (g bd> . then (Q|dTj[T,01Q) = Tr(d). (4.31)
Next, if B € Bog;lh] is of the form
B = <“ J.”.) , (4.32)
voojuj
then a simple computation using that j commutes with a, b, and d, shows that
u(a + b)u* + ubjv*j u(a + b)v* + ubju*j
+jvjbu + ju(d + b)v*j  +jvjbv* + ju(d + b)u*j
BT B* = . (4.33)
v(a + b)u* + jujbu* v(a + b)v* + vbju*j

+obju*j + ju(d + b)v*j  +jujbv* + ju(d + b)u*j
Using (4.31), this yields
(Q|dLj[B*TB,0]1Q) = Tr[v(a + b)v* + v*bjuj + ju*jbv 4 u(d + b)u*]
= Tr[av*v + du*u] + 2ReTr [bv*juj]. (4.34)
From the Cauchy—Schwarz inequality for traces, we obtain

’Tr[bv*juj] ‘2 <Tr [bv* z ! v} TT[bju*j a:juj] = Tr[b vt U] Tr [b u¥] xju],

(4.35)
for any bounded and invertible positive operator x > p -1 > 0.
Next, we remark that due to (3.15), we have
uu—v'v = juutj—ovovt = 1, vju = uju, juv® = vu'j.
(4.36)

For any r > 0, this implies that

(r+ovw")ju =rju+ovujv = ju(r+o* ), (r+ovv*)v =v(r+ov*v),
(4.37)
which, in turn, gives
(r+ovv) Hju = ju(r+vo)7h (r+o)te =v(r+ote)Th (4.38)

Writing the square root as an integral over resolvents according to A~1/2 =
L(s+ A)~" s, (4.38) yields

i1/2ju = ju(r+v*v)i1/2, (r+vv*)i1/2v :v(r—&—v*v)il/z,

(4.39)

(r + vv*)

for all » > 0. For small 0 < ¢ < 1, we define
ze = (14 v0*) "2 (e + vv*)1/? (4.40)
and observe that due to (4.39) and (4.36), we have
wzeju=uj(1+ 00" ) V2 (e + o) ju = wru (14 v*0) V2 (e +v*o)/?
= (1 +v*0)Y2 (e + v*v)1/? (4.41)
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and further

v* x;l v=0"(e+ vv*)_1/2 (1+ vv*)1/2 v=ov"v(e+ v*v)_1/2 (1+ v*v)1/2

< ()2 (1 4 v*o)Y2, (4.42)
Inserting (4.41) and (4.42) into (4.35) and taking the limit ¢ — 0, we obtain
|Tr[bv* juj]| < Trlbs (v 0)Y2 (1 + v*v)l/Q]. (4.43)

Using this estimate and (4.34), we arrive at
(Q[dTy[B*TB,0)Q) > Tr [a 02+ b(Jv] = VI + o)) +d(1 + |v|2)}, (4.44)
from which the asserted estimate (4.30) is immediate. O

Lemma 4.9. Let j : h — h be an antiunitary involution. Let a € Blh] be a
bounded, b € L2[h] a Hilbert-Schmidt, and d € L'(h) a trace-class operator
such that a = jaj > o -1 > 0, for some 0 > 0, and b = jbj > 0, d = jdj > 0,
1.e., all three are nonnegative and commute with j. Then,

inf{Tr{an +b(v — \/1+02)2+d(1+v2)} ‘ v >0, Tr(v?) < oo}.

1 1/2
- §Tr[(\/a+d(a+d+4b)\/a+d> —a+d}. (4.45)
Proof. 1t is convenient to parametrize v as
1 _
v= G-y, (4.46)

where y > 1 is a positive operator defined by (4.46) through functional calcu-
lus. Note in passing that y is uniquely determined by v up to ker(y — 1) and
that y — 1 € £2[h], due to Lemma 4.10 (i). Then,

-1 -1

2 _ y— 1 2 _ Y, ¥ lf{l 1/2 71/2}2
vt o= =+ 1 > and 14v* = 4+ 1 +2 = 2(2/ +y ) )
(4.47)

NS

Hence, we have that

V1+0?2 = %(y1/2—|—y71/2) and (v—\/1—|—v2)2 =y L (4.48)

Inserting the parameterization (4.46) into the trace in (4.45), we obtain

Tr[av2+b(u— m)2+d(l+v2)} - ig(y), (4.49)
with
Gly) = Tr[m2y + (m2+4b)y~" + 2(d— a)}, (4.50)
m:=+va+d>oc'"?>0,and y — 1 € L2[h]. Obviously, y — G(y) is convex.
We define y, > 1 by

Yo = m~ ' (m(m® +4b) m) Y2t (4.51)
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and observe that y, — 1 € £2%[h], by Lemma 4.10 (ii), and that y,. m?y, =
m? 4 4b which is equivalent to

yrt(m? 4+ 4b)yt = m? (4.52)

The latter is the formal condition for stationarity of y — G(y). We refrain
from turning this formal into a mathematically rigorous condition by estab-
lishing differentiability of G in a suitable sense. Instead, we simply check by
computation that y, is the minimizer of G. Namely, we have that

Gy) ~ Gly.) = Te[m?(y—y.) + (m?+40) (y ' —yY)],  (453)
and the second resolvent equation gives

T T Vi (T V0 B Vi S Vil VR V0 VIl (VR VA0 B VR € W37
Thus, (4.52) derives

G(y) = G(y.) = T‘r[(mQ =y (m® +4b)y ) (v — )
T =gy (P 4y (- )y

= Tr[y*m (y—y)ys " (m® +4b) y, ! (y*y*)y*”z} > 0.

(4.55)
Finally,
G(y«) = Tr{m2 Yo + (m? +4b) y; '+ 2(d — a)}
=2Tr[my.m+d—a] =2Tr[(m(m? +4b)m)1/2 +d—al
:2Tr[(\/m(a+d+4b)Jm)m—aﬂl}, (4.56)
arriving at (4.45). O

Lemma 4.10. Let h be a Hilbert space and m,b,y € Blh] be positive bounded
operators such that b € L2[h] is Hilbert-Schmidt, y > 1, and m > o'/? -1, for
some o > 0. Then, the following assertions hold true.

(i) Define v := L(y"/? —y=/2) > 0. Then v € L?[h] is Hilbert-Schmidt if,
and only if, y — 1 € L2[h] is Hilbert-Schmidt.

(it) Define y :=m~'[m(m? + 4b)m]1/2m_1. Then, y > 1 and y — 1 € L2[h]
is Hilbert—Schmidt.

Proof. (i): First 0 < y~'/2 <1 and thus 1 < y'/2 = y=™1/2 4 20 < 1 4 2||v|op,
which implies that

2
1 <y < (1+2[vllsp) -1 (4.57)
Secondly note that

= —(y—1)3 (4.58)
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and taking (4.57) into account, we arrive at (i) because
2
Tr[v?] < Tr[(y—1)%] < 4(1+42|v[lpp)” Tr[v?]. (4.59)

(ii): For y = m~' [m(m? + 4b)m] 1/2m*1, we trivially have y > 1 since b > 0
and the square root is operator monotone. Moreover, using

1 [~ ds
—12 _ 1 —1
ATY? = 7T/0 (s +4)7" 575, (4.60)
the second resolvent equation, and Rg := (s +m*)~! < (s + 02)71, we have
that
_ 1 4 1/2 2], -1
y—1l=m [(m +4mbm) fm}m

1 /°° 4 m* + 4mbm m? _1 ds
=— m - m T —=
T Jo s+m*+4dmbm s+ m? s1/2
1 [ _ _
= f/ m~! {(s+m4) - (s +m* + 4mbm) 1}m_1sl/2ds
T Jo
4 [ _
= 7/ {RsbRs — 4R, bm (s +m* +4mbm) 1mbRS} s'/2ds
T Jo
4 (o)
< f/ {RsbR,} s'/* ds. (4.61)
T Jo
Consequently,
Tr[(y - 1)2}

< B [ [ VR NVRVR R R RAR Vs Vids e
N NN AN AV s

s+o02t+o2
16/ [ sds \° . s 16 < Jrds \? . i,
< = — ) Tr|b°| = Tr|b .
—772</0 (8+02)2> r[ ] 77202</0 (r 1 1)3 r[ } <
(4.62)
O

5. Localization Estimates
In this section, we turn to the analysis of the effective energy functional
~ 1,2 2 1
Eunld) = 2IT0lE + 21X (205,0) )

where ¢ = |¢| € He is normalized and ¢ € H!(R?), O ,, is defined in (3.22)-
(3.23), and

X(A) = Tr(x/\k|2+A - |k|)7 (5.2)
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for positive operators A > 0. Recall that, according to Theorem 4.4 and Corol-
lary 4.6, the Lieb—Loss energy defined in Egs. (1.3)—(1.4) is given by

Brp(a,A) = inf{E,n(¢) | o= |¢| € H'(R?), 6. =1}.  (5.3)

Ultimately, we compare ga,A and its infimum Epp (o, A) to Fge,a) and its
infimum Fg(,,a), respectively, where

o) = [99l2 + Bllolh, (5.4)
Fy =it {(Fo() | 9= o] € H' @) N (ED), ol =1},  (55)

Bla, A) := \/3>:A3. (5.6)

In the present section, we demonstrate that the minimization in (5.3) may be
restricted to functions supported in the ball B(0,L) = {z € R : |z| < L}
of radius L < oo, provided L > 1 is sufficiently large. That is, we prove in
Theorem 5.1 that

E{Y(a,0) = inf {Eanl0) [0 =l0l Vi, ol =1}, (5.7)

approximates Erp,(c, A), as L — oo, by showing that the error made by this
restriction is of order L~2, as suggested by the IMS localization formula. Here,

Yy == H'(B(0,L)) € H'R*)nL'(R*) € H'(R®) =: Y, (5.8)

and we correspondingly approximate Fjg by

F$P = inf {Fs(9) |6 = 6] € Yi. [[¢ll2 = 1}. (5.9)

Theorem 5.1. There exists a universal constant C < oo such that for all
a,B,L>0,0>0, and A > 1,

C

By () = 75 < Brn(A) < Bjy)(a,A), (5.10)
@ _ C (1)

F" — 5 <Fs < Fy7, (5.11)

with Er(a, A), F(a,A), EX (o, A), and FP) (o, A) as in (5.3), (5.5), (5.7),
and (5.9), respectively.

Proof. The inequalities Erp(a,A) < E&)(a,/\) and Fz < FB(L) are trivial
consequences of the inclusions Y7, C Y and Y, € HY(R?)NL!(R3), respectively.
For the derivation of the lower bound (5.10) on Eprp(a,A), we pick a

smooth and compactly supported function n € C§°(R?; ]Ra' ), chosen such that
supp(n) C B(0,1) and ||n||2 = 1. Then, we define

Ne(2) == L2 n[L 7 (z - 2)], (5.12)
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for all L > 0, and we observe that ||z .||z = 1 and fn%z(x) d®z = 1. We
further set

vV rr(z)

5.13
0 if pr.(2) =0, (513)

nL.z(x) $(z) -
’ if pr(z) >0,
pr(2) = ez ol ér.(2) = {

and observe that py is a probability density on R®. A variant of the IMS
localization formula [13] now yields

Vo2 = / IV (e.0) |2 2= — / V.

:/||v¢L,Z 12 pr(2)d®z — ”272”5. (5.14)
Note that
P\ Poa :/{«b;ma Dy, .o} pr(z)d’z, (5.15)
and since A — X (A) is concave according to Lemma 5.3 (ii), we obtain
X(050Pp0) = /X(‘I’ZL,M By, o) pr(z)dz. (5.16)
Consequently,
fan®) 2 [Eurtone) a2z — IV
> [ B @) puo) s - Vol — o,y - 19205
(5.17)

Taking the infimum over ¢ € H'(R3) concludes the proof of the first inequality
in (5.10). The proof of the first inequality in (5.11) is similar. O

For the proof of Theorem 5.1, we supply various properties of X (A) in
the following two lemmata. To formulate these it is convenient to denote

Ki = VE2+A, (5.18)
so that
X(A) = Tr[Ka— Ko|. (5.19)

Since on b, the multiplication operator o -1 < |k|] < A -1 is bounded and
bounded invertible, we observe that

c-1 < Ky < Ka < (A+]|Allgp) -1 (5.20)

Lemma 5.2. Let A = A* > 0 be a bounded self-adjoint operator on b such that
(k2 + A)z — |k| is trace class. Then,

1

Te[(K2 + A)2 — |k|] = Tr[A? {(B>+ A)F + |k} A2]. (5.21)
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Proof. Using (5.18)—(5.20), we have that

Te[Ra — Ko] = 3 Te[{Ka — Ko} {Ka + Ko} {Ka+ Ko} ']
o Te[{ K Ko} {Ka+ Ko} ™ {Ka + Ko}
Tr[{KA—KO}{KA+KO} 1] :ﬁ[AE{KA+KO}‘1A%],

(5.22)

where the finiteness of the left side of (5.22) implies finiteness of all following
lines. O

Lemma 5.3. Let A = A*, B = B* > 0 be two bounded self-adjoint operators
on b such that K4 — Ko and Kg — Kq are trace class. Then,

(i) X(A) < X(A+B) < X(4)+ X(B), (5.23)
(ii) A — X(A) is concave. (5.24)

Proof. Statement (i) follows from a simple argument using the operator mono-
tonicity of Rt 3 X+ \71/2 and Lemma 5.2, and (ii) is a consequence of the
concavity of RT 3 X\ — vk2 + X — |k|, for all k € R3. O

6. Upper Bound on X (20, ,)

We proceed to deriving an upper bound on E&) (ar, A) defined in (5.7) in terms
of F(¥)(a, A) given in (5.9). Our derivation uses two essential tools:

(i) The functional calculus for self-adjoint operators described in [1], which
yields a good control on projections onto different momentum shells
emerging from the decomposition X, (14e)a = Xo,A + XA, (14)a, Where
e > 0 and we recall that x,a = 1[o < |k| < A]. We show that the con-
tribution of x4 (14¢)a is negligible, provided e > 0 is chosen sufficiently
small.

(ii) Inequalities for Schatten-p-norms of operators of the type “f(z)g(—iV)”,
for 1 < p < 2, in order to estimate the error terms emerging from (i).
More specifically, Birman and Solomyak have shown [10,35] that, for any
1 < p < 2, there exists a universal constant Cps(p) < oo such that

1/(2) 9(iVa)llermo) < Crs() [ fll2ip 9ll2:p, (6.1)

provided || £z, lgllz;p < o0, where

1/p
1l = ( S 1Q+g||§) (6.2)

BeZ3

and @ = [—3, 1]> C R? is the unit cube centered at the origin.



2234 V. Bach and A. Hach Ann. Henri Poincaré

Theorem 6.1. There exists a universal constant C < oo such that for all o, L >
0,all0<o<1<A<o0,all0<e<1andall ¢ =|¢| €Yy, the estimate

1 4
§X(2@¢,a) </ £ [(A3 — %) + 5de A® + 507/ A3/2} lloll1

Ca?(LA+1)3
€2 [3/2 A

[Voll2 (6.3)
holds true.

Proof. We first apply Lemma 5.2 and the operator monotonicity of A — /A
and A +— A~! and observe that

X(4) = Tr[VA (VI + A+ k) VA] < Te[VA) (6.4)

Secondly, we note that (é*)*(qg*) = F¢$>F*, where F is (componentwise)
Fourier transformation. As is customary, we denote by ¢(x) := FopF* > 0
the corresponding nonnegative multiplication operator, indicating the change
from momentum to position space by explicitly keeping the argument “z”
for the spatial variable. Using (6.4), the decomposition 1 = x0,, + Xo.a +
XA, (1+e)A T X(14e)a, Where X, := 1 — x,, and the triangle inequality for the
trace norm, we obtain

X(204.) = X(2<I>* Doa) < Tr[4 205 @0 } = V2| Bgallerp

_ (2a)7 7

27r)3/2 ; ot )Xo Pol| gy

(
2¢¢)1/2
< E2j§3 (HXU’,A ¢(l‘) Xo,A PCHL'I[IJ] +3X1 +3Xs + 3X3), (65)

where
HPC Xo, A (]5(.%') Xo,A PCH,Cl[b] = || Vv ¢($) Xo,A PCHZQ[I)

= 2(VollB(0, A)] — Vol B ( / bz d3)

= (A0~ o) ol (6.6)

is the main term. Note that the factor 2 takes into account that P is an
orthogonal projection of rank 2 on C ® R*. Moreover, we denote by Vol[M] :=
[ 1as(k)d® the three-dimensional Lebesgue measure of a measurable set M C
R3 in (6.6) and henceforth. Furthermore,

X1 = [x0.0 (@) Xoall 21y o7
DORES ||XA,(1+5)A ¢(x) XUvAHEl[ho]’ (05
X3 = [Xasoa (@) X"AHU[‘J ] o
t
)

are error terms we proceed to estimate next. Before we remark that the Hilber
space in (6.7)—(6.9) is the space hy = L?(R?®) of complex-valued (scalar
square-integrable functions, as opposed to the one-photon Hilbert space b of
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square-integrable divergence-free vector fields used before. The factors 3 on
the right side of (6.5) account for the three components of the latter.

Using the trace inequality || AB|| 21150 < | Al 22[66) || Bl 2[5,] and (1+€)*—
1 < 3e(1 +¢)? < 12¢, we obtain

12
X1 < [[xo.0 VO@)| gajgy 1V0@) X0l oy < =5 A2 0% [16]1, (6.10)

144
Xo < HXA,(I-{—E)A \% QS(x)H[IQ[hO] H \% ¢($) XO’AH£2[UO] < 7T 5A3 ||¢||1a
(6.11)

similarly to (6.6).

To estimate X5 we pick a smooth function g € C*°(R; 0, 1]) such that
g=lonRy,d <0,and § =0 on [1,00). We then define a smooth function
of compact support by

g-(N) = g(e7'(A=1)) g7 (=1 —1)). (6.12)

Note that for ¢ < 1 and suitable constants C,Cs, ... < oo, we have
supp(ge) €:(=2,2),  |lgelle =1 (6.13)
supp(ggk)) C(-1—-gu(l,1+¢), Hg k)H < Cpe*, (6.14)

for all k£ € N. We use the functional calculus developed by Amrein, Boutet de
Monvel, and Georgescu in [1, Thm. 6.1.4]. For any self-adjoint operator A and
any n € N, this functional calculus yields the identity

n—1 (k)
s =Y [ Bl

_ k!
k=0

1 (")
n-1 (A) dA -l
—I—/O du/oo 1)l Im{i"(A—X—ip)~"'}. (6.15)

We choose n = 3 and A := A2k?> = A"2F o (—A) o F* = A=2(-A,) and

obtain

0:4) = [ [0 = bar 0] D tmf (4 -2 )}

— 00

+/oog€()\ @Re{A A—i)7'}

/ m du/ | Re{ (A=X—ip)~ "} (6.16)

We observe that due to the support properties of g. and its derivatives and
the definition of A = A=2k2, we have

Xo,A = ge(A) Xo,A = X{T,Ags(A)a ge(A)X(l+s)A = Y(l—&-s)AgE(A) 0,
1

(6.17)
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which implies that
X3 = ||Y(1+5)A ¢(x) XU’Auﬁl[ho] = HY(H»s)A ¢($) gE(A) XU’AHﬁl[ho]
= Hy(lJre)A [ge(A)v ¢(x)] XU’AH,Cl [ho]

* d\
< [ 2 (a1 + a2 [[RO+ i) 6] xea]
+/1 i [ 21O || (RO i, 0] xea| o (619)
0 oo 2T "Lt bo]
where R(z) := (— A72A, — z)_l, with z € C\R. Now, note that
[R(2), ¢(x)] = A2 R(2) [As, 6(2)] R(2)
=ATR(2) (Vs Vo(z) + Vo(z) - V) R(2), (6.19)
and hence
im0, 6@ v,
2 , .
< 13 V2 RO+ i) [ s10) 1R(A + i) [ 8160 1V (%) Xoall1no)
() Xo,all£1[p0)5 (6.20)
using that, for all A € [—-2,2] and p € (0,1),
. o 2 o —1 o l
IR+ i)ty = sup {[(r/A)? = A= in| '} = =, (6.21)

IV RO+ il = & sup { (/)80 = A—in '} < 2 (022)

Inserting (6.20) into (6.18) and additionally taking (6.13)—(6.14), as well as
€ (0,1) into account, we arrive at

C
X3 = o5 Vo) xoallerpo, (6.23)

for some universal constant C' < co. To estimate the trace norm on the right
side of (6.23), we first conjugate the operators by a suitable unitary dilatation,
which implements the change of length scale (x, k) — (Lz, k/L) and does not
change the norm, and then apply Inequality (6.1) with p = 1. These steps lead
us to

Vo) Xoa ()l 2115o] = IVO(L) Xo,a(K/ L)l £1 (o]
V(L) XLona (k)] 21 (5]

< Cps(1) H ; ||XLU,LA||2;1
= Cus(1) [Vo(La) 2 3" \/Vol[B(0, LA) N (@ +7)] .
YEZ3

(6.24)
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where we use that V¢ is supported in B(0, L); hence, z — V¢ (Lz) is supported
in B(0,1) € @, and in the sum )5 5 [[Vé(Lx) 14 pll2 only the term corre-
sponding to 3 = 0 contributes. Now, Vol[B(0, LA)N(Q+7)] < Vol[(Q+v)] =1
and Vol[B(0, LA) N (Q +7)] < Vol[(Q + )] = 0 unless |y| < LA + /3 which
implies that

S VO[BO.LAN Q@ +7)] £ Y Lporarvs (™)
YEZL3 YEZ3
< Vol[B(0, LA + 3V/3)]
4
< Eﬂ (LA +3)3, (6.25)
using that 2v/3 < 3. Furthermore, ||Vé(Lz)|2 = L~3/2|[V¢(z)||2, and thus

41 Cgg

S7az LA+37 Vel (6.26)

IVO(2) Xon(F)llcifpe) <
Inserting this into (6.23), we finally obtain

3
x, < CEA+D

S —aEa Vol (6.27)

for a suitable constant C' < co. Estimate (6.3) now follows from inserting (6.6),
(6.10), (6.11), and (6.27) into (6.6). O

7. Lower Bound on X (®,,)

In order to complement the upper bound on X (0, ) from Sect. 6 by a cor-
responding lower bound, we first derive a general inequality on X (A) of the
form X(A) > Tr [Al/z} —2A1P Tr [Ap/z], where p is any exponent between
% and 1. By another application of the Birman—Solomyak inequality (6.1), we
then estimate the emerging error term by a multiple of ||@||}.

We begin by deriving a general lower bound on X(A) only using that
k| <A-1onb.

Lemma 7.1. Let A > 0 be a nonnegative self-adjoint operator on b such that
AY? € L[p] is trace-class and assume that 0 < p < 1. Then,

X(A) > Tr[AY?] — 2AP T [AP/2]. (7.1)
Proof. We recall from Lemma 5.2 that

X(A) = Te[AY2 {(k2 + A)V2 + [k]} ' AV?]
= Tr[AY2 {Ka+ Ko} AY?], (7.2)
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with K4 := Vk% + A. From the second resolvent identity, we derive

B O
Ka+Ko Ka Ka ' KitKo
1 1 1 1 1 1
= = — Ky— + — Ky —— Ko —
Ky Ky OKA+KA "Kai+ Ky "Ka
1 1 1
> Ky .
= KA KA 0 KA’ (7 3)
which implies
X(A) = Te[AYV2K P AY?]) — Te[AYV? K Ko K3t AY?. (7.4)
Since
Ko = |k| < AV Plk[P < AVPEE? (7.5)
and K4 > A1/2, we have that
Te[AY? K31 Ko K3t AV?) < AP T [AY2 )PP 4172
< AP T [AP?]. (7.6)
By operator monotonicity, we further have
A
A1/2 o A1/2K71A1/2 < A1/2 _
4 - VAT A
A1/2 A1/2 A2
= —(VAZ+ A — Al/z) =
\/A2+A( VAZ+ A (VA2 + A + A?)
A2 A1/2 A2 A1/2 L
— —p AP/2
< A2+ A < Al+p A(1=p)/2 A AP, (7.7)
Inserting (7.6) and (7.7) into (7.4), we arrive at the claim. O

As described above, we now use Lemma 7.1 to derive a lower bound on
X(204,a).

Theorem 7.2. There exists a universal constant C' < oo such that, for all
a,L >0,al0<0c<1<A<ooal0<e<1andalo¢=]|p €Yy,
the estimate

1 4a Cal/YAV2(LA+1)3
AX(2000) = [ er (A*—0%) 10l - A el 7

holds true.

Proof. We first use that A — X (A) is monotonically increasing. Since
Os0 = 04 0 Pp.0 =

(0%
= (2m)3 Pc Xo,n &(2) Xo,n Po Xon ¢(2) Xon Po

«Q
W Pc XoA ¢(l’)2 Xo,A Po

= [a12 (21) 2 Po xon () Xor Pe], (7.9)
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we obtain from Lemma 7.1 with p = % that

5X(206.0) 2 5X([(20)'72 (2) ™% Poxoun 6(2) xoa o))

2((2 ))3/2 Tr(Pe Xo,n ¢(2) Xo.n Pc)

( a)1/4A1/2
- (27)3/4
dav

: (
>4/ g- (% =0®) 6l — 3/4 2 V3@ o )| g

(7.10)

Tr([Pe Xo,a &(x) Xo,a Pe]'/?).

To estimate the second term on the right side of (7.10), we proceed as in
(6.23)—(6.26). After unitary rescaling (x, k) — (Lz,k/L), we apply (6.1) again
and get

H V (b(l’) XU’A(k)Hﬂl[ho] H L.’L‘ XLO’ LA >H£1[h0]

< Ces(1) H Vv (L$)||2~1 HXLUvLA(k)Hz»l
< 4”0135() (LA +3)* |Vo(La)||,,.  (711)

where the last estimate results from (6.24)—(6.25). Since x — ¢(Lz) is sup-

ported in B(0,1) C Q = [—%, %]3, we further have
IVoLo)lyy = D Vo(La) 1gupll, = [[Vo(La)l,
Bezs
= l¢(La)ly* = L7 ||l (7.12)
Finally, inserting (7.12) into (7.11), we arrive at (7.8). O

8. Asymptotics of the Lieb—Loss Energy

We turn to the proof of the main result of this paper, Theorem 1.1, stated
below again for the reader’s convenience. In our proof, a key role is played
by the scaling relation the effective energy Fj obeys. Fj is defined in (5.5)
as the infimum of the functional F3 > 0 over L?-normalized functions in
HY(R3) N LY(R3). In [24], one of us showed that this infimum is attained for
some ¢z and hence is actually a minimum. A major issue in this regard is
non-reflexivity of the L!-space precluding a naive application of the direct
method of the calculus of variations. This was remedied by using the theory
of uniform convex spaces and the Milman—Pettis theorem. Subsequently, an
explicit characterization of the minimizer (up to spherical rearrangement) can
be given in terms of a Bessel function. In particular,

F, >0 (81)
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is a positive constant, and it is then not difficult to see that Fj scales as
Fy = Y7 Ry, (8.2)
for all 3 > 0.

Theorem 8.1. There exists a universal constant C < oo such that, for all a > 0
and A > 1, the estimate

Erv(a, A) 1 < Cais A 105 (8.3)

4 4
—CamvsA 1 < (%)2/7F1042/7A12/7 - S

holds true.

Proof. We first take the infrared limit ¢ — 0. Note that Fpr,, E&), F, F),
X(204,4), and all error terms are continuous at ¢ = 0, and we can simply set
o := 0 everywhere. Then, Theorems 6.1 and 7.2 with p = 1/2 yield

1 4o -
5X(204.0) = \[5- A’llol <CeA’[lgll + Ca'/2e™ LY2A2|| V4],
(8.4)

1 4o
5X(2000) = (/- AP I8l >~ Catt L2 AT 9|1}, (8.5)

some constant Cy < oo and any ¢ = |¢| € Y, with ||¢||2 = 1, provided that
L>A1
Next, we derive the upper bound in (8.3). From (8.4), we obtain
1,5 1
Ean(9) = 5IIVOll2 + 5 X(204.,q)

1 4 .
S1+0) Vel + ,/ﬁ AP (14 Coe) 9]y + Coad t et L3 AL

140) Fs,(¢) + Coadte  L3AY, 8.6
B2
where Fjp is defined in (5.4) and

IN

IN

1+C 4
B i= By fo = Blah) = 455 A% (57)

for some Cy < 0o and all 0 < § < 1. Taking the infimum over all ¢ = |¢| € Y,
with ||¢]]2 = 1 in (8.6), we further have

EXa,A) <148 FPBy] + Coadte * L3 AL (8.8)
The localization estimates (5.10)—(5.11) now imply
Erp(a,A) <(1+08)Fs, + Coad e L3A* + C3L72, (8.9)
for some constant C3 < oo. From the scaling relation (8.2), we get
(1+8) Fg, = (1+8) 8/ F1 = (1+Coe)V" (1407 8y/" Iy
< (14 Cye 4 C46) F,, (8.10)
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for some C4 < 00, and inserting this into (8.9), we arrive at the intermediate

estimate, stating that there exists a universal constant C5 < oo, such that
Bl ) Cs (s + 6 4+ a T LTEATIT
Fp(a,n)

+ a5 e A16/7) (8.11)

holds for all ,§ € (0,1], @« > 0, A > 1, and L > A1, As « enters the right
side of (8.11) only in negative powers, we may assume « € (0,1] w.l.o.g. To
meet these requirements, we set

e =206 :=aA* and L := a 'A"", (8.12)

for r,s,t,u > 0 to be chosen later. Then,

e+8+a TLTAATT 4ot e AT
— 20N 4 a2t F NP2 o 353t \Bs+3u—F < 497 Afb/77 (8.13)
with

a :=min {7r, 14t — 2, 5 — 35r — 21t}, (8.14)
b :=min {7s, 14u — 2, 5 — 355 — 21u}. (8.15)
We choose 7, s,t,u so that all three terms in both (8.14) and (8.15) are equal,

ie, r:=s:=4/105 and t := u := 17/105. This yields a = b = 4/15 and hence
the upper bound

4

—1 < 4C5 a5 A5 (8.16)

ELL(OL, A)
Faa.n)
in (8.3).
We similarly proceed for the derivation of the lower bound in (8.3). From
(8.5), we obtain

. 1 1
Ear(9) = 5IVOI3 + 5 X(204,0)
2 2

1 4o B
> 1196l + /22 - g) Lol - Cu 2

= Fp,(¢) — Cs0 P L3A, (8.17)
for some Cy < 0o and all 0 < § < 1, where
4o, 45
ﬁg = ﬁo (1—(5), ﬁo = ﬁ(a,A) = 97 A°. (818)

Taking the infimum over all ¢ = |¢| € Y, with ||¢||2 = 1 in (8.17), we further
have

EX(a,A) > FD[Bs] — Ce6~ " LA, (8.19)
The localization estimates (5.10)—(5.11) now imply
Erp(a,A) >Fs, — C7L72 — Ce6 ' L3A*, (8.20)
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for some constant C7 < co. Again invoking the scaling relation (8.2), we get

Fo, = 35/ TF = 1=0)""3/TR > (1-6)Fs,  (8.21)
and thus there exists a constant Cs < oo such that
Eip(a,A) 1> _08<5 QTR AT g 2T g L3A16/7)
Epa.n)
(8.22)
holds for all 6, € (0,1], A > 1, and L > A~1. Again we set
§:=a'A* and L := a A", (8.23)

for r,s,t,u > 0 to be chosen later and obtain
J+a TLTEATE +aT P ILAAY
—a"A" + a2t—%A%—2u +a%—7-—3tAs+3u—$ < 3 /7 A—b/77 (8.24)
with
a := min {77", 14t — 2, 5 —Tr — 21t}, (8.25)
b:=min {7s, 14u—2, 5 —7s — 21u}. (8.26)

We choose 7, s,t,u so that all three terms in both (8.14) and (8.15) are equal,
ie, r:=s:=4/49 and t := u := 9/49. This yields a = b = 4/7 and hence the
lower bound

ELL(Oé, A)
Flga,n)
in (8.3). O

—1 > —3Cga® A~ (8.27)
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