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Hamiltonian Perturbations at the
Second-Order Approximation
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Abstract. Integrability condition of Hamiltonian perturbations of inte-
grable Hamiltonian PDEs of hydrodynamic type up to the second-order
approximation is considered. Under a nondegeneracy assumption, we show
that the Hamiltonian perturbation at the first-order approximation is in-
tegrable if and only if it is trivial, and that under a further assumption,
the Hamiltonian perturbation at the second-order approximation is inte-
grable if and only if it is quasi-trivial.
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1. Introduction and the Statements of the Results

Let M be an n-dimensional complex manifold. Consider the following system
of Hamiltonian PDEs of hydrodynamic type:

0H
8t(v"‘) = naﬁax(dvﬁ(‘;)>, v= (..., eM, xS teR, (1.1)

where (7°?) is a given symmetric invertible constant matrix, Ho := [, ho(v) dz
is a given local functional (called the Hamiltonian), and 6§/6v°(z) denotes the
variational derivative. Here and below, free Greek indices take the integer val-
ues 1,...,n, and the Einstein summation convention is assumed for repeated
Greek indices with one-up and one-down; the matrix (7%?) and its inverse (1,3)
are used to raise and lower Greek indices, e.g., v, := na,@vﬂ. The Hamiltonian
density hg(v) is assumed to be a holomorphic function of v. More explicitly,
Eq. (1.1) have the form:

o o @ @ aZhO(U)
O (v*) = AS(v)v), where AS(v) =17 5W.
Basic assumption: (A (v)) has pairwise distinct eigenvalues A1 (v), ..., A (v)

on an open dense subset U of M.
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Let us perform a change of variables (v!,...,v") — (Ry,..., R,) with

non-degenerate Jacobian locally on U. We call Ry,..., R, a complete set of
Riemann invariants, if evolutions along R,..., R, are all diagonal, namely,

(R = Vi(R)0u(R)), i=1,...,n, (1.2)

where V;’s are some functions of R = (Ry,..., R,). Below, free Latin indices
take the integer values 1,...,n unless otherwise indicated. Clearly, Eq. (1.2)
imply that the gradients of Riemann invariants are eigenvectors of (Ag), namely,

ASRio = NRip, Vi= X\ (1.3)

with R; o := 0o (R;). Similar notations like R; ; := 0;(R;), R; ji := 0;0x(R;),
. will also be used. Here and below, 0, := Oy, 0; := Og,.

It was proven by Tsarev [23] that the integrability of Eq. (1.1) is equiv-
alent to the existence of complete Riemann invariants. Here, “integrability”
means existence of sufficiently many conservation laws/infinitesimal symme-
tries (See Definition 2.2). It was shown by B. Dubrovin [10,11] that existence of
a complete set of Riemann invariants is equivalent to vanishing of the following
Haantjes tensor:

Hagy = (AapoApsAvi + AppoAys Aoy + AvpoAagApy) ALS7VY? (1.4

where Angy 1= 000305 (ho) and 6997 := n7nP® — na®nB7 Note that Hog,
automatically vanishes if the signature e(c, 3,7v) = 0; so for n = 1 or for n = 2,
the system (1.1) is always integrable.

We proceed to the study of Hamiltonian perturbations [4,5,9-11,16,18]
of (1.1)

o0H
@y aB 1 _ 1 n
h(v*) = aﬂg(&ﬁ(x))’ zeS ,teR, v=_(v,...,v")e M.
(1.5)
Here, H := [q hdz =377 € TH; with Hj := [g hj(v,v1,02,...,v;)dx is the
Hamiltonian, and h; are dlfferenual polynomials of v satisfying the following
homogeneity condition:

J
Z a—:jhj, j=0. (1.6)
(=
We recall that the variational derivative reads
0H > of Oh
o~ 2%) (af)

In the above formulae, v§ := 9%(v®), £ > 0, and we recall that a differential
polynomial of v is a polynomial of vy, vs, ... whose coefficients are holomorphic
functions of v. The ring of differential polynomials of v is denoted by A,. We
remark that according to [4,14-16,18] the Hamiltonian system (1.5) that we
are considering is general. Note that the Hamiltonian operator n®29, defines
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a Poisson bracket {, } on the space of local functionals F := { [, fdz| f €
eI}, {,}: FxF—F by

oF oG
F,G} = *ho, d VFGeF. L7
{r.G} g1 5va(x)n <5vﬁ(x)) o GeF (17)
It is helpful to view v*(z) as a “local functional” v*(z) = [4 v*(y) d(y —x) dy,
called the coordinate functional. Then, one can write Eq. (1.5) in the form

= {v¥(z), H}.

Clearly, a system of Hamiltonian PDEs of hydrodynamic type (1.1) can be
obtained from (1.5) simply by taking the dispersionless limit: € — 0.

The perturbed system (1.5) is called integrable if its dispersionless limit is
integrable and each conservation law of (1.1) can be extended to a conservation
law of (1.5). In this paper, we start with a system of integrable Hamiltonian
PDEs of hydrodynamic type, and study the conditions such that the perturba-
tion (1.5) is integrable up to the second-order approximation.

Theorem 1.1. Assume that the matriz (Af) associated with (1.1) has distinct
eigenvalues A1, ..., A\, on an open dense subset U C M. Assume that (1.1) is
integrable and denote by R = (Rl7 e ,Rn) the associated complete Riemann
invariants. A Hamiltom'an perturbation of (1 1) of the form H = Hy + ¢ Hy +
O(€?) with Hy = [¢1 h(v)da, Hy = [¢ Y1 pi(R) Ry, dx is integrable at the
first-order appro:mmatzon iff either of the following is true:

(1) it is trivial;

(ii) the following equations hold true for p;:

Wijk — Wik = QijWik + Gj Wik — QipWij — Gk Wiy, Ve(i,j, k) ==£l.
(1.8)
Here, a;; and w;; are defined by
Aij Pij — Pji .
ij = ’ Wy = ——— Vi . 1.9
i /\i_)\j’ ij >\i_/\j y #] ( )

In the above statement, we recall that a Hamiltonian perturbation is called
trivial if it is Miura equivalent to its dispersionless limit; for more details about
triviality, see Sect. 2. Due to Theorem 1.1, to study the integrable Hamilton-
ian perturbation (1.5) of an integrable PDE of hydrodynamic type (1.1) up
to the second-order approximation, it suffices to consider the case with van-
ishing H;. Here, it should also be noted that the basic assumption proposed
in the beginning of the paper has been assumed as it is written again in the
statement.

Theorem 1.2. Assume that the matriz (Ag) associated with (1.1) has distinct
eigenvalues A1, ..., A\, on an open dense subset U C M and that \; ;(v) # 0
forv € U. Assume that (1.1) is integrable and denote by R = (Ry,...,Ry) the
associated complete Riemann invariants. A Hamiltonian perturbation of (1.1)
of the form

H = H() + 62 H2 + 0(63) (110)
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wzth HO = fSl ho(’u)dl’, H2 = fSl Zn dj(R) RizR]I d$ (dzg = dﬂ) 28

ij=1%
O(€?)-integrable iff either of the followings is true:
(i) it is quasi-trivial;
(i) there exist functions C;(R;), i = 1,...,n such that

dii = —Ci(Ri) Nis, (1.11)
dij d; dy; o
[ S — = ::I:l.
<)\i—)\j)7k+ ()\j—)\k)i_'_ <>\k_)\i>’j 0, VYe(i,jk)
(1.12)

For the meaning of quasi-triviality, see Sects. 2 and 3 . Note that an equivalent
description of (1.11)—(1.12) is that the density ho can be written in the form
h2 = — Z Cl(RZ) )\i,i Rzi + % Z ()\1 - )\J) Sij R“/, ij s (113)
i=1 i#j
where s;; := ¢; ; — ¢;,; for some functions ¢;(R).

For the cases n = 1,2, Theorems 1.1 and 1.2 agree with the results of
[20] and [9].

The paper is organized as follows. In Sect. 2, we review some terminologies
about Hamiltonian PDEs. In Sect. 3, we study integrability of (1.5) up to
the second-order approximation. An example of non-integrable perturbation
is given in Sect. 4.

2. Preliminaries

In this section, we will recall several terminologies in the theory of Hamiltonian
perturbations; more terminologies can be found in, e.g., [6-8,10,12,16,22,23].

Definition 2.1. A local functional Fy = [, fo(v) dx is called a conserved quan-
tity of (1.1) if
dFy
dt
Here, the density fo(v) is a given holomorphic function of v.

= 0. (2.1)

We also often call a conserved quantity a conservation law. Note that for
simplicity we will exclude the degenerate ones with fo(v) = const from con-
servation laws.

Since (1.1) is a Hamiltonian system, Eq. (2.1) can be written equivalently
as

{Ho, Fo} = 0, (2:2)

where {, } denotes the Poisson bracket defined in (1.7). (This is straightfor-
ward to verify.) According to Noether’s theorem, (2.1) is also equivalent to the
statement that the following Hamiltonian flow generated by Fjy

vg = {v%(2), Fo}
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commutes with (1.1). Let (M,z) denote the Hessian of f, i.e., Mog := 0,03(f).
Equation (2.1) then reads

AS M) = MO A, (2.3)

Definition 2.2. The PDE system (1.1) is called integrable if it possesses an
infinite family of conserved quantities parametrized by n arbitrary functions
of one variable.

A necessary and sufficient condition for integrability of (1.1) is the vanish-
ing of the Haantjes tensor H,g, (1.4) as recalled already in the introduction.
We will assume that (1.1) is integrable and study its perturbations. Recall
that vanishing of the Haantjes tensor ensures the existence of a complete set

of Riemann invariants { R, ..., R, }. We have
AGRi o = NiRig, (2.4)
Mg Ri,a = U Ri“@’ . (25)
Here, p; are eigenvalues of (Mg) For a generic conserved quantity Fjy, the
eigenvalues 1, ..., 1, on the U are also pairwise distinct. In terms of A;, y;,
the flow commutativity is equivalent to
aij = bij, Vi#j, (2.6)
where
Aij Hi,j
Q;j = ———, by = ——. 2.7
) )\1 _ )\] () i — Mj ( )

The compatibility condition
Wi gk = [hikjs Ve(i,j, k) =+£1
for Eq. (2.6) reads as follows
(hi = b ) (@i e — @ik 5) = (15— bk ) (@i b+ @ijasn +ainar; — aijax) = 0. (2.8)

Definition 2.2 requires that equation (2.8) is true for infinitely many Fp
parametrized by n arbitrary functions of one variable. So the coefficients of
pi — pg and of p; — py must vanish:

aijr — iy = 0, Ve(i,j, k) = £1, (2.9)
aij ke + Qijajr + Giar; — aijaig = 0, Ve(i,j, k) = £1. (2.10)
Note that (2.10) is implied by Egs. (2.9) and (2.7).
Definition 2.3. A local functional F' := Z;io €/ F}j is called a conserved quan-
tity of (1.5), if
ar
dt
Here, F; = fsl fi(v,v1,...,v5)dz, j > 0 with f; being differential polynomials
of v homogeneous of degree j.

= 0. (2.11)
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Conserved quantities (or say conservation laws) considered in this paper are
always of the form as in Definition 2.3.
Equation (2.11) can be equivalently written as

{H,F} =0,
which is recast into an infinite sequence of equations

{Hy, Fo} = 0,
{Ho, F,} + {Hi,Fy} = 0,
{Ho, F>} + {H1,FA} + {H2, Fo} = 0,

etc.

Definition 2.4. A Hamiltonian perturbation (1.5) is called integrable if its dis-
persionless limit (1.1) is integrable and generic conservation laws of (1.1) can
be extended to those of (1.5). For N > 1, (1.5) is called O(e"V)-integrable if its
dispersionless limit (1.1) is integrable and every generic conservation law Fj
of (1.1) can be extended to a local functional F', s.t.

{H,F} = O(NTh). (2.12)

One important tool of studying Hamiltonian perturbations is to use
Miura-type and quasi-Miura transformations [16]. Recall that a Miura-type
transformation near identity is given by an invertible map of the form

V=W, we = ZejW]-a(U,vl,...mg), W§ =", (2.13)
§=0

where W¢*, j > 0 are differential polynomials of v homogeneous of degree j
with respect to the degree assignments degvy = ¢, £ > 1. A Miura-type
transformation is called canonical if there exists a local functional K, such
that

w* = v* + e{v*(z),K} + %{{va(a:),K},K} + o (2.14)

where K = Z;io ¢/ K ;. Two Hamiltonian perturbations of the same form (1.5)
are called equivalent if they are related via a canonical Miura-type transfor-
mation. A Hamiltonian perturbation (1.5) is called trivial if it is equivalent
to (1.1).

A map of the form (2.13) is called a quasi-Miura transformation, if
Wg, £ > 1 are allowed to have rational and logarithmic dependence in v,.
The Hamiltonian perturbation (1.5) is called quasi-trivial or possessing quasi-
triviality, if it is related via a canonical quasi-Miura transformation to (1.1). We
recall that many interesting nonlinear PDE systems possess quasi-triviality; for
example, it was shown in [12] that if (1.5) is bihamiltonian then it is quasi-
trivial. The precise definition used in this paper for quasi-Miura transformation
will be given in the next section.
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3. Proofs of Theorems 1.1 and 1.2

In this section, we study integrability of the Hamiltonian system (1.5) up to
the second-order approximation, and prove Theorems 1.1 and 1.2 .

Assume that (1.1) is integrable.

We start with the first-order approximation. Let us first look at the in-
tegrability condition of the O(e!)-approximation. Denote

H = Hy + eH; + O(€) (3.1)
with Hy = [g pa(u)ugde = 377 [ pi(R) Ri, dz. Here, the functions pq
and p; are assumed to satisfy p, = E?:l DiRRi o

Proof of Theorem 1.1. Denote by éaﬁ the exterior differential of the 1-form
Dadu®

eaﬂ = ﬁaﬁ - ﬁﬂ,a . (32)
In the coordinate chart of the Riemann invariants Ry, ..., R,, we have

0;j = Oju® éag ajuﬁ = Dij — Dji-
The O(e')-integrability says any local functional Fy = [g, f(u)dz satisfying
{Hp,Fo} = 0
can be extended to a local functional
F = Fy + e, + O(?),

such that
{H,F} = O(é?). (3.3)

Here, the local function F} is of the form
B o= / Go(u) u dz = Z/ ¢(R) Ry, dz . (3.4)
st =175

Eq. (3.3) reads as follows
{HovFl} + {H17F0} = 07

which is equivalent to

éang + éﬂng = éavAg + é,@vAl (3.5)
or, in the coordinate system of the Riemann invariants, to
0 Oi; L,
I = J Vi # . (3.6)

Ai —Aj fi — pg’
Here, Ou5 := o, —p,0s ©ij = ¢ij —qj,i- The compatibility condition of (3.6)
is given by

@ij,k + @jk,i + @]ﬂ‘,j =0, VE(L]', k) = +1. (3.7)

Introduce the notations

wij = e, i# ] (3:8)



3926 D. Yang Ann. Henri Poincaré

Then, Eq. (3.7) imply

5k[wij (Mi—ﬂj)}‘f‘ai[wjk (Mj_ﬂk)}‘f‘aj[wki (e —pi)] = 0,
Ve(i,j, k) = £1,

ie.,

wijke (i = 13) + wij (pik — pj) + cyclic = 0, Ve(i,j,k) =+1. (3.9)
Substituting Eqgs. (2.6), (2.7) in Eq. (3.9), we obtain
wijk (i = p5) + wig (@ir(pi — pr) = agr(py — pe)) + cyclic = 0, (3.10)

from which we obtain that for any pairwise distinct i, j, k,
(i — ) (Wijk 4 Wij ik — Wik Qi + Wjk Qi — Whij — Wi Gij)
+ (g — ) (—wijh — wij @i + Wiki + Wk Aji — Whi Gkj + Wi aij) = 0.
(3.11)
As a result, we conclude that

Wik + Wij Gik — Wik Gji + Wik Gk — Whij — Wriaij = 0, Ve(i,j,k) = %1,
(3.12)
— Wij bk — Wij Qjk + Wik + Wik Qji — Wk Akj + wWriai; = 0, Ve(i,j, k) = 1.
(3.13)
This arguments above can be reversed to get (3.7). We therefore conclude that
integrability at the first order of approximation is equivalent to (1.8). d

Let us now consider the condition of (quasi-)triviality at the first order
of approximation. The Hamiltonian perturbation (3.1) is quasi-trivial at the
first-order approximation, if there exists a local functional

KO = / ko(’l)) dx
g1

such that

{Ho, Ko} = H;. (3.14)
Clearly, quasi-triviality at the first-order approximation is the same as triviality
at the first-order approximation. Equation (3.14) is equivalent to the existence
of a function ¢ satisfying

_ Oko oY
Eliminating v in the above equation we find the following equivalent equation
to (3.14):
0?%ko

éaﬁ: v

ko Al 3.16
OuBIuY Y uedur B (3.16)

In the coordinate chart of Riemann invariants, Eqgs. (3.15) and (3.16) become

pi = Aikoi+v, (3.17)

0i o
I — = kouj + aijkos + ajikoy, i#7. (3.18)
N
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The compatibility condition of Eq. (3.18) is given by
Ockoij = Ojkoik Ve(i, j, k) = £1,
which yields
5‘k< 0ij —a;j ko —aji ko j> = 0 ( Our — a;k ko — ari ko k) . (3.19)
Xi — Aj ’ ' Ai — Ak ’ ’
Substituting Eq. (3.18) into (3.19), we find
Wijk — Qij Wik — G5 Wik — ko @ijk + koj(ajiae — ajik)

+ kok(ania;; + agjaj;)

= Wik, — QikWij — Gki Wkj — Ko, Gik; + Kok(GriGk; — aki ;)
+ koj(ajiaik + ajkar:) - (3.20)
Finally substituting Eqs. (2.9) and (2.10) into (3.20), we have
Wijk — Qij Wik — Gj; Wik = Wik, — QikWij — QgiwWkj, Y e(i,7,k)==1.
(3.21)
The procedure can again be reversed. So we proved the equivalence between

(1.8) and triviality at the first-order approximation. The theorem is proved. O
We proceed with the second-order approximation. Let

H = Hy + eH, + €€ Hy + O(%) (3.22)
be a Hamiltonian perturbation of (1.1) with
Hy = / dap()v2 vl dz = / ZdURZJDR dx (3.23)
51 S50
and ~ ~
dop = dpo,  dij = dji = dapvi0”;. (3.24)

Assume as always that (1.1) is integrable, and assume that (3.22) is O(e!)-
integrable. According to Theorem 1.1, there exists a canonical Miura-type
transformation reducing H; to the zero functional. So the assumption that
H; = 0 used in (1.10) in the statement of Theorem 1.1 does not lose generality
as we already pointed it out in the Introduction.

Proof of Theorem 1.2. The proof will be given with the following order: firstly,
we show that O(e?)-integrability implies (1.11)—(1.12); secondly, we show that
(1.11)—(1.12) is equivalent to quasi-triviality at the second-order approxima-
tion; thirdly, we show that quasi-triviality implies O(e?)-integrability.

Assume that (3.22) with H; = 0 is O(e?)-integrable. This means that,
for a generic conservation law Fy of (1.1), there exists a local functional of the
form

F = / Deop(u)ul v’ de = Z R)R;,R; dx (3.25)
St 1,9=1
such that
{Ho, F5} + {Hs,Fo} = 0. (3.26)
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Note that equation (3.26) implies
Mpd,s — Mydy,, = AL D,s — A5 D (3.27)
M»ﬁ dpog + M dpsy + ME doy,o — Mc'?'y dop — Mapﬁ de - MSW dpo

- Mg dﬁv,p - M§ Jovyp - M$ daﬂ,p
— (M < A,d< D). (3.28)

po

In the coordinate system of the complete Riemann invariants, (3.27) and (3.28)
become
mD—ijuj = Aid_” N Vit (3.29)
XiaDij + XjiDj + NijDu + (N — N)Dyj
+ 5 = A) Dy + (M= Aj)Dij
= piidi; + piidi + pegda + (e — ) dige + (5 — ) dij
+ (=) dijo, Vi, 4l (3.30)

Here, in the derivation of (3.30), we have used (3.29).
Taking j =1 = in (3.30), we obtain

Aii Dic = piidii - (3.31)

By assumption, in the subset U of M, \; satisfy A;; # 0. Thus, there exist
functions C;(R) such that

D;i = —Ci(R) wis, dii = —Ci(R) N\ . (3.32)
Taking [ = j and i # j in (3.30), we find
AjiDji + N = X)Djja = pjady; + (py —pa)djge,  Vi#io (3.33)
Substituting (3.32) into (3.33) and using (2.9) we obtain
Cji (N = Mg — (i — pj)Aig) = 0, Vj#i, (3.34)

which implies

Cj,i - 07 v] # ia

ie.
Cj(R) = Ci(R;).

Taking [ =4 and j # 4 in (3.30) and using (3.31),(3.33), we find

AiiDij + (Ni = Xj)Diji = paidiy + (i — py) dijoi - (3.35)
Taking j =i and [ # 4 in (3.30) and using (3.33), we find
NiiDii + (N = N)Diii = piidi + (s — ) diii (3.36)

which coincides with (3.35). It is straightforward to check that (3.29) and (2.9)
imply (3.35). So (3.35) does not give new constraints to d;;, ¢ # j.

Now we use (3.30) with &(4, j,1) = 1. First, by (3.29) it is convenient to
write

Dij = sij(pi —p5), dij = sij(Ni—=2X;),  i#7, (3.37)
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where s;; are some anti-symmetric fields. Substituting (3.37) in (3.30) and
using (2.9), we obtain
(stj,itsgirtsing) (M = A) (g — ) — (A = A)(wi —p)) = 0, Ve(i,g,0) = £1.
(3.38)
Hence,
S15,i + Sjiq + say; = 0, v €(i,j,l) =41. (339)
This proves (1.11)—(1.12).
We now consider the condition of quasi-triviality for (3.22) with H; = 0.
Such a perturbation is called quasi-trivial if there exists a local functional K
of the form

K = ¢K; + 0(?), K, = / ky (u; ug) de, (3.40)
Sl
such that

Hy + e{Hy,K} = H. (3.41)

Here, k7 is also required to satisfy the following homogeneity condition:

(9 8k1 8k51 6k1 6k1

o — 0| —=5 )= 75 —0.| —5 |- 3.42
;TUT dug: (31“6 <GU§>> ouf (8ug) (342)

(The above (3.40)—(3.42) is the precise definition used in this paper for quasi-
triviality at the second-order approximation.)
Equation (3.42) is equivalent to the following linear PDE system:

u kl uo‘uﬁu'y + klu ull 0, (343)
Ug by yous — ugug ky sy — kyus = 0. (3.44)
From Eq. (3.41), we obtain
{Ho, K1} = Ha,
which is equivalent to
) 0K,
— | H: Atuldx) = 0. 3.45
sy (B o mencyA5ua ) 349
Eq. (3.45) read more explicitly as follows:
2
0 Ok, Ok,
igi a0 _ s —
;0( V%o p{ o U Ul + A2 (a 1 am(aug))} 0. (3.46)

Comparing the coefficients of uZ,, of both sides of Eq. (3.46) gives
Ap kl,u;ug == Ag kLuguﬁ (347)
In terms of the Riemann invariants, Eq. (3.47) read
D kirir, RioRip (N —X\) =0,
i#j

which imply
kir,,r;, = 0, Vi#j. (3.48)
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Lemma 3.1. Up to a total x-derivative, k1 must have the form

kl = Z Ci(Rlv L) Rn)Rzz IOg sz - Ci(Rla teey Rn)Rlx + (bi(Rla ceey Rn)Rm:
i=1

(3.49)
for some C;, ¢;. Moreover, if ki has the form (3.49) then it satisfies (3.43),
(3.44), (3.47).

Proof. Eq. (3.48) imply that k; must have the variable separation form
ki = ZBi(Rl, ... R R;,). (3.50)
i=1
Noting that

n
kiue = 5 k1R, Ria,
=1

n
Fyueu = O kurir,, RiaRips,
ij=1
n

Fyeutur = O KURLR; Ri, Ria R Ry

ij k=1
and substituting Eq. (3.50) into Eq. (3.43), we obtain
R;. B r,.R,,R;, + 2Bi.r, rR,, = 0.
If follows that
Bi = Ei(R) + ¢i(R)Rip, + Ci(R)Ri,log Ri, — Ci(R)Ri, (3.51)

for some functions Cjy, ¢;, ;. Finally, noticing that
n
kius = Z(k'l,Ri,Ri,ﬁ + k1R, Rigoul)
=1
n n
Frusw = Y (kuri,rRis +kir,ry, Rigotd) Rio + Y kin, Riag,
Q=1 i=1
n
ki wauur = > (kure,ry mRiy + kR, Ry i, Brnoul) Ria R
i,j,k=1
n
+ Y kvr, g, (RiayRjp+ RiaRjgy),

i=1
and substituting (3.50), (3.51) into (3.44), we obtain

aﬁ<§Ei(R)) =0, (3.52)

which finishes the proof. O
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Now collect the terms of (3.46) containing u2, u7,

0%k 0%k 0%k )
B o a 1 « 1 o 1
uf ue, (A 4 A Coae YL ) o (353
( P ug Oul dug P Qug duboug dug duloul, (3.53)

Lemma 3.2. If ky satisfies (3.48), then it automatically satisfies (3.53).

Proof. We have
LHS of (3.53)

n
= wl,ul, > kiR, R, R, Ria (ASRigR)0 + ASRi o R0 — 2A3 R gR; )
i,5,0=1

= ul, ul, Z kiR R R, Rio (ASRi gRio + ASRi yRio — 2A2R; s R; )
= ub g, Z k1,Rr, R R;,, Ni (RipRipRic + RigRipRi.c —2R;sRipR; )
i=1
= 0.
The lemma is proved. O

Comparing the coefficients of u?, of the both sides of (3.46) yields

2 A% k1,uau5muz AG kb yousurud — 3AG Ky youruy — AS K ky sl WS UGUY
+ Aﬂ (kl,ugu/’ - kl,uaué) + AP (kLu;‘uﬁ - kl uo‘u ) 2d pB = 0.
(3.54)

Substituting (3.49) into (3.54), we obtain the following lemma.

Lemma 3.3. The functions C; must satisfy
Ciy =0, Vi#j (3.55)
Proof. Noting that
ki,r,, = Cilog R, + ¢,
kir, r; = Cijlog Riy + ¢ij,
ki,r;, r;, = Cidij R,
we find that the only possible terms containing log R;, in Eq. (3.54) are
AY (Brugus =k yens) s A (Frugur = Kiueus)

If fOHOWS that Zzg 1 2]()\1' — )\j)(Ri,ﬁRj,p + Ri,pRj,ﬁ) log Rzz = 0, Wthh
yields

ZCU ( ZBRJpJFRlpRJﬁ) = 0.

J#i
This gives (3.55). The lemma is proved. O
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Lemma 3.4. The cfaﬁ must have the form

:_7ZC AiaRzﬁ"')\z[ijoz ZS’LJ RlaR]ﬂa
275]
(3.56)

where si; = ¢; j — ¢;4 for some functions ¢;.

Proof. Using Eq. (3.54), we obtain

2dppulul = —2 ZO ) Nig Riw + Z sij (N — \j) Rip Ry (3.57)

1,7=1

The lemma is proved. g

Let us further show that the expression (3.56) is equivalent to the expres-
sion (1.13) (therefore is also equivalent to (1.11)—(1.12)). Indeed, in the coor-
dinate chart of the complete Riemann invariants, (3.56) becomes

diy = 5 (CiRMA + GBIV + 5 Ssu (=), (359)
i#]
where s;; = ¢; ; — ¢;,; for some functions ¢;. It then suffices to show that
:%(CZ(RZ) i; + Ci(Ry) ”) Vi # j can be absorbed into the term
5 E#J sij (As — Aj). This is true because

5 Ci(Ri)Aij + Cj(Rj)A)i Lo, Ci(Rj)Ajk + Cr(Ri)Arj
i X — N ‘ A — Ak

+ 9, (C;@(Rk))\];;j‘Fii(Ri))\i,k) =0, Ve(ijk) = +1. (3.59)

Finally, let us check that equalities (3.46) hold true if czag and k; are
given by (3.56) and (3.49). Collecting the rest terms of both sides of (3.46),
we find that it suffices to show

- (daﬁ,pugUJg - Zd‘,ﬁﬁu;ug)
= Aauv (kLuauP - UU kl uouaug) - Ao"Ufy (k:l wru® — ug kl,uau"{ug)

— AWE u;ugu;{ kl,ua e+ AO‘ usu (k1 uswr — Ky o —uf kl,uﬁugu{;)a
(3.60)

where A5, = 7 950,050, (h). Indeed, the contribution of ¢;-terms is just
a result of canonical Miura-type transformation and note that Eq. (3.46) de-
pend on ki linearly, so we can assume ¢; =0, ¢ = 1,...,n. Then, by straight-
forward calculations, we find that the both sides of Eq. (3.60) are equal to
= Yis1 CilRi) (N Rip + i Rigs) uffus.

Hence, we have proved that the Hamiltonian perturbation (3.22) is quasi-
trivial at the second-order approximation iff cza,@ has the form (1.13).

We proceed with proving that quasi-triviality at the second-order approx-
imation implies O(€?)-integrability. We have shown that there exist functions
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Ci(R;) and ¢;(R) such that Egs. (3.56) hold true. And the quasi-triviality is
generated by € K1 + O(e?) :

/ZC i) Rizlog Ri, —Ci(Ri)Riy +¢i(R1, ..., Ry) R, dz. (3.61)
S’l

For a generic conservation law F = fsl fo(v)dx of (1.1), denote by w1, ..., tin
the distinct eigenvalues of the Hessian (Mg) of fo. The calculations above can
be applied to Fpy, which give

Fy = {Fy, K1} :/ ( Zc D pis Ry 4 Z 1) 515 RinR; )dm.

2?5]
(3.62)
Then, using the Jacobi identity, we obtain {Hy, Fo} + {Ha, Fo} = 0. Hence,
we have proved the O(e?)-integrability.
The theorem is proved. O

4. Example

The two component irrotational water wave equations in 1 + 1 dimensions
[1,25] are given by

/ e~y {int cosh [k e (1 + pn)] — 22 sinh [k e (1 +,u77)]} =0, (41)
2 2 2
By e 0+ pdans) T e
P2 = 2 . 4.2
q +n + 5 = 2 1+ p2en2 + (1 + p2e2n2)3/2 (42)

Here, p and o are constants. For simplicity, we will only consider the case
o =0. Denote r =1+ un, v = pq,. Then, we can rewrite (4.1)—(4.2) as the
perturbation of a system of Hamiltonian PDEs of hydrodynamic type:

Je2i—

2 . .
r=01+0Q) 12 o _1 M (r¥ ), (4.3)
Jj=1

Vg = —Tp — VUx +

)

o) —1)7e29—2 j— j—
e (oret L+ Q7 Y, S0y (¥ 1)
27" 14+ €er2

(4.4)

where @ is an operator defined by @ := Z]oozl 21) 829 o727, The dispersion-
less limit of (4.3)—(4.4) was studied by Whitham [24] and is integrable. Now

we look at the second-order approximation of (4.3)—(4.4):
1
re = —(1v)y + € (—7‘27“xe — grgvm) + O(e'), (4.5)

1
Vg = — Ty — VU + 62(57’2’03) + O(eh). (4.6)
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This approximation has the Hamiltonian structure:

o = (35) (4 25

H = Hy + € Hy + O(e), (4.8)
1 5, 72 L3 5
Hy = — | =rm?4+ —=dz, Hy, = | Zr¥?dz. (4.9)
St 2 2 S1 6

Proposition 4.1. The system (4.3)—(4.4) is not integrable in the sense of Defi-
nition 2.2.

Proof. The Riemann invariants are Ry = v/2+ /7, Ry = v/2 — y/r. And the

eigenvalues are
3 1 1 3
A1 :—U—\/;:—ERl—iRg, AQZ_U+\/;:_§R1_§R2. (410)

This gives A11 = Ag2 = —3/2. According to Theorem 1.2, the perturba-
tion (4.8) is quasi-trivial at the second-order approximation iff the following
equation has a solution:

— ((R1 — Ry)(¢1,2 — h2,1)) RipRa,
(R — Ry)°

3 3
+ 501(31)31?0 + 502(R2)R2926 = T(le + Ro,)?.

However, the solution set to this equation is empty as the coefficients of
R1§ on the both sides already produce a contradiction. The proposition is
proved. O

Let us provide additional but more straightforward evidence supporting
the already proved statement of Proposition 4.1. It is easy to verify that up
to the second-order approximations, system (4.3)—(4.4) has four linearly inde-
pendent conservation laws:

/rdx,/ vdm,/ rodx, —H.
st st st

We will show these form all possible conservation laws in all-order for (4.3)—
(4.4). (They are actually indeed conservation laws all-order, but we do not
prove this in the present paper; instead we refer to [1,3,25].) The precise
statement that we will now prove is that only the following four conservation
laws of the dispersionless limit of (4.3)—(4.4)

1 2
/rdx,/ vdz,/ rvdx,/ frv2+r—dz (4.11)
Sl Sl Sl 5’12 2

can be extended to conservation laws at the second-order approximation for
(4.3)-(4.4). To see this, denote u! = r, u?> = v, and let

F=Fy+F+0(8) = flu)dz + 62/ Dops(u) uSul + O(e%)
51 51
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be a conserved quantity of (4.3)—(4.4) at the second-order approximation.
Then, we have

Joo =71 frr, (4.12)
H1 = fr'u - \/;fr'r'a H2 = fru + \/'Ffm«, (413)
gL e
di1 = dp2 = 50 (11 —12)%, (4.14)
7] 0
Dy = *7}%57(51) (r1 — 7"2)6, Dyy = *71%527(?) (r1 — 7’2)6- (4.15)

Substituting these equations in (3.33) and using (4.12), we find f.., = 0. It
yields five solutions:

2

1 1
f =T, f =, f =Trv, f = 57”1)2 + §T2, f = % +7‘10g7". (416)

However, through one by one verifications, only the first four can be (and are
indeed) extended to the second-order approximation.
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