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General Toeplitz Matrices Subject
to Gaussian Perturbations
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Abstract. We study the spectra of general N x N Toeplitz matrices given
by symbols in the Wiener Algebra perturbed by small complex Gaussian
random matrices, in the regime N > 1. We prove an asymptotic formula
for the number of eigenvalues of the perturbed matrix in smooth domains.
We show that these eigenvalues follow a Weyl law with probability sub-
exponentially close to 1, as NV >> 1, in particular that most eigenvalues
of the perturbed Toeplitz matrix are close to the curve in the complex
plane given by the symbol of the unperturbed Toeplitz matrix.
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1. Introduction and main result
Let a, € C, for v € Z and assume that
la,| < O(1)m(v), (1.1)
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where m : Z —]0, +oo] satisfies
(1+|v))m(v) € £, (1.2)
and
m(—v) =m(v), Yv € Z. (1.3)
Let

+o0
T)= Zalﬂ'”, (1.4)

act on complex valued functions on Z. Here 7 denotes translation by 1 unit
to the right: 7u(j) = u(j — 1), j € Z. By (1.2) we know that p(r) = O(1) :
(*(Z) — (*(Z). Indeed, for the corresponding operator norm, we have

()l <D lalll7? [l = llaller < O@)[mllen. (1.5)
From the identity, 7(e?*¢) = e~*e*¢ we define the symbol of p(7) by

(e7%) Za e e, (1.6)

It is an element of the Wiener algebra [4] and by (1.2) in C1(S?!).
We are interested in the Toeplitz matriz

def
Py = 1po,np(T)1o,n, (1.7)

acting on CV =~ ¢%([0, N[), for 1 < N < oo. Furthermore, we frequently
identify £2(]0, N|) with the space E[QO’N[(Z) of functions u € ¢?(Z) with support
in [0, N].

The spectra of such Toeplitz matrices have been studied thoroughly,
see [4] for an overview. Let P., denote p(7) as an operator (*(Z) — (*(Z).
It is a normal operator and by Fourier series expansions, we see that the spec-
trum of Py, is given by

o(Psc) = p(S"). (1.8)
The restriction Pn = Pso|s2(n) of Poo to £2(N) is in general no longer normal,
except for specific choices of the coefficients a,. The essential spectrum of the
Toeplitz operator Py is given by p(S!) and we have pointspectrum in all loops
of p(S') with nonzero winding number, i.e.,

o(Pn) = p(S") U {z € C;ind, (s1)(2) # 0}. (1.9)
By a result of Krein [4, Theorem 1.15], the winding number of p(S*) around
the point z ¢ p(S') is related to the Fredholm index of Px — 2: Ind(Px — 2) =
—indp(sl)(z).
The spectrum of the Toeplitz matrix Py is contained in a small neigh-
borhood of the spectrum of Pn. More precisely, for every € > 0,
o(Py) C o(PN) + D(0,¢) (1.10)

for N > 0 sufficiently large, where D(z,r) denotes the open disc of radius r,
centered at z. Moreover, the limit of o(Py) as N — oo is contained in a union
of analytic arcs inside o(Px), see [4, Theorem 5.28].



Vol. 22 (2021) General Toeplitz Matrices Subject 51

We show in Theorem 1.1 that after adding a small random perturbation
to Py, most of its eigenvalues will be close to the curve p(S*') with probability
very close to 1. See Fig. 1 for a numerical illustration.

1.1. Small Gaussian perturbation

Consider the random matrix

Qu E Qu(N) E (qjk(@))1<jnen (1.11)

with complex Gaussian law
(Qu):(dP) = 7N e~ 1QllEs L.(dQ),

where L denotes the Lebesgue measure on CV*N . The entries ¢; ; of Q,, are
independent and identically distributed complex Gaussian random variables
with expectation 0, and variance 1, i.e., ¢j kA (0,1)-

We recall that the probability distribution of a complex Gaussian random
variable o ~ N¢(0,1) is given by

a,(dP) = nte7 1 L(da),

where L(da) denotes the Lebesgue measure on C. If I denotes the expectation
with respect to the probability measure IP, then

Ela] =0, E[a] =1.
We are interested in studying the spectrum of the random perturbations of
the matrix P](\J, = Py

PP 15Q,, 0<s< L (1.12)

1.2. Eigenvalue asymptotics in smooth domains

Let Q € C be an open simply connected set with smooth boundary 9€2, which
is independent of N, satisfying

(1) 99 intersects p(S*') in at most finitely many points;
(2) p(S') does not self-intersect at these points of intersection;
(3) these points of intersection are non-critical, i.e.,

dp # 0 on p~H(8Q N p(S"));
(4) 0 and p(S') are transversal at every point of the intersection.

Theorem 1.1. Let p be as in (1.6) and let P be as in (1.12). Let Q be as
above, satisfying conditions (1)—(4), pick a dy €]0,1[ and let 61 > 3. If

e N <5< N7, (1.13)
then there exists ey = o(1), as N — oo, such that
N
#(o(Py)NQ) — Lsi(dO)| <enN, (1.14)
271' Sinp—1(Q)

with probability
>1—e N, (1.15)
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—n(s")
- Spec(Ps)

FIGURE 1. The left-hand side shows the spectrum of the per-
turbed Toeplitz matrix with symbol defined in (1.16), (1.17)
and the right-hand side shows the spectrum of the perturbed
Toeplitz matrix with symbol defined in (1.18), (1.17). The red
line shows the symbol curve p(S*t)

In (1.14), we view p as a map from S! to C. Theorem 1.1 shows that
most eigenvalues of Pg can be found close to the curve p(S!) with probability
subexponentially close to 1. This is illustrated in Fig. 1 for two different sym-
bols. The left-hand side of Fig. 1 shows the spectrum of a perturbed Toeplitz
matrix with N = 2000 and § = 10~'4, given by the symbol p = pg + p; where

po(1/¢) = —C = (3423 4iC 2+ ¢ +10¢+ (3+4)C2 +4¢C3 +i¢* (1.16)
and

pi(1/Q)=>_ac”, ao=0, a_, =0.7v|"+ilv| ™%, a, = —2ir"°+0.50° v € N.
VvEZ
(1.17)
The red line shows the curve p(S'). The right-hand side of Fig. 1 similarly
shows the spectrum of the perturbed Toeplitz matrix given by p = pg + p1
where p; is as above and

po(1/¢) = —4¢t — 20 +2i¢ = ¢2 4 2¢73. (1.18)

In our previous work [15], we studied Toeplitz matrices with a finite number
of bands, given by symbols of the form

Ny
p(T) = Z CL]'TJ, AG_N_,G-N_+15---,aN, € Ca A+ N, 7& 0. (119)
=—N_

In this case, the symbols are analytic functions on S and we are able to provide
in [15, Theorem 2.1] a version of Theorem 1.1 with a much sharper remainder
estimate. See also [13,14], concerning the special cases of large Jordan block
matrices p(7) = 77! and large bi-diagonal matrices p(7) = ar+br~%, a,b € C.
However, Fig. 1 suggests that one could hope for a better remainder estimate
in Theorem 1.1 as well.
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Theorems 1.1 and 1.2 can be extended to allow for coupling constants
with d; > 1/2. Furthermore, one can allow for much more general pertur-
bations, for example perturbations given by random matrices whose entries
are iid copies of a centered random variables with bounded fourth moment.
However, both extensions require some extra work which we will present in a
follow-up paper.

1.3. Convergence of the empirical measure and related results

An alternative way to study the limiting distribution of the eigenvalues of Py,
up to errors of o(N), is to study the empirical measure of eigenvalues, defined
by

ey % S (1.20)
A€Spec(PY)

where the eigenvalues are counted including multiplicity and &, denotes the
Dirac measure at A € C. For any positive monotonically increasing function ¢
on the positive reals and random variable X, Markov’s inequality states that
P[|X| > €] < ¢(e) " E[¢(] X])], assuming that the last quantity is finite. Using
o(z) = e*/C, & > 0, with a sufficiently large C' > 0, yields that for C; > 0
large enough

P[|Qulns < CiN] > 1—e V. (1.21)

If 6 < N71, then (1.5) and the Borel-Cantelli Theorem shows that, almost
surely, £x has compact support for N > 0 sufficiently large.

We will show that, almost surely, {5 converges weakly to the push-
forward of the uniform measure on S* by the symbol p.

Theorem 1.2. Let 6y €]0,1[, let 1 > 3 and let p be as in (1.4). If (1.13) holds,
i.€.,

e~ N <§< N &

then, almost surely,
1
§N — D« <le> N N — o0, (122)
2w

weakly, where Lg1 denotes the Lebesque measure on S*.

This result generalizes [15, Corollary 2.2] from the case of Toeplitz ma-
trices with a finite number of bands to the general case (1.4).

Similar results to Theorem 1.2 have been proven in various settings. In [2,
3], the authors consider the special case of band Toeplitz matrices, i.e. Py with
p as in (1.19). In this case, they show that the convergence (1.22) holds weakly
in probability for a coupling constant 6 = N7, with v > 1/2. Furthermore,
they prove a version of this theorem for Toeplitz matrices with non-constant
coefficients in the bands, see [2, Theorem 1.3, Theorem 4.1]. They follow a
different approach than we do: They compute directly the log|det My — z|
by relating it to log|det My (z)|, where My(z) is a truncation of My — z,
where the smallest singular values of My — z have been excluded. The level of
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truncation, however, depends on the strength of the coupling constant and it
necessitates a very detailed analysis of the small singular values of My — z.

In the earlier work [9], the authors prove that the convergence (1.22) holds
weakly in probability for the Jordan bloc matrix Py with p(7) = 771 (1.4)
and a perturbation given by a complex Gaussian random matrix whose entries
are independent complex Gaussian random variables whose variances vanish
(not necessarily at the same speed) polynomially fast, with minimal decay of
order N~/ See also [6] for a related result.

In [20], using a replacement principle developed in [18], it was shown that
the result of [9] holds for perturbations given by complex random matrices
whose entries are independent and identically distributed random complex
random variables with expectation 0 and variance 1 and a coupling constant
6 =N77 with v > 2.

1.4. Notation

We will frequently use the following notation: When we write a < b, we
mean that Ca < b for some sufficiently large constant C' > 0. The notation
f = O(N) means that there exists a constant C' > 0 (independent of N) such
that | f| < CN. When we want to emphasize that the constant C' > 0 depends
on some parameter k, then we write Cj, or with the above notation O (N).

2. The unperturbed operator

We are interested in the Toeplitz matrix
Py = Lo,np(m)1jo.ny - ([0, N[) — £3([0, N) (2.1)

for 1 < N < oo, see also (1.7). Here we identify ¢2([0, N|) with the space
5[207N[(Z) of functions u € ¢?(Z) with support in [0, N|. Sometimes we write
Py = Py, and identify Py with Py = 17p(7)1; where I = Iy is any interval
in Z of “length” |I| = #I = N.
Let PN = Pl 400 and let P, 5, denote P = p(7), acting on ¢*(Z/NZ)

which we identify with the space of N -periodic functions on Z. Here N >1.
Using the discrete Fourier transform, we see that

U(PZ/NZ) = p(S¥), (2.2)
where S5 is the dual of Z/ NZ and given by

Sy = {e#27/N, 0 < k < N},

Let

pN(T) = Z a,’ = Z a7, Y = l—n,n(V)ay. (2.3)
lv|<N veZ

and notice that
Py = 1jo,n(pn (7)1, N (2.4)
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We now consider [0, N[ as an interval Iy in Z/NZ, N = N + M, where
M € {1,2,..} will be fixed and independent of N. The matrix of Py, indexed
over Iy x Iy is then given by

Pyn(j,k) = a?_z, k€l CZ/NZ, (2.5)
where ;,E € Z are the preimages of j, k under the projection Z — Z/NZ that
belong to the interval [0, N[C Z.

Let Py be given by the formula (2.4), with the difference that we now
view 7 as a translation on ¢*(Z/NZ):
f’N = 1]NpN(T)1]N. (26)

The matrix of Py is given by
PyGik)y= > a), jkely. (2.7)

vEZ, N
v=j—kmod NZ
Alternatively, if we let E,E be the preimages in [0, N| of j, k € Iy, then

;GZ; ;zgmod NZ

Recall that the terms in (2.7), (2.8) with |v| > N or 7 — k| > N do vanish.
This implies that with j, k as in (2.8),

Py(j. k) = Pn(j.k) = ol o p+af o o (2.9)
Here
j—Ne[0,N[-N =[-N,N — N|=[-N — M, —M],
j+ N €e[0,N[+N = [N,N + N[= [N + M,2N + M.
Since k € [0, N[, we have for the first term in (2.9) that [j — N — k| = k+ M +

(N — j) with nonnegatlve terms 1n the last sum. Slmllarly for the second term
n (2.9), we have |[j + N — k| = j + M + (N — k) where the terms in the last

sum are all > 0.
It follows that the trace class norm of Py — ISN is bounded from above

by
Soaikl+ > ajk]
J<—M, k>0 J>NEM, k<N
= Y gl DD aj
k>0, j< M k<0, j>M

<ZCZZmM+k—|—j —202 (k+ )m(M + k)

k=0 j=0

=2C i (k+1— M)m(k).
k=M
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By (1.2), it follows that
“+oo
IPy = Pylle <2C > (k+1— M)m(k) — 0, M — o, (2.10)
k=M
uniformly with respect to N. Here ||Al|;; = tr(A*A)'/2 denotes the Schatten
1-norm for a trace class operator A.

Remark 2.1. To illustrate the difference between Py and ?N let N>1,M >0
and consider the example of p(7) = 7", so a,, = 1, for some fixed n € N, and
a, = 0 for v # n. Since Py(j,k) = a%vi-];, we see that

1, ; =n+4+ k

0, else.

In other words Py = (J*)" where J denotes the N x N Jordan block ma-
trix. The matrix elements of Py on the other hand are given by Py (j, k) =

a?,ﬁ,g"’a?_g"'a%ﬁ,p SO
1, E:TH—E
Px(j k) =41, j=n—+k—(N+M)
0, else

So Py = Py + JN+M=1) when n > M, otherwise Py = Py.

3. A Grushin problem for Py — z

Let K € C be an open relatively compact set and let z € K. Consider
J=[=M,0[, Iy = [0, N] (3.1)
as subsets of Z/(N + M)Z so that
JUIN=Z/(N+M)Z =Zninm
is a partition. Recall (2.3), (2.6) and consider
pn(T) = 2 C(Znynr) — C(Znsnr)

and write this operator as a 2 X 2 matrix

PN TR <P]§%+ ) Rflz)) ’ (32
induced by the orthogonal decomposition
C(Znyar) = C(In) © (). (3.3)
The operator py(7) is normal and we know by (2.2) that its spectrum is
o(pn (7)) = PN (Sn+m). (3.4)

Replacing Py in (3.2) by Py (2.4), we put

Pr(z) = (P W Ri(z)) . (3.5)
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Then, by (2.10),

+oo
[Pn(2) = (v = 2)llex <2C Y (k+1— M)m(k) =: e(M). (3.6)
k=M
If e(M) < dist (z,pn(Sn+am)) =: dn(z), then Py (z) is bijective and

1

[Py (z) Ml < dn(2) — (M)’

(3.7)

Write,
Pn(z) =pn(T) — 2+ Pn(z) — (pn(T) — 2)
= (pn (1) = 2) (14 (pn (1) = 2) 7 (PN (2) = (pn (1) = 2))) -
Here,
|det (1 + (pn (1) = 2) " (Pn(2) = (o (T) = 2)))|
<exp [|(pn (1) = 2) T (Pr(2) = (pn (7) = 2))[lr
< exp(e(M)/dn(2)),
S0
|det Pn(2)] < | det(py(r) — 2)| e/ (=), (3.8)
Similarly from
pN(T) — 2 =Pn(2) + pn(T) — 2 — Pn(2)
=Pn(2) (1+Pn(2) " (on(7) — 2 = Pn(2)),
we get
| det(pn (r) — 2)| < | det Py (z)|eTwCreom (3.9)
In analogy with (3.5), we write
Pr(z)"! = Enlz) = (gg %i) L 2(In) @ () — C(Iy) @ £(J), (3.10)
where J, Iy were defined in (3.1), still viewed as intervals in Zyy . From

(3.7), we get for the respective operator norms:

IEY I NEXL B BN | < (dy(2) — e(M) 7 (3.11)

4. Second Grushin problem

We begin with a result, which is a generalization of [16, Proposition 3.4] to
the case where R4_ # 0.

Proposition 4.1. Let Hy, Ho, H+, S+ be Banach spaces. If

P R_
P = <R+ R+> tHy X Ho — Ho X Hy (4.1)

18 bijective with bounded inverse

E E
s (E_ E_++> Mo X My — Hy X Mo,
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and if

S = (iﬁ SO> H xS H xS, (4.2)
+

1s bijective with bounded inverse

_(F O .
F = (F_ F_+) cH_ X8+ H+ XS,,

then

P RS P T
T = <S+R+ S+R+S) = <T+ T+) THi X S = Ha x St (4.3)

1s bijective with bounded inverse

G G F—-FE.FE_E.F
g= (G_ G_++> = ( F_E_ _}_I) :Hy X 8+ — Hy X S_. (44)

Proof. We can essentially follow the proof of [16, Proposition 3.4]. We need to
solve

Pu+R_S u_=v (4.5)
S+R+U+S+R+_S_U_ = V4. '
Putting vy = Ryu+ Ry _S_u_, the first equation is equivalent to
Pu+R_S u_=wv . ( u ) (v)
- ie. P =(- ),
R+U+R+,S,u7 =V, S_u_ V4
and hence to
u= Fv + E+5+ N (46)
S u_.=E v+ E_4v4.

Therefore, we can replace u by v; and (4.5) is equivalent to

ER-(5)

which can be solved by F. Hence, (4.7) is equivalent to

54, = —FE,’U +F+U+
—u_=—F_FE v+ F_jvuy,

and (4.6) gives the unique solution of (4.5)

u = (E — E+FE,>’U + E+F+U+
u_=F_FE_v— F_+U+.
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4.1. Grushin problem for E__ (z)

We want to apply Proposition 4.1 to P = P(z) = Pn(z) in (3.5) with the
inverse £ = En(z) in (3.10), where we sometimes drop the index N. We begin
by constructing an invertible Grushin problem for E_ :

Let 0 < t; < -+ < tp denote the singular values of E_(z). Let
e1,...,epy denote an orthonormal basis of eigenvectors of E* , | asso-
ciated to the eigenvalues ¢ < --- < ¢3,. Since F_, is a square matrix,

we have that dimN(E_4(z)) = dimN(E*, (z))!. Using the spectral de-
composition (?(J) = N(E* E_}) ®, R(E*,E_,) together with the fact
that N(E*  E_1) = N(E_;) and R(E*,) = N(E_;)*, it follows that
R(E*,)=TR(E* E_,). Similarly, we get that R(E_;) = R(E_4E* ). One
then easily checks that E_| @ R(E* , E_,) — R(E_{E* ) is a bijection.
Similarly, E* | : R(E_E* ) — R(E* ,E_ ) is a bijection. Let fi,..., fa,
denote an orthonormal basis of N'(E* (z)) and set

fi :tjflE_Jrej, j=My+1,...,M.

Then, f1,..., far is an orthonormal basis of £2(J) comprised of eigenfunctions
of E_ E*, associated with the eigenvalues t2 < .-~ < t3,. In particular,
o(E_LE*)=o0(E* E_4)and

E_+€j thfj, Ei+fj :L‘j(ij, ] = 1,...,M. (48)
Let 0 < t; < ... <t be the singular values of E_(z) in the interval [0, 7]
for 7 > 0 small. Let Sy, S_ C ¢2(J) be the corresponding (sums of) spec-
tral subspaces for £* | F_| and E_ E* |, respectively, corresponding to the

eigenvalues t7 < t3 < ... <t} in [0, 7%]. Using (4.8), we see that the restrictions
(denoted by the same symbols)

E_+ ZS+4>S_, Ei+ IS_ *>S+,
have norms < 7. Also,
E_y:8f — 8, E*, 8t =8¢ (4.9)

are bijective with inverses of norm < 1/7.

Let S; be the orthogonal projection onto Sy, viewed as an operator
??(J) — Sy, whose adjoint is the inclusion map S — ¢2(J). Let S_ : S_ —
¢%(J) be the inclusion map. Let S be the operator in (4.2) with Hy = ¢2(J),
corresponding to the problem

{E_+g +S5_g_=he2J),

(4.10)
St9=hy €8y,

for the unknowns g € £2(J), g € S_. Using the orthogonal decompositions,
P =8t oS;, P(J)=8Stas_,

!Here N (A) and R(A) denote the null space and the range of a linear operator A.
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we write g = Zlf gje; +g+- and h = Zlf h;f; +h*. Then, (4.10) is equivalent
to
gt =(E_4)'ht

) = 0L (hi) sy
g 1715]‘ hi_

where we also used that g_ = Z’f g fj and hy = Zlf hiej. It follows that

g=(E_)7'ht + 31 he;
ey K, . (4.11)
g- = 21 hjfj - 21 tjh+fj~

Hence, the unique solution to (4.10) is given by

()-r()-(£2)0) e

F=E"{Tlg., Fy =57,
F_:Si7 F_+:_E_+‘S+: S+—>S_.

where

(4.13)

Here IIg denotes the orthogonal projection onto the subspace B of A, viewed
as a self-adjoint operator A — A. Notice that F' = HsiF and that

k

k
F_i=- thfj oej, le Fju=— th(u|ej)fj. (4.14)
1 1

Using as well (4.9), we have
[El < 1/7 [FL]l IF- )l < L [[Foy ]| < 7 (4.15)
4.2. Composing the Grushin problems
From now on we assume that
0<a<xl, ¢M)<a/2, (4.16)

and the estimates below will be uniformly valid for z € K \ 74, N > 1, where
K is some fixed relatively compact open set in C and

Yo = {z € C; dist (2,7) < a}, v=p(S"). (4.17)

We apply Proposition 4.1 to Py in (3.5) with the inverse £y in (3.10), and to
S defined in (4.10) with inverse in F in (4.12). Let z € K\7,, then

Ty = (PN 2 SR ) B (PN . T) L2 (In) x 8- — L*(In) x Sy,

(4.18)
defined as in (4.3), is bijective with the bounded inverse
GN GY EN — ENFEN ENF,
On = <GN GN, )~ FLEN  —F ) (4.19)

Since S+ have norms < 1, we get

[Te]l < [R=[l = O(1), (4.20)
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uniformly in N, a and z € K. Also, since the norms of E¥, Eiv, EN are < 2/a
(uniformly as N — oo) by (3.11), we get from (4.4), (4.15), that

2 4 2
N N N
GT < > + 2 G2 <7, [IGE] < o (4.21)

Proposition 4.2. Let K @ C be an open relatively compact set, let z € K\,
and let 7 > 0 be as in the definition of the Grushin problem (4.10). Then, for
7 > 0 small enough, depending only on K, we have that Gf s injective and
G is surjective. Moreover, there exists a constant C > 0, depending only on
K, such that for all z € K\, the singular values sj‘ of GY, and s; of (GN)*
satisfy

1
— <sf<

o <5 , 1<j<Ek(2) =rank(GY). (4.22)

S

Proof. To ease the notation we will omit the sub/superscript N. We begin
with the injectivity of G4. From

P—z T G G+ _
(P I Y(E &) )
we have Ty Gy + T, _G_4 =1 which we write T, G4y =1 - T, _G_,. Here

1T G| < |Ry—|I7 = O(7),

where we used that [|[Ri_| < ||p(7) — z|]| = O(1)||m||s, thus the error term
above only depends on K. Choosing 7 > 0 small enough, depending on K but
not on N, we get that |7, -G _| < 1/2. Then, 1 — T} _G_ is bijective with
(1 = T4-G_4)7Y| <2 and G4 has the left inverse

1-T, G_ ) 'T, (4.24)

of norm < 2||R4|| = O(1), depending only on K.
Now we turn to the surjectivity of G_. From

G G+ P—z T -1
.. )\ 1 7. )~"
(P—2) TE\ (G G2\ _ |
™ T )\¢LGr,) T

and as above we then see that G* has the left inverse (1 — T _G* )~ 1T*.
Hence, G_ has the right inverse

we get

T (1-G_ T, ) !, (4.25)

of norm < 2||R_|| = O(1), depending only on K.
The lower bound on the singular values follows from the estimates on the
left inverses of G4 and G*, and the upper bound follows from (4.21). O
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5. Determinants

We continue working under the assumptions (4.16), (4.17). Additionally, we
fix 7 > 0 sufficiently small (depending only on the fixed relatively compact
set K € C) so that [|[T4_G_4||, |G_+T4—_|| (both = O(7)) are < 1/2, which
implies that G, is injective and G is surjective, see Proposition 4.2. Here,
we sometimes drop the sub-/superscript N.

From now on, we will work with z € K\~,. The constructions and esti-
mates in Sect. 3 are then uniform in z for N > 1 and the same holds for those
in Sect. 4.

Remark 5.1. To get the o(N) error term in Theorem 1.1, we will take o > 0
arbitrarily small, and M > 1 large enough (but fixed) so that e(M) < a/2,
see (2.10) as well as N > 1 sufficiently large. In the following, the error terms
will typically depend on «, although we will not always denote this explicitly,
however, they will be uniform in N > 1 and in z € K\7,.

5.1. The unperturbed operator
For z € K \ 7o, we have dy(z) > a and (3.8), (3.9) give

|det P (2)] < e/ det(pn (7) — 2)],
| det(py (1) — 2)| < 25 M)/ det Py (2)], (5.2)
where we also used that

e(M) e(M) 2¢(M)
inG) —edD) Sa—edD = a

by the second inequality in (4.16). Recall here that py(7) acts on 2(Z/NZ),
N =N+ M.
By the Schur complement formula, we have

det(Pn — z) = det Py (2) det E_4 (2),

det(Py — 2) = det Ty (2) det G_ (2), (5.3)

S0
det 7; det E_
SN et (5.4)
det Py  detG_.
Recall from Sect. 4.1 that the singular values of E_4 are denoted by 0 <
t; <ty <--- <ty and that those of G_ are t1,...,t;, where k = k(z,N) is

determined by the condition t;, < 7 < tf41. Thus

det E_+ o ﬁ "
det G_+ N P J
and we get (since 7 < 1)
M
7_]\/[ S det E,+ § z )
det G_4 o
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Since 7 > 0 is small, but fixed depending only on K, we have uniformly for
z2€ K\ Yo, N> 1:

IIn|det E_4| —In|det G_y|| < O(1) (5.5)
and by (5.4)
In | det Ty | — In | det Py || < O(1). (5.6)
From (5.1), (5.2), we get
[ln|det Py| — In|det(pn(7) — 2)|| < O(1), (5.7)
hence
[In|det 7n| — In|det(pn(7) — 2)|| < O(1). (5.8)

5.2. The perturbed operator

We next extend the estimates to the case of a perturbed operator

PR = Py +6Q, (5.9)
where Q : (?(Iy) — 2(Iy) satisfies
51Ql < 1. (5.10)

Proposition 5.2. Let K @ C be an open relatively compact set and suppose that
(4.16) hold. Recall (4.17) and (3.5), if §||Q|la™t < 1, then for all z € K\,

s (Py—z R_ Y\ _ 5Q 0
PN—( R, R () =P+ 00) (5.11)
18 bijective with bounded inverse
E% ES
& = ( + ) : 5.12
V=B (5:12)
Recall (4.18), if §||Qlla™2 < 1, then for all z € K\,
s (Py—=2T-\ _ 5Q0
TN_< T. T, =78+ 00) (5.13)
1s bijective with bounded inverse
G° G¢
Go = ( + ) , 5.14
v=ler ol (5:14)
with
G’ (2) =G_; —G_6Q(1+GsQ) G, (5.15)

Moreover, ||E3|| < 4/a, |G|l < O(a™?), uniformly in z € K\Y, and N > 1.

Proof. We sometimes drop the subscript N. By (3.10),

)

By (3.11), it follows that ||E| < 2/a, so if §||Q|la~! < 1, then by Neumann
series argument, the above is invertible and

£ <1 + <5%E 5QOE+>)1 (5.16)
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is a right inverse of P?, of norm < 2||€|| < 4/a. Since P° is Fredholm of index
0, this is also a left inverse.

The proof for T3 is similar, using that |G| = O(a~2) by (4.21), since
7 > 0 is fixed. Finally, the expression (5.15) follows easily from expanding
(5.16). 0

We drop the subscript N until further notice. By (5.13), we have
||T_T6||tr < 6HQ”tr (517)

Recall from the text after (2.10) the definition of the Schatten norm | - ||¢;.
Write,

T =T(1-T YT -T°%),

where

17T = T°)llw < OO)|Qfer- (5.18)

Here, we used that |71 = ||G|| = O(1), by (4.21) and the fact that 7 > 0
is fixed. We recall that the estimates here depend on «, yet are uniform in
z € K\7q and N > 1. It follows that

[det(1 =7 T = T°))| < exp |7 HT = T°)[|er < exp(O()[Qx).

and
|det T5| = | det T||det(1 — T~ (T — T°%))| (5.19)
< exp(0(9)[1Qller)| det 7. '
Similarly from the identity
T=T0-7,(T° - 7).
(putting § as a subscript whenever convenient), we get
|det 7| < exp(O(6) Q)| det 77, (5.20)
thus
In| det 75| — In 7] < O(6) Q- (5.21)
Assume that (uniformly in N > 1 and independently of «)
51Qlle < O(1) (5.22)
and recall (5.8). Then,
[In | det 75| — In|det(pn(7) — 2)|| < O(1). (5.23)
Notice that the error term depends on «. Using also the general identity (cf.
(5:3)),
det(Pg, — 2) = det 7°(2) det G° , (z), (5.24)
we get

In|det(Py — 2)| = In|det(pn (1) — 2)| +In|det G° || + O(1), (5.25)
uniformly for z € K \ 7o, N > 1.
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6. Lower bounds with probability close to 1
We now adapt the discussion in [15, Section 5] to 7°. Let

P{ =Py +6Qu, Qu = (qj1(w))1<jr<n, (6.1)

where 0 < § < 1 and g x(w) ~ N(0,1) are independent normalized complex
Gaussian random variables. Recall from (1.21) that

P|Qullus < CiN]>1—e V', (6.2)

for some universal constant C; > 0. In the following, we restrict the attention
to the case when

[Qullns < C1N, (6.3)
and (as before) z € K \ 74, N > 1. We assume that
§ < N73/2, (6.4)

Then,
51Qller < INY2(|Qlms < 6C1N?/? < 1,

and the estimates of the previous sections apply.
Let Qc, N be the set of matrices satisfying (6.3). As in [15, Section 5.3,
we study the map (5.15), i.e.,

Qon 2 QG2 (2) =Gy — G_0Q(1+GQ) Gy

6.5
=Gy —0G_(Q+T(2Q))G, (©5)
where .
T(zQ) =) _(-6)"QGQ)", (6.6)
1
and notice first that by (4.21)
1T |las < O(6a™2N?). (6.7)

We strengthen the assumption (6.4) to
§ < N2 (6.8)

At the end of Sect. 4, we have established the uniform injectivity and surjec-
tivity respectively for G and G_. This means that the singular values s;t of
Gy for 1 < j < k(z) =rank (G_) = rank (G ) satisfy

1 2
<st<= (6.9)

a
This corresponds to [15, (5.27)] and the subsequent discussion there carries
over to the present situation with the obvious modifications. Similarly to [15,
(5.42)], we strengthen the assumption on ¢ to

§ < N73a? (6.10)
Notice that assumption (6.10) is stronger than the assumptions on ¢ in Propo-

sition 5.2. The same reasoning as in [15, Section 5.3] leads to the following
adaptation of Proposition 5.3 in [15]:
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Proposition 6.1. Let K C C be compact, 0 < a < 1 and choose M so that
e(M) < /2. Let § satisfy (6.10). Then, the second Grushin problem with ma-
triz T° is well posed with a bounded inverse G° introduced in Proposition 5.2.
The following holds uniformly for z € K \ v, N > 1:

There exist positive constants Cy, Co such that

P (In|det G° , (2) > —t and [|Q|lus < C1N) > 1 — e N — Cp5 M2,
when

t>Cy—2M1Ind, 0<d< N 3a2.

7. Counting eigenvalues in smooth domains

In this section, we will prove Theorem 1.1. We will begin with a brief outline
of the key steps:

We wish to count the zeros of the holomorphic function u(z) = det(Pg —
z), which depends on the large parameter N > 0, in smooth domains 2 € C
as in Theorem 1.1.

1. We work in some sufficiently large but fixed compact set K € C con-
taining Q. In Sect. 7.1, we begin by showing that u(z) satisfies with probability
close to 1 an upper bound of the form

Infu(z)| < N(¢(2) + ), (7.1)

for z € K. Here, 0 < e < 1 and ¢(2) is some suitable continuous subharmonic
function. Next, we will show that u(z) satisfies for any fixed point zo in K\T',,
a lower bound of the form

Infu(z0)| = N(¢(z0) - €) (7.2)

with probability close to 1. Here, I',, denotes the set 7, suitably enlarged to
be a compact set with smooth boundary, see Fig. 2 for an illustration. The
function ¢ will be constructed in the following way : Outside I',, we set ¢(z) to
be In|det(py(7) — 2)|, which in view of (5.25) and Proposition 6.1 yields the
estimates (7.1), (7.2) outside T',. Inside Ty, we set ¢ to be the solution to the
Dirichlet problem for the Laplace operator on I',, with boundary conditions
¢ lor,= In|det(pn(7T) — 2)| [or,, . Since In|u(z)| is subharmonic we have that
the bound (7.1) holds in all of K.

2. In Sect. 7.2, we will use (7.1), (7.2) and [12, Theorem 1.1] (see also [13,
Chapter 12]) to estimate the number of zeros of u in £ and thus the number
of eigenvalues of P§ in €, i.e.,

#o(PRIND) = # 0 N0) ~ 3 [ Aotida), (7.3)

see (7.22).
3. In Sect. 7.3, we study the measure A¢ by analyzing the Poisson and
Green kernel of T',,. We will use this analysis to give precise error estimates on



Vol. 22 (2021) General Toeplitz Matrices Subject 67

the asymptotics (7.3) and we will show that %Ad) integrated over € is, up to
a small error, given by the number of eigenvalues A; of pny(7) (3.4) in €, i.e.,

% /Q AGL(dz) = #{); € 2} + O(aN),

see (7.53). This, in combination with (7.3), see (7.22), will let us conclude
Theorem 1.1.
7.1. Estimates on the log-determinant

We work under the assumptions of Proposition 6.1 and from now on we assume
that § satisfies (1.13), i.e.,

e N <5< N9, (7.4)

for some fixed 9 €]0,1[ and §; > 3. Notice that (6.10) holds for N > 1

sufficiently large (depending on «). Then with probability > 1 — e™V °, we
have G° | (z) = O(1) for every z € K \ 74, hence by (5.25)

In | det(PS — 2)| < In|det(pn(7) — 2)| + O(1). (7.5)

On the other hand, by (5.25) and Proposition 6.1, we have for every z € K\ 7,
that

In | det(Pg — 2)| > In|det(pn (1) — 2)| — % - 0(1) (7.6)
with probability
>1—e N Oy Met/2) (7.7)
when
t>Cy—2MIné. (7.8)

Next we enlarge v, to I'y, away from a neighborhood of the region 92 N+,
so that T',, has a smooth boundary. More precisely, let g € C*°(C;R) be a
boundary defining function of €, so that g(z) < 0 for z € Q and dg # 0 on
0. Then, for C' > 0 sufficiently large and « > 0 sufficiently small, we define
© e U{z € Cig(z) < —1/C}U{z € C;g(z) > 1/C and |2| < C}, (7.9)
Notice that due to the assumption that the intersection of 9Q with ~ is
transversal, the boundary of 'Y may be only Lipschitz near the intersection
points

T

{70y, 2¢} = 07« N OG, where G e {z € C;lg(z)| <1/C}.

By the assumptions on 2, we have that ¢ < co. Away from these points, we
have that OI'Y is smooth. To remedy this lack of regularity, we will slightly
deform T in an a-neighborhood of these points.

Pick zp € 97,NOG. Since 0y,ND(zp, ) and O0GND(zp, ) are transversal
to each other, it follows that there exists new affine coordinates z = U(z — zp),
R? ~ C > z = (2!, 2?) being the old coordinates, where U is orthogonal, and
smooth functions f1, fo independent of «, such that v, N D(zg,a) takes the
form

A={z€ D(2,0);2* < fo(z1), 7} < o, ||Z]| < },
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and that (C\G) N D(z, a) takes the form
B={z¢€ D(2,0);7° < f1(ZY), |7} < a, |IZ] < a}.

Here, f1, respectively fo, is (after translation and rotation) a smooth local
parametrization of 9G, resp. 074, near zg. Moreover, f2(0) = f1(0) and the
transversality assumption yields that z! = 0 is the only point in the interval
] = a,af where fo(2') = f1(Z").

Then, I'Y N D(zp, ) takes the form

AUB = {z € D(%,0); 2" < max{f1(2"), L(Z")}, [Z'] < a, |Z] <a}.

Continuing, let x € C*(R;[0,1]) so that x = 1 on [-1/4,1/4] and x = 0
outside | — 1/2,1/2[, and let C' > 0 be sufficiently large. Set
t 1\ «o

)= (1-x(£) ) maxtii. 20 +x(£) & 1€l aval
which is a smooth function. Then, let T’} be equal to T'Y, outside D(zg, «), and
equal to

{z € D(z,0); 2 < f(2'), 2] <, |IZ] <o},

inside D(zp, o). Summing up, we have that the boundary of I'}, is smooth at
zp and TY C T'L.

Next, we perform the same procedure for I'}, at the point z; and obtain
I'2 whose boundary is smooth at 2 and z; and which contains T'}. Continuing
in this way until z,, and defining

T, e, (7.10)

we have that T', has a smooth boundary and it contains I'C (7.9), and thus

Yo Figure 2 presents an illustration of this “fattening” of ~,.

Remark 7.1. Notice that the deformation of the boundary of T'? (7.9) has been
done in such a way that the rescaled domain éFa has a smooth boundary which

can be locally parametrized by a smooth function f with 9°f = O(1), B € N,
uniformly in a.
Continuing, we define ¢(z) = ¢n(2) by requiring that
N¢(z) =In|det(pn(T) — 2)| on K\ Ty, (7.11)
and
¢(2) is continuous in K and harmonic in Ty, (7.12)
Here we assume that K is large enough to contain a neighborhood of I',.
Choose
t =N, (7.13)
for some fixed €y €]0, 1] with §y < g, see (7.4), (1.13). Then,
Cy6Me™t/2 —exp(InCy — MInd — N /2),
and we require from ¢ that

InCy —MIno— N®/2 < —N%°/4,
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ext
Fa

FIGURE 2. Left-hand side shows the curve v surrounded by
the tube v, and the domain Q (dashed line) where we are
counting the eigenvalues of P]‘E,. The right-hand side shows
the same picture with 7, enlarged to T', = % U Tt U
I'1 o U2 4, i.e., the whole gray area. The decomposition into
an “exterior” part, an “interior” part and into the thin tubes
I'; o connecting exterior and interior will play a role in the

J
proof of Lemma 7.3

ie.,
InCy N°€°
> — .
o > =~ 7
This is fulfilled if N > 1 and
me> -
> _
ST Vi
ie.,
5> L e (7.14)
X —_ .
=P\ T

and (7.13), (7.14) imply (7.8) when N > 1. Notice that (7.4) implies (7.14)
for N > 1.

Combining (7.6), (7.11), (7.13) and (7.14), we get for each z € K\ T,
that

In|det(Pg — 2)| > N(¢(2) — €1), (7.15)
with probability
> 1N N/ (7.16)
where
€ = No 1, (7.17)

Here and in the following, we assume that N > N(«, K) sufficiently large.
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On the other hand, with probability > 1 — e’NZ, we have by (7.5)
In|det(Pg — 2)| < N(4(2) + €1) (7.18)

for all z € K\ T',. Then, since the left- hand side in (7.18) is subharmonic
and the right-hand side is harmonic in Ty, we see that (7.18) remains valid
also in I', and hence in all of K.

7.2. Counting zeros of holomorphic functions with exponential growth

Let Q € C be as in Theorem 1.1, so that 0f) intersects v at finitely many
points z1, ..., 2k, which are not critical values of p and where the intersection
is transversal. Choose z1, ..., z;, € 9Q\ T',, such that with rqg = Cha, Cy > 1,
we have

7

where the z; are distributed along the boundary in the positively oriented
sense and with the cyclic convention that zy41 = z1. Notice that L = O(1/«).
Then,

L
00 c | JD(zj,70/2)
1
and we can arrange so that z; Z 'y, and even so that
dist (z;,T) > «, (7.20)

for a > 0 sufficiently small.

Choose K above so that Q € K. Combining (7.18) and (7.15), we have
that det(Py — z) satisfies the upper bound (7.18) for all z € K and the lower
bound (7.15) for z = z1,..., z;, with probability

>1—0(a Y (e N e N/, (7.21)

Since ¢ is continuous and subharmonic, we can apply [12, Theorem 1.1] (see
also [13, Chapter 12]) to the holomorphic function det(P§ — 2) and get

L(dz))

(7.22)

#erhyne - 3 [ sosa) < ow)

L
x <L61 + / A¢L(dz) + Y / Ag(z)
0Q+D(0,r0) 1 7 D(zj,m0)

I |z = ]

To

with probability (7.21).

Recall that L = O(1/«a) (hence O(1) for every fixed «). A¢ is supported
in 'y, and the number of discs D(z;,79) that intersect I', is < O(1) uniformly
with respect to . Also In(|z — z;|/r¢) = O(1) on the intersection of each such
disc with T,. Since €; = N°~1 we get from (7.22):
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#orh N - - [ aor(

< O(N) (oa(Neo—1)+ /( Aqﬁ(z)L(dz)). (7.23)

NOQ)+D(0,2r0)

7.3. Analysis of the measure A¢
By (3.4), we have that

N+M
In | det(pn (1) — 2)| = Z In|z — X\l (7.24)
where
2mig .
)‘j:p<eXpN+M>, 1<j< N+ M,
and this expression is equal to N¢(z) in K\ T',,.
Define
| NtM
¥(e) = 82) - 21: In|z — )\, (7.25)
so that v is continuous away from the \; € 7,
¥(z) =0in C\ Ty, (7.26)
Ylor, =0, (7.27)
o "G °
Ay = -5 Z Sy, in T - (7.28)
1
It follows that in T'y:
o N+M
Z Gr. (2, ))) (7.29)

where Gr, is the Green kernel for I',,.

¢ is harmonic away from 0I'y, so for ¢ as a distribution on C, we have
supp A¢ C 9T'y. Now ) — ¢ is harmonic near 0Ty, so Ay = A¢ near 9. In
the interior of I, we have (7.28) and in order to compute Ay globally, we let
v € C§°(C) and apply Green’s formula to get

(A, v) = (¢, Av) = / PYAvL(dz)

/vaLdz / ¥yv|dz] — / 9, vl dz].

Here v is the exterior unit normal and in the last term, 1t is understood that

we apply 0, to the restriction of ¥ to lo“a then take the boundary limit. (7.27),
(7.28) and (7.29) imply that in the sense of distributions on C,

N+M <N+M

Z oz, + > Gr,( )Lap (dz) (7.30)
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where Lyr,, denotes the (Lebesgue) arc length measure supported on 9T',,.
By the preceding discussion, we conclude that

op [(NAM
Ap= "1 ( ; 9,Go,, (-, \j)Lor, (dz)> : (7.31)
Each term in the sum is a nonnegative measure of mass 1:
/8VG(Z,)\j)L3Fa (dz) =1. (7.32)
Before continuing, we will present two technical lemmas.

Lemma 7.2. Let X € C be an open relatively compact, simply connected do-
main with smooth boundary. Let u € C*°(X) with ulspx=0. Let z9 € X and
let W e W € C be two open relatively compact small complex neighborhoods
of zg, so that the closure ofw 1s contained in W. If u is harmonic in X "W,
then for any s € N

el e iy < O (Dl sroeron. (7.33)
Here H® are the standard Sobolev spaces.
Proof. The proof is standard, and we present it here for the reader’s conve-
nience.
1. Let W73 € W & C be two open relatively compact small complex
neighborhoods of zy, so that the closure of W is contained in W. Let y €

C°(C;10,1]) be so that x = 1 on W; and suppyx C W. Integration by parts
then yields that

/ IxVul|?dx = / xVu - (V(xu) —uVyx)dz
XAW Xnw
= 7/ xu V(xVu) + xu Vu - Vx)dzx
Xnw

= 72/ xu Vu - Vydz.
Xnw

In the last equality, we used as well that « is harmonic in X N W. By the
Cauchy—-Schwarz inequality

||XVU||2L2(X0W) < 0(1)||XVU||L2()mW)||U||L2(XmW),
which implies that

IXxVull 2 (xnwy < O)||ull 2 (xnw)-
Hence,
llull g (xrwy) < OM)[JullL2xaw)- (7.34)
2. Since W is small, we may pass to new local coordinates y, and we can suppose
that zp = 0 and that locally 0X = {ya = 0}. If ¢ is a local diffeomorphism
realizing this change of variables, then the Laplacian can be formally written
in the new coordinates as

LE (@) 7'V,) ((¢)71V,), with Ay = (971) 00 g (7.35)
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Here, L is an elliptic second-order differential operator, and ¢’ is the Jacobian
map associated with the diffeomorphism ¢.

Working from now on in these new coordinates, we proceed by an induc-
tion argument: suppose that

[ull esr (xawny < OW)lull e xaw)- (7.36)

holds for some s € N. Here we write as well W, W; for the respective sets in
the new coordinates to ease notation. We want to show that we then also have

||u||H5+2(XF‘|W2) S O(l)”’u/”HeranWl). (737)
where Wy €@ W1 is a slightly smaller neighborhood of zy = 0, whose closure is
contained inside W7.

Let x € C°(C;[0,1]) be so that x = 1 on W5 and suppyx C W;i. Let
O ju(y) ==t~ (u(y+tej) —u(y), where z € C ~ R? and eq, e is the standard
orthonormal basis of R?. Then, by the hypothesis (7.36) applied to d; ;xu, for
[t] < 1, we get
[0 1 xull et (x ey < OO 1 xull e (xnw)

< OM)[xOaull s (xawy + O [0,1, X]ull s (xnw)

< OM)lull s+ (xewy) + OW)|ull s (xewn),
uniformly in [¢| < 1. In the last inequality, we used as well that xJ; v and
[0c1, X]Ju = (Or,1x)u(- + ter) are supported in Wy for |[¢| < 1. Performing the
limit ¢ — 0, we get

10y, xull e (xawy) < O)Jull e xmwy)- (7.38)
Thus, for j = 1,2, we have that

10y, 8y, xtull 1o (xwn) < OBy, ull zrosr (xown) < 0(1)HU||HS+1(XF1W1()- |
7.39

By (7.35), it follows that there exists some smooth function a # 0, such that
1 ~
8§2XU = ngu — Lxu, (7.40)

where L is a second-order differential operator with smooth coefficients and
which does not contain the derivative 852. Since w is harmonic in X N W, it
follows that Lxu = [L, x]u. Since [L, x| is a differential operator of order 1, it
follows from (7.40) and (7.39) that

2

19y xull o+ xowy < O1) D 110y, 0ys xull e (xows) < O ull o xows)-
1

(7.41)
In combination with (7.38), this yields

lull gsve (xaws) < lIxull gs+e(xawy) < O)|Jull gstr xaw,)- (7.42)

Thus, by choosing a decreasing sequence of nested compact neighborhoods of
zo, say W = Wy @ Wy--- @ Wy = W, we may iterate the estimate (7.36),
which then in combination with (7.34) yields (7.33). O
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Lemma 7.3. There exists a C > 0 independent of o > 0, such that for any
1<j<N+M

lz2=241

1
0,Gr, (2,0 £ ~e e (7.43)

for z € Oy Nneigh (YyNON), \; € Ty, |2 = X;j| > a/C. (7.483) also holds when
z2€ 00, \j €Ty, [2—=Xj| > a/C and (z,)j) € (2 x (C\Q))U((C\Q) xQ).

Proof. 1. By scaling of the harmonic function Gr, (-, A;) by a factor 1/a, it
suffices to show that .

Gr. (2, 0))| < e o, (7.44)
for (z,\;) as after (7.43) with the difference that z now varies in I',, instead
of dT',.

To see this, recall from the construction of I', after (7.8) that dist(0T's, ;)
> «a and fix a point zg € Oy, let C7 > 0 be sufficiently large so that for any
z € D(zp,/C1) N T, we have that (z, ;) satisfies the conditions after (7.43)
with z varying in D(zg,«/C1) NTy, instead of OT',,.

Let u(z) := G, (az,)j), z € 1T, be the scaled function, and recall
Remark 7.1. Let x € C°(C;[0,1]) be so that x = 1 on D(zo/c,1/(4CY)),
suppx C D(z9/a,1/2C1) =: W’ and 9° = O(1), uniformly in « for any
B € N2. Moreover, put W = D(z/a,1/Ch).

Then, xu € H*(T', N W’') for any s > 0. We can find an extension
v € H*(R?) of xu so that [[v]gs < O(1)|xullgr(r,nwr). Using the Fourier
transform, we see that for s > 2 and for z € D(zp/a, 1/(4C1))

[Vo(z)] < OM)[[[€0][ 2 < OMNEKE "l vl e < OM)lIxullas (ranw)-

(7.45)
By Lemma 7.2 and (7.44), we see that
[z2=X; /|
0,0(2)] < O)JullLoe rorm) <OM) e, (7.46)
and ol
la(d,Gr, ) (az,\)]| < O(1)e™ ¢, (7.47)

which implies (7.44) after rescaling and potentially slightly increasing the con-
stant C' > 0.

2. We decompose Iy, as " UT*** UTy , U...UT'r 4, where I and I'**!
are the enlarged parts of I',, with '™ C Q, T°** ¢ C\ Q and ' 4, ..., 70
are the regular parts of width 2a, corresponding to the segments of ~, that
intersect 02 transversally, see Fig. 2 for an illustration. Here, T" is the number
of intersections of v with 0f2, notice that T is finite and independent of N, .

For simplicity, we assume that I'*"* and I'*** are connected and that each
segment Iy, o links I to ['*** and crosses 92 once. We may think of ', as a
graph with the vertices ", T'°** and with I'y , as the edges.

Let first A; belong to ['™*. We apply the first estimate in Proposition 2.2
in [12] or equivalently Proposition 12.2.2 in [13] and see that —Gr_ (2, \;) <
O(1) for z € Ty, |z — Aj| > 1/O(1). Here and in the following the constants
O(1) are independent of j and «. Furthermore, the notation 1/O(1) means
1/C for some sufficiently large constant C' > 0.
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Possibly, after cutting away a piece of I'y , and adding it to 't we
may assume that —Gr, (2, ;) < O(1) in T'y o. Consider one of the I'; ,, as a
finite band with the two ends given by the closure of the set of z € ', , with
dist (z,0T'y) < a. Let G, , denote the Green kernel of 'y, . Then, the second
estimate in the quoted proposition applies and we find

—Gr, . (z,y) < O1)e” T/ (@OW) when 2,y € Ty, |2 —yl > a/O(1).
Let

u = XGF(,((V )\]) h—‘k,a)

where x € C(I'y,a;[0,1]) vanishes near the ends of T’ ., is equal to 1
away from an a-neighborhood of these end points and with the property that
Vx = O(1/a), V2x = O(1/a?). Then, Upyp, . = 0 and Au = O(a™?) is
supported in an a-neighborhood of the union of the two ends and hence of
uniformly bounded L'-norm. Now we apply the second estimate in the quoted
proposition to u = [ Gr, . (-,y)Au(y)L(dy) and we see that

Gr, (-, \j) = O(e” /(@O (7.48)

a

in {x € Ty qo; dist (x,00NTy o) < 1/O(1)}. Here, we also recall that \; € v €
I',. Varying k, we get (7.48) in {x € I'y; dist (z, d2NT) < 1/O(1)}. Applying
the maximum principle to the harmonic function Gr, (-, Aj) [(c\Q)nr.,, We see
that (7.48) holds uniformly in (C\ Q) NT,.

Similarly, we have (7.48) uniformly in

{z € Ty; dist (x,00N~) <1/O0(1)}U(QNT,),

when \; € I'* and we have shown (7.44), (7.43) when \; € It U ¢!,
Similarly, we have (7.43) when \; € ;o is close to one of the ends.

It remains to treat the case when A; € 7y o is at distance > 1/0O(1) from
the ends of v o. Defining u = xGr, (-, Aj) [,.. as before we now have

Au = [A,X]Gr, (.2 + x5
where the first term in the right-hand side has its support in an a-neighborhood

of the union of the ends and is O(1) in L. By the second part of the quoted
proposition, we have

u(z) = O(1) exp <_C’)(11)a min (dist (z, ends (Vk,0)), |2 — )\j|)> , (7.49)

away from an a-neighborhood of ends (v o) U {\;}. Here ends (yx,) denotes
the union of the two ends of . . Since u is harmonic away from A; and from
a-neighborhoods of the ends, we get from (7.49) that
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Vu() =01 - min (dist (z, ends (c.0)), |~ Ajl) ), (7.50)
u(z) = 5 exp O)a min (dist (z, ends (Vx,«)), | j , .

which gives (7.43) near 9Q N ~. By using the maximum principle as be-
fore, we can extend the validity of (7.43) to all of 0T, \ D()\;,a/O(1)).
O

Continuing, notice that by (3.4), (7.24)
#{o(Psy) Ny =#{Sx oy ()}, N=N+M, (751

for n C ~. Since two consecutive points of §ﬁ differ by an angle of 27/ N and
by the assumptions (1)-(4) prior to Theorem 1.1, we get that

#{\;; dist (A\;,00N7v) < 4ro} = O(aN)
and also
#{\;; dist (A, 09 N7) € [2Frg, 28} = O(a28N), k=2,3,...
From (7.43) and (7.31), we get

N

- ApL(dz) =" / 9,Gr, (2,A;)L(dz)
27 J(99n~)+D(0,2r0) 7/ (892n7)+D(0,2r0))ndT 4

= O(aN) + i 3 e—2°/0(1)
k=2

i
J
dist (X ,09ny)e2krg,2k+1rg]

=0(1) (aN + Z ezk/o(l)OszN>

k=2

= O(aN) + O(l)Na/ e—t/0() gy
0

= O(aN).
(7.52)
Combining (7.32) and (7.43), we get when dist (A\;,0Q2N~) > 2ry:

1+ O(1)edist (4,091 /0(@)  when A; € O,
/ 6VG'Ya (ZvAj)Lé)Fa (dz) = o —dist (\;,002N7)/0(a) !
T, NQ (De 3,080y , when \; & Q.
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We now get

N
ﬂ/QA(bL(dz) = > /awm 9,Gr, (2, \j) Lor, (dz)

j; dist (Aj,7yNON) <4rq

+ > / 8,Gr. (2, M) Lo, (dz)
=2 o' oMY

AjEQ,
dist (A]‘v’vﬁaﬂ)e[2kr0,2k+1ro[
0o
> > / 9y Gr, (2, Aj) Loy, (dz)
k=2 A;EC\Q, or,NQ
dist (Aj17ﬁ852)€[2kr0,2k+1r0[
- k
=O(aN) + Y > (1+0(1)e2/0W)
k=2 AjEQ,

dist (A;,7N9NR)€[2krg,2k+1ry]

i 3 O(1)e~2"/0W

k= AjEC\Q,
dist (A;,7N0NQ)€[2krg,2k+1rg]

— #{)\; € Q} + O(aN).

_l_

(7.53)
Thus, (7.23) gives
#(O’(P]{,) n Q) = #({)\j} N Q) —+ O(OZN) + OQ(NEU)
) % (/Slm ) LSl(da)) +O(aN) + Oa(N%) + o(N),
(7.54)

with a probability as in (7.21) which is bounded from below by the probabil-
ity (1.15) for N > 1 sufficiently large. Here and in the next formula, we view
px and p as maps from S! to C. In the second equality, we used that by (7.51)

N
27 Js1mpyt (@)

N

= — Lgi(df) + O(M) (7.55)
21 Jsinpyt@)

= N Lgi(d) + o(N),

2 S1np—1(£)

#{A} Q) Lgi(df) + O(1)

where we used that py — p uniformly on S and where the measure Lg:(df)
in the integral denotes the Lebesgue measure on S*.

Theorem 1.1 follows by taking o > 0 in (7.54) arbitrarily small and N > 1
sufficiently large.
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8. Convergence of the empirical measure

In this section, we present a proof of Theorem 1.2 following the strategy of [15,
Section 7.3]. An alternative, and perhaps more direct way, to conclude the weak
convergence of the empirical measure from a counting theorem as Theorem 1.2,
is presented in [15, Section 7.1].

Recall the definition of the empirical measure {x (1.20). By (1.21), (1.5)
combined with a Borel Cantelli argument, it follows that almost surely
def def

suppén C D(0, [[pllLe sty +1) = K C D(0, [Ipllp=(s1y +2) = K (8.1)
for N sufficiently large. For p as in (1.4), put
1
=p. | =—L 2
e=r. (5ols) (82)
which has compact support,
suppé = p(S') C K. (8.3)

Here, 5-Lg1 denotes the normalized Lebesgue measure on S*.
We recall [15, Theorem 7.1]:

Theorem 8.1. Let K, K' € C be open relatively compact sets with K C K',
and let {pin}nen € P(C) be as sequence of random measures so that almost
surely

suppit, C K for n sufficiently large.

Suppose that for a.e. z € K' almost surely
U,

Hn
where p € P(C) is some probability measure with suppy C K. Then, almost
surely,

(2) = Uu(z), n— o0,

M — [, N — 00, weakly.

This theorem is a modification of a classical result which allows to de-
duce the weak convergence of measures from the point-wise convergence of the
associated Logarithmic potentials, see for instance [17, Theorem 2.8.3] or [1].

In view of Theorem 8.1, it remains to show that for almost every z € K’
we have that Ug (2) — Ue(z) almost surely, where

Uew(2) = = [loglz — alénda), Uelz) = - [ log|= ~ ale(da).

For z ¢ o(Py) )
Uey(2) = i log | det(P§ — 2)|. (8.4)

For any z € C the set ¥, = {Q € CV*N;det(Py +0Q — 2) = 0} has Lebesgue
measure 0, since CV*N 5 Q s det(P§ — 2) is analytic and not constantly 0.
Thus, puy(X,) = 0, where py is the Gaussian measure given in after (1.11),
and for every z € C (8.4) holds almost surely.

Let 0 satisfy (1.13) for some fixed dy €]0,1[ and 61 > 3. Pick a g €]dy, 1[.
Let z € K'\p(S). Recall (4.17). For a > 0 sufficiently small, we have that
z € K'\q.
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Put ¢ = N°®° as in (7.13), which together with (7.14) implies (7.8) when

N > 1. Since (1.13) implies (7.14), it follows by combining (7.14), (7.5), (7.6)
and (7.7) that

1

N

with probability > 1 —e=N" —e=N"" Here, #(z) ;== N~ tIn|det(py(7) — 2)],
since z ¢ Y.

Using a Riemann sum argument and the fact that py — p uniformly on
S, we have that

log | det(Pg — 2)| — ¢(2)| < O(N=~1). (8.5)

|¢(2) + Ue(2)] — 0, as N — oo. (8.6)
Thus, by (8.5), (8.6), we have for any z € K'\p(S!) that
Uen (2) = Ue(2)] = o(1) (8.7)
with probability > 1—eN? e~ NT/*, By the Borel-Cantelli theorem, if follows
that for every z € K'\p(S")
Uey(2) — Ue(z), as N — oo, almost surely, (8.8)

which by Theorem 8.1 concludes the proof of Theorem 1.2.
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