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Abstract. We study Maxwell’s equation as a theory for smooth k-forms on
globally hyperbolic spacetimes with timelike boundary as defined by Aké
et al. (Structure of globally hyperbolic spacetimes with timelike bound-
ary. arXiv:1808.04412 [gr-qc]). In particular, we start by investigating
on these backgrounds the D’Alembert—-de Rham wave operator [J; and
we highlight the boundary conditions which yield a Green’s formula for
(k. Subsequently, we characterize the space of solutions of the associ-
ated initial and boundary value problems under the assumption that ad-
vanced and retarded Green operators do exist. This hypothesis is proven
to be verified by a large class of boundary conditions using the method of
boundary triples and under the additional assumption that the underlying
spacetime is ultrastatic. Subsequently we focus on the Maxwell operator.
First we construct the boundary conditions which entail a Green’s for-
mula for such operator and then we highlight two distinguished cases,
dubbed dd-tangential and dd-normal boundary conditions. Associated to
these, we introduce two different notions of gauge equivalence and we
prove that in both cases, every equivalence class admits a representative
abiding to the Lorenz gauge. We use this property and the analysis of
the operator [ to construct and to classify the space of gauge equiva-
lence classes of solutions of the Maxwell’s equations with the prescribed
boundary conditions. As a last step and in the spirit of future applica-
tions in the framework of algebraic quantum field theory, we construct
the associated unital *-algebras of observables proving in particular that,
as in the case of the Maxwell operator on globally hyperbolic spacetimes
with empty boundary, they possess a non-trivial center.
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1. Introduction

Electromagnetism and the associated Maxwell’s equations, written both in
terms of the Faraday tensor or of the vector potential, represent one of the
most studied models in mathematical physics. On the one hand, they are
of indisputable practical relevance, while, on the other hand, they are the
prototypical example of a gauge theory, which can be still thoroughly and
explicitly investigated thanks to the Abelian nature of the underlying gauge
group.

On curved backgrounds, the study of this model has attracted a lot of
attention not only from the classical viewpoint but also in relation to its quan-
tization. Starting from the early work of Dimock [18], the investigation of
Maxwell’s equations, generally seen as a theory for differential forms, has been
thorough especially in the framework of algebraic quantum field, e.g., [20,34].
One of the key reasons for such interest is related to the fact that electromag-
netism has turned out to be one of the simplest examples where the principle
of general local covariance, introduced in [11], does not hold true on account
of topological obstructions—see for example [5,7,15,35].

A closer look at all these references and more generally to the algebraic
approach unveils that most of the analyses rest on two key data: the choice
of a gauge group and of an underlying globally hyperbolic background of ar-
bitrary dimension. While the first one is related to the interpretation of elec-
tromagnetism as a theory for the connections of a principal U(1)-bundle, the
second one plays a key role in the characterization of the space of classical
solutions of Maxwell’s equations and in the associated construction of a unital
x-algebra of observables. More precisely, every solution of Maxwell’s equations
identifies via the action of the gauge group an equivalence class of differen-
tial forms. Each of these classes admits a representative, namely a coclosed
form which solves a normally hyperbolic partial differential equation, ruled
by the D’Alembert—de Rham operator. Such representative is not unique due
to a residual gauge freedom. Most notably, since the underlying spacetime is
globally hyperbolic, one can rely on classical results, see for example [9], to
infer that the D’Alembert—de Rham operator admits unique advanced and re-
tarded fundamental solutions. Not only these can be used to characterize the
kernel of such operator, but they also allow both to translate the requirement
of considering only coclosed form as a constraint on the admissible initial data
and to give an explicit representation for the space of the gauge equivalence
classes of solutions of Maxwell’s equations. At a quantum level, instead, the
fundamental solutions represent the building block to implement the canonical
commutation relations within the #-algebra of observables, cf. [18].

Completely different is the situation when we drop the assumption of the
underlying background being globally hyperbolic since especially the existence
and uniqueness results for the fundamental solutions are no longer valid. In
this paper, we will be working in this framework, assuming in particular that
the underlying manifold (M, g) is globally hyperbolic and it possesses a time-
like boundary, in the sense of [1], where this concept has been formalized. In
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other words, to (M, g) one can associate (M, },9), where tpr : OM — M,
is a Lorentzian smooth submanifold. This class of spacetimes contains several
notable examples, such as anti-de Sitter (AdS) or asymptotically AdS space-
times. These play a key role in several models that have recently attracted a
lot of attention especially for the study of the properties of Green-hyperbolic
operators—Ilike the wave, the Klein-Gordon or the Dirac operator—, see for
example [2,22,27,37,38]. From a classical point of view, in order to construct
the solutions for any of these equations, initial data assigned on a Cauchy sur-
face are no longer sufficient and it is necessary to supplement them with the
choice of a boundary condition. This particular feature prompts the question
whether these systems still admit fundamental solutions and, if so, whether
they are unique and whether they share the same structural properties of their
counterparts in a globally hyperbolic spacetime with empty boundary.

For the wave operator acting on real scalar functions, a complete answer
to this question has been given in [12] for static globally hyperbolic spacetimes
with a timelike boundary combining spectral calculus with boundary triples,
introduced by Grubb in [24].

In this work, we will be concerned instead with the study of Maxwell’s
equations acting on generic k-forms, with 0 < k& < m = dim M, see [26] for
an analysis in terms of the Faraday tensor on an anti-de Sitter spacetime. In
comparison with the scalar scenario, the situation is rather different. First of
all the dynamics is ruled by the operator i, 1dx where dy is the differential
acting on Q¥ (M), the space of smooth k-forms while 6y is the codifferential
acting on (k + 1)-forms. To start with, one can observe that this operator is
not formally self-adjoint and thus boundary conditions must be imposed. The
admissible ones are established by a direct inspection of the Green’s formula
for the Maxwell-operator. In between the plethora of all possibilities, we high-
light two distinguished choices, dubbed dd-tangential and dd-normal boundary
conditions which, in the case k = 0, reduce to the more common Dirichlet and
Neumann boundary conditions.

As second step, we recognize that a notion of gauge group has to be
introduced. While a more geometric approach based on interpreting Maxwell’s
equations in terms of connections on a principal U (1)-bundle might be the most
desirable approach, we decided to investigate this viewpoint in a future work.
We focus instead only on Maxwell’s equations as encoding the dynamics of a
theory for differential k-forms. If the underlying manifold (M, g) would have
no boundary, the gauge group would be chosen as dQ*~!(M). While at first
glance one might wish to keep the same choice, it is immediate to realize that
this is possible only for the dd-normal boundary condition which is insensitive
to any shift of a form by an element of the gauge group. On the contrary, in
the other cases, one needs to reduce the admissible gauge transformations so
to ensure compatibility with the boundary conditions.

The next step in our analysis mimics the counterpart when the under-
lying globally hyperbolic spacetime (M, g) has empty boundary, namely we
construct the space of gauge equivalence classes of solutions for Maxwell’s
equations and we prove that each class admits a non-unique representative
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which is a coclosed k-form w, such that Oyw = 0. Using a standard nomencla-
ture, we say that we consider a Lorenz gauge fixing. Here Oy, = dj—10x+0k11dg
is the D’Alembert—de Rham wave operator which is known to be normally hy-
perbolic, see e.g., [34]. On the one hand, we observe that the mentioned non-
uniqueness is related to a residual gauge freedom which can be fully accounted
for. On the other hand, we have reduced the characterization of the equiva-
lence classes of solutions of Maxwell’s equations to studying the D’ Alembert—de
Rham wave operator.

This can be analyzed similarly to the wave operator acting on scalar func-
tions as one could imagine since the two operators coincide for £ = 0. Therefore
we study Uy, independently, first identifying via a Green’s formula a collection
of admissible boundary conditions. Subsequently, under the assumption that
advanced and retarded Green’s operators exist, we characterize completely
the space of solutions of the equation Jyw = 0, w € QF(M) with prescribed
boundary condition. At this stage, we highlight the main technical obstruc-
tion which forces us to consider only two distinguished boundary conditions
for the Maxwell operator. As a matter of facts, we show that, although at an
algebraic level it holds always 0 o (g = (g1 00y, the counterpart at the level
of fundamental solutions is verified only for specific choices of the boundary
condition. This leads to an obstruction in translating the Lorenz gauge con-
dition of working only with coclosed k-form to a constraint in the admissible
initial data. This failure does not imply that the Lorenz gauge is ill-defined,
but only that, for a large class of boundary conditions, one needs to envisage
a strategy different from the one used on globally hyperbolic spacetimes with
empty boundary in order to study the underlying problem.

It is important to mention that it is beyond our current knowledge ver-
ifying whether our assumption on the existence of fundamental solutions is
always true. We expect that a rather promising avenue consists of adapting
to the case in hand the techniques and the ideas discussed in [17] and in [21],
but this is certainly a challenging task, which we leave for future work. On
the contrary, we test our assumption in the special case of ultrastatic, glob-
ally hyperbolic spacetimes with timelike boundary. In this scenario, we adopt
the techniques used in [12] proving that advanced and retarded fundamental
solutions do exist for a large class of boundary conditions, including all those
of interest for our analysis.

Finally, we give an application of our result inspired by the quantization of
Maxwell’s equations in the algebraic approach to quantum field theory. While
this framework has been extremely successful on a generic globally hyperbolic
spacetime with empty boundary, only recently the case with a timelike bound-
ary has been considered, see e.g., [6,13,19,32,40]. In particular, we focus on
the construction of a unital *-algebra of observables for Maxwell’s equations
both with dd-tangential and dd-normal boundary condition and we prove that
in both cases one can always find a non-trivial Abelian ideal. This is the sig-
nature that, also in presence of a timelike boundary, one cannot expect that
the principle of general local covariance holds true in its original form.
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To conclude, we emphasize that, from a physical viewpoint our analysis

has two key goals. The first, more evident, is to discuss a rigorous quantization
scheme for Maxwell equations in presence of a class of boundaries which are
expected to play a role in many applications. A rather natural example is the
Casimir effect for photons, which can be modeled as a free electromagnetic
field confined between two perfectly isolating and infinitely extended parallel
plates in Minkowski spacetime. The second instead consists of highlighting the
necessity in presence of boundaries of revising the structure of the underlying
gauge group, which changes according to the boundary conditions chosen. In
the prospect of analyzing in future works interacting models, this has far-
reaching consequences.
The paper is organized as follows: In Sect. 2, we introduce the notion of globally
hyperbolic spacetime with timelike boundary as well as all the relevant space
of differential k-forms. In addition we recall the basic definitions of differential
and codifferential operator, and we introduce two distinguished maps between
bulk and boundary forms. Section 3 contains the core of this paper. For clarity
purposes, we start in Sect. 3.1 from the analysis of the D’Alembert—de Rham
wave operator [x. To begin with, we study a class of boundary conditions
which implement the Green’s formula, hence making [; a formally self-adjoint
operator. Subsequently, we assume that, for a given boundary condition, ad-
vanced and retarded Green’s operators exist and we codify the information
of the space of classical solutions of the underlying dynamics in terms of a
short exact sequence, similar to the standard one when the underlying glob-
ally hyperbolic spacetime has no boundary, ¢f. [9]. In addition, we discuss the
interplay between the fundamental solutions and the differential /codifferential
operator. In Sect. 3.2, we focus instead on Maxwell’s equations. First we in-
vestigate which boundary conditions can be imposed so that the operator
ruling the dynamics is formally self-adjoint. Subsequently, we introduce the
dd-tangential and the dd-normal boundary conditions together with an asso-
ciated gauge group. Using these data, we prove that the equivalence classes of
solutions of Maxwell’s equations always admit a representative in the Lorenz
gauge, which obeys an equation of motion ruled by . Such solution is non-
unique in the sense that a residual gauge freedom exists. Nonetheless, using
the fundamental solutions of the D’Alembert—de Rham wave operator, we are
able to characterize the above equivalence classes in terms of suitable initial
data. To conclude, in Sect. 3.3 we use the results from the previous parts
to construct a unital x-algebra of observables associated to Maxwell’s equa-
tions with dd-tangential and dd-normal boundary conditions. In particular, we
prove that in all cases there exists an Abelian *-ideal. In “Appendix A,” we
prove that our assumption on the existence of fundamental solutions is verified
whenever the underlying spacetime is ultrastatic. Finally, in “Appendix B” it
is proven an explicit decomposition for k-forms on globally hyperbolic space-
times, which plays a key role is some proofs in the main body of the paper. In
“Appendix C,” we recall the basic notion of relative cohomology for manifolds
with boundaries as well as the associated Poincaré—Lefschetz duality.
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2. Geometric Data

In this subsection, our goal is to fix notations and conventions, as well as to
summarize the main geometric data, which play a key role in our analysis.
Following the standard definition, see for example [30, Ch. 1], M indicates
a smooth, second-countable, connected, oriented manifold of dimension m >
2, with smooth boundary 0M, assumed for simplicity to be connected. We
assume also that M admits a finite good cover. A point p € M such that
there exists an open neighborhood U containing p, diffeomorphic to an open
subset of R™, is called an interior point and the collection of these points is
indicated with Int(M) = M. As a consequence, M = M \M , if non-empty,
can be read as an embedded submanifold (9M, tgpr) of dimension m — 1 with
Lom € C‘X’(E)M;M).

In addition we endow M with a smooth Lorentzian metric g of sig-
nature (—,+,...,+) and consider only those cases in which ¢};,¢ identifies
a Lorentzian metric on M and (M, g) is time oriented. As a consequence,
(OM, 1%,,9) acquires the induced time orientation and we say that (M, g) has
a timelike boundary.

Since we will be interested particularly in the construction of advanced
and retarded fundamental solutions for normally hyperbolic operators, we fo-
cus our attention on a specific class of Lorentzian manifolds with timelike
boundary, namely those which are globally hyperbolic. While, in the case of
OM = () this is a standard concept, in presence of a timelike boundary it has
been properly defined and studied recently in [1]. Summarizing part of their
constructions and results, we say that a time-oriented, Lorentzian manifold
with timelike boundary (M, g) is causal if it possesses no closed, causal curve,
while it is globally hyperbolic if it is causal and, for all p,q € M, J*(p)NJ~(q)
is either empty or compact. Here J* denote the causal future and past, cf. [9,
Sec. 1.3] . These conditions entail the following consequences, see [1, Th. 1.1
& 3.14]:

Theorem 1. Let (M, g) be a time-oriented Lorentzian manifold with timelike
boundary of dimension dim M = m > 2. Then the following conditions are
equivalent:

1. (M, g) is globally hyperbolic ;

2. (M, g) possesses a Cauchy surface, namely an achronal subset of M which
1s intersected only once by every inextensible timelike curve ;

3. (M, g) is isometric to R x 3 endowed with the line-element

ds? = —Bd7r% + h, (1)

where 7 : M — R is a Cauchy temporal function,' whose gradient is
tangent to OM, f € C®(R x ;(0,00)) while R 5 7 — ({7} x £,h,)

LGiven a generic time oriented Lorentzian manifold (N, ) a Cauchy temporal function is a
map 7 : M — R such that its gradient is timelike and past-directed, while its level surfaces
are Cauchy hypersurfaces.
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identifies a one-parameter family of (m — 1)—dimensional spacelike, Rie-
mannian manifolds with boundaries. Each {T} x ¥ is a Cauchy surface
for (M, g).

Henceforth we will be tacitly assuming that, when referring to a globally
hyperbolic spacetime with timelike boundary (M, g), we work directly with
(1) and we shall refer to 7 as the time coordinate. Furthermore each Cauchy
surface ¥, = {7} X ¥ acquires an orientation induced from that of M. In
addition, we shall say that (M, g) is static if it possesses an irrotational timelike
Killing vector field x € I'(T'M) whose restriction to OM is tangent to the
boundary, i.e., g,(x,v) = 0 for all p € OM where v is the outward pointing, unit
vector, normal to the boundary at p. With reference to (1) and for simplicity,
we identify y with ;. Thus the condition of being static translates into the
constraint that both § and A, are independent from 7. If in addition g = 1
we call (M, g) ultrastatic.

On a Lorentzian spacetime (M, g) with timelike boundary, we consider
QF(M), 0 < k < dim M, the space of real valued smooth k-forms. A particular
role will be played by the support of the forms that we consider. In the following
definition, we introduce the different possibilities that we will consider, which
are a generalization of the counterpart used for scalar fields which corresponds
in our scenario to k = 0, ¢f. [3].

Definition 2. Let (M, g) be a Lorentzian spacetime with timelike boundary.
We denote with

1. QF(M) the space of smooth k-forms with compact support in M while
we denote with QF (M) C QF(M) the collection of smooth and compactly
supported k-forms w such that supp(w) N OM = 0.

2. QF (M) (resp. Q% (M)) the space of strictly past compact (resp. strictly
future compact) k-forms, that is the collection of w € QF(M) such that
there exists a compact set K C M for which J*(supp(w)) € JT(K)
(resp. J~(supp(w)) € J~(K)), where J* denotes the causal future and
the causal past in M. Notice that QF_ (M) N prC(M) = QF(M).

3. QF (M) (resp. Qf (M)) the space of past compact (resp. future compact)
k-forms, that is, w € Q¥ (M) for which supp(w)NJ~(K) (resp. supp(w) N
JT(K)) is compact for all compact K C M.

4. QF (M) = QE (M) N QL (M), the space of timelike compact k-forms.

5. QF (M) = QF (M) U QF (M), the space of spacelike compact k-forms.

sfc spc

We indicate with dy: QF(M) — QFF1(M) the exterior derivative and,
being (M, g) oriented, we can identify a unique, metric-induced, Hodge oper-
ator %, : QF(M) — Q™ k (M), m = dim M such that, for all o, 3 € QF(M),
aAxpf = (a, B)k,gltg, Where A is the exterior product of forms, y, the metric
induced volume form, while (, ) 4 is the pairing between k-forms induced by
the metric g. In addition one can define a pairing between k-forms as

(0, B)r, = / o A, (2)
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where a, 3 € QF(M) are such that supp(a) N supp(B) is compact. Since M
is endowed with a Lorentzian metric, it holds that, when acting on smooth
k-forms, ;' = (—1)km=k)=1x , Combining these data first we define the
codifferential operator & : QFFH(M) — QF(M) as 6 = (—1) %1, o dpy— g 0%
Secondly we introduce the D’Alembert-de Rham wave operator [y, : Q% (M) —
QOF(M) such that O = dg_10 + 0rs1dg, as well as the Mazwell operator
Serrdy : QF(M) — QF(M). Observe, furthermore, that O, differs from the
D’Alembert wave operator ¢**V,V, acting on k-forms by 0-order term built
out of the metric and whose explicit form depends from the value of k, see for
example [34, Sec. II].

Remark 3. For notational convenience, in the following we shall drop all sub-
scripts ;. since the relevant value will be clear case by case from the context.
Hence, unless stated otherwise, all statements of this paper apply to all k such
that 0 < k <m = dim M.

To conclude the section, we focus on the boundary OM and on the in-
terplay with k-forms lying in Q¥(M). The first step consists of defining two
notable maps. These relate k-forms defined on the whole M with suitable
counterparts living on M and, in the special case of k = 1, they boil down to
the restriction to the boundary either of the tangent component of a 1-form or
of its component conormal to M. For later convenience, we consider in the
following definition a slightly more general scenario, namely a codimension 1
smoothly embedded submanifold N — M.

Remark /4. Since we feel that some confusion might arise, we denote the paring
between forms on M with (, )a.

Definition 5. Let (M, gas) be a smooth Lorentzian manifold and let ty: N —
M be a codimension 1 smoothly embedded submanifold of M with induced
metric gy = tygnm. We define the tangential and normal components relative
to N as

tn: QF (M) — QF(N), W tyw = tyw, (3a)
ny: QF(M) — QF1(N), W MNW =,y t N *ar W, (3b)

where xp, xn denote the Hodge dual over M, N respectively. In particular, for
all k € NU {0} we define

QF (M) = {w e Q*(M) | tyw = 0}, QF (M) ={we QM) |nyw= (()})
4

Similarly we will use the symbols QF (M) and QF | (M) when we consider
only smooth, compactly supported k-forms.

Remark 6. In this paper, the role of N will be played often by OM. In this
case, we shall drop the subscript form Eq. (3), namely t = tsas and n = ngyy.
Furthermore, the differential and the codifferential operators on OM will be
denoted, respectively, as dg, dg.
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As last step, we observe that (3) together with (4) entail the following series
of identities on Q*(M) for all k € NU {0}.

x0 = (—1)Fdx, 0% = (—1)""xd, (5a)
*y I = tx, Kyt = (—1)(m_k)n*, dopt =td, dyn = —né. (5b)
A notable consequence of (5b) is that, while on globally hyperbolic spacetimes
with empty boundary, the operators d and ¢ are formal adjoints of each other,

in the case in hand, the situation is different. A direct application of Stokes’
theorem yields that

(da7ﬁ) - (047(55) = (tOé, H/B)Ga (6)

where the pairing in the right-hand side is the one associated to forms living
on OM and where o € Q¥(M) and 3 € QFF(M) are arbitrary, though such
that supp(«) Nsupp(fF) is compact. In connection to the operators d and 4, we
shall employ the notation

QE(M) = {we QF(M) |dw =0},  QE(M) = {w € (M) | dw =0}, (7)
where k£ € N. Similarly we shall indicate with Qéié (M) = Q’ﬁ“(M) NQF(M) and
Qj’f,d(M) = Qj’f(M) N Qk(M) where 4 € {c,sc, pe, fe, te}.

Remark 7. With reference to Definition 5, observe that the following linear
map is surjective:
QF (M) 3 w — (nw, tw, tdw, ndw)
€ Q" HOM) x QF(OM) x Q"1 (M) x Q" (dM).
The proof of this claim is based on a local computation similar to the one in
the proof of Lemma 50. For all relatively compact open subset Ugyy C OM,
we consider a open neighborhood U C M of the form U = [0,€) x Usps built
out the exponential map exp,,. In addition, we can fine tune U in such a way,
that calling z, the coordinate built via exp,, out of the outward pointing,
normal vector field at each point p € U, the smooth function N = ¢(9,,0:)
is strictly positive. Let U, = {x} x Ugps for x € [0,¢) and let ty,, ny, be
the corresponding tangential and normal maps—cf. Definition 5. Therefore,
we can split w € QF(M) as
wly, = ty,w +ny,w A N=dz.
It descends from Definition 5 that

W,y = tv,wle=0,  MW|Uy, =nU,wle=o.
Applying the differential d to the local splitting of w yields
_1 _1 1
Ildw|UaM =N 26thmw|I:0 + N 2daU(N2nwa)|w:0.
Moreover, the Hodge dual xyw can be computed as

1
*pw|y, =*y, My, w + *y, tu,w A N2dz,
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where 7, : Q°(U,) — Qm~17*(U,) denotes the Hodge dual on U,. Taking
into account equations (5), we find

t0wryy, = (—1)FFVI T 0 nd wp wl,,,
— (_1)(k+1)(m—k)—1*aU
N7%8¢ *U, nUzw|x=0 + NﬁédaU(N% *U, tUzw)|x=0 .

The claim follows from the fact that ty, w|z—0, Ny, w|z=0, Ozty,w|s—0 and
Oy, w|z—o are functionally independent.

Remark 8. The normal map n : QF(M) — QF1(dM) can be equivalently
read as v _w, the contraction on M between w € Q¥(M) and the vector field
v € T(TM)|op which corresponds at each point p € OM to the outward
pointing unit vector, normal to OM.

3. Maxwell’s Equations and Boundary Conditions

In this section, we analyze the space of solutions of Maxwell’s equations for
arbitrary k-forms on a globally hyperbolic spacetime with timelike boundary
(M, g). We proceed in two separate steps. First we focus our attention on
the D’Alembert-de Rham wave operator (0 = dd + dd acting on Q¥(M). We
identify a class of boundary conditions which correspond to imposing that
the underlying system is closed (i.e., the symplectic flux across OM vanishes),
and we characterize the kernel of the operator in terms of its advanced and
retarded fundamental solutions. These are assumed to exist and, following
the same strategy employed in [12] for the scalar wave equation, we prove
that this is indeed the case whenever (M, g) is an ultrastatic spacetime, cf.
“Appendix A”.

In the second part of the section, we focus instead on the Maxwell op-
erator 6d: QF(M) — QF(M). In order to characterize its kernel, we will need
to discuss the interplay between the choice of boundary condition and that of
gauge fixing. This represents the core of this part of our work.

3.1. On the D’Alembert—-de Rham Wave Operator

Consider the operator O : QF(M) — QF(M), where (M, g) is a globally hy-
perbolic spacetime with timelike boundary of dimension dim M = m > 2.
Then, for any pair a, 3 € Q¥(M) such that supp(a) Nsupp(f) is compact, the
following Green’s formula holds true:

(Oa, B) — (a,08) = (tda,nf)s — (nev, t63)9 — (nder, t8)g + (ta,ndf)g, (8)

where t,n are the maps introduced in Definition 5, while (,) and (, )5 are the
standard, metric induced pairing between k-forms, respectively, on M and on
OM . In view of Definition 5, it descends that the right-hand side of (8) vanishes
automatically if we restrict our attention to « € Q’C“(M) or § € Qf(M), but
boundary conditions must be imposed for the same property to hold true
on a larger set of k-forms. From a physical viewpoint, this requirement is
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tantamount to imposing that the system described by k-forms obeying the
D’Alembert—-de Rham wave equation is closed.

Lemma 9. Let f, f' € C°(OM) and let
Q’;@’f,(M) = {w € Q"(M) | ndw = ftw, tdw = f'nw}. 9)

Then, Yo, 3 € Q]}J,(M), 0 <k <m=dimM such that supp(c) N supp(B) is
compact, it holds

(Do, B) — (@, 08) = 0.

Proof. This is a direct consequence of (8) together with the property that, for
every f € C*®(OM) and for every a € QF(OM), %5(fa) = f(xpc). In addition
observe that the assumption on the support of @ and 3 descends also to the
forms present in each of the pairing in the right hand side of (8). O

Remark 10. In Lemma 9 two cases are quite peculiar. As a matter of fact, if
k = m = dim M the first condition becomes empty since dw = tw = 0 for
all w € Q™(M). Similarly, if k& = 0, the second condition does not bring any
constraint since dw = nw = 0 for all w € Q°(M). In this case, Eq. (9) reduces
to Robin boundary conditions, which were studied in [12].

Remark 11. Tt is important to stress that the boundary conditions defined in
Lemma 9 are not the largest class which makes the right hand side (8) vanish.
As a matter of fact, one can think of additional possibilities similar to the
so-called Wentzell boundary conditions, which were considered in the scalar
scenario, see e.g., [12,14,40].

Lemma (9) individuates therefore a class of boundary conditions which
makes the operator [J formally self-adjoint. In between all these possibilities,
we highlight those which are of particular interest to our analysis—cf. Theo-
rem 16.

Definition 12. Let (M,g) be a globally hyperbolic spacetime with timelike
boundary and let f € C°(9M). We call

1. space of k-forms with Dirichlet boundary condition

QE (M) = {we Q"(M) | tw =0, nw = 0}, (10)
2. space of k-forms with O-tangential boundary condition
Qf (M) = {w € (M) | tw =0, téw = 0}, (11)
3. space of k-forms with O-normal boundary condition
QF (M) = {we QM) | nw =0, ndw = 0}. (12)
4. space of k-forms with Robin U-tangential boundary condition
Q’}”(M) = {we QF(M) | tdw = frw, tw =0}, (13)

5. space of k-forms with Robin O-normal boundary condition
k . k
QF (M) ={we QM) |ndw = ftw, nw = 0}, (14)
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Whenever the domain of the operator [ is restricted to one of these spaces,
we shall indicate it with symbol Oy where § € {D, ||, L, fj, f1}.

Remark 13. Since per definition 6Q°(M) = {0} = nQ°(M), we observe that

O} (M) = Qf(M). In particular we have

QU(M) = {w e C®(M) | tw = w|an = 0},
QY (M) = {w e C®(M) | ndw = v(dw)|srr = 0},

where, for all p € OM, v, coincides with the outward pointing unit vector, nor-
mal to the boundary. These two options coincide with the standard Dirichlet
and Neumann boundary conditions for scalar functions. Moreover for f = 0
we have Q’}H (M) = Qﬁ(M) as well as Q’}i (M) = Qk (M).

Finally, it is worth mentioning that, for a static spacetime (M, g), the boundary
conditions 1-3, introduced in Definition 12, are themselves static, that is they
do not depend explicitly on the time coordinate 7. A similar statement holds
true for f, f) boundary conditions provided that f € C°°(0M) and 0, f = 0.
This will play a key role when we will verify that Assumption 16 is valid on
ultrastatic spacetimes—cf. Proposition 48 in “Appendix A”.

Remark 14. It is interesting to observe that different boundary conditions can

be related via the action of the Hodge operator. In particular, using Eqgs. (5)
and (9), one can infer that, for any f, f/ € C*°(9M) it holds that
At the same time, with reference, to the space of k-forms in Definition 12 it
holds
QM) = QEEM),  REO) = QUTRM), 2 (M) = QR ().
(15)
For later convenience, we prove the following lemma.
Lemma 15. Let § € {D, ||, L, f, fL}, with f € C*(OM). The following state-
ments hold true:
1. for all w € QE(M) N QF(M) there exists wt € Q.
w™ ek (M)N Qg(M) such that w =wt +w™.
2. forallw € Qg(M) there exists wt € QISC(M)QQQC(M) andw™ € QF (M)N
QF(M) such that w = w* +w™.
Proof. We show the result in the first case, the second one can be proved in
complete analogy. Let w € QF (M) N Q?(M) Consider X1, Ys, two Cauchy
surfaces on M—cf. [1, Def. 3.10]—such that J*(X;) C J(Z2). Moreover,
let 4 € QgC(M) be such that ¢ [;+(x,) = 1 and @, |;-(x,) = 0. We define
o =1—p; € Q) (M). Notice that we can always choose ¢ so that, for all

x € M, ¢(x) depends only on the value 7(z), where 7 is the global time function

defined in Theorem 1. We set wy = piw so that wt € prc(M) OQ?(M) while

w™ €Nk (M)ﬂQéC (M). This is automatic for f = D on account of the equalities

(M) n Q?(M) and

sfc

twt = prtw =0, nwt = pirnw = 0.
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We check that w® € Qé“ (M) for § =1. The proof for the remaining bound-
ary conditions L, f), f1 follows from a similar computation—or by duality cf.
Remark 14. It holds

nwi = @4 |gpynw = 0, ndwy = n(dpt Aw) = 0rp4 ngs_ ty, w =0.
In the last equality ty_: QF(M) — QF(Z;) and npx_: QF(Z,) — QFL(0%,)
are the maps from Definition 5 with N = ¥, = {7} x X, where M = Rx 3. The

last identity follows because the condition nw = 0 is equivalent to ngx ty, w =
0 and npx_ny_w =0 for all 7 € R—c¢f. Lemma 50 in “Appendix B”. 0

In the following, we shall make a key assumption on the existence of distin-
guished fundamental solutions for the operator Oy for § € {D, ||, L, fj, fL}.
Subsequently we shall prove that such hypothesis holds true whenever the un-
derlying globally hyperbolic spacetime with timelike boundary is ultrastatic
and f € C°°(9X) has definite sign—cf. “Appendix A”. Recalling both Defini-
tion 2 and Definition 12 we require the following;:

Assumption 16. For all f € C*°(0OM) and for all k such that 0 < k < m =
dim M, there exist advanced (—) and retarded (4) fundamental solutions for
the D’Alembert-de Rham wave operator [y where § € {D, ||, L, f, fL}. In
other words, there exist continuous maps G;t CQF(M) — ch,ﬂ(M) = Qk (M)N
Qg(M) such that

Uo Gét =ldaxr ) Gﬁt o Dep =Tdar (an Supp(GétuJ) C J*(supp(w)),
(16)

for all w € QF(M) where [, 4 indicates that the domain of [J is restricted to

Remark 17. Notice that domain of G;t is not restricted to Q’gﬁ(M ). Further-
more the second identity in (16) cannot be extended to G;t o0 = Idgk(arn
since it would entail Gﬁti = w for all w € QF(M). Yet the left hand side also
entails that w € Q’g,ﬁ, which is manifestly a contradiction.

Corollary 18. Under the same hypotheses of Assumption 16, if the fundamental
solutions G;t exist, they are unique.

Proof. Suppose that, beside Gﬁ*, there exists a second map C:'ﬁ* QF (M) —
Qé“c’u(M) enjoying the properties of Eq. (16). Then, for any but fixed o €

QF(M) it holds
(o, Gf B) = (OG; a,Gf B) = (G; a,0Gf ) = (Gy o, B), VB € QL (M),

where we used both the support properties of the fundamental solutions and

Lemma 9 which guarantees that [J is formally self-adjoint on Qé‘ (M). Similarly,
replacing G~ with éﬁ*, it holds (a, GJFB) = (éﬂ*a,ﬁ). It descends that ((éﬂ* -
Gﬁ_)oz,ﬁ) = 0, which entails éﬁ_a = Gy a being the pairing between QF (M)
and QF(M) separating. A similar result holds for the retarded fundamental

solution. O
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This corollary can be also read as a consequence of the property that, for all
w € QF (M), Guiw € Qme(M) can be characterized as the unique solution to
the Cauchy problem

Oy =w,  supp(y)) N M\JF(supp(w)) =0, ¢ € Qf(M). (17)

Remark 19. The fundamental solution G;r (resp. Gy) can be extended to
G;‘: QgC(M) — Q’gC(M) N QQ(M) (resp. Gy - QF (M) — QF (M) ﬂQé“(M))—
cf. [3, Thm. 3.8]. As a consequence, the problem (i) = w with w € QF(M)
always admits a solution lying in Q§ (M). As a matter of facts, consider any
smooth function n = n(7), where 7 € R, ¢f. Eq. (1), such that n(7) = 1 for all
7> 71 and n(7) = 0 for all 7 < 79. Then calling wt = nw and w™ = (1-7n)w, it
holds w € Qf (M) while w™ € QF (M). Hence ¢ = G w' + G, w™ € Qf (M)
is a solution.

We prove the main result of this section, which characterizes the kernel
of Oy on the space of smooth k-forms with prescribed boundary condition

ﬁ € {Dv H’J-?fH?fL}'

Proposition 20. Whenever Assumption 16 is fulfilled, then, for all € {D, ||, L
i, fL), setting Gy = G;’—Gn_ (QF (M) — ch_’ﬁ(M), the following statements
hold true:

1. for all f € C*(OM) the following duality relations hold true:

+ + + + + +
*GG = Gp*, *GH = GT*, *Gf” =Gy, *. (18)
2. for all o, B € QF(M) it holds
(0, G5 B) = (GFa, B). (19)
3. the interplay between Gy and Oy is encoded in the exact sequence:
O O
0 — QF, (M) =5 QF(M) <5 0 (M) =% QF (M) — 0, (20)
where QU (M) = Q5 (M) N Qf(M).
Proof. We prove the different items separately. Starting from 1., we observe
that «(J = O. This entails that, for all a € QF(M),
Oxt th*oz :*’1DG§E*04 =a.
Remark 14 entails that **IGB'E * o satisfies the necessary boundary conditions,
so to apply Corollary 18. This yields that **IG;'E* = G*iﬁ, where Gfﬁ indicates
the advanced/retarded propagator for xf-boundary conditions being f € {D, ||
L, fi, f1}. As a consequence Eq. (18) descends.

2. Equation (19) is a consequence of the following chain of identities valid for
all a, 8 € QF(M)

(0, GEB) = (0,GF 0, GE B) = (GFa, 0,6 B) = (GF o, B),

where we used both the support properties of the fundamental solutions and
Lemma 9.
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3. The exactness of the series is proven using the properties already established
for the fundamental solutions G;t. The left exactness of the sequence is a
consequence of the second identity in equation (16) which ensures that Oy =
0, a € Qf’u(M), entails o = G;’Dﬁa = 0. In order to prove that ker Gy =

Dﬁﬂgu» we first observe that GﬁDﬁnyu(M) = {0} on account of equation (16).
Moreover, if 3 € QF(M) is such that G33 = 0, then G;ﬁ = G, . Hence, in
view of the support properties of the fundamental solutions G;‘ﬂ € Q’C“ﬁ(]\/[ )
and 3 = DuG;'ﬂ. Subsequently, we need to verify that ker 0y = GyQF(M).
Once more [;G4Q¥ (M) = {0} follows from Eq. (16). Conversely, let w €
ch,n(M) be such that Oyw = 0. On account of Lemma 15, we can split w =

wt +w™ where wt € QF (M). Then ywt = —Dyw™ € QF(M) and

spc,f
GuDﬁer = G;Dﬁuﬁ + G;Dﬁw_ = w.

To conclude we need to establish the right exactness of the sequence. Consider
any a € QF (M) and the equation yw = «. Consider the function 7(7) as
in Remark 19 and let w = G;‘(na) + Gy (1 —n)a). In view of Remark 19
and of the support properties of the fundamental solutions, w € wa(M ) and
pw = o

Remark 21. Following the same reasoning as in [3] together with minor adap-
tations of the proofs of [12], one may extend Gy to an operator Gy: QF (M) —
Q;f(M) for all § € {D, ||, L, fj, fL}. As a consequence, the exact sequence of
Proposition 20 generalizes as

0 — k(M) 25 ok () Z5 o (v) 25 k(M) — 0. (21)

Remark 22. Proposition 20 and Remark 21 ensure that ker. [y C ker. Oy =
{0}. In other words, there are no timelike compact solutions to the equation
Ow = 0 with f-boundary conditions. More generally, it can be shown that
ker. O C kerye d = {0}, namely there are no timelike compact solutions re-
gardless of the boundary condition. This follows by standard arguments using
a suitable energy functional defined on the solution space—cf. [12, Thm. 30]
for the proof for k = 0.

In view of the applications to the Maxwell operator, it is worth focusing specif-
ically on the boundary conditions L, || individuated in Definition 12 since it
is possible to prove a useful relation between the associated propagators and
the operators d,d.

Lemma 23. Under the hypotheses of Assumption 16 it holds that
Gfod=doGE  onQF(M)NQL, . (M),
Grod=60G  on Q. (M),
Giod=60GT  onQi(M)NQL. (M),

(M

GFod=doGT  onQF ). (23)

pe/fc
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Proof. From Eq. (18), it follows that Egs. (22, 23) are dual to each other via
the Hodge operator. Hence we shall only focus on Eq. (22).

For every a € QF(M) N Qf(M), Gjfda and dGja lie both in Qf (M). In
particular, using Eq. (5b), tédGﬁa =t(d) - dé)Gﬁ (@) = ta = 0 while the
second boundary condition is automatically satisfied since thﬁE = dtGﬁE =0.
Hence, considering § = Gfda — dea, it holds that 006 = 0 and ( € Qﬁ N

Q’;C/fC(M). In view of Remark 19, this entails 3 = 0. O

We conclude this section with a corollary to Lemma 23 which shows that,
when considering the difference between the advanced and the retarded funda-
mental solutions, the support restrictions present in Egs. (22, 23) disappear.

Corollary 24. Under the hypotheses of Assumption 16 it holds that:
(i) for all a € QF (M) there exists 3 € Q' (M) such that t3) = 0, t58) =
ta and

5G”0z = G”da, dG”Ol = GH(dOl - DﬂH). (24)

(ii) for all o € QF.(M) there exists 3, € QF71(M) such that n3, = 0,
ndB; = na and

(5GJ_C¥:GJ_(5OC—|:I/BJ_), dGJ_O[:GJ_dO{. (25)
Proof. As starting point, we observe that the existence of 3, 3. is guaranteed
by Remark 7.
Proof for || boundary conditions. On account of Lemma 23, it holds
6G) =Gys on QL (M), dG=Gjd onQf (M). (26)

In addition
dGHa = dGH(a — (Sﬁu) + dG”(Sﬁ“ = G”da — GHd(Sﬁ” + dGH(Sﬁ”,

where in the second equality we used Eq. (26) together with the boundary
condition td3) = ta. Due to both Eq. (26) and the condition t = 0 it holds

dGopy = doG B = 0G5 — 0dG ) By = =G 0dBy = =G US| + G dojy.
Putting together these data, we find
dG”Cv = GHda — G”d(SﬂH —+ dGH(SﬂH = GHdOz — G”Dﬂu,

as claimed.
Proof for L boundary conditions. The proof is similar to the previous one
mutatis mutandis. In particular Lemma 23 entails

G, =G 6 onQF (M), dG.=G.d onQF (M), (27)

tc,n
At the same time
5GLa:5GL(OL*dﬂL)+5GLdﬂL =G 0a— G 6dB +6G dBL
=Gy (ba—008),
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where we have used the boundary conditions of 3, together with
0G 1 dpL =6dG B =0G 8L —déG B = —G1dépL
=-G, 08, +G10dg,.
O

Remark 25. Notice that Eqgs. (24), (25) do not depend on the particular choice

of B, 1. In particular, let assume 3, € Qfgl(M) is another (k—1)-form such
that nf; = 0 while nd3; = na. If follows that (3, — 31) € Qf, | (M) and
therefore G O(5, — BAL) = 0 on account of Proposition 20.

3.2. On the Maxwell Operator

In this section, we focus our attention on the Maxwell operator dd : Q¥ (M) —
QF(M) studying its kernel in connection both to the D’Alembert-de Rham
wave operator [J and to the identification of suitable boundary conditions.
We shall keep the assumption that (M, g) is a globally hyperbolic spacetime
with timelike boundary of dimension dim M = m > 2—cf. Theorem 1. Notice
that, if & = m, then the Maxwell operator becomes trivial, while, if kK = 0, is
coincides with the D’Alembert—de Rham operator [J. Hence this case falls in
the one studied in the preceding section and in [12]. Therefore, unless stated
otherwise; henceforth, we shall consider only 0 < k < m = dim M.

In complete analogy to the analysis of [J, we observe that, for any pair
a, 3 € QF(M) such that supp(a) Nsupp() is compact, the following Green’s
formula holds true:

(5da7ﬁ) - (017 6d5) = (ta»ndﬁ)a - (ndavt/@)8~ (28)

In the same spirit of Lemma 9, the operator dd becomes formally self-
adjoint if we restrict its domain to

QM) = {w € (M) | ndw = ftw}, (29)

where f € C*(OM) is arbitrary but fixed. In what follows we will con-
sider two particular boundary conditions which are directly related to the
O-tangential and to the (O-normal boundary conditions for the D’Alembert—
de Rham operator—cf. Definition 12.

The discussion of the general case is related to the Robin O-tangential/
Robin [-normal boundary conditions. However, in these cases, it is not clear
whether a generalization of Lemma 23 holds true. This is an important ob-
struction to adapt our analysis to these cases.

Definition 26. Let (M,g) be a globally hyperbolic spacetime with timelike
boundary and let 0 < k < dim M. We call

1. space of k-forms with dd-tangential boundary condition, QF(M) as in
Eq. (4) with N = OM.
2. space of k-forms with dd-normal boundary condition

QF (M) = {w € QF(M)| ndw = 0}. (30)
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Remark 27. Tt is worth observing that the the dd-normal boundary condition
appears to play a distinguished role in relation to standard electromagnetism,
seen as a theory for 1-forms. More precisely, if we consider a globally hyperbolic
spacetime (M, g) with timelike boundary, the underlying action reads

4] = %(dA,dA).

By considering an arbitrary variation with respect to a € QL(M), it descends
that

d

d)\S
The arbitrariness of « leads to the equation of motion ddA = 0, together
with the boundary condition ndA = 0. This indication of the preferred role
of the dd-normal boundary condition will be strengthened by the following
discussion—cf. Remark 29.

[A+ )\ozH)\:O = (o, 0dA) + (ta,ndA)s.

In the following, our first goal is to characterize the kernel of the Maxwell
operator with a prescribed boundary condition, ¢f. Eq. (29). To this end we
need to focus on the gauge invariance of the underlying theory. In the case in
hand, this translates in the following characterization.

Definition 28. Let (M, g) be a globally hyperbolic spacetime with timelike
boundary and let §d be the Maxwell operator acting on QF(M), 0 < k <
dim M. We say that

1. A€ QF(M), is gauge equivalent to A’ € QF(M) if A — A’ € dQF~1 (M),
namely if there exists y € QF 1(M) such that A’ = A + dy. The space
of solutions with dd-tangential boundary conditions is denoted by

L {AeQF(M)|6dA =0,tA =0}

4oy (M)

2. A € QF (M), is gauge equivalent to A’ € QF (M) if there exists x €
QF=1(M) such that A’ = A+ dy. The space of solutions with dd-normal
boundary conditions is denoted by

L {AeQF(M)|6dA =0,ndA =0}

N dQF=1(M)

Similarly the space of spacelike supported solutions with dd-tangential

(resp. dd-normal) boundary conditions are

L {A ek (M) 5dA =0,tA =0}

Soly (M) (31)

Solya (M) (32)

Sol¥“(M ’
o a0F I (M)
s  {AeQF (M) 6dA =0,ndA =0
Solaa(M) = { ol k—1 } (33)
dQse (M)

Remark 29. Notice that in Definition 28 we have employed two different no-
tions of gauge equivalence in the construction of Soli(M) and of Sol,q(M),
which are related to the different choices of boundary conditions. It is worth
observing that, at the level of solution space, the boundary condition ndw = 0
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involves a constraint on a quantity, e.g., the Faraday tensor when working with
k = 1, which is gauge invariant with respect to the standard gauge group of
Maxwell theory on a globally hyperbolic spacetime without boundary. There-
fore, this reverberates in the lack of any necessity to restrict the underlying
gauge group in the case in hand. For this reason, such scenario is certainly
distinguished. As a matter of fact, when working with Soly (M), the bound-
ary condition does not involve a quantity which is gauge invariant under the
action of the standard gauge group of Maxwell theory on a globally hyper-
bolic spacetime without boundary. Hence, in this case, one must introduce
a reduced gauge group. The latter can be chosen in different ways and, to
avoid such quandary, one should resort to a more geometrical formulation of
Maxwell’s equations, namely as originating from a theory for the connections
of a principal U(1)-bundle over the underlying globally hyperbolic spacetime
with timelike boundary, cf. [5,7] for the case with empty boundary. Since this
analysis would require a whole paper on its own, we postpone it to future
work.

The following propositions discuss the existence of a representative ful-
filling the Lorenz gauge condition of an equivalence classes [A] € Soly(M)
(resp. [A] € Solpa(M))—cf. [8, Lem. 7.2]. In addition we provide a connec-
tion between dd-tangential (resp. dd-normal) boundary conditions with -
tangential (resp. O-normal) boundary conditions. Recalling Definition 12 of
the O-tangential boundary condition, the following holds true.

Proposition 30. Let (M,g) be a globally hyperbolic spacetime with timelike
boundary. Then for all [A] € Soly(M) there exists a representative A’ € [A]
such that

Oy4' =0, 84’ =0. (34)

Moreover, up to gauge transformation we have A" = G with o € ch’é(M).
Finally, the same result holds true for [A] € Sol{*(M)—in particular in this
case A" = G Lo for o € QU 5(M).

Proof. We focus only on the first statement, the proof of the second one being

similar. Let A € [A] € Soly(M), that is, A € Q¥(M), §dA = 0 and tA = 0.
Consider any y € QF ! (M) such that

Ox = —d4, dx =0, tx = 0. (35)
In view of Assumption 16 and of Remark 19, we can fix y = — >, GﬂEzSAi,

where AT is defined as in Remark 19. Per definition of Gr‘:, tx = 0 while, on

account of Lemma 23, 6x = — >, 6GﬁE5Ai = 0. Hence A’ is gauge equivalent
to A as per Definition 28.

Proposition 20 and Remark 21 entail that there exists o € QF (M) such
that A’ = G| . Equation (26) implies that

0=064" = 6Gja = Gyba,
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that is, da € ker G). This implies that there exists 3 € th 1 L(M) such that
da =y 8. It follows that

0=0%a =608 =068,

which entails, on account of Remark 22, 68 = 0. It follows that da = 18 =
6d3 and therefore

[A'] = [Ga —dG B8] = [G)(a —dB)],

where we used Eq. (26). Since a—dj € th 5(M) we have obtained the sought
result. O

The proof of the analogous result for Qﬁd(M ) is slightly different and, thus,
we discuss it separately. Recalling Definition 12 of the -normal boundary
conditions, the following statement holds true.

Proposition 31. Let (M,g) be a globally hyperbolic spacetime with timelike
boundary. Then for all [A] € Solna(M) there exists a representative A’ € [A]
such that

0,4 =0, J§A =0. (36)

Moreover, up to gauge transformation we have A’ = G o with o € QF, ns(M).

Finally, the same result holds true for [A] € Sol35(M)—in partzcular in this
case A’ =G a fora € ana(M).

Proof. As in the previous proposition, we can focus only on the first point,
the second following suit. Let A be a representative of [A] € Sol,q(M). Hence
A € QF(M) so that 6dA = 0 and ndA = 0. Consider first xo € Q¥~1(M) such
that ndyg = —nA. The existence is guaranteed since the map nd is surjective—
cf- Remark 7. As a consequence, we can exploit the residual gauge freedom to
select x1 € Q=1 (M) such that

DXI = _6Ava 6X1 =0, nXm =0 nx: = 0, (37)

where A = A + dyo. Let n = n(r ) be a smooth function such that n = 0 if
7 < 7o whilen = 1if 7 > 71, ¢f. Remark 19 Since nA = 0, we can fine tune 7 in
such a way that both At = 77A and A~ =(1- n)A satisfy nA* = 0. Equation
(5b) entails that ndA* = —énA* = 0. Hence we can apply Lemma 23 setting
X1 =—2 4 GT&Z*. Calling A’ = A+ d(xo + x1), we obtained the desired
result.

Proposition 20 and Remark 21 imply that there exists o € QF, (M) such
that A’ = G L. On account of Corollary 24 there exists 8, € QF*(M) such
that

0:5A/:(5GJ_04:GJ_(5CV—DﬂJ_),

together with nd3; = na and ng; = 0. It follows that oo — 05, = O 7 for
n e th J_( ). Application of § to the above identity leads to

0=26(6c —0pBL —DO1n) = -0O(6BL + dn).
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Remark 22 entails that §3, 4+ dn = 0, that is,
Sa=0,n+08, =dd(n+5L).
It follows that
[A]=[GLa—dGL(n+BL)] = [GL(e—d(n+BL))]-
where we used Eq. (27). Since a—d(n+61) € Qf, , 5(M) the proof is complete.
O

Remark 32. A direct inspection of (35) and of (36) unveils that choosing a
solution to these equations does not fix completely the gauge and a residual
freedom is left. This amount either to

G(M) = {x € Q" "1(M) | édx =0, tx =0},
or, in the case of a dd-normal boundary condition, to
Gna(M) = {x € Q"*71(M) | ddx = 0, nx =0, ndy = 0}.

Observe that, in the definition of G,q(M), we require y to be in the kernel of
0d. Nonetheless, since the actual reduced gauge group is dG,q (M) we can work
with xo € Q¥ 1(M) such that Oy = 0. As a matter of fact for all y € Gnq
we can set xo = X + d\ where A € QF2(M) is such that O\ = —dy and
n\ = nd\ = 0—cf. Proposition 31. In addition dy = dygp.

To better codify the results of the preceding discussion, it is also conve-
nient to introduce the following linear spaces:

SE(M)={AecQF(M)|OA=0,04A=0, tA=0}, (38)
SE(M)={AcQ*(M)|0A=0,64=0,nA=0, ndd=0}. (39)

where f € C*°(9M). Hence Propositions 30, 31 can be summarized as stating
the existence of the following isomorphisms:

L SP)
ngk(M) - dgt (M) — SOlt(M)7 (40)
= M ~
Sgnd7k(M) dgnd (M) - SOlnd(M)'

It is noteworthy that both Sol{®(M), Solly (M) can be endowed with a
presymplectic form—cf. [25, Prop. 5.1].

Proposition 33. Let (M,g) be a globally hyperbolic spacetime with timelike
boundary. Let [A1],[A2] € SoL°(M) and, for Ay € [A4], let Ay = Af + A7
be any decomposition such that AT € QF,. (M) while A~ € foc’t(M)—cf.

Lemma 15. Then the following map oy: Sol;°(M)*? — R is a presymplectic
form:

oo([A1], [A2]) = (6dAT, Az),  V[A1], [Ao] € Soly*(M). (41)
A similar result holds for Solig (M), and we denote the associated presymplectic

form onq. In particular for all [A1], [As] € Solyg (M) we have ona([Ai1], [A2]) =
(0dAT, As) where Ay € [Ay] is such that A € QfCJ_(M).
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Proof. We shall prove the result for o,4, the proof for oy being the same
mutatis mutandis.

First of all notice that for all [A] € Solij(M) there exists A" € [A]
such that A’ € QF (M). This is realized by picking an arbitrary A € [A] and
defining A’ = A 4 dy where y € QF71(M) is such that ndy = —nA—cf.
Remark 7. We can thus apply Lemma 15 in order to split A’ = A/, + A"
where Ay € QF (M) and A" € Qf_ 4(M). Notice that this procedure is
not necessary for dd-tangential boundary condition since we can always split
AeQF (M)as A= AT+ A~ with Ay € Qb (M) and A € Qf (M)
without invoking Lemma 15.

After these preliminary observations, consider the map

Ond: (kerddﬂQSC L(M))*2 5 (Aq, Ag) +— (6dAT, Ay),

where we used Lemma 15 and we split A; = A + A}, with A} € prc (M)
while A] € stc | (M). The pairing (6dA], As) is finite because Aj is a space-
like compact k-form while d A} is compactly supported on account of A; being
on-shell. Moreover, (§d A, As) is independent from the splitting A; = A7 +A;
and thus o.q is well-defined. Indeed, let A; = g + ﬁl_ be another splitting:
it follows that A7 — A7 = —(A] — A]) € QF ,q(M). Therefore

(6dAT, Ay) = (6dAT, Ag) + (8A(AT — AF), Ay) = (8dAT, Ay),

where in the last equality we used the self-adjointness of §d on Qﬁd(M ).
We show that O'nd(Al,Ag) = —Und(A27A1) for all Al,AQ € kerdd N
ch’l(M). For that we have
onda(Ar, Ag) = (8dAT, Ap) = (§dAT, AT) + (0dAT, AY)
—(Al, (SdA+) = _Und(Ah Ag),
where we exploited Lemma 15 and AT, AT € QF, na(M).

Finally we prove that o,q(A1,dy) = 0 for all y € QF, (M). Together with
the antisymmetry shown before, this entails that 0,4 descends to a well-defined
map opq: SoliS(M)*? — R which is bilinear and antisymmetric. Therefore it
is a presymplectic form. To this end let y € QE-1(M): we have

ona(A4,dx) = (6dAT, dx) = (6°dAT, x) + (nddA™, tx) = 0,
where we used Eq. (6) as well as nddA™ = —éndA™ = 0. O
Working either with Solgsc)(M ) or Solfi;:)(M ) leads to the natural ques-
tion whether it is possible to give an equivalent representation of these spaces

in terms of compactly supported k-forms. Using Assumption 16, the following
proposition holds true:
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Proposition 34. Let (M,g) be a globally hyperbolic spacetime with timelike
boundary. Then the following linear maps are isomorphisms of vector spaces

e M_)sol (M) G MHSMSC(M) (42)
I oanf () T sak () T
Gi: M — Solya (M) Guy: M — Solq (M), (43)
6dQ§c,nd(M) 7 6dQ§,nd(M) ! 7

Proof. Mutatis mutandis, the proof of the four isomorphisms is the same.
Hence we focus only on the case of timelike supported k-forms discussing
separately the statement for ||- and L- boundary conditions.

Proof for dd-tangential boundary conditions. A direct computation shows that

G| [wa;(M)] C SEk(M). The condition 6Gjw = 0 follows from Corollary 24—

¢f. Eq. (26). Moreover, G| descends to the quotient since for all n € Qf. (M)
we have

G| 6dn = —G6dn = —6dGn = —déGyn € dQF 1 (M),

where we used Eq. (26) and Proposition 20.
Proposition 30 entails that G is surjective. We show that G| is injective:

k
let [o] € % be such that [G)a] = [0]. This entails that there exists
X € ch_,tl(M) such that Gy = dx. Corollary 24 and « € ch’g(M) ensures
that ddx = 0, therefore x € Soly(M).

Proposition 30 ensures that dy = dG 3 with 3 € Qk_l(M) while Corol-

tc,d
lary 24 implies that there exists n € QF (M) such that
GHOé - dX = dGHﬁ = GH(dﬂ — |:|7’]”).
In addition it holds tn = 0 and ton = tx.
It follows that o —dB + n) € ker G| and therefore a — d g + Ony = 0 ¢
for ¢ € QfC)H(M)—cf. Remark 21. Applying d to the last equality we find
0=da— 6dﬁ + ann - D(SC = D((ST]H — (SC — ﬁ),
where used that 63 = 0. Remark 22 entails that dn — ¢ — 8 = 0, therefore,
o =0y +dB — Oy = 6d(C — ) € 6dQ, (M),

that is, [a] = [0].

Proof for dd-normal boundary conditions. By direct inspection we have that
Gia € SEjyk(M) for all @ € QF  5(M). Furthermore, Eq. (26) entails that
0Gia =G éa =0. The map G, also descends to the quotients since for all
n € QF (M) if holds

c,nd
G6dn = 6dG n = —d6G n € QLN (M),

where in the second equality we used Corollary 24.
Surjectivity of G is guaranteed by Proposition 31. We show injectivity

k
of G1:let [o] € 6512;2057% be such that [G 1 «] = [0]. By definition there exists
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X € QF7H(M) such that G o = dx. Since naw = 0, Corollary 24 entails that
ddx = 0. In addition it holds ndxy = nGj « = 0. It follows that [x] € Sol,q(M).
Proposition 31 implies that there exists 8 € th 0, ! s(M) such that
Gia=dx=dG. 3= G.dp,

where we used equation (27). It follows that a—df € ker G , therefore a—dj =
Oinforn € chﬁL(M)—cf. Proposition 20 and Remark 21. Application of ¢
entails

0=14d(a—ds—0.n)=-0(8+dn),
where we also used that 0 = 0. Remark 22 implies that 5+ dn = 0, hence
a=0,n+d8=4ddn € 5thC na (M),
which entails [«] = [0]. O
The following proposition shows that the isomorphisms introduced in

Proposition 34 for Soli°(M) and Sol35 (M) lift to isomorphisms of presymplec-
tic spaces.

Proposition 35. Let (M,g) be a globally hyperbolic spacetime with timelike
boundary. The following statements hold true:
1 Qf,s(M)
© 3dQF (M)

Gy ([al. 18]) = (o, Gy B).

is a pre-symplectic space if endowed with the bilinear map

Moreover (M’ é|> is pre-symplectomorphic to (Soli* (M), oy).
k
2. ;;5275(()) is a pre-symplectic space if endowed with the bilinear map
c,nd

G1([al,[8) = (. GLp).

c,n, 5(M)

Moreover (JkoM)’ éj_) is pre-symplectomorphic to (Sol}5 (M), ona).

Proof. We discuss the two cases separately.

Proof for dd-tangential boundary conditions. We observe that G || is well-defined.
As a matter of fact, let o, 8 € Q’g’&(M), then G| 8 € QF (M). Therefore the
pairing (a, G| 3) is finite. Furthermore, if € Qf7t(M), it holds

(6dn, G B) = (n,6dG | B) = —(n,ddGB) = —(n,dG)63) = 0,
(Ot,G”(Sdn) = (a,&dG”n) = —(a,d§G|m) = —(a,dGH(Sn) = 0,

where we used that Gy 8,7 € QF (M)—cf. Eq. (28)—as well as Eq. (26).

Therefore CNT‘” is well-defined: Moreover, it is per construction bilinear and

antisymmetric; therefore, it induces a pre-symplectic structure.
Q¢ 5 (M)

e Sol; (M) introduced
530k | (D) — +«(M) introdu

We prove that the isomorphism G :

QF 5 (M)

S0k (o1 As a

in Proposition 34 is a pre-symplectomorphism. Let [a], [5] €
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direct consequence of the properties of G| = Gﬁ' — G[, calling A; = G and
Az = G| 3, we can consider Af[ = Gﬁ[a in Eq. (41). This yields

o([Gjal, [G1A)) = (84G | o, G 9) = (OG | o — d6G} 0, G 6)

= (o, Gy B8) = Gy ([al, 8],

where we used Lemma 23 so that déGﬁLa = dGﬁ“(Sa =0.
Proof for §d-normal boundary conditions. We observe that G, is well-defined:
indeed for all « € QC ns(M) and n € QF (M) we have
(o, GLodn) = (v, 0dG 1 1) = —(a, d6G 1 1) = — (0, 6G 1 m) — (na, t6G 1 n) =0
(5(17], GLOZ) = (7]76dGLa) = 7(7]7d6GLO‘) = 7(n7dGL5a) =0,

where in the former chain of equalities we used Eq. (27) as well as Eq. (6),
while in the latter we used Egs. (28) and (27).

Proposition 20 shows that G| induces a pre-symplectic structure. We

c,nd

k

now prove that the isomorphism G : (&2‘57% — Soliy (M) introduced in
k

Proposition 34 is in fact a symplectomorphism. Let [, [5] € 52;52'7% and
c,nd

let [Aq] = [GLal],[Ag] = [GLO] € Soli(M). Following 33 we can choose

A = Gfa so that

ond([Aal, [4g]) = (6dGTa, G B) = (OGTa, G B) — (A6GTa, G1 3)
= (a,GLB) = G ([a], [B]),
where proposition 23 ensures that déGLa = GI(SO& =0. O

Remark 36. Following [25, Cor. 5.3], oy (resp. ong) do not define in general

a symplectic form on the space of spacelike compact solutions Sol; (M) (resp.

Solna(M)). A direct characterization of this deficiency is best understood by

introducing the following quotients:

—~SC {AGQ ( )|5dA—O tA—O}

Sol, = = ,

A (M) N Q& (M)

S - {A e QF (M) |6dA =0, ndA = 0}

S TTTAE T D N ()

Focusing on §dd-normal boundary conditions, it follows that there is a natural

(44)

surjective linear map Sol}§ — S/(;li(; Moreover, S/(;licd is symplectic with respect
to the form opnq([A1],[A2]) = (5dAT,A2) This can be shown as follows: if
onda([A1],[A2]) = 0 for all [A44] € Solnd then, choosing A1 = G a with a €
ngng( ) leads to 0 = o ([GLa], [A2]) = (a As)—cf. Proposition 35. This
entails dAs = 0 as well as Ay =0 € Hy o (M)* ~ H¥(M)—cf. “Appendix C”.
Therefore Ay = dy where x € QF1(M) that is [As] = [0] in S/(;liCd(M). A
similar result holds, mutatis mutandis, for ||.

The net result is that (Solig (M), ona) (resp. (Soli®(M), o)) is symplectic
if and only if dQ¥ (M) = QE (M) NdQF—1(M) (resp. dQE (M) = QF.(M)N

sc,t
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dQF~1(M)). This is in agreement with the analysis in [7] for the case of globally
hyperbolic spacetimes (M, g) with OM = ().

Ezxample 37. We construct an example of a globally hyperbolic spacetime with
timelike boundary (M, g) such that dQX~1(M) is properly included in QF (M)N
dQF=1(M)—cf. [25, Ex. 5.7] for the case with empty boundary. Consider half-
Minkowski spacetime R7" := R~ ! x R with flat metric and let p € R7". Let
M =R\ J(p) be endowed with the restriction to M of the Minkowski metric.
This spacetime is globally hyperbolic with timelike boundary. Let By, Bs be
open balls in R’ centered at p with By C Bs.

We consider 1) € Q°(M) such that V| Binany = 1 and ¥|ap s (Bonary = 0.
In addition we introduce ¢ € Q°(M) such that: (a) ¢ = @[ is the restriction
to M of an element ¢ € QY (RT) such that for all 2 € R, ¢(x) depends only
on T (x)—cf. Theorem 1—and ¢(p) = 1; (b) x :== p9) € Q°(M) is such that
tx = Xlonm = 0;

The existence of such function ¢ is guaranteed by the fact that p € RT
Hence there exists a non-empty interval I C R such that TR (p) € I and
x ¢ OM for all z € supp(¢)) with ey (z) € I.

It follows that dx € QL (M), though y € Q°(M) is not spacelike compact.
In addition there does not exist ¢ € Q% (M) such that d¢ = dx. Indeed, let us
consider the spacelike curve v in M

v(s) = (7(p), z1(p); - - - s Tm—2(p), 2(p) +5),  s>0,
where 7 = TRT, L1, - -, Tm—2, 2 are Cartesian coordinates on R’'. Assuming

the existence of ¢ with the properties described above, integration along ~y
would lead to the following contradiction

OZ/L:dCZ/L:dXZ—l.
v 2!

3.3. The Algebra of Observables for Sol; (M) and for Sol,q(M)

In this section, we discuss an application of the previous results that we ob-
tained. Motivated by the algebraic approach to quantum field theory, we asso-
ciate a unital #-algebra both to Sol¢(M) and to Sol,q(M), whose elements are
interpreted as the observables of the underlying quantum system. Furthermore
we study its key structural properties and we comment on their significance.
We recall that the corresponding question, when the underlying background
(M, g) is globally hyperbolic manifold with M = @) has been thoroughly dis-
cussed in the literature—cf. [8,16,25,35].

We now introduce the algebra of observables associated to the solution
space Soly (M) and Sol,q(M) and we discuss its main properties. Our analysis
follows closely that of [8,16,25,35] for globally hyperbolic spacetimes with
empty boundary.

Following [8] we will identify a unital x-algebra Ay (M) (resp. Ana(M))
built out of suitable linear functionals over Sol,(M) (resp. Solya(M)), whose
collection is fixed so to contain enough elements to distinguish all configura-
tions in Soly (M) (resp. Solna(M))—-cf. Proposition 40.
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Taking into account the discussion in the preceding sections, particularly
Eq. (5b) and Definition 5 we introduce the following structures.

Definition 38. Let (M,g) be a globally hyperbolic spacetime with timelike
boundary. We call algebra of observables associated to Soly (M), the associative,
unital x-algebra

T[Oy(M)]

L QM)
moon WM

A (M) = = Sk,

(45)
Here T[Oy(M)] = @, ,O:(M)®" is the universal tensor algebra with O
(M)®° = C, while the *-operation is defined by (a1 ® ... ® a,)* = (q, ®
saq) for g ® ... @ ay, € Oy(M)®™ and then extended by linearity—here @
indicates complex conjugation. In addition Z[O;(M)] is the x-ideal generated
by elements of the form [a] ® [f] — [0] ® [a] — iéu([a], [BDI, where [a],[0] €
O (M) while CN;H is defined in Proposition 35 and I is the identity of 7 [O(M)].
Similarly, we call algebra of observables associated to Sol,q(M), the as-
sociative, unital x-algebra

 T[On(M _ 98,5(M)
Ana(M) = ZM7 Ona(M) = W:(M). (46)

where T[O0na(M)] = @, o Ona(M)®" is the universal tensor algebra with
Ona(M)®Y = C, while the *-operation is defined by (a0 ® ... ® a,)* =
(@, @---aq) for a1 ®...Q ay € Opg(M)®" and then extended by linearity—
here @ indicates complex conjugation. In addition Z[O,q(M)] is the *-ideal
generated by elements of the form [o] ® [3] — [8] ® [a] — G ([a], [8])] , where
[a],[8] € Ona(M) while G, is defined in Proposition 35 and I is the identity
of T[Opa(M)].

Remark 39. Notice that, with respect to the definition of Oy(M), the vector
space Onq(M) introduced in Definition 38 contains equivalence classes built
out of forms o € QF(M) such that §a = 0 as well as na = 0. The last condition
is sufficient and necessary to have a well-defined pairing among Onq(M) and
Solpa(M). Indeed for all A € [A] € Solpa(M) and for all & € [a] € Opa(M),
we have that (a, A) is well-defined being a compactly supported. Moreover,
for all y € Q*~1(M) and n € QF (M) it holds

(o, dx) = (0cx, x) + (nev, tx)o = 0,
(6dn, A) = (n,6dA) + (ndn, tA)s — (tn,ndA)y = 0.

Notice that in the first equation we used the condition naw = 0 since y has
no assigned boundary condition. This is opposite to the case of dd-tangential
boundary conditions, where ¥ is required to satisfy tx = 0—cf. Definition 28—
and therefore « is not forced to satisfy any boundary condition. Actually, the
constraints da = 0 and na = 0 are necessary to ensure gauge-invariance,
namely (a,dy) = 0 for all x € QF(M).
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We study the structural properties of the algebra of observables. On account
of its definition, it suffices to focus mainly on the properties of the genera-
tors Oy(M) and Onq(M). In particular, in the next proposition we follow the
rationale advocated in [8] proving that Oy (M) and Onq(M) are optimal:

Proposition 40. Let Oy (M), Ona(M) be as per Definition 38.
Then the pairing (, ) among k-forms—cf. Eq. (2)—descends to a well-
defined pairing
O(M) x Soly(M) — C, [a],[4] = (a, A)
Ona(M) x Solyg(M) — C, [a], [A] — (a, A).
Moreover O¢(M) (resp. Ona(M)) is optimal with respect to Soly(M) (resp.
Solnq(M)), namely:
1. Oy(M) (resp. Ona(M)) is separating with respect to Soly(M) (resp. Solnq
(M)), that is
V[A € Soly(M): ([a],[A]) =0 V][a] € Oy(M) = [A] = [0] € Soly(M),
(47)
V[A] € Solpa(M): ([o],[4]) =0 V]a] € Ona(M) = [A] =[0] € Solnd(l\i(). |
48
2. Oy(M) (resp. Ona(M)) is non-redundant with respect to Soly(M) (resp.
Solna(M)), that is
Via] € O«(M): ([o], [A]) =0 V[A] € Soly(M) = [a] = [0] € Oy(M), (49)
Vla] € Ona(M): ([o], [A]) =0 V[A] € Solna(M) = [o] = [0] € Ona(M), |
(50

Proof. Mutatis mutandis, the proof is similar both for the dd-tangential and
the dd-normal boundary conditions.

Proof for éd-tangential boundary conditions. As starting point observe that
the pairing ([a], [4]) := (a, A) is well-defined. Indeed let us consider two rep-
resentatives A € [A] € Soly(M) and a € [a] € Oy(M). The pairing (o, A)
is finite being supp(a) compact and there is no dependence on the choice of
representative. As a matter of facts, if dy € dQ* (M) and 7 € QF (M), it
holds

(Oé, dX) = ((50&, X) + (IlCV, tX)B =0,
(6dn, A) = (n,0dA) + (tn,ndA)s — (ndn,tA)s = 0,
where in the first equation we used that ty = 0 as well as da = 0, while in the
second equation we used ddA = 0 as well as tA = tn = 0.
Having established that the pairing between the equivalence classes is
well-defined we prove Eqgs. (47)—(49) separately.

Proof of Equation (47). Assume 3[A] € Soly (M) such that ([a], [A]) =0, V]a] €
O (M). Working at the level of representative, since o € QF 5(M) we can

choose @ = 68 with 8 € QFF1(M). As a consequence 0 = (68, 4) = (3,dA)
where we used implicitly (6) and tA = 0. The arbitrariness of 8 and the
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non-degeneracy of ( , ) entails dA = 0. Hence A individuates a de Rham
cohomology class in HF(M), c¢f. “Appendix C”. Furthermore, ([a],[A]) = 0
entails ([a], [A]) = 0 where ( , ) denotes the pairing between Hj (M) and
HE(M)—cf. “Appendix C”. On account of Remark 54, it holds that ( , ) is
non-degenerate and therefore [A] = 0.

Proof of Equation (49). Assume J[a] € Oy (M) such that ([a],[4]) = 0 V[A4] €
Sol;(M). Working at the level of representatives, we can consider A = Gw
with w € Q’g’(;(M), while o« € Q’g’(;(M). Hence, in view of Proposition 20,
0= (a,A) = (o, Gw) = —(G,w). Choosing w = 43, 3 € QET(M) and
using (6), it descends (dGja, 3) = 0. Since 3 is arbitrary and the pairing is
non-degenerate dG) o = 0. Since tGja = 0, it turns out that G|« individuates
an equivalence class [G|a] € HF(M). Using the same argument of the previous
item, (G, 3) = 0 for all § € QIS’J(M) entails that G)ja = dy where x €
Q¢! (M). Therefore [Gja] = [0] € Sol(M): Proposition 34 entails that [a] =
[0].

Proof for dd-normal boundary conditions. The fact that the pairing ([a], [A]) is
well-defined for [a] € Onq(M) and [A] € Sol,q(M) has already been discussed
in Remark 39. It remains to discuss the proof of equations (48)-(50).

Proof of Equation (48). Let [A] € Solya(M) be such that ([a],[A]) = 0 for
all [a] € Ona(M). This implies that (o, A) = 0 for all A € [A] and for all
a € ng,n,é(M)' Taking in particular @ = 68 with 3 € QF (M) it follows
(dA, 8) = 0. The non-degeneracy of ( , ) implies dA = 0, that is A defines
an element in H*(M). The hypotheses on A implies that (A, [5]) = 0 for all
[n] € Hycn(M). The results in “Appendix C”—cf. Remark 54—ensure that
A = dy, therefore [A] = [0] € Sol,a(M).

Proof of Equation (50). Let [a] € Onq(M) be such that ([a], [A]) = 0 for all
[A] € Solpq(M). This implies in particular that, choosing « € [a] and A = G 8
with 3 € ng,n,ﬁ(M)7 0=(o,G103) = —(GLa, ). With the same argument of
the first statement it follows that G | o = dy where x € Q*~1(M) is such that
ndyx = 0. Therefore we found that [GLa] = [0] € Solyq(M): Proposition 34

implies that [a] = [0] € Ona(M). O

The following corollary translates at the level of algebra of observables
the degeneracy of the presymplectic spaces discussed in Proposition 35—cf.
Remark 36. As a matter of facts, since CNT'H (resp. éJ_) can be degenerate, the
algebra of observables A (M) (resp. Ana(M)) will possess a non-trivial center.
In other words
Corollary 41. If decjtl (M) C QF (M) NdQF~Y (M) is a strict inclusion, then
the algebra Ay (M) is not semi-simple. Similarly, if QL1 (M) C QF (M) N
dQF=1(M) is a strict inclusion, then the algebra Anq(M) is not semi-simple.

Proof. Since the proof is the same for either dd-tangential and dd-normal
boundary conditions, we shall consider only the first case.



2396 C. Dappiaggi et al. Ann. Henri Poincaré

With reference to Remark 36, if deCftl(M) c QF (M) NdQF1 (M) is
a strict inclusion then there exists an element [A] € Soli°(M) such that
o¢([4],[B]) = 0 for all [B] € Sol{*(M). On account of Proposition 34 there

exists [a] € Oy(M) such that [G)ja] = [A]. Moreover, Proposition 35 ensures

that C~¥|| ([a],[8]) = 0 for all [3] € Oy(M). Tt follows from Definition 38 that [«
belongs to the center of A (M), that is, A¢(M) is not semi-simple. O

Remark 42. Corollary 41 has established that the algebra of observables pos-
sesses a non-trivial center. While from a mathematical viewpoint this feature
might not appear of particular significance, it has far-reaching consequences
from the physical viewpoint. Most notably, the existence of Abelian ideals was
first observed in the study of gauge theories in [15] leading to an obstruction in
the interpretation of these models in the language of locally covariant quantum
field theories as introduced in [11]. This issue has been thoroughly studied in
[5,7,35,39] turning out to be an intrinsic feature of Abelian gauge theories on
globally hyperbolic spacetimes with empty boundary. Corollary 41 shows that
the same conclusions can be drawn when the underlying manifold possesses a
timelike boundary.

Remark 48. To conclude this section, we observe that all algebras of observ-
ables that we have constructed obey to the so-called principle of F-locality.
This concept was introduced for the first time in [29] and it asserts that, given
any globally hyperbolic region O C M the restriction to O of the algebra
of observables built on M is *-isomorphic to the one which one would con-
struct intrinsically on (O, g|o). In our approach, this property is implemented
per construction and its proof is a direct generalization of the same argument
given in [13]. For this reason, we omit the details.
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A. Existence of Fundamental Solutions on Ultrastatic
Spacetimes

In this section, we prove that Assumption 16 is verified in a large class of
globally hyperbolic spacetimes (M, g) with timelike boundary. These can be
characterized by the following two additional hypotheses:

1. (M, g) is ultrastatic, that is, with reference to Eq. (1), we impose 8 = 1
and h, = hg for all 7 € R. Hence 0, is a timelike Killing vector field.

2. The Cauchy surface (X, hg) with 9% # () is of bounded geometry, that
is there exists an (m — 1)-dimensional Riemannian manifold (£, h) of
bounded geometry? such that ¥ C S and E|g = hg. In addition, 9% is a
smooth submanifold of bounded geometry in .

It is worth recalling that, whenever one considers a complex vector bundle
E over (3, hy) endowed with both a fiberwise Hermitian product (, )g and a
product preserving connection V¥, one can define a suitable notion of Sobolev
spaces. Most notably, let T'1,o(E) denote the equivalence classes of measurable
sections of E. Then, for all £ € NU {0}, we define

HYY;E) = HY(E) = {u € Twe(E) | Viu € LA(Z; EQ T*E®Y), j < 1},

(51)
where we omitted the subscript E on V for notational simplicity. The theory
of these space has been thoroughly studied in the literature and for the case
in hand we refer mainly to [23].

In the following, we study the existence of advanced and retarded fun-
damental solutions for the D’Alembert—de Rham wave operator O = d§ + dd
acting on k-forms. We use a method, first employed in [12] for the special case
k = 0, based on a functional analytic tool known as boundary triples, see for
example [4]. In order to be self-consistent, we will recall the necessary defini-
tions and results from this paper, to which we refer for further details. The
main ingredient is the following;:

Definition 44. Let H be a separable Hilbert space over C and let S : D(S) C
H — H be a closed, symmetric, linear operator. A boundary triple for the
adjoint operator S* is a triple (h,~o,v1) consisting of a separable Hilbert space
h over C and of two linear maps ~; : D(S*) — h, i =0, 1 such that

(S*f1f W = (FIS*f = (nflvof I = (oflnf e, Vf f € D(SY),

In addition the map v : D(S*) — h x h such that f — (y(f),y1(f)) is
surjective.

Boundary triples are a convenient tool to characterize the self-adjoint
extensions of a large class of linear operators. Before discussing a few notable
result, we need to define the following additional structures [4].

2Recall that a Riemannian manifold (N, h) with N = @ is called of bounded geometry if
the injectivity radius rinj(N) > 0 and HV]“RHLOO(N) < oo for all k € NU{0} where R is the
scalar curvature while V is the Levi-Civita connection associated to h.
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Definition 45. Let H be a Hilbert space over C. We call (linear) relation over
H, a subspace © C H x H. The domain of a linear relation © is dom(®) C H
defined by

dom(©) := {f € H|3f" € H, (f,[') € ©}.
We indicate respectively with adjoint ©* and inverse © ! of © as the sets

O ={(f.f)eHxH[(f',9) = (f,9") V(g,9) € O}, (52)

and

O ={(f.f)eHxHI|(f[)coO}
Consequently we say that © is self-adjoint if © = O*

The proof of the following proposition can be found in [31].

Proposition 46. Let S : D(S) C H — H be a closed, symmetric operator.
Then S admits a boundary triple (h,~vo,71) if and only if it admits self-adjoint
extensions. If © is a closed, densely defined linear relation on h, then Sg =
S* |xer(y1—0~0) 15 a closed extension of S where

ker(y1 — ©v) = {¢ € H| (v0¢,11¢) € O}. In addition the map © — Sg is
one-to-one and S§ = Se-. Hence there is a one-to-one correspondence between
self-adjoint relations © and self-adjoint extensions of S.

In order to apply these tools to the case in hand, first of all we need to
recall that our goal is that of constructing advanced and retarded fundamental
solutions for the D’Alembert—-de Rham wave operator O acting on k-forms.
In other words, calling as AFT*M the k-th exterior power of the cotangent
bundle over M , k > 1, and with X the external tensor product, we look for
GF € T(AFT*M R A*T* M)’ such that

OoG* =G* o0 =1d|r repe rmarreni):

while supp(G*(w)) C J*(supp(w)) for all w € To(AFT*M)—cf. Assump-
tion 16. Working at the level of integral kernels and setting G* (7 — 7/, z, 2') =
O|£(r—7")|G(r—7', x,2"), this amounts to solving the following distributional,
initial value problem

(D ® ]I) G = (H X D) G= 0, G|T:T’ = Oa 8TG‘T:T/ = 5diag(]\Z)’

(53)
where 04, ) stands for the bi—doistribution yielding 6diag(]\;[)(w1 X ws) =
(w1,ws) for all wi,wy € T (AKT*M). Since we have assumed that the un-
derlying spacetime (M, g) is ultrastatic, Eq. (1) entails that, up to a global
irrelevant sign depending on the convention used for the metric signature,
[34]

0=0%+S5,
where S is a uniformly elliptic operator whose local form can be found in [34].

This entails that, in order to construct solutions of (53), we can follow the
rationale outlined in [12].
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To this end, we start by focusing our attention on S analyzing it within
the framework of boundary triples. Our first observation consists of noticing,
that being (M, g) globally hyperbolic, Theorem 1 ensures that M is diffeomor-
phic to R x ¥. Leaving implicit the identification M ~ R x ¥ and recalling
Theorem 1, let us indicate with ¢,: ¥ — M the (smooth one-parameter group
of) embedding maps which realizes ¥ at time 7 as ¢,X = {7} x ¥ = X,.. It
holds ¥, ~ 3,/ for all 7,7/ € R. If follows that, on account of Theorem 1, for
allw € Q¥(M) and 7 € R, w|s, € T(LXA*T*M). Here 12 (AFT* M) denotes the
pull-back bundle over ¥, ~ ¥ built out of A¥T*M via t,—cf. [28]. Moreover,
recalling Definition 5, it holds that w|s_ can be further decomposed as

Wy, == (*EiLi*M)w ANAT + jw =ng wAdT + tx, w.
where ty_w € QF(X,) while ny_w € Q¥~1(2,)—cf. Definition 5. Barring the

identification between Y., and X,/ the latter decomposition induces the iso-
morphisms

D(CAPT* M) ~ Q1 (D) @ QF (D),  w— (wo ®wi) (54)
QF (M) — C®(R, Q1 ()) ® C=(R, 2" (%)),
w— (T ty,w)® (T +— ng_w). (55)

Furthermore a direct computation shows that, for all w € Q¥(M), it holds that
Sw|27_ = (7Ak_1t27_w) Adr — Akngrw,

where Ay, is the Laplace-Beltrami operator acting on k-forms, built out of hg.
Putting together all these data and working in the language of Defini-
tion 44, we can consider the following building blocks:

1. As Hilbert space we set
H=L*(Q* (%)) @ L2(Q*(D)),

where L2(Q¥()) is the closure of QF(X) with respect to the pairing ( , )s
between k-forms, i.e., (o, B)y, = [a A xxf3 for all o, 8 € QF ().
by

2. We identify with a slight abuse of notation S with (—Ag_1) & (—Ag)
where Ay is the Laplace—Beltrami operator built out of hg acting on
k-forms.

Observe that S can be regarded as an Hermitian and densely defined operator
on HZ(AF1T*Y) @ HZ(A*T*Y) where HZ(AFT*X) is the closure of QF(%)
with respect to the H2(A*T*¥)-norm——cf. Eq. (51) with E = A*T*3. In this
case, both the inner product and the connection are those induced from the
underlying metric hy. Standard arguments entail that S is a closed symmetric
operator on H whose adjoint S* is defined on the maximal domain D(S*) =
{(wo ®w1) € H| S(wp ® w1) € H}, with S*(wp ® w1) = S(wo @ wy) for all
wo ®wy € D(S*). In addition the deficiency indices of S* coincide. Therefore
S admits self-adjoint extensions, which can be described as per Proposition 46.
In order to realize explicitly a boundary triple for S*, we start by observing
that, since 9% # (), we can introduce the standard trace map between Sobolev
spaces, i.e., for every £ > % there exists a continuous surjective map resy :
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HYAFT*Y) — He’%(LEZAkT*E) whose action on QF(X) coincides with the
restriction to 9% for every (—here t}5, A¥T*Y denotes the pull-back bundle
with respect to the inclusion tyx: 0% — X. This last property allows us to
better characterize the action of the restriction map, since, for every a € QF(X)
a straightforward computations shows that, for all £ > %

algy = respa = o + oy Ade,

where, up to an irrelevant isomorphism, we can identify oy = tyza and a; =
npza—cf. Definition 5. Here, for every p € 93, dx is the basis element of T,y M
such that dz(v,) = 1 while dz(X)|, = 0 for all smooth vector fields X € I'(T'X)
tangent to 0X—here v, is the outward pointing, unit vector normal to 0% at
p. With this observation in mind and following mutatis mutandis, the same
analysis of [12] for the scalar case, we can construct the following boundary
triple for S*

e h = hyg ® h; where hy = L2(Qk*2(32)) () Lz(Qk*I((‘?Z)) while h; =

L2(QF1(0%)) @ L2(QF(0%));
e the map 7y : D(S*) — h such that, for all wy ® wy € D(S*),

Yo(wo @ wi) = (npxwo @ toxwo) ® (Naswi ® tosw ). (56)
e the map 1 : D(S*) — h such that, for all wg ® wy € D(S*),
Y1 (wo @ wi) = (taxdswo @ nozdswo) ® (toxdswr ® nprdsws ), (57)

where with a slight abuse of notation we denote still with dy;, and Jx the
extension to the space of square-integrable k-forms of the action of the
differential and of the codifferential on QF ().

In view of Proposition 46, we can follow slavishly the proof of [12, Th.
30] to infer the following statement:

Theorem 47. Let (M, g) be an ultrastatic and globally hyperbolic spacetime with
timelike boundary and of bounded geometry. Let (h,~vo,71) be the boundary
triple built as per Egs. (56) and (57) associated to the operator S*. Let © be
a self-adjoint relation on h as per Definition 45 and let Se = S*|p(s,) where
D(Se) = ker(y1 — ©v0), cf. Proposition 46. If the spectrum of Seo is bounded
from below, then there exists unique advanced and retarded Green’s operator
Gg associated to 0> + So. They are completely determined in terms of the
bidistributions G = 0[+(1 — 7')|Ge where Go € L (AFT*M R ART* M) is

o

such that for wy,ws € To(AFT*M),

Go(wr,w2) :/

1 1
(wl\g,SkéSin (S,je(T—T’)) w2|g) drdr’,
R2 ’ ’ 3

where (, )x stands for the pairing between k-forms and where wy identifies an
element in D(Seo) via the identifications (55). Moreover it holds that
Ggw € ker(y1 — Oy), Ywe Lo (AFT*M). (58)

The last step consists of proving that the boundary conditions introduced
in Definition 12 fall within the class considered in Theorem 47. In the following
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proposition, we adopt for simplicity the notation t = tgy, n = ngx, nd =

ngxdas, t0 = tysds.

Proposition 48. The following relations on h are self-adjoint:
O = {(nwo ® 0@ nw; ®0; 0@ ndwo ® 0@ ndwi) | wo ® w1 € D(S™)} (59)
01 ={(0Dtwo ® 0D tw: ; téwo © 0D tdws $O0) | wo w1 € D(S™)} (60)
O ={(wo ®0&nw1 $0; fnwo @ ndwo & fnwr ®ndwi) [wo Bwr € D(S™)},

FeC™on),f>0. (61)
@fi = {(0 B two B 0P tws ; towo @ ftwo D towr @ ftwl) | wo Pwr € D(S*)},
fec=©Om),f<o. (62)

Moreover the self-adjoint extension Se, for § € {||, L, fy, fL} abides to the
hypotheses of Theorem 47. The associated propagators Gy, § € {||, L, fi, fL},
obey the boundary conditions as per Definition 12.

Proof. We show that ©,0,,0y,,0y, are self-adjoint relations as per Defini-
tion 45. Since the proofs for the different cases are very similar we shall consider
only ©. A short computation shows that ©) C 9‘*|. We prove the converse
inclusion. Let @ := (a1 @ ... aq; a5 D ...ag) € @|*‘. Considering Eq. (52) we
find

(nwo, as) + (nw1, a7) = (ndwg, @2) + (o, ndwy, ay), Ywo ® wy € D(S%).
(63)
Choosing w; and nwy = 0—this does not affect the value ndwgy on account of
Remark 7—it follows that (as,ndwg) = 0 for all wy € QFH(X). Since nd is
surjective it follows that ag = 0. With a similar argument as = 0 as well as

ag =0, ay = 0. Finally, on account of Remark 7 there exists wy @ w; € D(S*)
such that

nwo = aq, nwi = as, ndwy = ag, ndw; = as.

It follows that o € Oy, that is, O = @l”“.

In addition Se, is positive definite for § € {||, L, f, f1}. It descends from
the following equality, which holds for all wy ® wy € D(S*):

2
(wo ® w1, Se, (wo ® w1))n = Z [ldews||? + [|6w;[|* + (nws, téw;) — (tw;, ndw;)],
j=1

where the last two terms are nonnegative because of the boundary conditions
and of the hypothesis on the sign of f. Therefore we can apply Theorem 47.

Finally we should prove that the propagators ng associated with the
relations ©y coincide with the propagators G;t introduced in Theorem 16.

The fulfilment of the appropriate boundary conditions is a consequence of
Lemma 50. 0

Remark 49. Tt is worth mentioning that, although we have only considered test
sections of compact support in M, such assumption can be relaxed allowing the
support to intersect M. In order to prove that this operation is legitimate,
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a rather natural strategy consists of realizing that the boundary conditions
here considered fall in the (generalization of) those of Robin type. These were
considered in [21] for the case of a real scalar field on an asymptotically anti
de Sitter spacetime where, in between many results, it was proven the explicit
form of the wavefront set of the advanced and retarded fundamental solutions.
In particular, it was shown that two points lie in the wave front set either if
they are connected directly by a light geodesic or by one which is reflected
at the boundary. A direct inspection of their approach suggests that the same
result holds true if one considers also static globally hyperbolic spacetimes with
timelike boundary and vector valued fields. A detailed proof of this statement
would require a lengthy paper on its own, and thus, this question will be
addressed explicitly in a future work.

B. An Explicit Decomposition

Lemma 50. Let M =R x X be a globally hyperbolic spacetime—cf. Theorem 1.
Moreover, for all T € R, let t_: QF(M) — QF(X,), ng, : QF(Z,) — QF1(D)
be the tangential and normal maps on X, = {7} x X, where M = R x ¥ —cf.
Definition 5. Moreover, let tos_: QF(X,) — QF(0%,) and let ngs, : QF(2,) —
QOF=1(0%,) be the tangential and normal maps on 0¥, = {7} x 0. Let f €
C>(0%) and set fr = flax, . Then for § € {D, ||, L, fy, fL} it holds

w€ (M) <=tz w e QY (), np,we U (S,), VreR. (64)
More precisely this entails that

w € kertgpyr Nkerngy <—

ty . w,nxn w € kertgy, Nkerngs_,V7r € R;

w € kerngy Nkerngyd <

ty, w,ny_w € kerngs,. Nkerngy_ds_, V7 € R;

w € kertgpy Nkertypd <

ty w,nxn w € kertgy, Nkertgn ds,,V7r € R;

w € kerngpr Nker(ngprd — fton) <

ty, w,ny_w € kerngy_ Nker(ngs. ds, — fites, ), V7 € R;

w € kerton Nker(toyd — fugn) <

ty,w,ny w € kertos, Nker(tos, ds. — fingxs,),Vt € R.
Proof. The equivalence (64) is shown for L-boundary condition. The proof for
[-boundary conditions follows per duality—cf. (13)—while the one for D-, f-,
f1-boundary conditions can be carried out in a similar way.

On account of Theorem 1 it holds that, for all 7 € R, we can decompose
any w € QF(M) as follows:

wly, =ty w+ng w A B2dr.
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Notice that, being M isometric to R x X, it holds that 7 — ty_w € C®(R, QF
(X)) while 7 — ny_w € C®(R,QF1(X)). Here we have implicitly identified
X~y
A similar decomposition holds near the boundary of ¥.. Indeed for all
relatively compact open neighborhood Ugs, C 9% of 0%, we consider a neigh-
borhood U C ¥ of the form U = [0, ¢, ) x Ugs, built out of the exponential map
of M. Let U, = {z} x Upy, for € [0,¢,) and let ty,, ny, be the correspond-
ing tangential and normal maps—cf. Definition 5. With this definition we can
always split ts,_w and ns,_w as follows:
Wlirixu, = tu,ts,w +ny, ts w A Nzdz + ty, Ny w A Brdr
+ny,ny.wA Nzdz A B2dr, (65)
where N = ¢(9,,0,,). Since Uy, is relatively compact it follows that (7, z) —
ty,te, w € C®(Rx[0,€), 2% (9%)) and similarly ty;, ny_w, ny, ts_w and ny, ny_
w. Once again we have implicitly identified Upy, ~ {x} x Uss, = U,. According
to this splitting it holds
1
tomwlirixvyy = tu, ts, Wle—o + tu,nx, wle—o A B2 |orrdr
= tox, by, w + tox, 0y, w A B7 |gardr,
1
oMW {r}xUpy = DU, b5, W]e=0 + Ny, 05, W]z=0 A B2 [opdT
=gy, by, w+ngs ny_w A ﬂ% |3Md7'.
It follows that
nppyw =0<4<=npy nx w =0, npy .ty w=0,
tomw =0 & tos, ny w =0, tos .ty w=0. (66)
This proves the statement for Dirichlet boundary conditions. Assuming now
ngyw = 0, a similar computation yields
1 _1 1
ndwlryxv,y = N 202ty ts, wle=o + N~ 2dax <N2nUztETW) le=0
+ N_%BI (5%‘5Uzngrw) |:1::0 Adr
+ Nﬁédag(N%ﬂ%nUmngrw”m:o AdTt
= Nﬁéawt[]mtgﬂ_wb:o + N’%&C(tUanTw)\x:O A ﬂ%dT,

where in the second equality we used the assumption nps_ns,_w = 0, nps_ts w
= 0. Notice that the terms where either N or g are differentiated do not appear
for the same reason.

On account of the hypotheses nps, ns_w = 0, ngy, tx w = 0 is follows
that

1 1
ndps, 05, wl(r)xv,s = N~ 20:(ty, 0z, w)|z=0 A f2dT,

_1
ndoy, ts, W|(ryxtme = N 20:t0, te, wle=o-



2404 C. Dappiaggi et al. Ann. Henri Poincaré

It descends that npydw = 0 if and only if ndps_ny,w = 0 and ndps, ts,
Wl{r1xUsy = 0. Together with Eq. (66) this shows the thesis for L boundary
conditions. O

C. Relative de Rham Cohomology

In this appendix we summarize a few definitions and results concerning de
Rham cohomology and Poincaré duality, especially when the underlying man-
ifold has a non-empty boundary. A reader interested in more details can refer
to [10,36].

For the purpose of this section M refers to a smooth, oriented manifold
of dimension dim M = m with a smooth boundary dM, together with an
embedding map tgps : M — OM. In addition OM comes endowed with orien-
tation induced from M via tgpr. We recall that Q¢ (M) stands for the de Rham
cochain complex which in degree k € NU{0} corresponds to Q¥ (M), the space
of smooth k-forms. Observe that we shall need to work also with compactly
supported forms and all definitions can be adapted accordingly. To indicate
this specific choice, we shall use a subscript ¢, e.g., Q2(M). We denote instead
the k-th de Rham cohomology group of M as

Hk(M) - ker(dy : Qk(y) _ Qk+1(M)) :

Im(dg_1: Q=1 (M) — QF(M))
where we introduce the subscript k& to highlight that the differential operator d
acts on k-forms. Equations (4) and (5b) entail that we can define Qf (M), the
subcomplex of Q*(M), whose degree k corresponds to QF(M) C QF(M). The
associated de Rham cohomology groups will be denoted as HF (M), k € NU{0}.

Similarly we can work with the codifferential § in place of d, hence iden-
tifying a chain complex Q°®(M) which in degree k& € N U {0} corresponds to
QF(M), the space of smooth k-forms. The associated k-th homology groups
will be denoted with

. Ok k—1

Hy (M) = Iker(ék..Q IE]\/ll) - Q IEM)) .

m(0p41: QM) — QF(M))
Equations (4) and (5b) entail that we can define the Q8 (M) (resp. Q¢(M),
Q2 ,(M)), the subcomplex of Q°* (M), whose degree k corresponds to QF (M) C
QF(M) (resp. QF(M),Qk (M) C QF(M)). The associated homology groups
will be denoted as Hy, (M) (resp. Hi.o(M), Hi cn(M)), k € NU{0}. Observe
that, in view of its definition and on account of Eq. (5), the Hodge operator
induces an isomorphism H*(M) ~ H,,_,(M) which is realized as H*(M) >
[a] = [*a] € H,,_x(M). Similarly, on account of Eq. (5b), it holds HF(M) ~
Hp (M) and HE (M) ~ Hp, g en(M).

As last ingredient, we introduce the notion of relative cohomology, cf.

[10]. We start by defining the relative de Rham cochain complex Q°(M; M)
which in degree k € NU {0} corresponds to

QF(M; M) = QF (M) @ Q1 (oM),
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endowed with the differential operator d,, : QF(M;0M) — QF+1(M;0M) such
that for any (w,6) € QF(M;0M)

di(w, 0) = (dgw, tw — di—16). (67)

Per construction, each QF(M;OM) comes endowed naturally with the projec-
tions on each of the defining components, namely 71 : QF(M; M) — QF (M)
and my : QF(M;0M) — QF(OM). With a slight abuse of notation we make no
explicit reference to k in the symbol of these maps, since the domain of defi-
nition will always be clear from the context. The relative cohomology groups
associated to d, will be denoted instead as H*(M;OM) and the following
proposition characterizes the relation with the standard de Rham cohomology
groups built on M and on OM, ¢f. [10, Prop. 6.49]:

Proposition 51. Under the geometric assumptions specified at the beginning of
the section, there exists an exact sequence

T, % T2 %

.. — HRM;0M) 25 HR (M) 25 HR(0M) =5 HM Y (M 0M) — .
(68)

where 71 «, T2, and t, indicate the natural counterpart of the maps my, w2 and
t at the level of cohomology groups.

The relevance of the relative cohomology groups in our analysis is highlighted
by the following statement, of which we give a concise proof:

Proposition 52. Under the geometric assumptions specified at the beginning of
the section, there exists an isomorphism between HE(M) and H*(M;0M) for
all k e NU{0}.

Proof. Consider w € QF(M) Nkerd and let (w,0) € Q¥(M;0M), k € NU {0}.
Equation (67) entails

dy(w,0) = (dgw, tw) = (0,0).

At the same time, if w = dp_13 with 8 € Qf*l(M)7 then (dg—13,0) =
d;._1(8,0). Hence the embedding w + (w,0) identifies a map p : HF(M) —
H¥(M;0M) such that p([w]) = [(w,0)].

To conclude, we need to prove that p is surjective and injective. Let
thus [(w',0)] € H¥(M;0M). Tt holds that dyw’ = 0 and tw’ — dg_16 = 0.
Recalling that t : QF(M) — QF(OM) is surjective—cf. Remark 7—for all
values of k € N U {0}, there must exists n € Q¥ (M) such that tn = 0.
Let w = w' — dg_17. On account of (5b) w € QF(M) Nkerd, and (w,0) is a
representative if [(w’, 8)] which entails that p is surjective.

Let [w] € H*(M) be such that plw] = [0] € H¥(M;0M). This implies
that there exists 8 € Q*~1(M), § € Q*=2(0M) such that

(,0) =dp_1(B,0) = (dp—1/3,t8 — dj—20).
Let n € QF~2(M) be such that tn + 6 = 0. It follows that
(w,0) =dj_4 ((5»0) +Qk72(7770)) =d; (B4 dr—2n,0).
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This entails that w = dg—1 (8 + dg—2n) where t(5+ dx_2on) = 0. It follows that
[w] = 0 that is p is injective. O

To conclude, we recall a notable result concerning the relative cohomology,
which is a specialization to the case in hand of the Poincaré—Lefschetz duality,
an account of which can be found in [33]:

Proposition 53. Under the geometric assumptions specified at the beginning of
the section and assuming in addition that M admits a finite good cover, it
holds that, for all k € NU {0}

H™ *(M;0M) ~ H¥(M)*, [a] — (Hf(M)B[n]H/Ma/\nE(C)
(69)

where m = dim M and where on the right hand side we consider the dual of
the (m — k)-th cohomology group built out compactly supported forms.

Remark 54. On account of Propositions 52, 53 and of the isomorphisms Héf:)

(M) ~ H(”Cl)*k(M) the following are isomorphisms:

HF(M) ~ H"*(M)* ~ Hy o(M)*,  HN(M) ~ Hy, o n(M)*. (70)
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