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Limit Theorems for Random Expanding
or Anosov Dynamical Systems and
Vector-Valued Observables
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Abstract. The purpose of this paper is twofold. In one direction, we
extend the spectral method for random piecewise expanding and hyper-
bolic (Anosov) dynamics developed by the first author et al. to estab-
lish quenched versions of the large deviation principle, central limit theo-
rem and the local central limit theorem for vector-valued observables. We
stress that the previous works considered exclusively the case of scalar-
valued observables. In another direction, we show that this method can
be used to establish a variety of new limit laws (either for scalar or vector-
valued observables) that have not been discussed previously in the liter-
ature for the classes of dynamics we consider. More precisely, we estab-
lish the moderate deviations principle, concentration inequalities, Berry—
Esseen estimates as well as Edgeworth and large deviation expansions.
Although our techniques rely on the approach developed in the previous
works of the first author et al., we emphasize that our arguments require
several nontrivial adjustments as well as new ideas.

Mathematics Subject Classification. Primary 37D20, 60F05.

1. Introduction

The so-called spectral method represents a powerful approach for establish-
ing limit theorems. It has been introduced by Nagaev [40,41] in the context of
Markov chains and by Guivarc’h and Hardy [27] as well as Rousseau-Egele [45]
for the deterministic dynamical systems. We refer to [33] for a detailed presen-
tation of this method. In the case of deterministic dynamics, we have a map T
on the state space X which preserves a probability measure p on X. Then, for
a suitable class of observables g, we want to obtain limit laws for the process
(goT™)nen. In other words, we wish to study the distribution of Birkhoff sums
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Sng = Z?;ol goT* n € N. Let £ be the transfer operator (acting on a suitable
Banach space B) associated with 7" and for each complex parameter 6, let £?
be the so-called twisted transfer operator given by L%f = L(e% - f), f € B.
The core of the spectral method consists of the following steps:

e rewriting the characteristic function of S, ¢ in terms of the powers of the
twisted transfer operators £

e applying the classical Kato’s perturbation theory to show that for 6 suf-
ficiently close to 0, £? inherits nice spectral properties from L. More
precisely, usually one works under assumptions which ensure that £ is a
quasi-compact operator of spectral radius 1 with the property that 1 is
the only eigenvalue on the unit circle with multiplicity one (and with the
eigenspace essentially corresponding to p). Then, for 0 sufficiently close
to 0, £Y is again a quasi-compact operator with an isolated eigenvalue
of multiplicity one such that both the eigenvalue and the corresponding
eigenspace (as well as other related objects) depend analytically on 6.

This method has been used to establish a variety of limit laws for broad
classes of chaotic deterministic systems exhibiting some degree of hyperbol-
icity. Indeed, it has been used to establish large deviation principles [33,44],
central limit theorems [3,11,33,45], Berry—Esseen bounds [23,27], local central
limit theorems [23,33,45] as well as the almost sure invariance principle [25].
We refer to the excellent survey paper [26] for more details and further refer-
ences.

Very recently, the spectral method was extended to broad classes of ran-
dom dynamical systems. More precisely, the first author et al. adapted the
spectral method in order to obtain several quenched limit theorems for ran-
dom piecewise expanding as well as random hyperbolic dynamics [15,17]. In
particular, they proved the first version of the quenched local central limit in
the context of random dynamics. A similar task was independently accom-
plished for random distance expanding dynamics by the second author and
Kifer [31]. We stress that the study of the statistical properties of the ran-
dom or time-dependent dynamical systems was initiated by Bakhtin [7,8] and
Kifer [34,35] using different techniques from those in [15,17] (and the present
paper). Indeed, the methods in [7,8] rely on the use of real Birkhoff cones (and
share some similarities with the approach in [31]) although Bakhtin does not
discuss the local central limit theorem and the dynamics he considered does
not allow the presence of singularities. Moreover, his results do not include
the large deviations principles obtained in [15,17]. On the other hand, all the
results in [35] rely on the martingale method which although also very power-
ful, cannot, for example, be used to obtain a local central limit theorem.

Let us now briefly discuss the main ideas from [15,17,31]. Instead of a
single map as in the deterministic setting, we now have a collection of maps
(T.,)wen acting on a state space X, where ({2, F,P) is a probability space. We
consider random compositions of the form

Tu()n):To_n,—le"'OTw for w € 2 and n € N,
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where o: {2 — (2 is an invertible P-preserving transformation. Under appropri-
ate conditions, there exists a unique family of probability measures (uw)wen
on X such that TS, = psw for P-a.e. w € (2. Then, for a suitable class of
observables g: 2 x X — R, we wish to establish limit laws for the process
(gonw © Tu(,”))neN with respect to pu,,, where g, = g(w,), w € Q2. Let L,
denote the transfer operator associated with 7, (acting on a suitable Banach
space B). In a similar manner to that in the deterministic case, for each § € C
and w € §2 we consider the twisted transfer operator £/ on B defined by
L0 f = L(e?)f), f € B. Then, the arguments in [15,17] proceed as follows:

e we represent the characteristic functions of the random Birkhoff sums

500(0.) = 3 g0 (T)())
1=0

in terms of twisted transfer operators;

e in the language of the multiplicative ergodic theory, for 8 sufficiently close
to 0, the twisted cocycle (£?),cn is quasi-compact, its largest Lyapunov
exponents has multiplicity one (i.e., the associated Oseledets subspace is
one dimensional) and similarly to the deterministic case all these objects
exhibit sufficiently regular behavior with respect to 6.

Although Lyapunov exponents and associated Oseledets subspaces precisely
represent a nonautonomous analogous of eigenvalues and eigenspaces, we
emphasize that the methods in [15,17] require a highly nontrivial adjustments
of the classical spectral method for deterministic dynamics.

The goal of the present paper is twofold. In one direction, we wish to
extend the main results from [15,17] by establishing quenched versions of the
large deviations principle, central limit theorem and the local central limit for
vector-valued observables. We stress that in [15,17] the authors dealt only with
scalar-valued observables. Although in order to accomplish this we heavily rely
on the previous work, we stress that the treatment of vector-valued observables
requires several changes of nontrivial nature when compared to the previous
papers.

In another direction, we show that the spectral method developed
in [15,17] can be used to establish a variety of new limit laws (either for
scalar or vector-valued observables) that have not been considered previously
in the literature (at least for the classes of dynamics that are considered in
the present paper). Indeed, we here for the first time discuss a moderate devi-
ations principle, Berry—Esseen bounds, concentration inequalities, Edgeworth
and certain large deviations expansions for random piecewise expanding and
hyperbolic dynamics. We emphasize that each of these results requires nontriv-
ial adaptation of the techniques developed in [15,17]. We in particularly stress
that similarly to [15,17], none of our results require any mixing assumptions
for the base map o.

Finally, we would like to briefly mention some of other works devoted
to statistical properties of random dynamical systems. We particularly men-
tion the works of Ayyer, Liverani and Stenlund [3] as well as Aimino, Nicol
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and Vaienti [1] that preceded [15]. They also discuss limit laws for random
toral automorphisms and random piecewise expanding maps, respectively, but
under a restrictive assumption that the base space (£2,0) is a Bernoulli shift.
Furthermore, we mention the recent interesting papers by Bahsoun and col-
laborators [2,4,5] as well as Su [47] concerned with the decay of correlation
and limit laws for systems which can be modeled by random Young towers.
Further relevant contributions to the study of statistical properties of random
or time-dependent dynamics have been established by Nandori, Szasz, and
Varju [42], Nicol, Térok and Vaienti [43], Hella and Stenlund [32], Leppénen
and Stenlund [36,37] as well as the second author [29,30]. We also refer the
readers to corresponding results for inhomogeneous Markov chains, including
ones arising as almost sure realizations of Markov chains in random (dynam-
ical) environments due to Dolgopyat and Sarig [14] and Kifer and the second
author [31].

2. Preliminaries

In this section, we recall basic notions and results from the multiplicative
ergodic theory which will be used in the subsequent sections. The material is
essentially taken from [15], but we include it for readers’ convenience.

2.1. Multiplicative Ergodic Theorem

In this subsection, we recall the recently established versions of the multiplica-
tive ergodic theorem which can be applied to the study of cocycles of transfer
operators and will play an important role in the present paper. We begin by
recalling some basic notions.

A tuple R = (2, F,P, 0,8, L) will be called a linear cocycle, or simply
a cocycle, if o is an invertible ergodic measure-preserving transformation on a
probability space (2, F,P), (B, ]]-||) is a Banach space and L: 2 — L(B) is a
family of bounded linear operators such that log* ||£(w)|| € L*(P). Sometimes,
we will also use L to refer to the full cocycle R. In order to obtain sufficient
measurability conditions, we assume the following:

(CO) {2 is a Borel subset of a separable, complete metric space, o is a homeo-
morphism and £ is either P—continuous (that is, £ is continuous on each
of countably many Borel sets whose union is {2) or strongly measurable
(that is, the map w +— L, f is measurable for each f € B) and B is
separable.

For each w € 2 and n > 0, let E&n) be the linear operator given by
EL(‘,") = Lon-1,0-0Lg,0L,.

Condition (C0) implies that the map w — log ||££,n) || is measurable for each n €
N. Thus, Kingman’s sub-additive ergodic theorem ensures that the following
limits exist and coincide for P-a.e. w € {2:

1
AR) = lim_—log |I£{"|
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1
K(R) := lim = logic(£),

n—oo n

where
ic(A) := inf {r > 0: A(Bg) can be covered with finitely many balls of radius r},

and Bp is the unit ball of B. The cocycle R is called quasi-compact if A(R) >
k(R). The quantity A(R) is called the top Lyapunov exponent of the cocycle
and generalizes the notion of (logarithm of) spectral radius of a linear operator.
Furthermore, x(R) generalizes the notion of essential spectral radius to the
context of cocycles.

Remark 2.1. We refer to [15, Lemma 2.1] for useful criteria which can be used
to verify that the cocycle is quasi-compact.

A spectral-type decomposition for quasi-compact cocycles can be obtained
via the following multiplicative ergodic theorem.

Theorem 2.2. (Multiplicative ergodic theorem, MET [10,21,22]). Let R =
(2,F,P,0,B,L) be a quasi-compact cocycle and suppose that condition (C0)
holds. Then, there exist 1 < | < oo and a sequence of exceptional Lyapunov
exponents

AR)=M>X > >N>k(R) (ifl<l<o0)
or

AR) =M > >+ and nh_)rrgo A =6(R)  (ifl = o0),

and for P-a.e. w € (2, there exists a unique splitting (called the Oseledets
splitting) of B into closed subspaces

l
B=Vw) e @Yw), 1)

depending measurably on w and such that:
(I) For each 1 < j <1, Y;(w) is finite-dimensional (m; := dimYj(w) < 00),
Y; is equivariant, i.e., L,Y;(w) = Y;(ow) and for every y € Y;(w)\{0},

1
lim_~log [|£5Vyl| = A;.
(Throughout this paper, we will also refer to Yi(w) as simply Y (w) or

Y,.)
(II) V is equivariant, i.e., L,V (w) C V(ow) and for every v € V(w),

1
lim = log ||£™v| < k(R).
n—oo N,

The adjoint cocycle associated with R is the cocycle R* = ({2,
F,P o1, B* L*), where (L*), := (L,-1,)*. In a slight abuse of notation
which should not cause confusion, we will often write £} instead of (L*),,, so
LF will denote the operator adjoint to £,-1,.

The following two results are taken from [15].
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Corollary 2.3. Under the assumptions of Theorem 2.2, the adjoint cocycle R*
has a unique, measurable, equivariant Oseledets splitting

l
B =V*w)® @Yj*(w), (2)

with the same exceptional Lyapunov exponents \; and multiplicities m; as R.

Let the simplified Oseledets decomposition for the cocycle L (resp. L£*)

be
B=Y(w)® H(w) (resp. B*=Y"(w)® H*(w)), (3)

where Y (w) (resp. Y*(w)) is the top Oseledets subspace for £ (resp. £*) and
H(w) (resp. H*(w)) is a direct sum of all other Oseledets subspaces.

For a subspace S C B, we set S° = {¢p € B*: ¢(f) =0 for every f € S}
and similarly for a subspace S* C B* we define (5*)° = {f € B : ¢(f) =
0 for every ¢ € S*}.

Lemma 2.4. (Relation between Oseledets splittings of R and R*). The follow-
ing relations hold for P-a.e. w € (2:

H*(w)=Y(w)? and Hw)=Y"(w)". (4)

3. Piecewise Expanding Dynamics

In this section, we introduce the class of random piecewise expanding dynamics
we plan to study (which is the same as considered in [15]). We then proceed by
introducing a class of vector-valued observables to which our limit theorems
will apply. Furthermore, for § € C?, we introduce the corresponding twisted
cocycle of transfer operators (L£?),cq. Finally, we study the regularity (with
respect to ) of the largest Lyapunov exponent and the corresponding top
Oseledets space of the cocycle (L),cq. Our arguments in this section follow
closely the approach developed in [15]. We refer as much as possible to [15], dis-
cussing in detail only the arguments which require substantial changes (when
compared to [15]).

3.1. Notions of Variation

Let (X, G) be a measurable space endowed with a probability measure m and

a notion of a variation var: L'(X,m) — [0,00] which satisfies the following

conditions:

(V1) var(th) = |t| var(h);

(V2) var(g + h) < var(g) + var(h);

(V3) ||hllzee < Cyar(||h]|1 + var(h)) for some constant 1 < Clay < 00;

(V4) for any C' > 0, the set {h: X — R : ||h|; + var(h) < C} is L' (m)-
compact;

(V5) var(lyx) < oo, where 1x denotes the function equal to 1 on X;

(V6) {h: X — R, : ||h]|y =1 and var(h) < oo} is L'(m)-dense in {h: X —
Ry : [hlly = 1},
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(V7) for any f € L'(X,m) such that essinf f > 0, we have var(1/f) <
var(f)

(ess inf f)2°

(V8) var(fg) < [[fllLe - var(g) + [lg|lze - var(f).
(V9) for M > 0, f: X — Bga(0,M) measurable and every C! func-

tion h: Bga(0, M) — C, we have var(h o f) < sup{||Dh(P)|| : P €
Bpa(0, M)} -var(f). Here, Bga(0, M) denotes the closed ball in R? cen-
tered in 0 with radius M.

We define
B:= BV = BV(X,m) = {g € L*(X,m) : var(g) < oo}.
Then, B is a Banach space with respect to the norm

lglls = llgllx + var(g).
From now on, in this section, we will use B to denote a Banach space of this
type, and ||g||5, or simply ||g|| will denote the corresponding norm.
We note that examples of this notion correspond to the case where X
is a subset of R™. In the one-dimensional case, we use the classical notion of
variation given by

var(g) = inf sup |h(sk) — h(sk—1)] (5)
h:g(mOd m) 0=s50<s51<---<sp=1 h—1
for which it is well known that properties (V1)—(V9) hold. On the other hand,
in the multidimensional case (see [46]), we let m = Leb and define

var(f) = sup ia osc(f, Be(x))) dz, (6)
0<e<eo € JR

where

osc(f, Be(x)) = ess Sup,, 4,ep, (o) f (1) — f(22)]
and where ess sup is taken with respect to product measure m x m. It has been
discussed in [15] that in this case, var(-) again satisfies properties (V1)—(V9).
In another direction, by taking var(-) to be a Hélder constant and X to be
a compact metric space, our framework also includes distance expanding maps
considered in [31,38] which are nonsingular with respect to a given measure
m. (In particular, we consider the case of identical fiber spaces X, = X.)

3.2. A Cocycles of Transfer Operators

Let (£2,F,P,0) be asin Sect. 2.1, and X and B as in Sect. 3.1. Let T,,: X — X,
w € §2 be a collection of nonsingular transformations (i.e., m o 7,1 < m for
each w) acting on X. The associated skew product transformation 7: 2x X —
(2 x X is defined by

T(w,z) = (o(w), Tu(x)), weN, zeX. (7)

Each transformation T,, induces the corresponding transfer operator £, acting
on L'(X,m) and defined by the following duality relation

/(qub)wdm:/ ¢ oT,)dm, qﬁeLl(X,m), P € L™®(X,m).
X X
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For each n € N and w € {2, set
Tu()”) =T n-1,0---0T, and ESL) =Lon-1,0--0L,.

Definition 3.1. (Admissible cocycle). We call the transfer operator cocycle R =
(2,F,P,0,B, L) admissible if the following conditions hold:
(C1) R is P-continuous (i.e., £ is continuous in w on each of countably many

Borel sets whose union is (2);
(C2) there exists K > 0 such that

Lo flls < K|fllg, forevery f € B and P-a.e. w € (2.
(C3) there exist N € N and measurable o™,8Y: 2 — (0,00), with
fQ log oV (w) dP(w) < 0, such that for every f € B and P-a.e. w € {2,
15V flls < @™ (@)[If 15 + BY @)1 f]1-

(C4) there exist K, A > 0 such that for every n > 0, f € B such that [ fdm =
0 and P-a.e. w € (2.

150 ()l < K'e™ " fl5-

(C5) there exist N € N,¢ > 0 such that for each a > 0 and any sufficiently
large n € N,

ess inf L™ f > ¢||f||l1, for every f € Cy and P-a.e. w € 12,
where Cy :={f € B: f >0 and var(f) <a [ fdm}.

Remark 3.2. We note that we have imposed condition (C1) since in this setting
B is not separable.

Remark 3.3. We refer to [15, Sect. 2.3.1] for explicit examples of admissible
cocycles of transfer operators associated with piecewise expanding maps both
in dimension 1 and in higher dimensions.

The following result is established in [15, Lemma 2.9].

Lemma 3.4. An admissible cocycle of transfer operators R = (£2,F,P,0,B,L)
is quasi-compact. Furthermore, the top Oseledets space is one dimensional.
That is, dimY (w) =1 for P-a.e. w € (2.

The following result established in [15, Lemma 2.10] shows that in this
context, the top Oseledets space is spanned by the unique random abso-
lutely continuous invariant measure (a.c.i.m. for short). We recall that random
a.c.i.m. is a measurable map v° : 2 x X — RT such that for P-a.e. w € {2,

vl = 1%w,-) € B, [v%(x)dm =1 and

L0 =2 for P-a.e. w € {2. (8)

ow?

Lemma 3.5. (Existence and uniqueness of a random acim). Let R =
(2,F,P,0,B,L) be an admissible cocycle of transfer operators. Then, there
exists a unique random absolutely continuous invariant measure for R.
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For an admissible transfer operator cocycle R, we let u be the invariant
probability measure given by

w(Ax B) = / v (w, z) d(P x m)(w,z), for Ac Fand B€G, (9)
AxB

where v° is the unique random a.c.i.m. for R and G is the Borel o-algebra
of X. We note that u is 7-invariant, because of (8). Furthermore, for each
G € LY(2 x X, ) we have that

Joun O= Gt 0 9700,

where j,, is a measure on X given by du,, = v°(w, -)dm.
Let us recall the following result established in [15, Lemma 2.11].

Lemma 3.6. The unique random a.c.i.m. v° of an admissible cocycle of transfer
operators satiesfies the following:

1.
ess sup,,co vl 5 < oo; (10)

2. there exists ¢ > 0 such that
ess infvl(-) > ¢, for P-a.e. w € £2; (11)

3. there exists K >0 and p € (0,1) such that

’/ cgm(fvg)hdm—/ fduw-/ hdpign,
X X X
forn>0, he L>*(X,m), f € B and P-a.e. w € 0.

< Kp*[|hllze - ([ flls,  (12)

3.3. The Observable
Let us now introduce a class of observables to which our limit theorems will
apply (although in some cases we will require additional assumptions).
Definition 3.7. (Observable). An observable is a measurable map g: 2 x X —
R g = (g%, ..., 9% satisfying the following properties:
e Regularity:
lg(w, )L oxx) = M < oo and esssup,ep var(g,) < oo, (13)
where g, = g(w, ) and var(g,) := maxj<;<q var(g’,), w € £2.
e Fiberwise centering:
/ gt (w, ) dpy (x) = / g'(w, )0l (z)dm(xz) =0 for P-ae. w € 2,1 <i<d,
X p's
(14)

where v° is the density of the unique random a.c.i.m., satisfying (8).

Remark 3.8. The class of observables considered in [15] are scalar-valued, i.e.,
correspond to the case when d = 1.
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We also introduce the corresponding random Birkhoff sums. More pre-
cisely, for n € N and (w,z) € 2 x X, set

Sng(w, ) ZgawT(l) ).

3.4. Basic Properties of Twisted Transfer Operator Cocycles

Throughout this section, R = (2, F,P, o, B, £) will denote an admissible trans-
fer operator cocycle. Furthermore, by x - y we will denote the scalar product
of ,y € C? and |z| will denote the norm of z.

For an observable g as in Definition 3.7 and # € C%, the twisted trans-
fer operator cocycle (or simply a twisted cocycle) RY is defined as R? =

(02, F,P,a,B,L%), where for each w € £2, we define
LO(f) = L,(?9“)f),  feB. (15)

For convenience of notation, we will also use £Y to denote the cocycle R?. For
each 0 € C?, set A(f) := A(RY) and

£sm =8 ool forwe QandneN.
Lemma 3.9. For P-a.e. w € 2 and 6 € C?,
var(e?9)) < 16]el'™ var(g(w, -)).

Proof. The conclusion of the lemma follows directly from (V'9) applied for
f =g(w,-) and h given by h(z) = €?* by taking into account (13). O
Lemma 3.10. There exists a continuous function K: C* — (0,00) such that

1L0h|s < K(0)||h|s, forheB,6cC andP-a.e. weE . (16)

Proof. Tt follows from (13) that for any h € B, [e? 9 h|; < el?IM|p|;. Fur-
thermore, (V8) implies that

var(e? 9@ ) < |9 || po - var(h) + var(e? 9 )) b Lo,
which together with (V3) and Lemma 3.9 yields that
[e? 9 b5 = var(e? 9 Ih) + P9I p|y
< ?™M||hf|s + +0]elM ess sup,e o var(g(w, )| Al e
< (MM Cor|0]€l?M ess sup,cq var(g(w,-)))|| 5.
Thus, from (C2) we conclude that (16) holds with
K@) =K (ele‘M + Clar|0]e!?™ ess sup, e var(g(w, ))) .

Lemma 3.11. The following statements hold:
1. for every ¢ € B*,f € B, we€ 2, 0 € C* and n € N we have that

L (f) = £ (7500 f),and L350 (g) = 59 £200 (), (17)
where (%59 )(f) i= ¢(e? 59 f);
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2. for every f € B, w € 2 and n € N we have that
/ L5y dm :/ 9 5n9(@) ¢ dm, (18)
X X

Proof. We establish the first identity in (17) by induction on n. The case n = 1
follows from the definition of £?. We recall that for every f, f € B,

LEN(FoTi™) - f) = F-L57(f). (19)
Let us assume that the claim holds for some n. Then, using (19) we have that
LEHD (0 Sm4190) £y = £, (L) (09070 )0TE 0-Sng () )
= Lony (eﬁ-g(dnwx)ﬁ‘(dn)(€0<Sn,g(ww)f))
= L., LEM(f) = LLTV ().
The second identity in (17) follows directly from duality. Finally, (18) follows
by integrating the first equality in (17). O

3.5. An Auxiliary Existence and Regularity Result

We now recall the construction of Banach spaces introduced in [15] that play
an important role in the spectral analysis of the twisted cocycle.

Let S8’ denote the set of all measurable functions V: 2 x X — C such
that:

o for P-a.e. w € {2, we have that V(w,-) € B;

®
ess supe o[ V(w,-)lls < oo;
Then, &’ is a Banach space with respect to the norm
[Vlloo := ess sup e nlV(w, )|

Furthermore, let S consist of all V € &’ such that for P-a.e. w € £2,

/X V(w,:)dm = 0.

Then, S is a closed subspace of 8’ and therefore also a Banach space.
For # € C* and W € S, set

L W) 0 ()

Ll W tw, ) 00, ()dm

o lw

FO,W)(w, ) W(w,") = v (). (20)
Lemma 3.12. There exist €, R > 0 such that F': D — S is a well-defined ana-
lytic map on D = {0 € C¢: 0| < €} x Bs(0, R), where Bs(0,R) denotes the
ball of radius R in S centered at 0.

Proof. Let G: Bca(0,1) xS — & and H: Bga(0,1) x S — L*°(£2) be defined
by (73), where Bga(0,1) denotes the unit ball in CZ. Tt follows from (10) and
Lemma 3.10 that G and H are well defined. Furthermore, by arguing as in [17,
Lemma 5.1] we have that G and H are analytic.
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Moreover, since H(0,0)(w) = 1 for w € {2, we have that
[H(0,W)(w)| 21— [H(0,0)(w) = H(#,W)(w)| = 1 —[|H(0,0) - H(97W)H(L°°),
21
for P-a.e. w € 2. Hence, the continuity of H implies that ||H(0,0) —
H(O,W)| L=~ < 1/2 for all (6,V) in a neighborhood of (0,0) € C¢ x S. We
observe that it follows from (21) that in such neighborhood,

ess inf,|H (0, W)(w)| > 1/2.
The above inequality together with (10) yields the desired conclusion. d

The proof of the following result follows closely the proof of [15,
Lemma 3.5].

Lemma 3.13. Let D = {# € C¢ : |0| < €} x Bs(0,R) be as in Lemma 3.12.
Then, by shrinking € > 0 if necessary, we have that there exists O: {§ € C? :
|0] < €} — S analytic in 0 such that
F(6,0(0)) =0. (22)

Proof. We notice that F(0,0) = 0. Moreover, Proposition 6.4 implies that
(Dg11F(0,0)X)(w, ) = Lo-1,(X (0 w, ") = X(w,-) forw e 2and X €S,
where Dgi1F denotes the derivative of F' with respect to WW. We now prove
that Dg41F(0,0) is bijective operator.

For injectivity, we have that if Dy F(0,0)X = 0 for some nonzero
X € 8, then L X, = X, for P-a.e. w € £2. Notice that X, ¢ (v0) because
[ X,(:)dm = 0 and X, # 0. Hence, this yields a contradiction with the one

dimensionality of the top Oseledets space of the cocycle L, given by Lemma 3.4.
Therefore, D1 F(0,0) is injective. To prove surjectivity, take X € S and let

X(w,) = —izfjljﬂ(a*jw,-). (23)
j=0

It follows from (C4) that X € S and it is easy to verify that D1 F(0,0)X = X.
Thus, D44+1F(0,0) is surjective.

Combining the previous arguments, we conclude that Dgi1F(0,0) is
bijective. The conclusion of the lemma now follows directly from the implicit
complex analytic implicit function theorem in Banach spaces (see, for instance,
the appendix in [49]). O

3.6. On the Top Lyapunov Exponent for the Twisted Cocycle

Let A(0) be the largest Lyapunov exponent associated with the twisted cocycle
L% Let 0 < e < 1and O(f) be as in Lemma 3.13. Let

v (1) = 0 () + 0(O) (W, ). (24)

We notice that [v? () dm = 1 and by Lemma 3.13, 6 +— v% is analytic. Let us
define

A(0) ::/Qlog‘/xee'g(w’x)vf}(x) dm(z)| dP(w), (25)
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and
2= / e? 9@ D)0 () dm(z) = / L2400 (x) dm(x), (26)
X X

where the last identity follows from (18).
The proof of the following result is identical to the proof of [15,
Lemma 3.8].

Lemma 3.14. For every 6 € Bea(0,¢) := {6 € C: |0] < €}, A(9) < A(6).

The proof of the following result can be established by repeating the
arguments in the proof of [15, Lemma 3.9].

Lemma 3.15. We have that A is differentiable on a neighborhood of 0, and for
each i € {1,...,d}, we have that

DeA(6) = %</9 A (fx 94w, )el 9 Iuf () dr;?}fx €290 (D;0(8)) () dm) dP(w)>’

where R(z) denotes the real part of a complex number z and Z the complex
conjugate of z. Here, D; denotes the derivative with respect to 0;, where § =

(01,...,04).
Lemma 3.16. For i€ {1,...,d}, we have that Di/i(O) =0.

Proof. Since A, = 1, it follows from the previous lemma that

D;A(0) = 9‘?</Q/X (9"(w, )3 () + (Di0(0))u(-)) dmdP(w)) (27)

On the other hand, it follows from the implicit function theorem that
D;0(0) = — Dy 1F(0,0)"1(D;F(0,0)).

It was proved in Lemma 3.13 that Dy41F(0,0): S — S is bijective. Thus,
Dy+1F(0,0)71: & — S and therefore D;0(0) € S which implies that

/ D,;0(0),, dm = 0 for P-a.e. w € £2. (28)
X

The conclusion of the lemma now follows directly from (14), (27)
and (28). O

The proofs of the following two results are identical to the proofs of [15,
Theorem 3.12] and [15, Corollary 3.14], respectively.

Theorem 3.17. (Quasi-compactness of twisted cocycles, 6 near 0). Assume that
the cocycle R = (12, F,P, 0, B, L) is admissible. For § € C% sufficiently close to
0, we have that the twisted cocycle L9 is quasi-compact. Furthermore, for such
0, the top Oseledets space of L is one dimensional. That is, dimY?%(w) = 1
for P-a.e. w € 2.

Lemma 3.18. For 6 € C? near 0, we have that A(6) = A(9). In particular,
A(0) is differentiable near 0 and D;A(0) =0, for every i € {1,...,d}.
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By arguing as in the proof of [18, Proposition 2], we have that there exists
a positive semi-definite d x d matrix X2 such that for P-a.e. w € §2, we have
that

>? = lim lCovw(S’ng(w, ), (29)

n—oo N
where Cov,, denotes the e covariance with respect to the probability measure
1. Moreover, the entries Efj of X2 are given by

21‘23‘ /Qxxgi(wyx)gj(w,x)dﬂ(w,x)+nzl QXXgi(w,:E)gj(T”(w,x))du(w,z)

o0

+ ; /.O><X gj (w, :v)gi (7" (w, z)) dp(w, x). (30)

We also recall that X2 is positive definite if and only if g does not satisfy that
vV-g=r—roT p-a.e.,
for all v € RY, v # 0 and some r € L2 (2 x X).

Lemma 3.19. We have that A is of class C? on a neighborhood of 0 and
D2A(0) = X2, where D?A(0) denotes the Hessian of A in 0.

Proof. By repeating the arguments in the proof of [15, Lemma 3.15], one can
show that A is of class C? and that

B DN, DD,
D”AW)‘%(/Q( oo )W)

where D; A% denotes the derivative of § — A’ with respect to ¢; and D;; A\, is
the derivative of § — D;\Y with respect to 6;. Moreover, using (26), the same
arguments as in the proof of [15, Lemma 3.15] yield that

DX, :/ (9" (w, 2)e? 9@l () + €797 (D,0(6)) o (x)) dm ()
X
and

Dij\], = /X(gi(wyaf)gj(wyﬂ?)eg'g(“”w)vz(ﬂi) + g’ (0, 2)e” 9 (D;0(6)) () dm(z)
+/X(gi(wvx)ee‘g(w’gc)(DjO(@))w(x)+69‘g(w’z)(Dz‘jO(9))w($))dm(ﬂf)-
Since D;;0(0) € S for i,j € {1,...,d}, we have that
/X(DijO(O))w dm =0, for P-ae.we 2andi,je{l,..., d}. (31)
From (14) and (28), we conclude that D;\’ [p—o = 0 and
D Xlo-0 = [ 4'(w,2)g(@.0) dus(a)

+/ (9’ (w, 2)(D:i0(0))w(2) + ¢ (w, 2)(D;0(0))w (2)) dm(z).
X
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Hence,
Dy A(0) = %( [ g e dues)
+ /Q /X ¢ (@, 2) (D;0(0))o () dim(z) dP(w)
[ ng)wjom))w(x)dm(@dw).

On the other hand, by the implicit function theorem, we have that
D;0(0),, = —(D4y1F(0,0)"1(D;F(0,0)))..
Furthermore, (23) implies that

oo

(Da1F(0,0)7 W)y = =3 £, (W),

n=0
for each W € S. Hence, it follows from Proposition 6.4 that

oo

D;0(0), = > L, (9" (07w, ), ().

n=1

Consequently, since o preserves P, we have that

/Q/gj(w,m)(DiO(O))w(x) dm(z) dP(w)
:Z/QAgj(w,x)ﬁ((i)nw(gi(g*nw,.)vg_nw)dm(x) dP(w)
:Z/Q/Xgj(w,Téﬁ),,wa)gi(g—nw,x) dpty—ny, () AP(w)
:°° I (oM. T 2o (w. . .

HZI/Q/XQ( TV 2) g (w, ) dppg () dP(w)

=3 [ D ) due )

Thus, D;;A(0) = £7; and the conclusion of the lemma follows. O

4. Limit Theorems

In this section, we establish the main results of our paper. More precisely, we
prove a number of limit laws for a broad classes of random piecewise dynamics
and for vector-valued observables. In particular, we prove the large deviations
principle, central limit theorem and the local limit theorem, thus extending
the main results in [15] from scalar to vector-valued observables. In addition,
we prove a number of additional limit laws that have not been discussed ear-
lier. Namely, we establish the moderate deviations principle, concentration
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inequalities, self-normalized Berry—Esseen bounds as well as Edgeworth and
large deviations (LD) expansions.

4.1. Choice of Bases for Top Oseledets Spaces Yf and Y:e

We recall that Y% and Y*? are top Oseledets subspaces for twisted and adjoint
twisted cocycle, £/ and L£*, respectively. The Oseledets decomposition for
these cocycles can be written in the form

B=Y’®H) and B*=Y°@H:’, (32)

where HY = VO (w) @ @é":Q Yja(w) is the equivariant complement to Y :=
Y (w), and H3Y is defined similarly. Furthermore, Lemma 2.4 shows that the
following duality relations hold:

¥(y) = 0 whenever y € Yf and ¢ € H:;Ga and
#(f) = 0 whenever ¢ € Y% and f € HY. (33)

Let us fix convenient choices for elements of the one-dimensional top
Oseledets spaces Y. and Y,*?, for § € C? close to 0. Let v%, € Y, be as in (24),
so that [vf(-)dm = 1. We recall that

0,0 0,0
Lov, =A,v,, forP-ae wef2

where
N = /69'9(“’")02 dm(zx).

Let us fix ¢f € Y*% so that ¢% (v?) = 1. We note that this selection is possible
and unique, because of (33). Moreover, as in [15] we easily conclude that

L8y 2 N gf  for P-ae. w € 0.

ow =
4.2. Large Deviations Properties

The proof of the following result is identical to the proof of [15, Lemma 4.2].

Lemma 4.1. Let § € C? be sufficiently close to 0, so that the results of Sect. 4.1
apply. Let f € B be such that f ¢ HY i.e., ¢ (f) # 0. Then,

1
lim —log ‘ /eg's"g(‘*’")f dm| = A(0) for P-a.e. w € f2.

n—oo N

Next, suppose that X2 is positive definite and let B C R be a closed ball
around the origin so that D2A(t) is positive definite for any ¢t € B and set
A*(x) =sup (t-x — A(t)).
teB
Observe that the existence of B follows from Lemma 3.19. By combining

Lemma 4.1 with Theorem 6.7, we obtain the following local large deviations
principle.

Theorem 4.2. For P-a.e. w € {2, we have:
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(i) for any closed set A C RY,
limsup ~ log o ({Sn9(w, )/ € A}) < — inf A°(z);

(i) there exists a closed ball By around the origin (which does not depend on
w) so that for any open subset A of By we have

1
lim inf ~ log 1., ({S., A}) > — inf A
iminf —log p ({Sng(w,)/n € A}) 2 — inf A*(z).

Remark 4.3. In the scalar case, for P-a.e. w € {2 and for any sufficiently small
e > 0, we have (see [33, Lemma XIII.2]) that

lim %log,uw({x 1 Spg(w, ) > ne}) = —A%(e).

The above conclusion was already obtained in [15, Theorem A].

In the multidimensional case, we can apply [48, Theorem 3.2] and con-
clude that for any box A around the origin with a sufficiently small diameter,
lim — IOng({Sng( )/n ¢ A}) == irng A*(a’)

n— oo ac

We also refer the reader to [48, Theorem 3.1] which, in particular, deals with
the asymptotic behavior of probabilities of the form p,({S,g(w,-)/n € C}),
where C' is a cone with a nonempty interior.

Next, we establish the following (optimal) global moderate deviations
principle. Let (a,), be a sequence in R such that lim, “—\/% = oo and

lim,, o0 52 = 0.
Theorem 4.4. For P-a.e. w € 2 and any 0 € R%, we have that

1 1
li log E[e!Sno(@r)/en] = ~gT 5729
a7 log le =3 ;
where ¢, = n/a,. Consequently, when X? is positive definite, we have that:
(i) for any closed set A C RY,
1
lim sup ——— loguw({Sng( ) an € A}) < —3 inf 27 X%,
n—oo ap TE€
(ii) for any open set A C R, we have
lim inf
n—oo n/

where X2 denotes the inverse of X2.

1
0g jo({Sng(w, ) [an € A}) > =5 inf 27272,

Proof. Let I1,,(f) be an analytic branch of log A’ around 0 so that I7,,(0) = 0
and |I1,(0)| < ¢ for some ¢ > 0. Note that it is indeed possible to construct
such functions I7, in a deterministic neighborhood of 0 since A} = 1 and
6 — A\’ are analytic functions which are uniformly bounded around the origin.
Set IT,,,(0) = >0 2, ' 11,,.,(6). Then VII,(0) = VA’ [)—o = 0 (see the proof of
Lemma 3.19) and hence

Vi, (0) = 0. (34)
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By applying £5™ to the identity 00 = ¢l (W)l + (2 — ¢% (v2)v?) and
integrating with respect to m, we obtain that

/ eSna) /g)(nv dm = ¢ (10)elTen ()

/ £ o2 (V)02 )dm. (35)

By Lemma 4.7, the second term in the above right-hand side is O (r™) uniformly
in w and # (around the origin), for some 0 < r < 1. Using the Cauchy integral
formula, we get that

|D2Hw7n(0) — Covy,, (Sng(w, ))| <, (36)

where C' is some constant which does not depend on w and n. In the deriva-
tion of (36), we have also used that the function § — ¢? (v0) is analytic and
uniformly bounded in w, which can be proved as in [15, Appendix C], using
again the complex analytic implicit function theorem.

Next, let § € R? and set 6, = 0/c,, where ¢, = n/a, and (a,), is
the sequence from the statement of the theorem. Then, lim,,_, ., ¢, = 0o and
lim,, oo ¢ /n = 0. Set X2, = Cov,,, (Sng(w,-)). By (36), when n is sufficiently
large, we can write

1
I, ,(0,) = 59523,,19,1 + O(|0,%) + O(n]6,]?).

Therefore,

2

lim 11, ,,(0,) = %9%29.

n—oo n

This together with (35) implies that

c 9-Sng(w,)/c C% L 1o
lim log E[e”~nd9@»)ien] = lim 11, ,(0,) = 59 2°0.

n—oo N n—oo N
The upper and lower large deviations bounds follow now from the Gartner—
Ellis theorem (see [12, Theorem 2.3.6]). O

Theorems 4.2 and 4.4 deal with the asymptotic behavior of probabilities
of rare events on an exponential scale. We will also obtain more explicit (but
not tight) exponential upper bounds.

Proposition 4.5. There exist constants c¢1,co > 0 such that for P-a.e. w € {2,
for any e > 0 and n € N we have

uw({x e X: |Sng(w,x)‘ >en + Cl}) < 2de_c252”.

Proof. 1t is sufficient to establish the desired conclusion in the case when g is
real-valued. Then, by [18, (51)] there is a reverse martingale M,, = X7 +...4+ X,
(which depends on w) with the following properties:

e there exists ¢ > 0 independent on w such that || X;||peo(m) < ¢

e there exists C' > 0 independent on n and w such that

sup|[Spg(w, -) = My ()| Lo (m) < C. (37)



Vol. 21 (2020) Limit Theorems for Random Expanding or Anosov 3887

The proof of the proposition is completed now using the Chernoff bounding
method. More precisely, by applying the Azuma—Hoeffding inequality with the
martingale differences Y, = X,,_; we get that for any A > 0,

E,[e*Mn] < Aetn
Therefore, by the Markov inequality we have that
Ho({M > en}) = o ({e*Mr 2 1)) < en X229,

2

By taking A = 55, we obtain that p,({M, > en}) < e~ 3", Furthermore,
by replacing M,, with —M,, we derive that

52
o ({{My| > en}) < 2e” 2™,
The proof of the proposition is completed using (37). -

Remark 4.6. We remark that we can get upper bounds on the constants ¢ and
C' appearing in the above proof, and so we can express ¢; and ¢y in terms of
the parameters appearing in (V1)-(V8) and (C1)-(C5).

4.3. Central Limit Theorem

We need the following lemma.

Lemma 4.7. There exist C > 0 and 0 < r < 1 such that for every § € C¢
sufficiently close to 0, every n € N and P-a.e. w € {2, we have

| [ 200 - et dm| < Comlel. (39)

Proof. The lemma now follows since the left-hand side is O(r™) uniformly in
w and 6 (around the origin), it is analytic in § and it vanishes at § = 0 (and
therefore, by the Cauchy integral formula its derivative is of order O(r™) as
well). O

Theorem 4.8. Assume the transfer operator cocycle R is admissible, and the
observable g satisfies conditions (13) and (14). Assume also that the asymp-
totic covariance matriz X2 is positive definite. Then, for every bounded and
continuous function ¢p: RY — R and P-a.e. w € 2, we have

Sng(w,
Tim [ o (*"\%”) dpi(z) = /¢OW(07 2.
Proof. 1t follows from Levy’s continuity theorem that it is sufficient to prove
that, for every t € RY,

it" Sndle)y — LT

lim [ e dp, =e™ 2

n—oo
where tT denotes the transpose of t. Substituting 6 = ¢//n in (35) and taking
into account that limg_g ¢? (v2) = ¢% (v2) = 1, we conclude that it is sufficient
to prove that

for P-a.e. w € 2,

n—1 )
. * 1
nh_)ngo Z log A\ = —§tT22t, for P-a.e. w € {2. (39)

=0
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We recall that N = H(0,0(0))(ow), where H is again given by (73). We
define H on a neighborhood of 0 € C? with values in L>(§2) by

H(0)(w) =log H(,0(0))(w), we R

Observe that H(0)(w) = 0 for P-a.e. w € £ and that in the notations of the
proof of Theorem 4.4 we have f{(ﬁ)(u)) = II,-1,(0). Therefore, as at the begin-
ning of the proof of Theorem 4.4 we find that H is analytic on a neighborhood
of 0. Furthermore, by proceeding as in the proof of [15, Lemma 4.5] we find
that

1
H(0,0(0))(w)

In particular, using Lemmas 6.1 and 6.3 we obtain that

D;H(0)(w) :/gi(a*w, oo, dm+/(DiO(O))U_1w dm.

DiH(60)(w) = [DiH(0,0(0))(w) + (Dar1H(0,0(0)) D;O(0))(w)].

Thus, it follows from (14) and (28) that D; H(0)(w) = 0 for i € {1,...,d} and
for P-a.e. w € (2.
Moreover, by taking into account that Dg11 441/ vanishes, we have that

DjiH(6)(w)

+ —([DjiH(97 0(0))(w) + (Da+1,:H(0,0(0)) D;O(0)) (w)]
.

H(6,0(0))(w)
+ (D1 H(0,0(0))D;:0(0))(w)],

where

+ [(Dj,a+1H(0,0(0))D;O0(0))(w)

E,(w) = DiH(8,0(0))(w) + (Das H(0, 0(6))D,0(0))(w)
By applying Lemma 6.6 and using (31), we find that
DAOW = [ (07,9970 1w b + g0 0 N D00 v

9 (071w, ) (Di0(0))1., ) dim.

Developing H in a Taylor series around 0, we have that

A(0)(w) = log H(8, 0(6)) () = 56" D*H(0)(w)0 + R(6) ),

where R denotes the remainder. Therefore,

it

0 i —_— oIty :,i Tp2p oIty 7 ) (07w
1gH<ﬁ,o<ﬁ>)< ) = — LT D2 (0) (0 W)t + Rit/ V) (07 w),

2n
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which implies that
n—1 . .
it it ;
logH | —=,0(— I+l
> s (J50C0) @)
1 n—1 n—1
=Y tTD*H(0)(07 M w)t + Y R(it/vn)(o ' w).  (40)
n
j=0

=0

By Birkhoff’s ergodic theorem, we have that

1 n—1 ~ ' 1 n—1 d ~ ,
S, 5 2 DO = T D 3 kDb O W)
=0 =0 k,1=1
d
= Z tiD?
k=1
=T X2,

for P-a.e. w € {2, where we have used the penultimate equality in the Proof of
Lemma 3.19. Furthermore, since H (0) are analytic in 6 and uniformly bounded
in w we have that when |t//n| is sufficiently small then |R(it/\/n)(w)| <
C|t//n|?, where C' > 0 is some constant which does not depend on w and n,
and hence

n—1

lim > R(it//n)(0"M'w) = 0, for P-ae. w € £2.
j=0

Thus, (40) implies that

n—1 .
t ; 1
nh_)rr;@ZlogH (\/ﬁ O(\Z/ﬁ)) (07tw) = —itTEQt for P-a.e. w € {2,
and therefore (39) holds. This completes the proof of the theorem. O

4.4. Berry-Esseen Bounds

In this subsection, we restrict to the case when d = 1, i.e., we consider real-
valued observables. In this case, X? is a nonnegative number and in fact,

EZZ/erx (w,z)? dp(w, = +2Z/Q><X (7" (w, x)) dp(w, ).

In this section, we assume that 2 > 0 which means that g is not an L?(u)
coboundary with respect to the skew product 7 (see [16, Proposition 3]). For
w € 2 and n € N, set

SILANO) (0 ) i YL A (0) (07 w) £ 0;
Qo =
’ 52 if Z" VH"(0)(07Hw) = 0,
where H is introduced in the previous subsection. Then,

lim 297 = 52 for P-ae. w € £2. (41)

n—oo 1N
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Take now w € 2 such that (41) holds. Set
Ay = % and 7, = \/an,

for n € N. Observe that a,, and r, depend on w but in order to simplify the
notation, we will not make this explicit. Taking § = tn~'/?/r,, in (35), we have
that

n—1

it Sng(w.) # 0 . 1%
e’ mvn dl’["’-’ = Q" (Uw) H AO’?W
X <o

it n it it
+/ L:}nﬁ’( )(’Ug _ qﬁf;”ﬁ(vo)v[)’”ﬁ)dm.
X

Hence,

Sng(w D) 1 2
o

it
T f nVn
< ‘qu " | I )\03‘

ﬁv(”) v e
—|—‘/ Lo (0 — w"\r(vg)vw"f)dm‘.
b'e

Observe that

it n—1 n—1
m Tn — 142 Tn
o ) [T AT - e 4| < 102V ) - 11 | TT A
j=0 j=0
n—1 ,
1
+ HA;;{ e~ 3t
=0
=1+ L.
By [15, Lemma 4.6], we have that
<e FTat

o’Jw ’

r,i/ﬁ' is sufficiently small.

Moreover, using the analyticity of the map 6 — ¢° (which as we already
commented can be obtained by repeating the arguments in [15, Appendix C])
and the fact! that d L% lo—o(vl) = 0, there exists A > 0 (independent on w
and n) such that

|¢’“"f( 0) = 1] = |67 (02) — 61, (00)] < At2r2n Y, (42)

| is sufficiently small. Consequently, for n sufficiently large and

whenever |-

if | - \/ﬁ| is suﬁimently small,
2
St

I < At2r,:2n_1e_

IThis is obtained by differentiating the identity 1 = ¢f) (vf,) with respect to 6 and evaluating
at 0 = 0.
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On the other hand, we have that

n—1

rnf — 142
H )‘UW —e 2

=0

I =

it
n—1 LRV 1,2
ei=o log ARy =5t

1,2
e 2!

n—1
exp (Zlogx\;jf + 2752) 1‘.
j=0

Observe that for n sufficiently large,

n—1

it .
1 )\M\F H J+1
Z%M,Fo%ﬁmao

:nz< CHON ) It )(0j+1w)>

= 2nr2 o/

and therefore,

Z]Og/\;;wf-y— Zan\f )T 1w).

Using that R(;-"=) = H”;Ep')(r 1\‘&/5)3 for some p; between 0 and

conclude that there exists M > 0 such that

we

\/ﬁ7

|3 _ M‘t|3
f ravn’

Since |e* — 1| < 2|z| whenever |z| is sufficiently small, we conclude that

olw

)\rn\f +‘

I, < 2Me~ |t\5 —3p 12,
Observe that Lemma 4.7 implies that
" t]

rav/n’

_at it
/ CL"WV(n)(’Ug _ Q’Lﬁ(vo)u’d"ﬁ) m‘ <C
X

for some C' > 0 and whenever | if| is sufficiently small.

Sng(w,) _ Sng(w,) _
Let F,,: R — R be a distribution function of e NCrorik Further

more, let F: R — R be a distribution function of N(0,1). Then, it follows
from Berry—Esseen inequality that

itSng(w, ) 1,2
2 [T py(e mve ) —e 3t 24
m@ﬂwaMS*/ ZHG = s 2 upl P ()], (43)
z€R T Jo t T zer
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for any 7" > 0. It follows from the estimates we established that there exists
p > 0 such that

pro/n e“STT:L%’.) — et > 2
/ o ) dt < Ary %0 / te= 5t dt
0 t 0
1 & t2
+2Mr;3n—§/ tPe” T dt
0

+ Cpr™,

for sufficiently large n. Since
> 2, -242 o 9 _t2
sup/ te”® ™ Y dt < oo and / te” 2 dt < oo,
0 0

n

we conclude that

N

sup|F,(z) — F(x)| < R(w)n™2, (44)
zER

for some random variable R.
Next, notice that in the notations of the proof of Theorem 4.4 we have

Qo = H‘Z’n(O).
Set 02 ,, = var,,, (Sng(w,-)). Then by (36) we have

2
|Uw7n — Qun

<C,

where C is some constant which does not depend on n. Since Qi —g % =
m for any nonzero « and o, taking into account (13) we have

1S09(w, )/ \/@om — Sng(w, ) /0uwn| < Cin~3

for some constant C which does not depend on n. By applying [28, Lemma 3.3]
with a = co, we conclude from (44) that the following self-normalized version
of the Berry—Esseen theorem holds true:

sup|Fy(z) — F(z)| < Ry(w)n™ 2 (45)
TeR
for some random variable Ry, where F), is a distribution function of S’fi(“’)

w,n

Remark 4.9. We stress that analogous result (using different techniques) for
random expanding dynamics was obtained in [31, Theorem 7.1.1]. In Theo-
rem 4.13, we will give a somewhat different proof of (45), as well as prove
certain Edgeworth expansions of order one.

4.5. Local Limit Theorem

Theorem 4.10. Suppose that X? is positive definite and that for any compact
set J C RIN\{0} there exist p € (0,1) and a random variable C': £ — (0,00)
such that

L8| < C(w)p™,  for P-a.e. w € 2,t € J and n € N. (46)
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Then, for P-a.e. w € 2 we have that

1 1 T
: d/2 . ms X 2s
nhrn SS;J% | X0ty (s + Sng(w,-) € J) e )d/Qe 2 [J]| =0,

where | 2| = Vdet X2, X2 is the inverse of X2 and |J| denotes the volume of
J.

Proof. The proof is analogous to the proof of [15, Theorem C]. Using the
density argument (analogous to that in [39]), it is sufficient to show that

1 1 Ty—2
IEInd/Q/h(erSng(w,-))duw ~ e g /]R h(w)du| — 0,
(47)
when n — oo for every h € L'(R?) whose Fourier transform h has compact
support. By using the inversion formula
1

M) = G o

sup
seR4

h(t)e'® dt,
and Fubini’s theorem, we have that

|nd/2 R )
2 [ h<s+sng(w,->>duw='(2'”)d [ [ e st arap,
v Rd

|E|nd/2 it-s] it-Spg(w,
= an)? Rde h(t) | etSn9@) dp, dt

|2|nd/2 it s, zt Sng(w, O

— |2|n;/2 / it sh /Ezt (n)UO dm dt

X “L (n
- | | / () /ﬁf( "0 dm dt.
N
Recalling that the Fourier transform of f(z) = e~ 2% "%z is given by f (t) =
(2‘“’)d/2 ltTZ‘ t h h
T , we have that
1 —LsTx—2s _ iL(O —LsTx—2
e T [ e = e
_ ()2 ;
( )] eva LT3t It gy
(271') Rd

Therefore, in order to complete the proof of the theorem we need to show that

it t “L . (n h(0)|X its
/ evih [ —— /Lf()vgdmdtf O] evi e s E gy o,
NG 2m)d Jra

(2m)?

seRd
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when n — oo for P-a.e. w € 2. Choose § > 0 such that the support of h is
contained in {t € R?: |[t| < §}. Then, for any 6 € (0,5), we have that

|~ /e%ﬁ(i>/£;ﬁ’(n)vgdmdt ()|E| e\t/j LT3t Tt gy
R Vn

o (2m)7 |
- |E| 7 (h ¢ fe \1/7% 7 _ 14T 52y
= (2m)d /t|<5\/ﬁeﬁ <h ﬁ 1:[ AY— h(0)e™ 2 ) dt
v )\ v drm.dt
i (2m)d m<5f6 H o']w 2 v, ) m

Z|nd/? it-s ] it,(n i i

g e / L0 = g (2)olt) dm
t|<

3 |nd/2 A )

[ _ / e”'sh(t)/ﬁzf’(")vg dmdt

@2m?® Js<pu<s

Bl ;

2 0) /\t\>5f6ﬁ ce 3 F Qg = (1) + (IT) + (I1T) + (IV) + (V).

One can now proceed as in the proof of [15, Theorem C] and show that each
of the terms (I)—(V') converges to zero as n — oo. For the convenience of the
reader, we give here complete arguments for terms (I) (which is most involved)
and (I'V) (since this is the only part of the proof that requires (46)). O

Control of (I). We claim that for P-a.e. w € §2,

n—1 .
its [~ t it ~ 1
/ v (h () AT - h(O)e*ftTEQt) dt’ = 0.
<5/ Vi)
sup

S, /t|<3\/ﬁe1 ( ( ) H )\UM —h —%th%) dt’

n—1 )
A t <t A 1,7 52
< h () AT 0y 3T
/|t<5\/ﬁ Vn =0 7

It follows from the continuity of & and (39) that for P-a.e. w € £2 and every t,

lim sup
n—oo SeRd

Observe that

dt.

n—1 .
Lt AL
h{— AV — h(O)e_%thzt — 0, when n — co. (48)
\/ﬁ =0 7

The desired conclusion will follow from the dominated convergence theorem
once we establish the following lemma.

Lemma 4.11. For > 0 sufficiently small, there exists no € N such that for all
n > ng and t such that t| < 5\/5

n

%
clw| — :




Vol. 21 (2020) Limit Theorems for Random Expanding or Anosov 3895

Proof of the lemma. We will use the same notation as in the proof of Theo-
rem 4.8. We have that

n

olw

_ efﬁ%( ;L:_Ul tTDQI:I”(O)(g—j‘*'lw)t) %(En 1R('Lt/\/ﬁ)(0'j+lw)).

In the proof of Theorem 4.8, we have shown that

n—1
Z D?H(0)(07 'w) — X% for P-a.e. w € £2.

Jj=0

1
n

Therefore, for P-a.e. w € (2 there exists ng = no(w) € N such that
e~ 3 R(ET=g tTDH"(0) (07 w)t) < e‘ithzt, for n > ng and t € R%.

Finally, recall that |R(it/v/n)(w)| < C|t/v/n]?, where C > 0 is some constant
which does not depend on w and n when [t/y/n| is small enough. Therefore, if
[t] < /nd and ¢ is small enough, we have

GROJZ0 Rt/ V) (07 1w)) < (CltPn™ % o —3eT 52

Here, we have used that [t[>n~1/2 < §|t|> and that tT X%t > a|t|* for some
a > 0 and all ¢ € R% The conclusion of the lemma follows directly from the
last two estimates. O

Control of (IV). By (46),

3 |pnd/2 A )
sup |2l 7 [ e”'sh(t)/ﬁff’(")vg dmdt‘
serd  (2T) <|t|<5
| Z|n/? n
< COVssgmya )4 ] Le - p™ - [[0%)|oe — O,

(2

when n — oo by (10) and the fact that & is continuous. Here, Vs,6+ denotes the
volume of {t € R?:§ < |t| < 6}. O
Let us now discuss conditions under which (46) holds.

Lemma 4.12. Assume that:

1. F is a Borel o-algebra on (2;

2. o has a periodic point wy (whose period is denoted by ng), and o is con-
tinuous at each point that belongs to the orbit of wo;

3. P(U) > 0 for any open set U that intersects the orbit of wo;

4. for any compact set J C Re, the family of maps w — L% t € J is

uniformly continuous at the orbit points of wy;

for any t # 0, the spectral radius of E” ("0) s smaller than 1;

6. for any compact set J C R?, there exists a constant B(J) > 0 such that

o

supsup | £ || < B(J). (49)
teJ n>1



3896 D. Dragicevié¢ and Y. Hafouta Ann. Henri Poincaré

Then, for any compact J C R¥N{0} there exist a random variable C: 2 —
(0,00) and a constant d = d(J) > 0 such that for P-a.e. w € 2 and for any
n > 1, we have that

sup |0 < Cw)e ™.

teJ

The proof of Lemma 4.12 is identical to the proof of [31, Lemma 2.10.4].

We also refer the readers to the arguments in proof of Lemma 4.17. Condition
(49) is satisfied for the distance expanding maps considered in [31, Chapter
5] (assuming they are nonsingular). Indeed, the proof of the Lasota—Yorke
inequality (see [31, Lemma 5.6.1]) proceeds similarly for vectors z € C? instead
of complex numbers. Therefore, there exists a constant C' > 0 so that P-almost
surely, for any ¢t € R% and n > 1 we have

L5 < C(1+|t]) sup | £5V1]
where 1 is the function which takes the constant value 1. Note that in the
circumstances of [31], var(:) = v,(-) is the Holder constant corresponding to
some exponent « € (0,1]. In particular, B contains only Hoélder continuous

functions and the norm ||-|| is equivalent to the norm ||g||la = va(g) +sup|g|.
Therefore, by (C4) for P-almost any w we have

sup [L0V1] = |01~ < C
for some C' which does not depend on w and n and hence (49) holds true.

4.6. Edgeworth and LD Expansions

Let us restrict ourselves again to the scalar case d = 1. Our main result here
is the following Edgeworth expansion of order 1.

Theorem 4.13. Suppose that X? > 0.

(i) The following self-normalized version of the Berry—Esseen theorem holds
true:

ig}g ‘Uw({Sng(w7 ) < tan}) - @(t” < ani%a (50)

for some random variable R, where ®(t) is the standard normal distri-
bution function and o} = 02, ,, = Vary, (Sng(w,-)).
(ii) Assume, in addition, that for any compact set J C R\{0} we have

/2 // e&%s"g(w’w)duw(x)dtlzo, P-a.s. (51)
JJx

lim n

n—oo

Let A, », be a function whose derivative’s Fourier transform is e_%tZ(l +
Pon(t)), where

1 2 1 . 3
Pon(®) = ~511L0) () + 52 - g0 ()

On On

Then,

n— o0

lim nsup |, ({Sng(w, ) <ton}) — Ay n(t)| = 0.
teR
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Before proving Theorem 4.13, let us introduce some additional notation
and make some observations. It is clear that A/, , has the form A[,, () =
wan(t)e*%’52 where @, ,(t) is a polynomial of degree 3. In fact, if we set
anw =5(1—1,(0)/02) and by, = 11/, (0)/53, we have that

w,n

V21 Qun(t) = 14 ayn + 3by nt — aynt® — by nt®. (52)

By (36), we have a, , = O(1/n), while b,,,, = O(1/y/n) (since [T/, (0)| <
(3)

en). Set p(t) = \/%e*%tz and Uy, = H“;;(O), which converges to

-2 fﬂf’) (0)dP(w) as n — oo. Using the above formula of @, , together
with ay, ., = O(1/n), we conclude that

lim \/ﬁigﬂg o ({Sng(w, ) <ton}) — B(t) = uwno, ' (1 — 1)p(t)]| = 0.

Remark 4.14. We remark that in the deterministic case (i.e., when {2 is a sin-
gleton), we have a,,, = 0 and II7/,(0) = nx3z for some x3 which does not
depend on n. Therefore, u, , = k3X "2 and we recover the order one deter-
ministic Edgeworth expansion that was established in [19]. It seems unlikely
that we can get the same results in the random case since this would imply
that

1

\HL%L(O)/n -/ HSMO)dP(@\ —o(nb).

The term H£,321(O) /n is an ergodic average, but such fast rate of convergence
in the strong law of large number is not even true in general for sums of
independent and identically distributed random variables. However, we note
that under certain mixing assumptions for the base map o, the rate of order
n~z Inn was obtained in [29] (see also [32]).

Remark 4.15. We note that condition (51) holds whenever (46) is satisfied.

Proof of Theorem 4.13. The purpose of the following arguments is to prove the
second statement of Theorem 4.13, and the proof of the first statement (the
self-normalized Berry—Esseen theorem) is a by-product of these arguments. In
particular, we will be using Taylor polynomials of order three of the function
II, . (-), but it order to prove the self-normalized Berry—Esseen theorem, we
could have used only second-order approximations.

Let ¢t € R. Then, by (35) and Lemma 4.7 when ¢,, = t/o,, is sufficiently
small, uniformly in w we have

/ eitn Sn9(@) gy, = @itn (0)eMwmtn) 4| 1O (™), (53)

As in (42), since ¢°(v2) = 1 and the derivative of z — ¢7(v2) vanishes at
z =0, we have

¢ (v)) — 1] < Ct.
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Using Lemma 4.11 and that o,, ~ nzy , we conclude that when n is sufficiently
large and t,, = t/o, is sufficiently small,

‘/eitn-Sn!](UJ,')dﬂw _ eﬂw,n(itn) < C(tie’CtQ i |tn|7”n)7 (54)

where ¢, C' > 0 are some constant. Next, by considering the function g(t) = e*!,
where z is a fixed complex number, we derive that

|€Z 1 Z| < |Z|26max{0,§}%(z)}. (55)

Since o, ~ n%E, Lemma 4.11 together with the fact that 3 > 0 yields that
R(II, . (ity)) < —ct? when |t,| is sufficiently small and n is large enough,
where ¢ > 0 is a constant which does not depend on w, t and n. (We can clearly
assume that ¢ < 3.) It follows that max{0, R(t?/2 + II, ,(it,))} < (5 — ¢)t2.
Applying (55) with z = t2/2+11,, ,,(it,,) yields that when n is sufficiently large
and |t,| is sufficiently small,

) 1 1,]2
eMon(itn) _ =38 (1 4 [T, , (itn) + 5| = e 2V eF—1—z| < e~ |y (itn) + s

(56)
Next, using the formula for Taylor reminder of order 3, we have that

1
\IT,, 0 (itn) + 5:52 — Pun(t)] < Onth. (57)

Observe also that
1
Pon(t) = 52 (1= 117, (0) /o) = 11, (0)E for.

The second term on the right-hand side is O(|¢*)n~2, while by (36) the first
term is O(t?/02) = O(t?)/n. We conclude that

1
‘Hw,n(ltn) + 51‘52 S Cmax(tQ, |t|3>n_% (58)

and hence

) : 1 . ,
eflen(itn) _ e_%tz(l + Iy n(itn) + 5t2) = e_%tz\ez —1—2 < Ce~ct’ max(t,15) /n.

(59)
From (57) and (59), we conclude that
[eften ) — b2 (1 P (1) < €7 max(t19) /o, (60)
Finally, using the Berry-Esseen inequality we derive that
sup |t ({Sng(w,*) < ton}) — Awn(t)|
teR
T it-Spg(w,-) 142
on — 1
0

where C is some constant. We have used here the fact that the derivative of
A, is bounded by some constants (since the coefficients of the polynomial
Pu.n are bounded in w and n). In order to establish the first assertion of the
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theorem, we choose T of the form T' = §y+/n, where g > 0 is sufficiently small.
Indeed, observe that the above estimates imply that

sup e ((59(0:°) < 10,)) ~ A ()] = O™ ).

Set ¢(t) = \/%e’%ﬁ. Integrating both sides of the equation A, ,(t) =

me(t)e_%t27 where @, satisfies (52) and using that a,, = O(1/n), we
conclude that

sup o ({Sng(w, ) < ton}) — B(t) — uwnoy (2 = V(1) = O(n=2).  (62)

Recall _ 18,0 ; -2 (3)
ecall that u, , = —%5—, which converges to X J 1157 (0)dP(w) as n — oo,
and in particular, it is bounded. Therefore, sup,cp [tuwno, (2 — 1)p(t)] =
O(n~2), which together with (62) yields (50).

Next, in order to prove the second item, fix some € > 0 and choose T' of
the form C/T = en~2. We then have that

/T it-Spg(w,-) 142
0

pole on ) —e 2" (14 Pw,n(t)) ‘
Sov/n
< / K
0

t
o,
dov/n<It|<E vn

dt +C/T

it-Spg(w,-)

wle o) —e 2 (14 P, n(t)
t

K

it-Sng(w,-)

pole on ) —e 3 (14 Pya(t)
t

1
2 .

’dtJren

Using (60), we see that the first integral on the above right-hand side is of
order O(n~1), while the second integral is o(n~"2) by (51). O

Remark 4.16. In [29], expansions of order larger than 1 were obtained for
some classes of interval maps under the assumption that the modulus of the
characteristic function ¢, (t) of S,g(w,-) does not exceed n~" when [t| €
[K,n"], where K,rq,rs are some constants. Of course, under such conditions
we can obtain higher-order expansions also in our setup, but since we do not
have examples under which this condition holds true (expect from the example
covered in [29]), the proof (which is very close to [29]) is omitted.

4.6.1. Some Asymptotic Expansions for Large Deviations. In this section, we
again consider the scalar case when d = 1. We will also assume that there exist
constants Cp,Co,r > 0 so that for P-a.e. w € 2, z € C with |z] < r and a
sufficiently large n € N we have

Cr < L5 N/ING ™ < G, (63)
where )\fj(n) = H?;Ol )\i i Moreover, we assume that there exists a constant
C > 0 such that for P-a.e. w € §2 and for any t,s € R, we have that

sup L ANLE ™ < O +16] + Is)). (64)
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These conditions are satisfied in the setup of [31, Chapter 5]. (The second
condition follows from the arguments in the Lasota—Yorke inequality which
was proved in [31, Lemma 5.6.1].)

Our results in this subsection will rely on the following lemma.

Lemma 4.17. Suppose that:

1. F is the Borel o-algebra on §2;

2. o has a periodic point wy (whose period is denoted by ng), and o is con-
tinuous at each point that belongs to the orbit of wo;

3. P(U) > 0 for any open set U that intersects the orbit of wo;

4. for any compact set K C R, the family of maps w — L7,z € K is
uniformly continuous at the orbit points of wo;

5. for any sufficiently small 0 and s # 0, the spectral radius of Ley,
0 (Tbo)

0+is,( ng)

smaller than the spectral radius of L,

Then, there exists r > 0 with the following property: for P-a.e. w and for any
compact set J C R\{0} there exist constants Cj(w) and c;j(w) > 0 so that for
any sufficiently large n, 6 € [—r,r] and s € J we have

||£f}+is,(n)|| < CJ(W)@iCJ(w)nH»CZ’(n) [

Proof. Denote by r(z), z € C the spectral radius of the deterministic transfer

operator R, := .Cfu’o(no). Let J C R\{0} be a compact set. Since R is contin-
uous in z and r(@) is continuous around the origin, there exist ¢, dy > 0 which
depend on J so that for any 6 € [—r,7], s € J and d > dy we have

IRG il < (1= 8)*r ().

Observe that we have also taken into account the last assumption in the state-
ment of the lemma. Note that a deterministic version of (63) holds true with
the operators R, and thus there is a constant C' > 0 such that

IRGII > Cr(0)

for any 6 € [—r,r]. Let K C R be a bounded closed interval around the origin
which contains J. Fix some d > dy and let € € (0,1/2) and wy € £2 be so that

JeEpeetine) — £Erm | = || £ETe ) — R, | < emin{r(6)", 1}, (65)
for any 6 € [—r,r] and s € K. By (63), we have
0< Oy < [L£5M)/INEM| < ¢y < oo, (66)

for some constants C; and Cy which do not depend on w and n. Therefore, if
€ is small enough, then

/1| < C/(IR§] — e min{r()?,1}) < C'/(r(0)? — e min{r(),1}),
(67)
for some constants C,C’" > 0. We conclude that
emin{r(0)%, 1} + (1 — 6)%r
r(6)? — emin{r(6)?,1}

(H)d < C”(E—l—(l—é)d),
(68)

legt el fagiane)) < ¢
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where C” > 0 is another constant. By (64), we have that

€ss Sup,,c sup L5 /15 < By <00, (69)
seJ,0e[—r,r],neN

for some constant B; which depends only on J. Fixing a sufficiently large d
and then a sufficiently small e, we conclude that for any 6 € [—r,r], s € J and
n, we have that

||£Z+ZS,(H)EZ+ZS,(dn0) H

< CyC"Byle + (1 -6)%) <

N[ =

|/\f)’(”) )\Zv(dno) |

Indeed,
Lerism cris || < |Lgren || coris ]|
< By || L5 NG NC" (e + (1 - 6)7)
< ByCo AL | AL [Am0) |07 (e 4 (1 — 6)%),

where in the first inequality we have used the submultiplicativity of operator
norm, in the second we have used (68) and (69) and in the third one we have
used (66).

Finally, because of the fifth condition in the statement of the lemma and
since r(0) is continuous in @ (around the origin), when r is small enough we
have that (65) holds true for any wi € U, 6 € [—r¢,ro] and s € K and, where
U is a sufficiently small open neighborhood of the periodic point wy and rg
depends only on the function r(6). By ergodicity of o, for P-a.e. w € {2 we have
an infinite strictly increasing sequence a,, = a, (w) of visiting times to U so that
an/n converges to 1/P(U) as n — oo. Thus, by considering the subsequence

. f+is,
bp = Gnan, (W) we can write £, (n)

Ef)ﬂs’(m)ﬁfffis’(dno) (and perhaps a single block of the form £ , where
m > 0 and wy € U. The number of blocks is approximately nP(U)/dng (i.e.,

when divided by n it converges to P(U)/dng as n — 00). Therefore,

|50 < Oy AP @2,

as composition of blocks of the form
9+is,(m))
w//

which together with (66) completes the proof of the lemma. O
Our main result here is the following theorem.

Theorem 4.18. Suppose that the conclusion of Lemma 4.17 holds true and that
X2 > 0. Then, for any sufficiently small a > 0 and for P-a.e. w € 2 we have

G @)1 (a)
pro({z : Spg(w, z) > an}) - eMenl@) = (1+0(1)).
0w m,aV 2N

Here,

Iw,n(a) = sup (t ca— Hw,n(t)/n) = ew,n,a - Hw,n(ew,n,a)/n>
te(0,r]

where r > 0 is any sufficiently small number.
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Remark 4.19. Set
I(a) = sup (t-a— A(t)) =6, — A(0,).

te[0,r]
Then,
lim I, ,(a) =I(a) and lm 6, ., = b,.
Furthermore, we have that lim, . I} ,(a) = I"(a) (using the duality of

Fenchel-Legendre transforms).

Proof. The proof follows the general scheme used in the proof of [20, Theorem
2.2] together with arguments similar to the ones in the proof of Theorem 4.13.
Therefore, we will only provide a sketch of the arguments. Let a be sufficiently
small. Denote by F the distribution of S, g(w,-) and set

A (@) = (lomnt NG ) B ().

Note that dﬁ'w’n is a finite measure, which in general is not a probability
measure. Set Gy, ,(x) = F, ,((—00, zy/n+an]). Arguing as in the proof of [20,
Theorem 2.3] (and using the consequence of Lemma 4.17), it is enough to
show that the nonnormalized distribution functions G, , admit Edgeworth
expansions of order 1 (see Lemmas 3.2 and 3.3 in [20]). Observe that (when
|s| is sufficiently small),

Cumlsv/) = (€57 [Alpe®) [ el0erionsuaton gt

= ﬂw,n(s)ﬁbf}w’"’aﬂs(vg) + 6w ,n(s), (70)
where

’aw7n(s) — e_iasn)\fjw,n,a“risv(n)/Az’w,n‘a7(")

_ eﬂu,n(9w,n,a+i3)wa,n(Ou,n,a)fians

— Mo (Bun atis)=Iun(Bwn,.a) =il ,(0)s

and d,, »(2) is an holomorphic function of z such that uniformly in w, we have
dwn(z) = O(r™) for some r € (0,1) (and hence all of the derivatives of d,,,, at
zero are at most of the same order). By arguing as in the proof of Theorem
4.13, we obtain Edgeworth expansions of order 1 for G, . O

5. Hyperbolic Dynamics

The purpose of this section is to briefly discuss and indicate that almost all of
our main results can be extended to the class of random hyperbolic dynamics
introduced in [17, Sect. 2]. We stress that the spectral approach developed
in [15] for the random piecewise expanding dynamics has been extended to the
random hyperbolic case in [17] for the real-valued observables. By combining
techniques developed in the present paper together with those in [17], we can
now treat the case of vector-valued observables. In addition, we are not only
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able to provide the versions of the results in [17, Sects. 7 and 8] for vector-
valued observables but we can also establish versions of almost all other results
covered in the present paper (that have not been established previously even
for real-valued observables).

Let X be a finite-dimensional C'*° compact connected Riemannian man-
ifold. Furthermore, let T be a topologically transitive Anosov diffeomorphism
of class C™*! for r > 2. As before, let (£2,F,P) be a probability space such
that (2 is a Borel subset of a separable, complete metric space. Furthermore,
let o: 2 — 2 be a homeomorphism. As in [17, Sect. 3], we now build a cocycle
(T)wen such that all T,,’s are Anosov diffeomorphisms that belong to a suffi-
ciently small neighborhood of T" in the C"*! topology on X. Furthermore, we
require that w — T, is measurable. Let £, be the transfer operator associated
with T,,. It was verified in [17, Sect. 3] that conditions (C0) and (C2)—(C4)
hold, with:

e B=(B,]]1,1) is the space B! which belongs to the class of anisotropic
Banach spaces introduced by Gouézel and Liverani [24]. We stress that in
this setting, the second alternative in (CO) holds. Namely, B is separable
and the cocycle of transfer operators is strongly measurable;

e (C3) holds with constant a¥ and V.

We recall that elements of B are distributions of order 1. By h(y), we will
denote the action of h € B on a test function ¢. We note that in this setting,
it was proved in [17, Lemma 3.5. and Proposition 3.6] that the version of
Lemma 3.4 holds true. Moreover, one can show (see [17, Proposition 3.3. and
Proposition 3.6]) that the top Oseledets space Y (w) is spanned by a Borel
probability measure pu,, on X.
We now consider a suitable class of observables. Let us fix a measurable

map g: 2 x X — R such that:

e g(w, ) € C" and ess sup,,cnllg(w,)|lcr < o0;

e for P-ae. we N and 1 <i<d,

/ 9'(w, ) dpy = 0.
X

We recall (see [17, p. 634]) that for h € B and g € C"(X,C), we can define
g - h € B. Furthermore, the action of g - h as a distribution is given by

(9-h)(p) =hlgp), »e€CH(X,C).
This enables us to introduce twisted transfer operators. Indeed, for § € C? we
introduce £%: B — B by

LOh = L,(e89“) h), heB.

By arguing as in the proof of [17, Proposition 4.3], one can establish the version
of Lemma 3.10 in this setting.

Let us now introduce appropriate versions of spaces S and S’ from
Sect. 3.5 in the present context. Let S’ denote the space of all measurable
maps V: {2 — B such that

[Wloo := ess supgenllV(w)11 < oc.
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Then, (S',|'|l«) is a Banach space. Let S consist of all V € & with the
property that V(w)(1) = 0 for P-a.e. w € {2, where 1 denotes the observable
taking the value 1 at all points. Then, S is a closed subspace of S’ (see [17,
p. 641]).

For § € C% and W € S, set

Ly, W(ow) + pto-1)
L)1, W(o71w) + pio-1,,)(1)
By arguing as in the proofs of Lemma 3.12 and [17, Lemma 5.3], we find that
F is a well-defined analytic map on D = {§ € C? : || < ¢} x Bs(0,R) for
some €, R > 0, where Bs(0, R) denotes the open ball in S of radius R centered
at the origin.

The following is a version of Lemma 3.13 in the present setting.

FOW)(w) = —W(Ww) — p, w € L2

Lemma 5.1. By shrinking € > 0 if necessary, we have that there exists O: {6 €
Ce:10| < €} — S analytic in 0 such that

F(8,0(0)) = 0. (71)

Proof. We first note that (see [17, p. 636]) that there exists D, A > 0 such
that

1£M™nh|1 1 < De™™||h||11, for h € B,h(1) =0 and n € N.

Moreover, the same arguments as in the proof of Proposition 6.4 (see also [17,
Proposition 5.4]) yield that

(Das1F(0,00W)(w) = Lo W(0 7 w) = W(w), forwe Nand W eES.

Now by arguing exactly as in the proof of Lemma 3.13, we conclude that
Dgy+1F(0,0) is invertible and thus the desired conclusion follows from the
implicit function theorem. O

Let A() be the largest Lyapunov exponent associated with the twisted
cocycle L% = (£%),cn. Let

1l =y +0(0)(w), for € Ch |0 <e.

Observe that ©f (1) = 1 and by the previous lemma, 6 +— uf is analytic. Let
us define

A(0) = | tog |l "9+ apo),

and

A = (670 = (£2u0) (1)

The proof of the following result is analogous to the proof of [17, Lemma 6.1]
(see also the Lemmas in Sect. 3.6).

Lemma 5.2. 1. For every 0 € Bga(0,¢) := {0 € C : |0] < €}, we have
A(f) < A(9).
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2. Ais differentiable on a neighborhood of 0, and for eachi € {1,...,d}, we
have that

Dﬂw)%<//mmm¢@wkMWﬂw<Dﬂw»wx&ﬂwnnmwo,
0

ALI?

where D; denotes the derivative witi} respect to ith component of 6.
3. Forie{l,...,d}, we have that D;A(0) = 0.

Lemma 5.3. 1. For 6 € C? sufficiently close to 0, the twisted cocycle L% =
(L%) e is quasi-compact. Furthermore, the top Oseledets space of L? is
one dimensional.

2. The map 6 — A(0) is differentiable near 0 and D;A(0) = 0 for i €
{1,...,d}.

Proof. The quasi-compactness of £? for 6 close to 0, as well as one dimension-

ality of the associated top Oseledets space, can be obtained by repeating the

arguments in the proof of [15, Theorem 3.12] (which require the Lasota—Yorke
inequalities obtained in [18, Lemma 3]). Furthermore, the same argument as
in the proof of [15, Corollary 3.14] implies that A and A coincide on a neigh-

borhood of 0, which gives the second statement of the lemma. O

By [18, Proposition 2], we have that there exists a positive semi-definite
d x d matrix X? such that for P-a.e. w € (2, (29) holds. Furthermore, the
elements of X2 are given by (30).

The following is a version of Lemma 3.19 in the present context.

Lemma 5.4. We have that A is of class C? on a neighborhood of 0 and
D2A(0) = X2, where D?A(0) denotes the Hessian of A in 0.

Proof. The proof is completely analogous to that of Lemma 3.19 and thus we
only point out the small adjustments that need to be made. Namely, in the
present context we have that

DX, = (', )" ) 4 D,0(0) () (e 9),
and
DijAl = (g (w0, )g? (0, 2)e 7)) + DO(O)(w) (g (w, )e” 1)
+ D,00)(w)(g'(w, )" 7)) + DyyO(B)(w) (" 1),

for 1 <i,j < d. Due to the centering condition for g and the fact that D;O(0) €
S, we have that D;\? |s—o = 0 for 1 <4 < d. In addition, since D;;0(0) € S,
we have that

DijN)lo=0 = pu(9' (@, )’ (, ) + DiO(0) (W) (g’ (w, ) + D;0(0)(w)(g' (w, ")),

and therefore,

&M@=%(éX¢WJWWwMM%@+ADﬂ®WM¢WJMMM

+Ammwmww»ww»
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for 1 < 4,57 < d. The rest of the proof proceeds exactly as the proof of
Lemma 3.19, by taking into account that

o0

D;0(0)(w) = Z E((:L,)nw(gi(cf"w, o pfe-ny), 1<i<d.
O

Now the choice for the bases for top Oseledets spaces Y.% and Y*? can be
made as in Sect. 4.1.

5.1. Limit Theorems

In the preceding discussion, we have established all preparatory material (anal-
ogous to that for piecewise expanding case) for limit theorems in the context
of random hyperbolic dynamics. The following is a version of Lemma 4.1 in the
present context. The proof is again the same as the proof of [15, Lemma 4.2
(and relies only on the Oseledets decomposition). We sketch it for readers’
convenience.

Lemma 5.5. Let § € C? be sufficiently close to 0. Furthermore, let h € B be
such that ¢? (h) # 0. Then,

lim flog h(e?Sn9(ws ))‘ A(0)  for P-a.e. w € £2.

n—oo N

Proof. We use the notation of Sect. 4.1 adapted to the present setting. Given
h € B, we write h = ¢ (h)ul, + h?, where h? € HY. Then,

S (HA > By, + LR,

By the multiplicative ergodic theorem, we have for P-a.e. w € {2 that
.1 6,(n)
lim —log || L, | ge|l < A(6). (72)
n—oo n w
Thus, we have that for P-a.e. w € £ (since ¢% (h) # 0),
lim llog h(ee's”g(‘“"))) = lim llog‘ﬁ?f’”h(l)’
n—oco n n— oo
1 n—1
= max{ lim — Z log A%, |, hm —10g|£9 Rl (1 )|}
n— o0 n 7/ 0
= A(0),
where in the last step we have used (72) and the equality

1
- - 0,(n) ), = i 75 0.
A(9) nlgrolon lim ||£ Hl,l nh_r)r;on 2 log [Agi,,

O

The previous lemma readily implies the version of Theorem 4.2 in the
present context. Moreover, we have the following version of Theorem 4.4.
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Theorem 5.6. Let (a,), be a sequence in R such that lim,,_ “—\/% = o0 and
lim, oo %= = 0. Then, for P-a.e. w € 2 and any 6 € R?, we have that

n

lim 5
nse a2 fn

1
log E[e?Sn9(w:)/en] — §9TZ’29,

where ¢, = n/a,. Consequently, when X? is positive definite, we have that:
(i) for any closed set A C R?,

1 1
lim sup ——— log p, ({Sng(w,)/a, € A}) < —3 inf 27 X%,

n—oo Q2/M z€A

(ii) for any open set A C RY we have

1 1
1iminf%log tow({Sng(w,-)/an € A}) > ~3 inf 2T X2z,

n— oo z€EA

where X =2 denotes the inverse of X2.

Proof. The proof proceeds exactly as the proof of Theorem 4.4 by replac-
ing (35) with

[ Sy = L8 (1) = e L5, 6 )
X
O

One can now establish the Berry—Esseen theorem, Edgeworth expansions,
local CLT and large and moderate deviations exactly as in the case of random
piecewise expanding dynamics with almost identical proofs. We remark that
Lemma 4.12 holds true for general cocycles £ acting on a Banach space
(see [31, Lemma 2.10.4]). We also note that (49) holds true in our case without
any additional assumptions. Indeed, this follows exactly as in the scalar case
[17, Lemma 9.3] (see the arguments in the proof of [18, Lemma 4]).

Regarding the exponential concentration inequalities, in the present set-
ting we are currently not able to obtain the version of Proposition 4.5. The
reason is that the proof of Proposition 4.5 relies on the martingale approach.
Currently there exists only one paper (namely [13]) that explores the martin-
gale method in the context of anisotropic Banach spaces adapted to hyperbolic
dynamics. However, it is restricted to the case of deterministic dynamics and it
is not clear if the techniques can be extended to the case of random dynamics.
The other limit theorem which we cannot obtain for random Anosov maps is
the large deviations type expansions (Theorem 4.18). The issue here is that,
in contrary to the case of expanding maps, it is not clear to us when the
additional assumption (64) holds true.

Remark 5.7. We emphasize that it was convenient for us to use the class of
anisotropic Banach spaces introduced in [24], since we could refer to the pre-
vious work in [17,18]. In principle, one could use any class of separable (in the
nonseparable case, we would need to restrict to the first alternative in (CO0))
anisotropic Banach spaces which are stable under small perturbations: The
anisotropic Banach spaces associated with two Anosov diffeomorphisms 7" and
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T’ coincide if T and T” are sufficiently close. We refer to [9] for an excellent
survey on anisotropic Banach spaces for hyperbolic dynamics and to [6] for yet
another interesting class of spaces recently introduced.
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6. Appendix
We define G: Bea(0,1) x S — 8" and H: Bea(0,1) x § — L>®(£2) by
GO, W), Eg 1w( 1w+ 00 1)
and  H(0,W)( /ﬁ",l Wy1y + 021 ) dm. (73)

Writing § = (6y,...,04), by D;G we will denote the partial derivative of G
with respect to 6; for 1 < i < d. Furthermore, Dy41G will denote the partial
derivative of G with respect to W. Analogous notation will be used when G is
replaced with H.

Lemma 6.1. For (6, W) € Bca(0,1) x S, we have that
(Dag1GOMWYH). EU 1Ho-14, forHeS andw € (2.
Furthermore, for (0, W) € Bea(0,1) x S, we have that

(Dagy1H(O,W)H /[,U 1 Ho-1,dm, forHe S and w € 2.

Proof. The desired formulas follow directly from the simple observation that
G and H are affine in W. O

The proof of the following result is similar to the proof of [15, Lemma B.6].
Lemma 6.2. For (0, W) € Bca(0,1) x S and 1 <14 < d, we have that
(DiG(0, W) = Lo (90 w0, )™ (0,1 +080,)), (T4)
forw e 2.

Proof. Let us denote the right-hand side in (74) by (L(0,W)),. Furthermore,
let {e1,...,e,} be the canonical base of C%. Observe that
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(G(0 + te;, W) — G(6, W) — tL(6, W)).,
— Lo, ((eOFte a0 ) _ g wy)
—tg' (07 w, eI Wy 02 0),
and therefore
(G0 +t, W) — G(O,W) — tL(6, W) |5
< K|[(eHtenaleion) g0 a(eTw) _ygi(g =ty e 9wy (W, + 000 )18
= Kvar ((e0Ften 9(a7lw) _ g0a(ew) _ygi(g=1y )ef9(@ ey, 400, )

+ K||(e0Ftealoien) — o8:9(r 7w gl (g, e 9T W,y 000, )

By applying Taylor’s reminder theorem for the map z +— ezgi("_l“’"”), we obtain
that

i - , 1
”etg (o 1w,-) 1 th(O'ilw, ')HLW < 5M26M|t|2,
and thus

‘|(6(0+tei)'9(071w") —faloT ) _ tgi(o_luh ')69'9(071“}")

| < %M262M|t|2.
Moreover, by applying (V9) for f = g'(c7'w,-) and h(z) = e* — 1 — tz, we
conclude that for some C' > 0 independent on w and t,
Var(etgi(afl“’") —1—tg' (0w, ) < Ot~
Hence,
Var((e(9+tei)-g(0*1ww) 2 TC a0 tg' (o™ w, .)69~g(a*1w7~)) < C'|tP?,

for some C’ > 0. Now, one can easily conclude that

1
mHG(‘)Hei,W)—0(97W)—tL(9,W)Hoo —0 ast—0,
which yields (74). O

The following lemma can be obtained by the same reasoning as the pre-
vious one.

Lemma 6.3. For (8, W) € Bca(0,1) x S and 1 < i < d, we have that
(DzH(07 W))(w) = /gi(gilwa ')ee.g(gilw’.)(waflw + ’Ugflw) dm7 (75)
forw e (2.

As a direct consequence of previous lemmas, we obtain the following
result.

Proposition 6.4. Let F'(0,V) be defined by (20). For (0, W) in a neighborhood
(0,0) € C? x S, we have that
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_ 1 0
(Dgs1F(O,W)H), = H(@,W)(w)ﬁ
fﬁg_legflw dm

[H(0,W)(w)]?

Haflw

o~ lw

G(97 W)w - Hwa

forwe 2 and H €S and
1
HOW) @)~
_Jgi e w, et 9T (W, + 00, ) dm
[H(6, W) (w)]?

(DiF(6,WV))w = (gt (0w, e T (W +05,))

‘Cfrflu(wo'*lu + ’Ugflw)z

forwe 2 and1 <i<d.
Lemma 6.5. We have that Dgi1,q+1G =0 and Dgy1,441H = 0.
Proof. The desired conclusion follows directly from Lemma 6.1. O

The proof of the following lemma can be obtained by repeating the argu-
ments from [15, Appendix B.2].

Lemma 6.6. For (,W) € Bca(0,1) x S and 4,j € {1,...,d}, we have that
(DjiG(OW))w = Lo-1,(g' (07 w,)g7 (07w, e 9T I Wy, +051,)),
and

(DHEO W) = [ 407w )9 e )TN, 4 s i,
for w € 2. Moreover, for j € {1,...,d} we have that

(Dj7d+1G(6v W)H)w = ‘ca*lw(gj(o—ilwv .)60-9(0_1%-)7_[071“))
forHe S andw € (2,

and
(Dj7d+1H(07 W>H)(w) = /gj (Uﬁlwv ')69-9(0_%;,-)7_(071“) dm
forHe S andw € 12,

Finally, fori e {1,...,d} we have that

(Day1i GO W) H)w = Lo1,(g" (07 w, )9 H,, )
forHe S and w € £2,
and
(DactsHOWH)@) = [ g0 w177 w0, dm
forHe S and w € (2.
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6.1. A Local Version of the Gartner—Ellis Theorem

Let d > 1 be an integer and let S,, be a sequence of R?-valued random vectors
satisfying the following condition:

Assumption 1. There exists an open set U C R? around the origin so that for
any t € U the limit
1
A(t) := lim = logE[e!5"]

n—oo N

exists. Moreover, the function t — A(t) is of class C? on U, the Hessian of A
is positive definite at t =0 and VA(0) = 0.

Next, let B C R? be a closed ball around the origin so D?A(t) is positive
definite for any ¢t € B, where D?A(t) denotes the Hessian of A in . Consider
the function A* : R* — R given by

A*(z) =sup (t -z — A1) .
teB
Then, A* is a continuous convex function. (Continuity follows from compact-
ness of B). By taking ¢t = 0, we see that A*(x) > 0. By considering the point
t = ox/|z|, for some sufficiently small 6 > 0 (which depends only on B) and
taking into account that A is bounded we see that

A" (x) > d|z] — C — o0 as |z] — .

In particular, using the terminology in [12], we have that A* is a good-rate
function.
Our main result here is the following theorem.

Theorem 6.7. (i) For any closed set A C R%, we have
1
lim sup — logP(S,, A) < — inf A*(x).
imsup - log (Sn/n € A) < — inf A*(z)

(ii) There exists a closed ball By around the origin so that for any open subset
A of By we have

1
liminf —logP(S,,/n € A) > — inf A*(x).
n

n— 00 z€A

Remark 6.8. The proof of the theorem is a modification of the proof of The-
orem 2.3.6 in [12]. We do not consider this theorem as a new result, but we
have not managed to find a formulation of it in the literature. For readers’
convenience, we include here a complete proof.

Proof of Theorem 6.7. Set S, = %Sn. Let us start by establishing the upper
bound. For any x € R?, choose t(z) € B such that
A (z) = x - t(x) — A(t(z)).

Let A be a compact subset of R? and take an arbitrary e > 0. For any z € A,
let B, ¢ be a ball around z of radius e. Then,

P(Sn € Bu,e) = E[I(Sn € By,)] < E[en(Sn @) minfucse v @),
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Observe that

z-t(z)— inf y-t(x)= sup (z-t(z)—y-t(z)) <eR
yeBu,e yEBux,e

where R = sup, g |t|. We conclude that

1 _

limsup — logP(S,, € By,c) < eR— (z-t(z) — A(t(z))) = eR — A*(z).
n—oo n

Since A is compact, we can cover it with N balls By, ., i € {1,2,...,N} for

some N € N and x1,...,xny € A. Then, we have that

logP(S, € A) <log N + max logP(S,, € By, ()
and hence
lim sup 1 logP(S,, € A) < Re — min A*(z;).
n—oo N g

Since A* is continuous, passing to the limit when ¢ — 0, we obtain that
min; A*(x;) converges to inf,c 4 A*(x), which completes the proof of the upper
bound for compact sets. In general (see [12, Lemma 1.2.8]), in order to prove
the upper bound for closed sets, it is enough to prove it for compact sets and
to show that the sequence i, of the laws of S, is exponentially tight, i.e., that
for any M > 0 there is a compact set Kj; such that

1

limsup — log i, (R\Kps) < —M. (76)
n—oo n

Let 1 < j <d, p> 0 and denote by S, ; the j-th coordinate of S,, ;. Denote

also by e; the standard j-th unit vector. Let ¢ > 0 be sufficiently small so that

te; € U. Then, by the Markov inequality,

P(Sn’j 2 p) S P(etSn,j Z entp) S e—tpn]E[etSn,j]'

Therefore,

1 _
limsup —log P(S,, ; > p) < A(te;j) —tp — —o0 as p — oo.
n

n—oo
Similarly,
lim lim sup llogIE”(S'nJ- < —p) = —o0,
P70 n—oo M
and thus (76) follows.

In order to establish the lower bound, we will first observe that by the
open mapping theorem, we have the function VA maps the interior B° of
B onto an open set V. Therefore, there exists an open set V around the
origin such that for any y € V, there exists a unique n = n(y) € B° so that
y = VA(n). Since D?A is positive definite on B°, we derive that

A (y) =y-n—Aln). (77)
Next, notice that for the lower bound to hold true for open subsets of V',
it is enough to show that for any y € V, we have

1 _
lim lim inf —logP(S,, € By 5) > —A*(y).

§—0 n—oo N
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Let y € V and write y = VA(n). We will make now an exponential change of
measure: consider the probability measures fi,, given by

i
dpn

where p,, is the law of S,, and A,,(n) = log E[f”'s"]. Let Z,, be a random vector
distributed according to i, and set Z,, = nZ,,. Then,

1 1
—10g ptn(By,s) = — log E[e" "] — -y + — log/ e W2 d i, (2)
n n ZEBy s

(2) = exp(nn - z — A, (n))

1
> —logB[e"] —n -y — [nlo + ~ 10gun(B 5)
and therefore,

1
lim lim inf —log pun (By,s) > A(n) —n -y + hm hmlnff log fin(By,s)

d—0 n—oo N n—oo N

> —A"(y) + hm hmlnf log fin(By,s)-

The proof of the lower bound will be complete once we show that for any
6 >0,

lim lim mf —log fin(By,s) = 0. (78)

§—0 n—oo N

Define T,, = Z,, — ny. Then, for any t € U, := U — {n} we have
A(t) :== lim ! logE[e!T"] = A(t + 1) — A(n) —t - y.
n—oo N

Observe next that A satisfies all the conditions in Assumption 1 with U, in
place of U. Therefore, setting

A*(x) = tsequ (m ot — A(t)) =A(x+y)+An) — (x+y)-n, (79)

using the already established large deviations upper bound, we obtain that

lim sup — log fin(RN\By,5)

n—oo

= limsup — 10g]P’(|T /n| >46) < — mf A*( )= —A"(z0),
for zg such that |z9| > 0 (observe that the existence of zy follows from
lim,| o A"(2) = 00). We claim that A*(zp) > 0. Using this, we obtain that

lim sup — log,un(]R \By,5) <0,
for any 6 > 0. Hence, fi,,(R?\B, s) — 0 and therefore fi, (B, s) — 1 for every
4 > 0 which clearly implies (78).
Let us now show that A"(zp) > 0. Assume the contrary, i.e., that
A*(z9) = 0. Then, by (79) we have

Ay + 29) = sup (t-(y+20) — At)) =n- (y+ 20) — An). (80)
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This means that the supremum in (80) is actually maximum and it is achieved
at t =n and so y = VA(n) = y + 29 which is a contraction since zg # 0. O

Remark 6.9. 1t is clear from the proof of Theorem 6.7 that if for some positive
sequence (€, ), so that lim,, ., &, = 0 the limit

A(t) := lim &, logE[e!®"]

exists in some neighborhood U of the origin, and satisfies all the other condi-
tions required in Assumption 1, then:

(i) For any closed set A C R?, we have
limsupe, log P(¢, S, € A) < — inf A*(z).

n—o0 z€EA
(ii) There exists a closed ball By around the origin so that for any open subset
A of By we have
liminf e, logP(,S, € A) > — inf A*(x).

n—oo r€A
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