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Abstract. Quantum trajectories are Markov processes that describe the
time evolution of a quantum system undergoing continuous indirect mea-
surement. Mathematically, they are defined as solutions of the so-called
Stochastic Schrodinger Equations, which are nonlinear stochastic differ-
ential equations driven by Poisson and Wiener processes. This paper is
devoted to the study of the invariant measures of quantum trajectories.
Particularly, we prove that the invariant measure is unique under an
ergodicity condition on the mean time evolution, and a “purification”
condition on the generator of the evolution. We further show that quan-
tum trajectories converge in law exponentially fast toward this invariant
measure. We illustrate our results with examples where we can derive
explicit expressions for the invariant measure.
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1. Introduction

Under a Markov approximation, the evolution of an open quantum system S
in interaction with an environment & is described by the Gorini—Kossakowski—
Sudarshan-Lindblad Master (GKSL) equation [23,30]. More precisely, assum-
ing that the system is described by the Hilbert space C*, the set of its states
is defined as the set Dy, of density matrices, i.e., positive semidefinite matrices
with trace one:

Dy = {p € My(C) s.t. p>0,trp=1}.

The evolution ¢t € Ry +— p; € Dy, of states of the system is then determined
by the GKSL equation (also called quantum master equation):

dﬁt = £(ﬁt) dt7 ﬁ() S Dk;, (11)
where £ is a linear operator on M (C) of the form
L:p —i[H,pl+ Y (VipVi = 3{V; Vi, p}), (1.2)
iel
with I a finite set, H € My(C) self-adjoint, and V; € My(C) for each ¢ € I
([-,-] and {-,-} are, respectively, the commutator and anticommutator). Such

an L is called a Lindblad operator.

Since L is linear, t — p; is given by p; = e*“(py). The flow is therefore a
semigroup (e**);, which consists of completely positive, trace-preserving maps
(see [38]). In particular, £ is the generator of a semigroup of contractions, thus
specL C {A € C s.t. ReX < 0}. Since e' is trace preserving, 0 € spec L.
The following assumption is equivalent to the simplicity of the eigenvalue 0
[38, Proposition 7.6]:

(L-erg): There exists a unique nonzero minimal orthogonal projection 7 such
that L£(7My(C)r) C 7Mg(C)m.
Assumption (L-erg) implies directly that there exists a unique pipy € Dy such
that Lpi,y = 0. Moreover, one can show that (L£-erg) implies the existence of
A > 0 such that for any p € Di, e*“(p) = piny + O(e™™) (see [38, Proposition
7.5]).

The above framework generalizes that of continuous-time Markov semi-
groups on a finite number of sites: density matrices p over C* generalize prob-
ability distributions over k classical states, while Lindbladians £ generalize
generators of Markov jump processes. In Sect. 6.4, we show how a classical
finite-state Markov jump process can be encoded in the present formalism.

The family (p;); describes the reduced evolution of the system S when
coupled to an environment £ in a conservative manner. This evolution can
be derived by considering the full Hamiltonian of & + £ in relevant limiting
regimes, e.g., the weak coupling or fast repeated interactions regimes, and trac-
ing out the environment degrees of freedom (see [17,18] and [1], respectively).
It can also be described by a stochastic unraveling, i.e., a stochastic process
(pt)e with values in Dy such that the expectation p, of p; satisfies (1.1); this
method was developed in [4-6]. One possible choice of a stochastic unraveling
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is described by the following stochastic differential equation (SDE), called a
stochastic master equation:

dpr =L(p—) dt

+ Z (Lipt— +pe— L] —tr (pt_(Li+L2<))pt_) dBi(t)
= (1.3)
Cipe-C7
: Cpon ) ANs (1) — (G- CF)dE ),
g(trwmc;) Pt )( §(t) = tr(Cipe-C5) )

where

o [ = I, U], is a partition of I such that L; = V; for i € I, and C; =V}
for j € I,

e cach B; is a Brownian motion,

e each IV; is a Poisson process of intensity ¢ — fot tr(Cps—C7)ds.

Remark 1. The processes (Bj(t))t and (Nj (t) — fot tr(ijS,Cj’-‘)ds> are actu-
t

ally martingales. Then, assuming that (1.3) accepts a solution, it is easy to
check that for any ¢ > 0, the expectation of p; is equal to p, whenever py = pg.

Proper definitions of these Poisson processes and proofs of existence and
uniqueness of the solution to (1.3) can be found in [5,6,33-35]. A solution (pt)¢
of Equation (1.3) is called a quantum trajectory.

Equations of form (1.3) are used to model experiments in quantum optics
(photodetection, heterodyne or homodyne interferometry), particularly for
measurement and control (see [15,24,37]). They were also introduced as sto-
chastic collapse models (see [19,22]) and as numerical tools to compute p,
(see [16]). Here, we are interested in the fact that they model the evolution of
the system S when continuous measurements are done on the environment €£.
This can be shown starting from quantum stochastic differential equations
using quantum filtering [3,10,13,21,25]. An approach using the notion of a
priori and a posteriori states has been also developed using “classical” sto-
chastic calculus (see the reference book by Barchielli and Gregoratti [5], and
references therein). Continuous-time limits of discrete-time models can also be
considered, see [33-35].

Equation (1.3) has the property that if pg is an extreme point of Dy,
then p; is almost surely an extreme point of Dy for any ¢ € R,. Since we
will extensively use this property, let us make it explicit. The extreme points
of Dy, are the rank 1 orthogonal projectors of C*; for any z € CF\{0}, let @
be its equivalence class in PCF, the projective space of C*. For & € PCF, let
73 be the orthogonal projector onto Cz. Then, & € PCF — m; is a bijective
map from PC* to the set of extreme points. Assume now that py = 7z, for
some £y € PCF. Then, it is easy to check that p; = 73, almost surely for
any t € Ry, with ¢t — z; the unique solution to the following SDE, called a
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stochastic Schrédinger equation:
dl’t = D(xt,)wt, de

+> (L t—)1d)z,— dBi(t)

i€l (1.4)
+];( \/r Id)xt_de(t),

for z¢p € T of norm 1, where the operator D(x;_) is defined as

D(:Ct_) = 7(1H+§ZL1L1+§ ZCjCJ

il jel,

P23 ) (L - () 1) £ 4 3 (e

i€l jGIp
with
vi(t=) = (@, (Li + L)), ni(t=) = (w2, C;Chay ) = |Gy ||

The brackets (-, -) denote the scalar product in C¥. Without possible confusion,
a solution (x4); will be also called a quantum trajectory. Remark that ||zl = 1
implies ||z¢]| = 1 almost surely for any ¢ € R, ; remark also that the numerical
computation of p; involves only multiplications of matrices with vectors and
not multiplications of matrices. (This is the motivation for the use of quantum
trajectories as numerical tools mentioned above.)

In the physics literature, extreme points of Dj are called pure states.
In particular, the preceding paragraph shows that the evolution dictated by
Eq. (1.3) preserves pure states. It actually has also the property that quan-
tum trajectories (solution of (1.3)) tend to “purify.” This has been formalized
by Maassen and Kiimmerer in [31] for discrete-time quantum trajectories and
extended to the continuous-time case by Barchielli and Paganoni in [7]. Purifi-
cation is related to the following assumption (here, A o B means there exists
A € C such that A = AB or AA = B. Particularly, we allow for A\ = 0).

(Pur): Any nonzero orthogonal projector = such that for all ¢ € I, m(L; +
L})m o< 7 and for all j € I, 7C;Cjm o< 7 has rank 1.

As shown in [7], (Pur) implies that for any py € Dy

tll)rgo érlié llpt — mg]l =0 almost surely. (1.5)

The main goal of this article is to show how the exponential convergence

of the solution (p;): of Eq. (1.1), induced by (L-erg), translates for its stochas-
tic unraveling (p;); solution of Eq. (1.3). We prove uniqueness of the invariant
measure for continuous-time quantum trajectories assuming both (L-erg) and
(Pur). From (1.5), under these assumptions, the invariant measure will be con-
centrated on pure states, so we only need to prove uniqueness of the invariant
measure for () equivalence class of (z;); solution of (1.4) (since PC¥ is com-
pact and the involved process is Feller, the existence of an invariant measure is
obvious). The difficulty of this proof lies in the failure of usual techniques like
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p-irreducibility. Note that this question has already been partially addressed
in the literature: essentially, only diffusive equations have been considered,
i.e., equations for which Eq. (1.3) or (1.4) contains no jump term (in our nota-
tion, I, = (). The results of [7] were, to our knowledge, the most advanced
ones so far. In that article, algebraic conditions on the vector fields describ-
ing the stochastic differential equation are imposed to obtain the uniqueness
of the invariant measure. This allows the authors to apply directly standard
results from the analysis of stochastic differential equations. Unfortunately,
their assumptions are hard to check for a given family of matrices (L;)ier, -
The main result of the present paper is the following theorem.

Theorem 1.1. Assume that (Pur) and (L-erg) hold. Then, the Markov process
(Z+)t has a unique invariant probability measure Liny, and there exist C' > 0
and A > 0 such that for any initial distribution p of o over PCF, for allt > 0,
the distribution uy of Ty satisfies

Wl (Mta,uinv) S Ce_At
where W1 is the Wasserstein distance of order 1.

This theorem is more general than previous similar results in differ-
ent ways. First, we consider stochastic Schrédinger equations involving both
Poisson and Wiener processes. Second, our assumptions are standard for
quantum trajectories and are easy to check for a given family of operators
(H, (Ly)ic1,, (Cj)jer,)- Last, we prove an exponential convergence toward the
invariant measure. As a by-product, we also provide a simple proof of the
purification expressed in Eq. (1.5) (see Proposition 2.5). To complete the pic-
ture, assuming only (Pur), we show that (£-erg) is necessary. We also provide
a complete characterization of the set of invariant measures of (#;) whenever
(L-erg) does not hold (see Proposition 4.2). Arguments in Sects. 3 and 4 are
adaptations of [11], where similar results for discrete-time quantum trajectories
are considered.

The paper is structured as follows. In Sect. 2, we give a precise description
of the model of quantum trajectories with a proper definition of the underlying
probability space. In particular, we introduce a new martingale which is central
to our proofs. In Sect. 3, we prove Theorem 1.1. In Sect. 4, we derive the full
set of invariant measures assuming only (Pur). In Sect. 5, we show that (Pur)
is not necessary even if (L-erg) holds. In Sect. 6, we provide some examples
of explicit invariant measures. In Sect. 6.4, we provide an encoding of any
classical finite-state Markov jump process into a stochastic master equation.

2. Construction of the Model

2.1. Construction of Quantum Trajectories

In this section, we fix the notations and introduce the probability space we
use to study (Z;);. First, for an element z # 0 of C¥, and for an operator A
with Az # 0, we denote

o~

Az = Ax.
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We consider the following distance on PC*:

d(z,9) = V1= [{z,9)?, (2.1)
for all #,9 € PC*, where 2 and y are norm 1 representatives of & and g,
respectively. We equip PC* with the associated Borel o-algebra denoted by B.
Now we introduce a stochastic process with values in My (C). Let
(Q, (Fi)e, IE”) be a filtered probability space with standard Brownian motions
W; for i € I, and standard Poisson processes N; for j € I, such that the full
family (WZ—, Njsi€ly,j€ Ip) is independent. The filtration (F;); is assumed
to satisfy the standard conditions, and we denote F, by F and the processes
(Wi(t)), and (N;(t) —t), are (F;);-martingales under P. We denote by E the
expectation with respect to P.
On (Q, (F)s, P), for s € Ry, let (S7)se[s,00) be the solution to the follow-
ing SDE:

ds; = (K + %2 1d) Sf_ dt
+ D LiSE AWt + Y (C S dAN;(t), 8% =1d (2.2)
i€l jel,
(#1I, is the cardinal of I,,), where
1
K = —iH — §(ZL2‘LH— 3 C;Cj).
€1y jGIp

Since standard Cauchy—Lipschitz conditions are fulfilled, the SDE defining
(S§)¢ has indeed a unique (strong) solution. We denote S; := SP. Note that
for s fixed the process (S7); is independent of Fs, and we have that for all
0<r<s<t

S;SI =57
In addition, for any p € Dy, let (Z{); be the positive real-valued process
defined by
Z{ = tx(S; Sip),
and let (p;): be the Dy-valued process defined by
oy = StPSt*
, = %
tr(SepSy)
if Z! # 0, taking an arbitrarily fixed value whenever Z = 0 (this value will
always appear with probability zero in the sequel).
The following results on the properties of (Z); were proven in [6]. We

give short proofs adapted to our restricted setting where the Hilbert space is
finite-dimensional, and I = I, U I,, is a finite set.

Lemma 2.1. For any p € Dy, the stochastic process (Z!); is the unique solution
of the SDE

azf = 2 (3 tr (Lo + L)pe)aWi()

i€l
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+ Z (tr(C;Cpe—) — 1) (AN, (t) — dt)), Z0 = 1.

Jelp
Moreover, (Zf)¢ is a nonnegative martingale under P.

Proof. The fact that (Z/); verifies the given SDE is a direct application of the
It6 formula. Since (p;); takes its values in the compact space Dy, that SDE
verifies standard Cauchy—Lipschitz conditions, ensuring the uniqueness of the
solution. Since the processes (W,(t))t and (N;(t) — t)t are P-martingales, it
follows that (Z{); is a P-local martingale. Since tr(C;Cjp) > 0 for any j € I,
and p € Dy, and (p;); takes value in the compact space Dy, it follows from
(27, Theorem 12] that (Z{)ic(o,1) is a P-nonnegative martingale for all 7. [

For any p € Dy, we define a probability P} on (Q, F;):
dPY = Z¢ dP)x,. (2.3)

Since (Zf); is a P-martingale from Lemma 2.1, the family (P}); is consistent,
that is, P{(E) = P?(E) for t > s and F € Fs. Kolmogorov’s extension theorem
defines a unique probability on (€2, F., ), which we denote by P?. We will denote
by Ef the expectation with respect to P*.

The following proposition makes explicit the relationship between P and
Pr. 1t follows from a direct application of Girsanov’s change of measure the-
orem (see [26, Theorems I11.3.24 and II1.5.19]). For all ¢ € I, and ¢t € Ry,
let

B (t) = W;(t) —/0 tr ((L; + L})ps—) ds.

Proposition 2.2. Let p € Dy,. Then, with respect to PP, the processes {BY }icr,
are independent Wiener processes and the processes {N;}jer, are point pro-
cesses of respective stochastic intensity {t — tr(C;Cjpi—)}jer,-

The process (p;): considered under P? models the evolution of a Markov
open quantum system subject to indirect measurements. We refer the reader
to [5,14,15] and references therein for a more detailed discussion of this inter-
pretation.

From It6 calculus, (pt): is solution of the SDE

dpy = L(pe—)dt

+ 3 (L + oLy = tr (oo (Lo + 17) e )ABL()
i€1lp (24)

* Z (tr ij;t ) /’t—) (de(t) *tr(ijt_C;)dt).

Proposition 2.2 then implies that with respect to PP, the process (p;); is indeed
the unique solution of (1.3) with pg = p. Similarly, if py = 7 for some & € PCF,
then with respect to P™#, the process (”gﬁ)t is the solution of (1.4) with x
any norm 1 representative of z.
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Remark also that for any p € Dy, using (2.3), one has from Remark 1
E(S:pS;) = E(p: 20) = E*(py) = % (p). (2.5)

Our strategy of proof is based on the study of the joint distribution of
S; and a random initial state . To this end, we consider the product space
Q x PCF equipped with the filtration (F; ® B); and the full o-algebra F @ B.
For any probability measure ;2 on PCF, and for all E € F and A € B, let

QuE x 4) = [P (B) Liea du(a).

We will denote by E,, the expectation with respect to Q,. Note that dPf* =
|S;z||2dP for any # € PCF, so that P™ ({S;x = 0}) = 0 for all € 3.
Therefore,

Q.({Siz=0}) =0
and there exists a process (i;); for which
.’i’t = St -

holds almost surely. It has the same distribution as the image by the map
x — & of the solution (z;); to (1.4) with zg € Z, ||zo|| = 1.

The following proposition shows that the laws of any F-measurable ran-
dom variables are given by a marginal of Q,. For a probability measure z on
PC*, we define

pu =E,(m3).
Proposition 2.3. Let p be a probability measure on PCF, then Pu € Dy and for
any £ € F,
Qu(E x PC*) = P+ (E).

Proof. The fact that p, € D, follows from the positivity and linearity of the
expectation. Concerning the second part, let £ > 0 and F € F, then

Qu(E x PC*) = /IF’” (E)du(x) = //E tr(S; Symz) AP dps(x).

Fubini’s Theorem implies
Qu(E x PCF) = / tr(S; Sip,) AP = / Z0 dP = P (E).
E E

The uniqueness of the extended measure in Kolmogorov’s extension theorem
yields the proposition. O

Remark 2. Any F-measurable random variables X can be extended canoni-
cally to a F ® B-measurable random variables setting X (w, #) = X (w). Propo-
sition 2.3 then implies that the distribution of a F-measurable random variable
under Q,, depends on p only through p,. The central idea of our proof is that
assumption (Pur) will allow us to find a F-measurable process approximating
(Z+)¢. The F-measurability of the process will then imply that it inherits some
ergodicity properties from assumption (L-erg).
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Remark 3. If piny is an invariant measure for the Markov chain (&), then
with the above notation, p,,,, is an invariant state for (e*<);. In particular, if
(L-erg) holds then p,, . = piny. This follows from the identities

ety )= / &% (5) Ajtiny = / 8257 AP dptiny (3) = / s Aptiny (3) =
where the second identity uses (2.5).

2.2. Key Martingale

The following process is the key to construct a F-measurable process approx-

imating (&) For any ¢t > 0, let
S;Sy

M= —t— 2.6

" (S Sy (26)

whenever tr(S;S;) # 0, and give M; a fixed arbitrary value whenever

tr(S;S:) = 0. Since, by definition, for any p € Dy, PP ({tr SyS: = O}) =0,

the arbitrary definition of M; on this set of vanishing probability is irrelevant.

It turns out that with respect to P'4/*, (My)s is a martingale. For convenience,

we write P" = PI4/* and similarly for any other p-dependent object, whenever
p=1d/k.

Theorem 2.4. With respect to P, the stochastic process (M;); is a bounded
martingale. Therefore, it converges P -almost surely and in L' to a random
variable Mo,. Moreover, for any p € Dy,

dP? = k tr(pMs,) AP,
and (My); converges almost surely and in L' to My, with respect to P?.

Proof. Expressing (S;); in terms of B§" for i € I, we have that

_ #1, tr (7 (Li + L})Si-)
ds;, = (K+ | Id+i€zl:b (5 5

Li)St_ dt

+ ) LiSdBM(t) + > (Cj — 1d)S;— dN;(t).
i€l JEI,
Recall that the distributions of the BS* and N; under P! are given by Propo-
sition 2.2.
Since tr(S;S;) is PM-almost surely nonzero, we can define R; by R; =
Si/\/tr(S;S;) almost surely for P!, and therefore for P? and Q,. The Itd
formula implies

dM,; = Z (R;f— (Li + LY)Ry— — My tr (R;*_ (L; + L:)Rt—>> dth(t)
i€l
Ri_CCi Ry
_|_
jgl:p (tr(RLCJ*CJRt,)

- Mt_> (AN;(£) — te(R;_CIC5 R, ) dt).

Hence, with respect to P, (M;); is a local martingale. By definition, it is
positive-semidefinite, and is also bounded since tr(M;) = 1 almost surely. Thus,
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(My): is a martingale and standard theorems of convergence for martingales
imply the convergence almost surely and in L.

By direct computation, we get dP?|r, = ktr(pM;) dP"|£,. The L' con-
vergence of (M;); with respect to P" then implies dP? = ktr(pMy,) dPP.
Finally, the inequality tr(AB) < ||A| tr(B) for any two positive semidefinite
matrices implies P? < kP, which yields the L' and almost sure convergence
with respect to P”°. O

Now we are in the position to show that under the assumption (Pur)
the limit M., is a rank 1 projector. To this end, let us introduce the polar
decomposition of (S;);: there exists a process (U;); with values in the set of
k X k unitary matrices such that for all ¢ > 0

\/tI‘ S*St Ut 1/2

Proposition 2.5. Assume that (Pur) holds. Then, for any p € Dy, PP-almost
surely, the random variable Mo is a rank 1 orthogonal projector on CF.

Proof. First, since IP? is absolutely continuous with respect to P, proving the
result with p = Id/k is sufficient. To achieve this, remark that the P"-almost
sure convergence of (M;); and the P®*-almost sure bound sup,s [|[M;]| < 1

imply the convergence of E"(M?). Now recall that R; = S;/+/tr(S;S;). The
1t6 isometry implies

2
B (M?) =M? +Z/ ]ECh R*(L + L)Ry — My tr (R:(L; + L}) R, )) ds
iely

ch R G505, 2 K
+ Z / E ( = R*C*C SRR Ms) tr(R:C Csz)> ds
Therefore, the convergence of E"(M?) to E"(M2,) implies that
/Ooo E® (R;(Li + L})Rs — M, tr (R5(L; + L;*)Rs)>2 ds < o0
for all 7 € I, and

o0 R:C*CjR 2
Er((—22L 1 _pp *OEC
/0 ((tr(R;‘C’;CjRS) S) tr(R;C; CJRS)> ds < o0

for all j € I,. Since the integrands are nonnegative, their inferior limits at
infinity are 0. Hence, there exists an unbounded increasing sequence (t,),
such that for any i € Iy,

lim B (R} (L + L) Ry, — M, tr (R}, (Li+ LR,) ) =0

and for any j € I,

lim B (—R; CiCifi,
(R}, CiCsRy,)

n

2
- M, tr(R;‘nC;-‘Cthn)> = 0.
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Since convergence in L' implies the almost sure convergence of a subsequence,
there exists an unbounded increasing sequence, which we denote also by (¢, )n,
such that P"-almost surely,

n—oo

lim (RLT" (Li + L}) Ry, — My, tr(R;. (Li + L;*)Rt”)) =0
and
R: C*CR, 2
li i T ) e(RE OO, -
e ((tr(anC;Cthn) t") r(R:, G CﬂRtn)> 0

for alli € I, and j € I,.

Now and for the rest of this paragraph, fix a realization (i.e., an element
of Q) such that (M, ), converges to M. The polar decomposition of Ry is
R, = Up/M;. Since the set of k x k unitary matrices is compact, there exists
a subsequence (Sy,)p of (t,), such that (Us, ), converges to Us. We therefore
have

VMoUL(Li + L) Uso ) Moo — Moo tr(MooU(L; + L )Us) =0
and
\/MOOUQ‘OC;CJ-UOO\/MOO — My, tr(MooU;‘oC;Cono) =0,

for all i € I, and j € I,,. Denoting Pu, the orthogonal projector onto the range
of M, it follows that there exist real numbers (a;);ez, and (3;);cr, such that

Uso P Ul (L; 4+ L )Uso Pso UL, = ;U P U,
and
UOOPOOU;OC’;-‘CJ-UOOPOOU;‘O = BiUsxc Poc UL .

Assumption (Pur) implies that the orthogonal projector Us PooUZ, has rank
1, thus so does P.,. Since tr(My,) = 1, M is a rank 1 orthogonal projector.

Since (M, ), converges PP-almost surely, the above paragraph and the
absolute continuity of P? with respect to P" show that M, is P?-almost surely
a rank one orthogonal projector. 0

3. Invariant Measure and Exponential Convergence in
Wasserstein Distance

This section is devoted to the main result of the paper, which concerns the

exponential convergence to the invariant measure for the Markov process ().

We first show a convergence result for F-measurable random variables. The
following theorem is a transcription of [38, Proposition 7.5].

Theorem 3.1. Assume that (L-erg) holds. Then, there exist two constants C' >
0 and XA > 0 such that for any p € Dy, and any t > 0,

[€%2(6) = prav]| < Ce™
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Our next proposition requires the introduction of a shift semigroup. From
now on, we assume that (Q, (F)e, IP’) is a canonical realization of the processes
W; and IV;, in particular €2 is a subset of (REVIp)R+ We can then define for
every t > 0 the map 6° on Q by

(0'w)(s) =w(s+1t) —w(t).

From the previous theorem, we deduce the following proposition for F-
measurable random variables.

Proposition 3.2. Assume (L-erg) holds. Then, there exist two constants C' > 0
and X\ > 0 such that for any F-measurable, essentially bounded function f :
Q — C with essential bound || fl|lco, any t > 0 and any p € Dy,

[EP(f 060%) —EP™ (f)] < [[fllocCe™". 3.1

Proof. Recall that by definition P is the law of processes with independent
increments. It follows that if ¢ is Fz-measurable and h is F-measurable, E(h o
0tg) = E(h o 0*)E(g). Then, by definition of P?,

EP(fof") =E(fo Qth_,’_s).
Since Zf, , = tr(St; St SepSy) where S pS; is Fi-measurable and Sy, St , =
S*Ss 06" by (2.2)
E7(f o0 6') = E(f o0 tr (SfjsSerSIE(StpS;"))).

Then, relation (2.5), the #-invariance of P, and the definition of the measures
P? yield

E?(fo0") =E"(f)
with p; = e**(p). It follows from Theorem 2.4 that
B (f 0 6") — B () = B (f tr (Moo (p) = piny) )
tr(MsA)| < || Al|1. There-

For any matrix A, denoting ||Al|; its trace norm,
fore,

[E(f 0 8") =B ()| < Iflclle™ () = pinvl1-
Theorem 3.1 then yields the proposition. O

The main strategy to show Theorem 1.1 is to construct a F-measurable
process (§t): approximating the process (Z;):. Let (2;); be the maximum like-
lihood process:

Z; = argmax ||Syz|] (3.2)

ZePCk

where x is a norm 1 representative of 2. If the largest eigenvalue of S} S; is not
simple, the choice of Z; may not be unique. However, we can always choose
an appropriate Z; in an (F;)i-adapted way. If (Pur) holds, Proposition 2.5
ensures that the definition of 2; is almost surely unambiguous for large enough
t: it is the equivalence class of eigenvectors of M; corresponding to its largest
eigenvalue.
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Let now (4;): be the evolution of this maximum likelihood estimate:
Gt = St - 2. (3.3)

We shall also use the notation 27, := 2; 0 6° and g7, , := s o 0°, that is,
processes defined in the same fashion but substituting 57, , for S;. It is worth
noticing that these processes are all F-measurable.

Our proof that () is an exponentially good approximation of (Z;); relies
in part on the use of the exterior product of C*. We recall briefly the relevant
definitions: for 1, z2 € CF, we denote by x1 Axo the alternating bilinear form

(x1,91) <$17y2>> .

/\ : 5 d t
T3 Axg: (y1,y2) — de <<gg2,y1> (x2,y2)

Then, the set of all 21 Az is a generating family for the set A2CF of alternating
bilinear forms on C*. We equip it with a complex inner product by

(x1,91) <$17?J2>> ’

/\ , /\ = d t
<x1 X9, Y1 y2> € <<x2,y1> <$2ay2>

and denote by ||z A 22| the associated norm (there should be no confusion
with the norm on vectors). It is immediate to verify that our metric d(-,-) on
PC* satisfies

Loz Ayl
d(&,5) = . (3.4)
lllyl
For A € M(C), we write A?A for the operator on A2CF defined by
(/\2 A) ($1 A\ .’[,'2) = Axq N Axs. (35)

It follows that A%2(AB) = A%2A A% B, so that || A2(AB)|| < || A2 AJ||| A% B|.
There exists a useful relationship between the operator norm on A2My(C) and
singular values of matrices. From, e.g., Chapter XVI of [32],

I A2 All = a1(A) az(A), (3.6)

where a1(A) > ag(A) are the two first singular values of A, i.e., the square
roots of eigenvalues of A*A. We recall that the operator norm is defined such
that || A|| := a1(A).

The exponential decrease of d(#¢,9;) is derived from the exponential
decay of the following function:

fit—=E(IA*S).

Lemma 3.3. Assume that (Pur) holds. Then, there exist two constants C > 0
and X\ > 0 such that for allt > 0

ft) < Ce™™

Proof. First, we show that f converges to zero as t grows to co. To this end
recall that R, = S;/\/kZ", so that

E(|| A% Sell) = E™ (k| A% Rel]).
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Furthermore, since R} R; = M;, we have from Theorem 2.4 and Proposition 2.5
that

Jim | A2 Ry|| = Jim a1 (Ry) az(Ry) = 0.

Indeed, since a1 (R;) and az(R;) are the largest two eigenvalues of /M;, the fact
that it converges to a rank 1 projector implies that a; (R;) converges to 1 and
az(Ry) to zero. The inequality ||S¢||* < tr(S;S;) implies || A% R;|| < 1 almost
surely. Then, Lebesgue’s dominated convergence theorem yields lim; .., f(t) =
0.

Second, we show f is submultiplicative. By the semigroup property,
Sips = 57 Ss for all t,s > 0. Using that the norm is submultiplicative,
for any t,s > 0,

1A% Sersll < 1A% SEEA Sl

Since P has independent increments, [|A2S5, || = [|A%S[|o6* is Fy-independent
and || A% Sg|| is Fs-measurable,

E(| A% Seeall) < E(I A% S34,[)E( A2 Sal)
The measure P being shift-invariant,
E(I A2 Sesll) < E(Il A2 S)E(] A S5)

which yields that f is submultiplicative.
Since f is measurable, submultiplicative and 0 < f(¢) < k for all t,
Fekete’s subadditive lemma ensures that there exists A\ € (—o0, co] such that

Jim log (1) = inf - log £(1) = X

Since f converges toward 0, this A belongs to (0, c0]. This yields the lemma.
O

Proposition 3.4. Assume that (Pur) holds. Then, there exist two constants C' >
0 and A > 0 such that for any s,t € Ry and for any probability measure j1 on
(PCF, B),

By (d(Er4s, 04)) < Ce™™ (3.7)

Proof. Recall that E,, is the expectation with respect to Q. Using the Markov
property, we have

EM (d('ﬁt-‘rs’ :gts+s)) = ]EHs (d(jjt’ gt)) (38)
with ug the distribution of Z4 conditioned on %y ~ u. Then, it is sufficient to
prove the proposition for s = 0. For any ¢ > 0, using the fact that ||Syz¢|| = ||.S¢]]
for z; a norm 1 representative of Z;,

_ e Al _ 1Swo ASezll _ IAZ Sl _ A% S
lzellllyell — [[SezollllSezell = 1Seol[l[Sell — [ Sexoll?
Using this inequality and the fact that dQ, |z g5 = ||Sizol|* dP du(o),

B, (da00) < [ E( A2 1) dutzo) < 100

d<i‘t7 gt)
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Finally, Lemma 3.3 yields the proposition. O

We turn to the proof of our main theorem, Theorem 1.1. The speed of
convergence is expressed in terms of the Wasserstein distance W7. Let us recall
the definition of this distance for compact metric spaces: for X a compact
metric space equipped with its Borel o-algebra, the Wasserstein distance of
order 1 between two probability measures ¢ and 7 on X can be defined using
the Kantorovich-Rubinstein duality Theorem as

Wi(e,7) = sup / fdo f/ fdr|,
f€Lipy (X)

where Lip; (X) = {f : X = Rs.t. |f(z)— f(y)| < d(z,y)} is the set of Lipschitz
continuous functions with constant 1, and d is the metric on X. Here, we use
this for X = PC* and d defined in (2.1) (see also (3.4)).

We recall our main theorem before proving it.

Theorem 3.5. Assume that (Pur) and (L-erg) hold. Then, the Markov process
(Z+)r has a unique invariant probability measure piny, and there exist C' > 0
and X > 0 such that for any initial distribution p of & over PCF, for allt > 0,
the distribution us of Ty satisfies

Wl (,uta ,U/inv) S Ce_At

where W1 is the Wasserstein distance of order 1.

Proof. Let f € Lip,(PCF). From the definition of Wasserstein distance, we
can restrict ourselves to functions f that vanish at some point. Remark that
since sup; seper d(2, ) = 1, restricting to this set of functions implies || f||oc <
1. Let piny be an invariant probability measure for (&;);. We will prove the
exponential convergence of (u;): toward pi,, for any initial pg, and that will
imply that (Z;); accepts a unique invariant probability measure. Let ¢ > 0,

and recall that Q:/Q = {2 0 0'/%. We have
Epu(F(i1)) = B, (F(30) = Bu(F(20) = Bu(F(5)%)
+meﬂ¢“) Epine (f(210))
E.(f(3:)) - va<<§/"’>>
< By (d(in, 3%) + By, (dan ) (3.9)

B, (f(9%) va( F@%)). (3.10)

The two terms on the right—hand side of line (3.9) are bounded using Propo-
sition 3.4. Using Proposition 2.3, the difference on line (3.10) satisfies

. t/2 t/2 t/2 ; /2
By (F@) = By (F@)) = B2 (F@)) = EP™ (£(517))-
Then, bounding the right-hand side using Proposition 3.2, it follows there exist
C > 0 and A > 0 such that

By (£(30)) = By (£(30)] < 3072,
Adapting the two constants yields the theorem. O
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4. Set of Invariant Measures Under (Pur)

The results and proofs of this section are a direct translation of [11, Appendix
B]. We reproduce the proofs for the reader’s convenience.

Whenever (L-erg) does not hold, dimker £ > 1 and the semigroup (e*);
accepts more than one fixed point in Dy. The convex set of invariant states
can be explicitly classified given the matrices (L;);cr, and (C;)jer,. Following
[9, Theorem 7] (alternatively see Theorem 7.2 and Proposition 7.6 in [38], and
[36]), there exists a decomposition

ChroeCmg...CeCP, k=nm+...+nq+D
with the following properties:
(1) The range of any invariant states is a subspace of V.=C" @ ... @ C" @

{0};
(2) The restriction of the operators L; and C; to C™ & --- @ C™¢ is block-
diagonal, with
Li=L1;®--®Lg;, €1,
. (4.1)
C;=C1;® - ®Cay, JEI;
(3) For each ¢ = 1,...,d, there are a decomposition C" = CF @ C™¢, n, =
k¢xmy, a unitary matrix U, on C™ and matrices {Lg,; }ic1, and {Ce,j}jer,
on C* such that
L = Up(Ly; @ Idem)U, i € T,

: o (1.2
Cg,j = Ue(Cz,j ® Idez)Ug, J € Ip;
(4) There exists a positive definite matrix p, on C* such that
0@ ®Up(pe @ Idem ) U @ -+ DO (4.3)
is a fixed point of (e*%);.
Then, the set of fixed points for (e**) is
Ui(p1 ® My, (C)) Uy @ ... © Ug(pa @ My, (C))Ug @ Opr,y (-
The decomposition simplifies under the purification assumption.
Proposition 4.1. Assume that (Pur) holds. Then, there exist a set {ps}¢_, of

positive definite matrices and an integer D such that the set of fized points of
(etF)y is
Cpr® - @ Cpa @ Oprp(c)-
Proof. The statement follows from the discussion preceding the proposition
if we show that (Pur) implies m; = ... = mg = 1. Assume that one of
the my, e.g., mq, is greater than 1. Let 2 be a norm 1 vector in C¥'. Then,
7 =Ui(mz @ Icm1 ) Uy ®0® - - © 0 is an orthogonal projection of rank m; > 1,
and
(L, + L7)m = ||(L1,; + LL-)J:HZ 7 and
m(C;C))m = HC;"J-CijH?w for alli € Iy, j € I,
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and this contradicts (Pur). O

It is clear from Proposition 4.1 that to each extremal fixed point 0®- - - ®
pe @ - -+ @0 corresponds a unique invariant measure py supported on its range
ran pg. The converse is the subject of the next proposition.

Proposition 4.2. Assume (Pur) holds. Then, any invariant probability measure
of (Z4)r s a convex combination of the measures ue, £ =1,...,d.

Proof. Let p be an invariant probability measure for (Z;); and f be a contin-
uous function on PCF. Proposition 3.4 implies that

[ an = Bu(@0) = B, (#00) = Jim (7 (30).

t—o0

Since (¢ )¢ is F-measurable, Proposition 2.3 implies [ f dp = limy— o EP» (f(yt)),
and by Remark 3, p,, € Dy is a fixed point of (e**);. Proposition 4.1 ensures
that there exist nonnegative numbers p1, ..., pg summing up to one such that
Pu=Dp1p1 D Dpapis®O0n, ). From the definition of PP+,

PP = py PPt 4 -« 4 py PP
with the abuse of notation py :=0® - ® pg ® - -- H 0, so that

[ 7= Jim B (50) + o+ B ().

The same argument gives [ fdue = limy_,o E** (f(gt)), and we have pu =
P11+ ...+ Pd fa- O

5. (Pur) is Not Necessary for Purification

As shown by the following example, the condition (Pur) is sufficient but not
necessary for (1.5) to hold.

Let k = 3 and fix an orthonormal basis {ej, ez, e3} of C3. Let I, = {0, 1},
I, ={2}, u=(e1 + ez +e3)/vV3and v = (e; +e3)/v2. Let
H =0, Vo = Lo = equ™, V1:L1:2UU*+€2€§, ‘/2:()2:1(5;1)

Proposition 5.1. Let L be the Lindblad operator given by (1.2) with H, Vy, Va,
Vs defined in (5.1). Then, (L-erg) holds and the unique invariant state piny is
positive definite.

Proof. Using [38, Proposition 7.6], it is sufficient to prove that if 7 is a non-null
orthogonal projector such that (Id — 7)Lom = (Id — 7) Ly = (Id — 7)Com = 0,
then 7 = Id. Assume rank7m < 3. Since 7 € M3(C), there exist # € PC3
such that either m# = 7; or m = Id — mz. If the first alternative holds, (Id —
m)Lomw = (Id — m)Lym = (Id — 7)Cem = 0 implies & is the equivalence class
of a common eigenvector of Ly, L1 and Cs. If the second alternative holds, &
is the equivalence class of a common eigenvector of L, L7 and C3. The only
common eigenvectors of Ly and Cy or L{ and C5 are elements of C(ez — e3).
Since L; is self-adjoint, and this eigenspace is not an eigenspace of Lj, the
proposition holds. O
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In the orthonormal basis {e1, ez, €3},

1 211 1 0 1 1 0 0
Lo+Lo=-—=[100], LI+Li=2|0 1 0 and C5Co=|0 0 0].
V3 100 1 0 1 0 0 O

Taking 7 the orthogonal projector onto the subspace spanned by {es,e3}, it
follows that (Pur) does not hold. Yet we have the following proposition.

Proposition 5.2. Consider the family of processes (pt): defined by (1.3) with
H, Lo, Ly, Csy defined in (5.1). Then, for any p € Dy,

lim inf —myll =0 PP-almost surely.
LU y

Proof. Proposition 5.1 implies that piny, the unique element of Dy invariant
by (e£); is positive definite. Then, tr(C5Capiny) > 0. The results of [29] thus
ensure that for any p € Dy,

lim Na(t)/t = tr(C5C5 piny), PP-almost surely.

t—o0

Let T = inf{t > 0 : Na(t) > 1}. Then, P?(T < 0o) = 1 and from the definition
of CQ,

pr =y and p =mgr.g for any ¢t > T.

Hence, infyepcr [|pr — 7yl = 0 for any ¢t > T and P?(T" < oo) = 1 yield the
proposition. 0

Corollary 5.3. Consider the process (1) defined by (1.4) with H, Lo, Ly, Cs
defined in (5.1). Then, (&4); accepts a unique invariant probability measure
Liny and there exist C' > 0 and A > 0 such that for any initial distribution p
of o over PC3, for all t > 0, the distribution p; of &y satisfies

Wi (bt finy) < Ce™ .

Proof. Tt is a direct adaptation of our proof of Theorem 1.1. Indeed, Theo-

rem 1.1 holds if one substitutes the conclusion of Proposition 2.5 for (Pur).
8,87

Taking po = Id/3 in the latter proposition yields p; = A and M; =
trféiﬁ’;). Therefore, p; and M; are unitarily equivalent. Following the argu-

ments and notation of the proof of Proposition 5.2, we see that P°"-almost
surely, M7 has rank one, and so does any M; for t > T'. Hence, the conclusion
of Proposition 2.5 holds and the corollary is proven. O

Following the proofs of the discrete-time results of [11], we can prove that
the implication in Proposition 2.5 is an equivalence if (Pur) is replaced by

(NSC-Pur): Any nonzero orthogonal projector m that satisfies 7S} Sim o< 7
P-almost surely for any ¢ > 0 has rank one.

Alas, in practice, such a condition is hard to check.
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6. Examples

In the following examples, k = 2. We recall the definition of the Pauli matrices:

(o1 _(0-i 4o (L0
Oy 1= 10/ Oy = {0 and o, := 0-1)"

A standard orthonormal basis of M3(C) equipped with the Hilbert—Schmidt
inner product is

(\}Id \[O—m» \[Uy? \}§O'Z> .
In the basis of Pauli matrices, one can write in a unique way any projection
Tz as
T = %(Id +Xop + Vo, + Zoz)
where
X =tr(mzo,), Y =tr(mzoy), 2Z=tr(rzo,).
We denote, in particular, by Xy, V;, Z¢, respectively, the coordinates associated
with 7z, .
6.1. Unitarily Perturbed Non-Demolition Diffusive Measurement

Our first example consists of a %—spin (or gbit) in a magnetic field oriented
along the y-axis and subject to indirect non demolition measurement along the
z-axis. It is a typical quantum optics experimental situation (see, for example,
[20]). In terms of the parameters defining the related quantum trajectories,
we get H = oy, I, = {0}, I, = 0 and Ly = \/y 0. with v > 0. Then, (7z,)¢
conditioned on Z is the solution of
dmgz, = ( —iloy, 7z, +v(0.mz,0. — th)) dt
+ﬁ(02ﬂit + 73,0, — 2tr(az7r;gt)7r§”) dB;. (6.1)
For this quantum trajectory, it is immediate to verify (Pur), and solving £L(p) =
0 shows that pij,, = %Id is the unique invariant state, so that (£-erg) holds.
Hence, by Theorem 1.1 (Z;); has a unique invariant measure. In the following,
we derive an explicit expression for this invariant measure.
The next lemma allows us to restrict the state space.

Lemma 6.1. If u(Jo =0) =1, then QY =0) =1 for allt in R.
Proof. From equation (6.1), ()4): is the solution of dY, = —2Y(ydt —
V7V 2¢dBy). It is therefore a Doléans-Dade exponential:

¢ t
Y=o e—2’ytexp(—2’y/ Zsz ds—i—Qﬁ/ Z dBS)
0 0
and the conclusion follows. O

Now we prove that the invariant measure admits a rotational symmetry.

Lemma 6.2. Assume that the distribution p of Tg is invariant with respect to
the mapping & — o-&. Then, u; is invariant with respect to the same mapping.
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Proof. Since o, is unitary and self-adjoint, we have 7, .; = o,mz0,. Since
oy0, = —0,0y, it follows from (6.1) that
d(oymsz,0y) :( —i[oy, oyms,0y] + Y(00yTz, 040, — O'yﬂ'th'y)> dt

— VY (oz0yms,0y + 0y, 040, — 2tr(0.0yTs,0)0yTs,0,) ABy.
Then, it follows from Ty .fo ~ QASO and (Bt)t ~ (_Bt)t that ('it)t and (O'y . i‘t)t
are both weak solutions to the same SDE with the same initial condition. Since
this SDE has a unique solution, they have the same distributions. O

Proposition 6.3. Let (&;); be the process defined by (6.1). Then, its unique
mvariant measure is the normalized image measure by
L0 L(Id+sinbfo, +cosfo.) (6.2)

of the measure 7(0)d0 on (—m,w| with

i tx — cot f si

0) = / exp cotx — co S.ll’lgl' da

0 ¥ sin” 6

for 0 € [0,7] and 7(0) = 7(0 + ) for 6 € (—m,0].

Proof. The convergence results in Theorem 1.1 and Lemma 6.1 imply that the
invariant measure p,y is the image by ¢ of a probability measure T on (—, 7).
Let (6;): be the solution of

df; = 2(1 — ycosf,sinb;) dt — 2,/ysin6, dB; (6.3)

with initial condition #y. Remark that (6;); is 2m-periodic with respect to its
initial condition, namely (0; + 2); is solution of (6.3) with initial condition
0o + 27. Now, using the It6 formula,

(cos by, sinby);, ~ (tr(mz,0.), tr(ms, UI))t

for (mz,)¢ solution of (6.1) with initial condition #o = 1(Id + sinfo, +
cos o). Hence, (1(6;)), has the same distribution as (i;);. Therefore, T is an
invariant measure for the diffusion defined by (6.3); in addition, Theorem 1.1
shows that this invariant measure is unique, and Lemma 6.2 shows that it is
m-periodic. Following standard methods (see [28]), one shows that the restric-
tion of T to [0,7) has a density of the form 7(0) = Ci71(0) + Ca72(0) with
01, Cy € R and

J, sinz exp(% cot z) dz 1

7—2(9) =

’7'1(6) =

sin® 0 exp(% cot 9) sin® 0 exp(% cot )

Now, straightforward analysis shows that [ 71(#) df < oo while [ 72(6) df =
oo. Therefore, 7 is proportional to 7 and the result follows. O

Remark 4. For v — oo, the invariant measure pi,, in Proposition 6.3 is a
Dirac measure at 0 and 7. To describe the scaling for v large, we embed 7(6)
into L*(R) by defining it to be zero outside the region (—m,n]. Then, on the
positive half line, in the L' norm,

. 1 0 1 1
’YILHC}O 27/'}/37— ; = @ exp 75 .
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FIGURE 1. Restriction to [0, 7] of the density of the invariant
probability distribution in Example 6.1

Hence, for large ~y, the stationary probability distribution has two peaks of
width (of order) 1/ located 1/+ radians clockwise from the limit points 0 and
7. Furthermore, the probability to find the particle around the limit points is
exponentially suppressed.

The strong noise limit, v — oo, was recently studied in various models |2,
8,12]. This is the first model that allows for an explicit calculation of the shape
of the stationary probability measure. The density of the invariant probability
distribution is plotted in Fig. 1 for three values of -, and for 6 € [0, 7].

6.2. Thermal Qubit, Diffusive Case

The following second example corresponds to the evolution of a qubit interact-
ing weakly with the electromagnetic field at a fixed temperature. The emission
and absorption of photons by the qubit are stimulated by a resonant coher-
ent field (laser). In the limit of a strong stimulating laser, the measurement
of emitted photons results in a diffusive signal whose drift depends on the
instantaneous average value of the raising and lowering operators of the qubit
(see [37, §4.4] for a more detailed physical derivation). We obtain an ana-
lytically solvable model if we assume that the unitary rotation of the qubit
is compensated for and thus frozen. In terms of the parameters defining the
related quantum trajectories, we get H =0, I = I, = {0,1}, Ly = Jao and

Ly = Vbo_ with a,b € R;\{0} and 0y = (0, £i0y), so that o = (0 1>

00
00
and o_ = (10).
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The stochastic master equation satisfied by 7z, is
dmgz, = a(a_,_wita_ - %((Id —0,)mz, + 7z, (Id — O’Z))) dt

+ b(O'_Tl'@tO'_;,_ — 1(dd +o2)ms, + 73, (Id + O'Z))> dt
(6.4)
+ \/&(U+7Tjt +7mz,0- — tr(omﬂjt)m@t) dBy(t)

+ \/5((7_7r@ + 75,04 — tr(O’xﬂ'jt)ﬂ'@t> dBy (t)

Again it is immediate to verify (Pur), and solving for £(p) = 0 shows that
(L-erg) holds.

Lemma 6.4. If (Yo =0) =1 then Q, (Y, =0) =1 for allt in R.
Proof. From (6.4), (X;); and () satisfy
AV = -V, (%(a +b)dt+ X (VadBo(t) + \/EdBl(t))).

Therefore, if one defines
1t t
M; = exp ( — 5/ (a+b)X%ds — / XS(\/&dBo(s) + \/BdBl(s)))
0 0

1
then one has Y; = ) e_§(a+b)tMt7 and this proves Lemma 6.4. O

Proposition 6.5. Let (&;); be the process defined by (6.4). Then, ils unique
invariant measure is the normalized image measure by ¢ (defined by (6.2)) of
the measure 7(0) df on (—m, 7] with

egz arctan (c(cos 072))

(cos?6 + 1 — 2z cos 9))3/2’

7(0) =

a—b __ a+b
s and ¢ = N

with z =

Proof. As in the proof of Proposition 6.3, Theorem 1.1 and Lemma 6.4 imply
that the invariant measure pi,, is the image by ¢ of a probability measure T
on (—m, . Let (6;): be the solution of

df; = ((b— a)sinb; + 1 (a+ b) cos b, sin6;) dt
+Va (cos b, — 1) dBy(t) + Vb (cos b, + 1) d By (2). (6.5)
The It formula implies once again

(cosfy,sin6,) ~ (tr(rs,02), tr(witam))t

for (73,)¢ solution of (6.4) with initial condition # = 3(Id + sinfo, +
cos Oy O'Z). Hence, (L(9t>) has the same distribution as (#;). As in the proof
of Proposition 6.3, standard techniques show that the unique invariant distri-
bution for (6.5) has density proportional to the function 7 above. O

The density of the invariant probability distribution for three values of
the pair (a,b) is plotted in Fig. 2.
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FIGURE 2. Density of the invariant probability distribution
for Example 6.2

6.3. Thermal Qubit, Jump Case

Our third example is the second one where the stimulating coherent field has
relatively small amplitude and is filtered out. Then, the signal is composed
only of the photons absorbed or emitted by the qubit. The resulting trajectory
involves only jumps related to these events. The parameters defining the model
are then H = 0, I, = ) and I, = {0,1}, Cy = \Jao, and C; = Vbo_ with
a,b e Ry \{0}.

The process (73, ) is solution of

drz, =a (ayr@tfa, - 1(dd = o2)ms,_ +msz,_(I1d — az)))dt
+ b(J,ﬂ';ﬁt70'+ - 1(d+0.)ms, +ms,_ (Id+ O'z)))dt

(o — e, ) (AN(1) — ate(o—0 s, )dt)

(0_osms, )

(6.6)

where Ny and N7 are Poisson processes of stochastic intensities

t t
t— / atr(o_oymz, )ds and t— / btr(oyro_mz, ) ds.
0 0
Assumptions (Pur) and (£-erg) hold as in Example 6.2.

Proposition 6.6. Let {e1,ea} denote the canonical basis of C*. The invariant
measure for Equation (6.6) is
a b
Ors O,
a+b " * a+b "

Minv =
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Proof. It is enough to check from (6.6) that, if &g is either é; or ég, then (7z,):
is a jump process on (me,, Te,) with intensity b for the jumps from 7z, to e,
and intensity a for the reverse jumps. O

6.4. Finite State Space Markov Process Embedding

In this last example, we show how we can recover all the usual continuous-time
Markov chains using special quantum trajectories.

Let {e/}}_, be an orthonormal basis of C*, and (X;); a {e1,...,ex}-
valued Markov process with generator @ (we recall that @ is a k X k real
matrix such that E((v, X;)|Xo) = (v, e!? X;) for any vector v € C¥). Let H be
diagonal in the basis {e,}5_,, let I, = 0 and I, = {(i,j);i # j in 1,...,k} and
for any (7,7) € Ip let C; ; = \/Qi ; ejer.

Proposition 6.7. Let (i;); be the quantum trajectory defined by Equation (1.4)
and the above parameters. Then, assumption (Pur) holds. In addition,
(i) Let T = inf {t > 0 : & € {é1,...,éx}}. If for all i there exists j with
Qi.; > 0, then for any probability measure p over PCF, P, (T < c0) = 1.
(i) Conditionally on 2o € {é,}%5_,, the process (&;); has the same distribution
as the image by x — & of (X3);.
(iii) The assumption (L-erg) holds if and only if (X;): accepts a unique invari-
ant measure. In that case, the unique invariant measure Vipy for (Ii)e s
the image by x — & of the unique invariant measure for (X;);.

Proof. Note first that any C7;C; ; = Q; j e;e; , so that (Pur) holds trivially.

To prove (i), let 77 = mf{t > 0; 3(4,5) € I, such that N, ;(¢t) > 0}.
Remark that because tr(C; jmz, Cf;) = Qi jl(€ei, z5-)|*, the sum > Nij of
independent Poisson processes has intensity

%:/Otczi,j

where Q; = Zj Q;,; is positive by assumption, so that 77 is almost surely

finite. Now consider the almost surely unique (,5) in I, such that N, ;(T7) >
Ci,j‘n'g;t7 C;:j
tr(Ci, e, CF ;)

(es,ms > ds >t miinQi

0; necessarily tr(C; jms, CF;) > 0, and then
T < Tj. This proves (i).
Now, to prove (ii), remark that Eq. (1.3) can be rewritten in the form

dmz, = Z (tr(CiyjmfFC e, — { 1]77T@t7})dt

(i,5)EIp
Ciyms, i, )
— s ) dAN; i (t).
+ Z < 7.]7Tzf C* ) ﬂ-t— 7]()
Let T7 be deﬁned as above' then, for ¢ < Ty the process (73, ): satisfies

1 *
Ta, = Mo + Z / tr (Cijme, Cfj)ma,_ — i{ci,jciyj’ﬂis—}) ds.

(i,9)€lp

= T¢;, so that

(6.7)



Vol. 22 (2021) Invariant Measure for Stochastic Schrodinger Equations 371

Starting with an initial condition zy € {ég}’g':l, one proves easily that the
integrand is zero, which means that m;, = ms, for ¢ < Tj. This shows in
addition that for ¢ < Ty, the intensity of IV; ; is

t .
y _Qit ifxg=1¢;
/0 tr(Cijms, Ciy)ds = { 0  otherwise.
Therefore, conditionally on z¢ = e;, T1 = inf{t > 0; 3j # ¢ such that N, ;(t) >
0} and there exists an almost surely unique j such that N; ;(71) > 0. One then
has
- . Ci,jﬂ-flefCi*,j
T tI’(Cl'yj’iTj;Tl_ C::])
This shows that for ¢ € [0,73] the process (Z:); has the same distribution as
the process of equivalence classes of X;. This extends to all ¢ by the Markov
property of the Poisson processes. This proves (ii).

Points (i) and (ii) show that for ¢ > T1, the process (&;); has the same
distribution as (X;); with initial condition X, satisfying XTl = 2Zp,. There-
fore, any invariant measure for (#;); is the image by « — & of an invariant
measure for (X;);. Theorem 1.1 and Sect. 4 show that (i#;); admits at least
one invariant measure and that the invariant measure is unique if and only if
(L-erg) holds. This implies that (X;); has a unique invariant measure if and
only if (£-erg) holds. O

:7Téj.
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